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Topological dynamics of retarded functional
differential equations

M. Federson and P.Z. Taboas

Resumo

Neste artigo, nds provamos que é possivel contruirmos um fluxo local para
uma classe geral de equacdes diferenciais funcionais retardadas (EDFR) néo-
autoénomas. Este resultado é uma extensao do resultado de Z. Artstein [2] para
equagoes diferenciais ordindrias e se insere na teoria de R. Miller and G. Sell.
A principal ferramenta utilizada sao as equagoes diferenciais ordindrias general-
izadas de acordo com J. Kurzweil [8]. Ao obtermos os resultados, foi necessario
provarmos que o espago das EDFR’s pode ser mergulhado num certo espago
de equagoes generalizadas. Diferentemente das hipéteses técnicas usadas por F.
Oliva and Z. Vorel [15], este resultado auxiliar, como apresentamos, é vantajoso
pois as hipdteses que consideramos sao auto-explicativas. Diversas aplica¢oes
baseadas nas técnicas da dindmica topoldgica seguem naturalmente- dos resul-
tados obtidos. Como ilustragao deste fato, nés apresentamos um teorema sobre
dependéncia continua dos valores iniciais para solu¢oes de EDFR’s.
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We prove that a local flow can be constructed for a general class of nonautonomous re-
tarded functional differential equations (RFDE). This is an extension to a result of Artstein
[1] and fits in the classical theory of R. Miller and G. Sell. The main tool in this paper
are generalized ordinary differential equations according to Kurzweil [7]. In obtaining our
results we must prove the space of RFDE'’s can be embedded in a space of generalized or-
dinary differential equations. In opposition to the technical hypotheses of Oliva and Vorel
[15], this auxiliary result, as we present, is advantageous in the sense that our assumptions
have an explanatory character. Applications based on topological dynamics techniques
follow naturally from our results. As an illustration of this fact we show how to achieve
in this setting a theorem on continuous dependence on initial data of solutions of RFDE’s.
May. 2003 [CMC-USP
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1. INTRODUCTION

In order to generalize certain results on continuous dependence of solutions of ordinary dif-
ferential equations (ODE) with respect to parameters, J. Kurzweil introduced, in 1957, what he
called generalized ordinary differential equations (GODE) for euclidean and Banach space-valued
functions (see [7] - [11]).
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2 M. FEDERSON AND P.Z. TABOAS

Among other applications, the theory of GODE’s has been shown to be useful in the investigation
of topological dynamics of ODE'’s of type

N ) a

where f : 2 x R — R", with @ C R™ open, is measurable in t and continuous in z. As usual,
given s € R, the translate f; of f is defined by

fs(z,t) = f(z,t+5); z€Q, teR

It is known the limit points of fs, when |s| — oo, define limiting equations and one can relate
the behavior of the solutions of (1.1) with the behavior of the solutions of its limiting equations.
However it may happen that a limiting equation of an ODE is no longer an ODE. In fact, as observed
by Artstein in [2], when we consider the topology characterized by the convergence

.t -t
fr = fo, if / fr(z, s)ds — / fo(z,s)ds, (z,t) € QxR
0 0

in a space of functions f(z,t) satisfying local Lipchitz- and Charathéodory-type conditions, the
following situation can be considered: let Fj be a continuous nowhere differentiable function.
Since C!, endowed with the C? topology, is dense in C?, there exists a sequence Fj, j = 1,2, ...,
of C! functions uniformly convergent to Fy. If f; is the derivative of F}, then fot fi(z,s)ds
converges for all (z, t), but the limit

Fy(z,t) = lim /t fi(z,s)ds
0

does not have an integral representation as Fy(x,t) = fol f(z,s)ds. Since we can associate an
equation of type (1.1) with each f;, it turns out that the solution of the equation is, up to a constant,
the primitive F of f;. Therefore the limiting solution £y is not a solution of an ODE.

A GODE is defined in terms of a primitive of the ODE (1.1), thatis, F'(z,t) = fot f(z, s)ds, but
it also applies even if F' is not a primitive. In [2], Artstein proved that, when a class of ODE’s of
type (1.1) is embedded in a compact space of GODE’s, a local flow can be constructed and hence
the techniques of topological dynamics can be applied. We are concerned with this subject in the
setting of retarded functional differential equations (RFDE).

