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REAL MILNOR FIBRATIONS AND (C)-REGULARITY

RAIMUNDO NONATO ARAUJO DOS SANTOS AND MARIA APARECIDA
SOARES RUAS

ABSTRACT. In this paper we study Milnor fibrations associated
to real isolated singularities defined by map-germs f : R",0 —
R2,0. The main result relates the existence of the Milnor fibration
with the (c)-regularity of the family of hypersurfaces with isolated
singularity obtained by projecting f into the family L_j of all lines
through the origin in the plane R2.

REsuMO. O objetivo deste artigo é estudar fibragdes de Milnor
associadas a singularidades isoladas reais, definidas por germes de
aplicacdes f : R™®,0 — R2,0. O resultado principal relaciona a
existéncia de fibragdo de Milnor com a (c)-regularidade da familia
de hipersuperficies com singularidade isolada obtida através da
projecao de f sobre a familia L_p de todas as retas pela origem no

plano R2.

1. INTRODUCTION

It is well known [Mi] that if
¥ : (C™,0) — (C,0),

is the germ of a holomorphic function with a critical point at 0 then

for every sufficiently small € > 0, the map ¢ := I_IIPLH : Sty K, — 5%,

is the projection map of a locally trivial fiber bundle, where K =
¥~1(0) N S, is the link of 0. This is the Milnor fibration of .
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Milnor also proved in the last chapter of his book a fibration theorem

for real singularities. He showed that if

is the germ of a real analytic map whose derivative D1 has rank p on a
punctured neighbourhood of 0 € R", then, for every sufficiently small
sphere S, C R™ centered at 0, one has a locally trivial fiber bundle,

= Il_zl—l : S¢\ Nk — SP~!, where Ny denotes a tubular neighbor-
hood of the link K in S.. Moreover, ¢ can be extended to S¢\ K as the
projection map of a fiber bundle, but this extension may not be given
by the obvious map ﬁ

The problem of studying real isolated singularities at 0, for which
the map 'th—“ extends to all of S;\ K — SP~! as the projection map of
a fibre bundle (as in the case of holomorphic maps) was first studied by
A. Jacquemard in [Ja]. When p = 2, given a polynomial ¢ = (P, Q) :

(R™,0) — (R?,0), with isolated singularity at 0, Jacquemard gave two

.
]

Se \ K as the projection map of a fiber bundle. The first condition

conditions that were sufficient to guarantee that extends to all of
(A) is geometric: the angle between the gradient vector fields of P and
@ be bounded below; the second condition (B) is algebraic: the ideals
generated by the partial derivatives of P and ) have the same integral
closure in the local ring of analytic map-germs at 0 € R™.

In [S1, S2], Seade gave the following construction that provides in-
finite families of real analytic isolated singularities 1 : R?*, 0 — R?,0
satisfying the strong Milnor condition at 0 (see Definition 3.3). Given
germs at 0 € U C C" of holomorphic vector fields F' and X, the func-
tion Yrx : U CC* — C = R? defined by:

Yrx(2) =< F(2),X(2) >= ZFi(z) - Xi(2),

is real analytic, and one can find the conditions for this map to have

isolated singularity and satisfy the above condition at 0.
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A complete description of such examples when F' and X are mono-
mial vector fields is given in [RSV].

In this paper we use Seade’s method to give a sufficient condition for
a real analytic map-germ v : R*,0 — R?,0, with isolated singularity
at 0 to satisfy the strong Milnor condition. Let my : C — L_y be
the orthogonal projection to the line L_, forming angle —@ with the
horizontal axis in C = R%. Our main result stablishes that if the family
U, = mpo1p satisfies K. Bekka’s (c)-regularity condition, then v satisfies
the strong Milnor condition. As a consequence of this result, we can
also prove that Jacquemard’s hypothesis are equivalent to the (w)-

regularity of the family W,.

2. BASIC RESULTS ON REGULAR FAMILIES

In this section we briefly recall the definitions and basic results on
regular families needed in the paper; see [BK], [B1] for details.

Let M be a smooth manifold and X and Y be submanifolds of M
such that ¥ C X.