In [15], E Oliva and Z. Vorel proved that RFDE’s can be regarded as Banach space-valued
GODE's. In the present paper, we prove the same fact assuming different conditions. In opposition
to [15], our assumptions are self-explanatory. Moreover, neglecting the delay, they are weaker than
those assumed by Artstein in [2] and still they are enough for the construction of a local flow.

Since the starting point of many results of [17] and [18] is the existence of a local flow, it is
natural that we accomplish some applications. To show this, we present some immediate results on
continuous dependence of solutions.

This paper is organized as follows. We begin by giving the basic definitions and properties of the
theory of GODE’s for Banach space-valued functions in Section 2. In the same section we state the
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TOPOLOGICAL DYNAMICS OF RETARDED EQUATIONS 3

relation between RFDE’s and GODE’s in Banach spaces. Section 3 is dedicated to defining a space
of GODE’s in which the space of RFDE’s will be embedded. Then the proof that the former space
is compact is a straightforward adaptation of [2]. The construction of a local flow is discussed in
Section 4. Applications to continuous dependence of solutions are given in Section 5.

2. GENERALIZED EQUATIONS IN BANACH SPACES
2.1. Basic definitions and properties

A tagged division of a compact interval [a,b] C R is a finite collection (7;,s;), where a =
so < 81 < ... < sp = bisadivision of [a,b] and 7; € [s;—1,8:], 1 = 1,2,..., k. A gauge of
aset E C [a,b] is any function § : E — ]0, 4+o0[. Given a gauge 6 of [a,b], a tagged division
d = (7, s;) is 6-fine if, for every 1,

[sic1,si] C{t € [a,b]; |t — | <d(m)}.
Alternatively we can write d = (74, [si—1, s:]) instead of d = (73, s;).
Let X be a Banach space.

DEFINITION 2.2.1. A function U (7,t) : [a, b] x [a,b] — X is Kurzweil integrable if there is a
unique element [ € X (I = (K) f[a b) DU (,t)) such that given e > 0, there is a gauge § of [a, b]
such that for every d-fine tagged division d = (73, s;) of [a, b],

IS (U.d) - I|| <,

where S (U,d) = Z (U (7i,s:) = U (73, si-1))-

REMARK 2.2.1. Ifthe integral (K) f[a’b] DU (r,t) exists, we define

(K) [ DU(rt)=—(K) | DU(rb).
[b,a] [a,b]

Note that although (K) -[[a.b] DU (7,t) exists, DU (7, t) does not need to be defined.

A more restricted integral based on McShane’s Riemann-type integral ([12]) is defined below.
Instead of tagged divisions of [a, b], McShane considered what we call semi-tagged divisions of
[a,b]. A semi-tagged division of a compact interval [a,b] C R is a finite collection (7;, s;), where
a=sy<s <...<s;=bisadivisionof [a,b] and 7; € [a,b],7 = 1,2,...,k. Note that it is
not required that 7; € [s;—1, s;] for any 7. Then, given a gauge ¢ of [a, b], a semi-tagged division
d = (7, 8;) is -fine if, for every i,

[si-1,8i] C {t € [a,b]; |t — 7| <6 (7)}-

When this elegant modification is applied to Kurzweil’s definition, we obtain an integral known as
Kurzweil-McShane or McShane integral. We have
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4 M. FEDERSON AND P.Z. TABOAS

DEFINITION 2.2.2. A function U (1,t) : [a,b] X [a,b] — X is McShane integrable if there is
a unique element I € X (I = f[a b DU (7,t)) such that given € > 0, there is a gauge § of [a, b]

such that for every d-fine semi-tagged division d = (73, s;) of [a, b],
IS (U,d) - 1| <,

where S (U, d) = Z U (73,41) = U (ms85-1)):

In the real-valued case, the McShane integral gives a constructive definition for the Lebesgue
integral (see [12] and [3]) which means that the McShane and Lebesgue integrals are equivalent
and the integrals coincide when defined. The reader may want to consult [5] for special aspects of
such integrals for Banach space-valued functions. See also [4].