Definition 2.1. The pair (X,Y) is (a)-regular at yo € Y if, for any
sequence of points {z;} in X, {z;} — yo such that the corresponding
sequence of tangent spaces {1, X} of X at z; converges to T in the
Grassmann space of dimX-planes, then 7}, Y C T. We say that (X,Y)

is (a)-regular if it is (a)-regular at every yo in Y.

Definition 2.2. Let p: M — R a smooth non-negative function such
that p=1(0) = Y. The pair (X,Y) is (c)-regular at yo € ¥ with respect
to the control function p if, for any sequence of points in X, {z;} — yo
such that the sequence of planes {kerdp(z;) N T, X} converges to a
plane 7T in the Grassmann space of (dimX-1)-planes , then T, ;)Y C T.
The pair (X,Y) is (c)-regular with respect to the control function p if

it is (c)-regular for every point yo € Y with respect to the function p.

It is easy to see that (c)-regularity = (a)- regularity.
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We shall assume now that M has a Riemannian metric. Let (Ty, 7, p)
be a tubular neighbourhood of ¥ together with a projection associated
to a smooth non-negative control function such that p=!(0) = Y and
Vo(z) € kerdn(z)

Definition 2.3. [BK]:
The pair (X,Y) satisfies condition (m) if there exists a positive real

number € > 0 such that
(m,0) |xnre: X NTy =Y xR
T — (m(z), p(z))

is a submersion, where T} := {z € Ty /p(z) < €}

The following characterization of (c)-regularity is also due to K.
Bekka.

Theorem 2.4. [BK]: The pair (X,Y) is (c)-regular at yo € Y with
respect to the control function p if and only if the pair (X,Y) is (a)-

reqular at yo € Y and satisfies condition (m).

Let F': R" xR,0 x R — R, 0 be a one-parameter family of function-
germs with isolated singularity, Fy(z) = F(z,t), X, = F,(0) \ {0} C
R*0,Vte R, X =F!(0)\(0xR) Cc (R*"xR,0xR),Y =0xR.
Then, the following result holds:

Theorem 2.5. ([B2],[AV]) If the pair (X,Y) as above is (c)—regular
with respect to some control function p, then there ezists a family
of homemorphisms hy : R*,0 — R",0 such that hy(X;) = Xo and,
p(hi(z)) = p(z) on F~1(0).

3. STRONG MILNOR CONDITION AND (c)-REGULARITY

Definition 3.1. ([RSV]) Let ¢ : (R™,0) — (R?,0) be a real analytic
map-germ. If there exists a neighbourhood V' of 0 in R", such that
rank(dy(z)) = p, Vo € V' \ {0}, we say that ¢ satisfies a Milnor

condition at 0.
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Under this hypothesis, it follows from [Mi] that there exist a suf-
ficiently small ¢¢ > 0 and a tubular neighbourhood Nk, of K, =
$»~1(0) N S™ 1 in SP~! | such that, ¢ = ﬂ%ﬂ : S™1\ Ng. — SP1,
is the projection map of a locally trivial fiber bundle.

It is possible to extend ¢ as the projection map of a fiber bundle to
S™m=1\ K., but this extension is not necessarily given by ”:ﬁ—“, (see [Mi],

p.99).

Definition 3.2. If there exists a sufficiently small ¢ > 0 such that,
¢ = W:/)LII : S\ K, — SP71) 0 < € < ¢, is the projection map of
a locally trivial fiber bundle, we say that 1 satisfies a strong Milnor

condition at 0.

If ¢ : (C"*,0) — (C,0) is the germ of a holomorphic function with
isolated singularity at zero, 1(z) = (P(z), Q(z)), where P(z) and Q(z),
are respectively, the real and imaginary part of v, it follows from the
Milnor Fibration Theorem for holomorphic functions, that 1) satisfies
the strong Milnor condition. Nontrivial examples of such singularities
not arising from holomorphic singularities are obtained in [RSV].

The first approach to study real analytic map-germs ¢ = (P, Q) :
(R™,0) — (R?,0) satisfying the strong Milnor condition was described
by A. Jacquemard ([Ja], [Jal]). We shall discuss Jacquemard’s results
in the next section.

In this section, we introduce a new approach to this problem. Fol-
lowing J. Seade’s method in [S1] (see also [S2] and [RSV]), we associate
to 1, the family Uy = 7 0 1), where 7y : R? ~ C — L_, is the orthogo-
hal projection into the line L_gy, which passes through the origin in R?
and makes an angle —@ with the horizontal axis. Our purpose is to
consider the (c)-regularity of the family ¥, as a sufficient condition to
guarantee that 1 satisfies the strong Milnor condition.

Let ¢(z) = (P(z), Q(z)) ~ P(z)+iQ(z) be the natural identification

and Wy(z) = mp o (x). After making a linear coordinate change in
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R? ~ C, we obtain Wy(z) = Re(e?y(z)) = cos(d)P(z) — sin(0)Q(z).
Let M =1~'(0) and My = ¥, (0).
The following Lemma is an easy generalization of Theorem 1.4 in

[S1).

Lemma 3.3. Let U C R™ be a neighbourhood of 0 such that for every
z € U\ {0}, ¥ has mazimal rank at z. Then the following hold:

) U=Up(MyNU),0<O0<7.
(i) M =NgMy = My, N My,, where M = 1p~1(0), 6, # 0,
61,0, € [0, ).
(iii) For each 8 € [0,7), My = EgU M U By, where E, = ¢~'(&'®)
with ¢: U\ M — S!, (z) = ”m”
(iv) For each @ € [0,7), My = My\{0} is a real smooth submanifold
of real codimension 1 of U\ {0}, given by the union of Ejy, Egix

and M \ {0}.

Proof. We start by proving (iii). Let z € M = {z € R™ : ¢(z) = 0}.
Then Vy(z) = mp(1p(z)) =0, and M C M,.
To show that Ey C My, let z € Ep = ¢~'(e'). In this case Y(z) # 0,
then ¢(z) = if5: wg;;” = e That is, W (z) = ||v(z)||e?, or, Y(z) =
—i||(z)||e®, and hence ¥ (z) = || (z)||e~H0+32).

Thus, by definition, ¥(z) € L_g+z and z € M,.

To show that Eyp, . C My, we first note that L_y = L_g,r and

Ty = Ty+x, and hence the inclusion follows from the previous argument.
Then, Eg UM U Epyr C My.

To prove the reverse inclusion, if z € My = ¥, '(0), that is Uy(z) =
790 %(z) = 0, then $(z) € Lz and ¥(z) = [|p(z)]le-+) =
lv(z)||ie~%. If 4(z) = 0, then z € M.

If ¥(z) # 0, we have e = “’;f’ 10 = ¢(z). Then z € ¢~ '(e¥) = E,
and My C Eg UM U Ey,,. Hence, Me =EyUMU Egyq

(i7) From the above result, it follows that M C NgMy. To get the
reverse inclusion, we show that for every 6;,0, € [0,7), 6; # 02, My, N

My, = M.



REAL MILNOR FIBRATION AND (C)-REGULARITY 7

The inclusion M C My, N My, is obvious.
Suppose that M & My, N My, and let x € My, N M,,, = ¢ M. Since
My, = Eg, UM U Ep, 1, My, = Ep, UM U Ey, . and Ey, = ¢~1(ei®),
Ey, = ¢~(e2), we can assume z € Ey, N Ey, so that 0, — 0, = 2nm;
n € Z. Since 0,0, € [0,7) we get 6, = 65, which is a contradiction.
Hence, My, N My, = M.

(i) Up(Mp N U) = U. The inclusion Uy(My NU) C U is clear. Let
z € U. Ify(z) =0, thenz € M C UM, NU). If (z) # 0,

we have ¢(z) = ”’;f((;))” = e{(~0@)+5) | therefore z € ¢~ (el-0®+5)) =

E_g(z)+% C Ug(Mg N U)

(i) Let 9;'(0) = ¥7'(7"(0)) = ¥~ (Loorg) = $7(LEpps) U
¥»~1(0) Uzp‘l(L:H%), where we are considering L g,z = Lf0+% u{o}u
L:9+%’

negative semi-axis Oy. We have w‘l(LJ_’H%) = Egy(z), w"l(L:H%) =

with LfH% to be the positive semi-axis Oy, and L7, the
2

Ep(z)+z and ¥~(0) = M. Since ¢ has an isolated singularity at the
origin, ¥ (U \ {0}) is an open set whose closure contains the origin.
Hence Ey(;) and Ey(s)+z are real codimension 1 submanifolds of U and
M\ {0} is a codimension 2 real submanifold of U. Moreover, ¥y |\ (o)

is a submersion therefore My is a submanifold of U. O

Our main result in this section is the following:

Theorem 3.4. Let ¥ : (R™,0) — (R2,0) be a real analytic map-
germ with isolated singularity at the origin, such that the family Vg :
(R™,0) — (R, 0) satisfies the (c)-regularity condition with respect to the

function p(z,0) = Y, 22. Then 1 satisfies the strong Milnor condition.

Proof. Let ¥y be (c)-regular. It follows from Theorem 2.5 that there
exists a family of germs of homeomorphisms hy : (R™,0) — (R™,0),
with hg = Id and ||he(z)|| = ||z||, V2 € ¥,;'(0) (preserving small
spheres centered at the origin), such that Wy o hy(z) = 1o(z). Hence,
the hypersurfaces My ; are homeomorphic. Since the (c)-regularity con-
dition is equivalent to (a)-regularity and the condition (m), it follows,

in particular, that there exists a sufficiently small ¢ > 0, such that
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My is transverse to S™~!, V 0. Since Ejy is a submanifold of U, and
MyNSP=t = (ByN S UM NS U (Bgez NS™Y), we can use
Lemma 3.3 to obtain:
(i) S&=1 = Ug(My N ST,
(ii) K= S™ N M =ng(Mpyn S™1)
(iii) for each 6 € [0,7), My N St = (BN S™ U (M NS™1Hu
(Eo+x N SE~1) and
(iv) each My N S™~! is a real submanifold of the sphere S™~1.
Let Fy = Ep N S™ 1. Tt follows from (iii) that My N S™! = Fy U
K.U Fypr.
For each 0,60, (¥g, o hg,)~1(0) = 15" (0) = (¥y, o hg,)~1(0). Then,
ho(Mp,) = hy, (M,)
Hence, hg, © hy ' (M, N ST™1) = My, N ST
Let

[, R x ST — gm-!
(6,7) —> hgo h;'(z)
Since ||he(z)|| = ||z||, T is well defined and V § € R and z € Fy,
hg o h;l(Fa) =hgo h;l(Ea N Sem—l) =FpN Sem_l = Fy
The map I'y, is transversal to the fibres and satisfies
PolE ) = To(Mn S = TJAMI NS> = M SP* = K,
hence it leaves the link invariant. We proceed now as in [Mi], Theorem

4.8, and show that ﬁ}—” is the projection map of a locally trivial fibre
bundle. 0O

Example 3.5. The converse of the above theorem does not hold in

general. Consider the following map-germ from the plane to the plane:

{P(:z:,y) =5 o

Q(z,y) =y(@* +v*)
The map-germ ¢ = (P, Q) satisfy the strong Milnor condition, but

the corresponding family Wy is not (a)-regular. In fact, it is easy to
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verify that 1) has an isolated singularity and the link K, is empty.
Calculations show that ﬁ is always regular for all spheres S., and
is onto S'. Also, one can show that the family Uy(z,y) = U(x,y,6)
associated to 1 satisfies condition (m).

We consider the following sequence of points p; = (z;, s, 0;), where
r; =0,y =0, 0; = 7. Clearly, ¥y(p;) = 0, that is, p; belongs to X =
U, '(0). We have T, X = VU(z;,v;,0;)*. Let yo = lim; p; = (0,0, -3
and Y = (0,0,6), € R. Then (T,,Y)* = R? x {0} and T), X* =
VY(z;, i, 0;) = (cos 0;—2z;y; sin 6;, — sin 6; (z?+3y?), — sin 0;z;—cos b;y; (z2+
y?)) = (0,—z?,—z;). Then, (0 : z? : z;) = (0 : z; : 1) converges to
(0:0:1), but (0,0,1) € (T,Y)* = R? x {0}. So the family does not

satisfies the (c)-regularity condition.
We can now obtain a generalization of Theorem 4.0.2 in [RSV]:

Corollary 3.6. If v : (R™,0) — (R?,0) is the germ of a quasi-
homogeneous polynomial map-germ of type (w,...,w, : d) with an
isolated singularity at the origin, then 1 satisfies the strong Milnor

condition .

Proof. Being 1 quasi-homogeneous, it is well known that the family Wy
is (c)-regular,(see [B1]). O

4. COMPARING OUR RESULT WITH A. JACQUEMARD’S RESULT

We recall the notion of the integral closure of an ideal ([Te]).

Definition 4.1. Let / be an ideal in the ring A. An element h € A
is in the integral closure of I, denoted by I, if there exists a monic
polynomial P(z) = 2" + Y, a.z", a; € I, such that P(h) = 0.

A. Jacquemard obtained in his Ph.D. thesis sufficient conditions to
guarantee that a real analytic map germ ¢ : R™, 0 — R?, 0 satisfies the
Milnor condition. His hypothesis were inspired by the Milnor’s proof of
the fibration theorem for holomorphic functions. Jacquemard’s main

result is the following.
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Theorem 4.2 ( Theorem 2 in [Ja]). Let ¢ = (P, Q) : (R™,0) — (R?,0)
be a real analytic map-germ with an isolated singularity at 0. Suppose
that there exists a neighbourhood V' of 0 in R™ such that:

[[{(VP(z) VQ(:::)
(B) The zntegml closure of the ideals generated by VP(z) and VQ(z)

in the ring A,, of real analytic function germs, coincide.
Then there exists a suﬁ?ciently small ey > 0, such that
for all 0 < € < €, ¢ = |I¢|I : S\ K. — S! is the projection
map of a locally trivial fiber bundle. Furthermore, this fiber bundle is

equivalent to the fibration given by Milnor in [Mi].

In [RSV] the authors modified the condition (B) in Theorem 4.2
replacing the integral closure by the real integral closure, as defined by
Gaffney in [Ga]. In the complex analytic category, both conditions are

equivalent (see [Te], [Ga]).

Definition 4.3. Let I be an ideal in the ring A,,. The real integral
closure of I, denoted by Ig, is the set of elements h € A,, such that for
every analytic curve 7 : (R,0) — (R™,0), hovy € (v*(I))A(1).

It is easy to verify from Jacquemard’s proof , that Theorem 4.2 still
holds when condition (B) is replaced by the condition (Bg): (VP(z))g =
(VQ(z))g in the ring Ay,.

We consider, as in the previous section, the family

T, : (R™,0) = (R,0)
z — Re(e"(z)) = cos(9)P(z) — sin(8)Q(x).

Theorem 4.4. Let ¥ = (P,Q) : (R™,0) — (R?,0), with an isolated
singularity at the origin. The coordinate functions P(z) and Q(z) sat-
isfy the conditions (A) and (Bg) if, and only if, (V¥s(z))g = (V¥0)g,
vV 8el0n).
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Proof. Let v : (R,0) — (R™,0) be the germ of a non constant real
analytic curve. Since VWy(z) = cos(8)VP(z) —sin(8)VQ(z), it follows
that V¥(y(t)) = cos(6)VP(y(t)) — sin(6) VQ(7(t)).

We now consider the following Taylor expansions :
VP(y(t)) = ait™ +..... , a1 € R™\ {0} , n; € N*.,
VQ(y(t)) = bit™ + ..., by € R™\ {0} , m; € N*.

Since (VP(z))g = (VQ(z))g, then n, = my and V¥,(y(t)) =
(cos(f)a; — sin(6)by)t™ + .....

The hypothesis %ﬁé‘%’ﬁ < 1-pfor some 0 < p <1 im-
plies that for each real analytic v : (R,0) — (R™,0), the principal

(TP(), Q@D <y li{ay,b1)l]
part of [Greyroown Satisies o

early independents. Hence, cos(f)a; — sin(8)b; # 0, V 0, and therefore
v(V¥y) = ny = v(VV¥y), where v(f) denotes the order of the function

< 1, that is, a; and b; are lin-

f, when restricted to the curve ~.

Since the curve v was chosen arbitrary, we conclude that WR &=
(VP

Reciprocally, if (VW) = (V¥0)g = (VP)g, making 6 = I we get
condition (Bg).

Observe that V 8, cos(€)a; — sin(6)b; # 0, otherwise there exists 6y
such that cos(fy)a; — sin(6p)b; = 0, and v(V¥p,) > v(VP), which is a
contradiction.

If cos(0) # 0, we have a; — z‘f)';((g))bl = a; — tan(A)b, # 0, therefore a,
and b, are linearly independent.

: I : KV P(z),VQ(z))]
The curve 7 is taken arbitrarily, so it follows that SP@IvaE] <

1 — p, for some 0 < p < 1, and V z sufficiently close to the origin. O

We will show now that our conditions are weaker than Jacquemard’s
hypothesis. More precisely, we will show that conditions (A) and (Bg)
imply the (c)-regularity of the family Wy. Furthermore, we will exibit
an example of an isolated singularity for which the corresponding family
Uy is (c)-regular, but Jacquemard’s hypothesis do not hold.

First we recall the following definition ([FP]).
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Definition 4.5. [FP] Let F, : (R™,0) — (R,0), z € R be a family
of analytic map-germs. We say that the family is (w)-regular if there

exists a constant K > 0 such that, |2522| < K|ja||.|| % ||, where 2E

denotes the gradient of the function F.

Lemma 4.6. Let ¥(z,t) = cos(t)P(z) — sin(t)Q(z). If, for each t €
R, (V.¥(z,t))g = (VP(z))g in the ring Ap, then (V,¥(z,t))g =
(VP(z))g in the ring Apmi.

Proof. To simplify notation, we shall denote by Ig.A,, the real integral
closure of the ideal I, and by Iy the real integral closure of the ideal /
in the ring A,,41.

Let a(z,t) € (V¥ (z,t))g. Then for every non constant real analytic
curve y(s) = (z(s),t(s)) in R™ xR, 0 with v(0) = (0, 0), it follows that,

vaoy(s)) 2 u(cos(t(sn%(z(s» - sin(t(s»g%(z(s)))
> min{,,(cos(t(s)%(x(s))),,,(sm(t(s))g_g(x(s)))},

forall j =1,.

If mln{V(COS( ( ))a £ (2(s))), v(sin(t(s)) ges (z(5)))} = v(cos(t(s))
oz (5(5)) 2 V(3L (2(s))), then (Vo ¥(z,t))p C (VP(2))g.

Otherwise, min{r(cos(t(s)) 4 (2(s))), v(sin(t(s)) g (2(s))) } =
v(sin(t(s) -g%(x(s))) > V(gz—]_( ( ),V i. Therefore (V. U(z,t))g C
(VQ—(Q:))R, Since (VP(z))g = (VQ(z))g, one inclusion follows.

To prove that (VP (z))g C (V.¥(,t))g, we observe that 5% (z,t) =

o8 (z) + f1(t) 82 (2) + fo(t) 32 (), where f(t) = cos(t) — 1 and f(t) =
sin(t). Then, fl( ) = f2(0 ) = 0 and it is now easy to show that

for each non constant real analytic curve y(s) = (z(s),t(s)) in R™ x
R,0 with v(0) = (0,0), we have I/(ap (z(s))) > I/(BP + fi(t) £
F2(t)32)(x(s), () i = 1, ..., n. o
Lemma 4.7. Let V(z,t) = cos(t)P(z) — sin(t)Q(z) as above and sup-
pose that (V¥ (z,t))g = (VP(z))g in the ring An, for every t. Then
the family U, is (w)-regular.
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Proof. Since (V,¥(z,t))gAm = (VP(z))gAn then, by Lemma 4.7,

there exist positive constants cy, ¢y, ¢z and ¢4 such that, (1) : ¢;|VP(z)| <

|Vo¥(z,t)| < o] VP(z)|, and (2) : c3|VQ(z)| < [V ¥ (z,t)| < ca|VQ(2)].
Hence,

1Y@ 0| | sin9)P@) - cos(t)Q()]

< |sin(t) P(z)] + [ cos(t)@(2)| < |P(z)] +1Q(z)]
(from Bochnak-Lojasiewicz’s [B1] result)

< k|2l [[VP ()| + Eoll2]]. [ V()|

< ki)l IV P(@)]] + Esll]l-IV P(2)]

< Kljz]|[[VP(2)]]
< Kljz||.[|V2 ¥ (z, ).

Hence the family ¥(z,t) is (w)-regular. O

Theorem 4.8. : With the hypothesis of Theorem 4.4, the family ¥y is

(c)-regular.

Proof. The following holds both in the real and complex cases: (w)-

regularity = (c)-regularity [B1]. O

The following example shows that the converse of the above theorem

does not hold in general.

Example 4.9.

P=gy
{szz_y4 @)

It is easy to verify that ¥ (z,y) = (P(z,y),Q(z,y)) has an isolated
singularity at the origin.

Let U(z,y,t) = cos(t)zy — sin(t)(z? — y*), X = ¥71(0) \ {0} x R,
and Y = {0} x R. The family ¥ has infinite Milnor radius. Moreover,
for every t # Q’H;ﬂ, the family has a Morse singularity at the origin,

hence it is (a)-regular. To verify condition (a) for the pair (X,Y) at



14 R. SANTOS AND M. RUAS

_10e¥(zy,t)|
0,0,t0) TV, ¥ ()]

0;V is the derivative of U with respect to the parameters, and V,,¥

to = (—Zk—;l)—” we will show that limg )

= 0, where
denotes the gradient of ¥ with respect to the variables z,y. To prove
this, let o : [0,€) — ¥~1(0) be a non constant real analytic curve with
a(0) =0, a(s) = (z(s),y(s),t(s)), where
e =m8™ .. 5 #E 0 21,
y(s) =y1s™ + ..., #0,np > 1,
cost(s) = pos™ + ..., o #0,n > 1.
For points (z,y,t) € ¥71(0), the following equations hold:
cos(t)zy = sin(t)(a? — y*),
009 (2,9, )]* = 2
IVay@e(z,y, )| = (22 + y?)cos?(t) + 4y*(2y* + 22% + y?)sin?(t)

The leading terms of the restriction to the curve a(s) of the Taylor

expansions of the above equations are respectively

4.4
(a) poz1y1s™ ™M™ = xis?™ — yist™ 4

T 2 2(n +ng)
(b) 8% (s)|? = amls ot

(©) V2 Z()I? = (218> +y1%5%"2) po® ™ +4y1* (291 154" + 21 22 +
y12s2m2)sin?(t(s)) + . . ..
2k+1)7

We recall that for ¢y = ( e

, sin(t(s)) is a unit for every s sufi-
ciently close to zero.

If ny < ny, it follows from (a) that 2n; = n + n; + ny hence n; =
n + ng > ng, which is a contradiction. Hence, n; > ns.

We can have the following possibilities:

(i) ny > 2n,.
(i) ny = 2n,.
(iii) ny < 2n,.
We easily see from (a), (b) and (c) that in the cases (i) and (iii), it
follows that lim,_,q ”—la‘q'—(f()—s')— =10
Let n; = 2n,. In this case, condition (a) implies that n; < n + ny
and hence ny < n.
The equality ny = n holds if and only if the equality n; = n+ny also

holds . In this case, in (b) we obtain |8, ¥ (s)|*> = (z,y1)%s*".s%" + ...,
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and in (¢), || Vag¥(s)[12 = (4243 + dgl)s™™ + ...

Hence, limg_,q % =0

If n; < n (this inequality holds if and only if 2? = y{), then (b)
becomes |0;¥(s)]? = (z1y1)%s%"2.s2"2 4 ..
and (c) ||V, (s)||? = dyist™ + .. ..

Hence in this case we also obtain lim 2%

[1Va,y e ()]
The other cases follow in a similar way.

— 0, when s — 0.
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