The lemma presented below is known as Saks-Henstock Lemma and it can be proved by fol-
lowing the standard steps as in [16], Proposition 16, for instance. In the following section, the
Saks-Henstock lemma will be crucial in simplifying the proof of the fact that RFDE’s can be re-
garded as GODE’s in Banach spaces (see [15] for comparison).

LEMMA 2.2.1 (Saks-Henstock Lemma). LetU (7,t) : [a,b] X [a,b] — X. If for everye > 0,
0 is a gauge of [a, b] such that for every §-fine semi-tagged division d = (74, s;) of [a, b],

<E

“Z[U (73, 8:) — U (3, 8i-1)] —/[ . DU (r,t)

then, fora < c; <m <di <ca < <da <... < < <dp < b, withn; € [¢j,d5] C
[nj = (m),mj +6(n;))7i=1,2,....,1

2, [U (mj,d;j) = U (nj, c;) —/

5 [c5,d5]

DU (r, t)} < E.

COROLLARY 2.2.1. Given ¢ > 0, let § be the gauge of [a,b] from Definition 2.2.2. Let
[t1,t2] C [a,b). Then
(i) (t2 — t1) < 6 (t1) implies

U(tl,tg)—U(tl,tl)—/ DU(T,t) < E;
[t1,t2]
(ii) (t2 — t1) < 0 (t2) implies
U(t?_,tz) = U(t'_),tl) —/ DU (T,t) <6
[t1,t2]

Publicado pelo ICMC-USP
Sob a supervisio da CPq/ICMC



TOPOLOGICAL DYNAMICS OF RETARDED EQUATIONS )

PROOF. (i) follows from the fact that (¢, [, ¢2]) is a 0-fine tagged division of [t1, ¢2] and the
Saks-Henstock Lemma. A similar argument applies to (ii).

REMARK 2.2.2. Lemma 2.2.1 and Corollary 2.2.1 also hold if the McShane integral is replaced
by the Kurzweil integral.

The proof of the next result follows the steps of [2], Lemma A.1, with appropriate adaptations
for Banach space-valued functions.

LEMMA 2.2.2. Suppose U (7,t) : [a,b] x [a,b] = X is continuous in t for each 7. If

_f[a'b] D_U (T, t_) exists, then for every t, < ty in[a,b], -[[tl,lzl DU (r,t) exists. Moreover, f[a’s] DU (r,t)
is continuous in s.

Let Xy C X be openand F (z,t) : X; x |T1,T>[ — X be a function.

DEFINITION 2.2.3. A function  (t) defined in |t,,to[ C |11, T>| is a solution of the generalized
ordinary differential equation (GODE)

dzx
— = DF (z,t 21
dT (:E? ) ( )
in the interval |ty t>|, with initial condition x (to) = zo € X1, to € |t1,t2|, if for every t3,t4 €
Jt1, ta],
st)-s(t)= [ DF(r).1).

[ts.ta]

REMARK 2.2.3. Let U (1,t) = F (z(7),t). In the definition off[a b) DF (z (1) ,t) there are
only differences as

U(T,',Si) = U(Ti,Si_l) = F(.’l? (Ti) ,Si) = F(IE (Ti) )Si—l) 5

Thus, adding to F (z,t) a function varying only in z, the solutions of (2.1) do not change. In par-
ticular, subtracting F (z,0) from F (z,t), we obtain a normalized representation Fy of F fulfilling
Fy (z,0) = 0 for every .

2.2. The relation with retarded functional differential equations
Let r,a, o be non-negative numbers. By C (a,r, o) we mean the space of all continuous func-
tions from [a — r,a + o] to R™ and by C () we mean the space of continuous functions from
[=7,0] to R™; both spaces are equipped with the usual supremum topology. For every = €
C(a,r,o) andeverya < t < a+o,letz; € C(r) be given by

(0)=z(t+0), 0€[-r0.
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6 M. FEDERSON AND P.Z. TABOAS

Let Cy C C (a,r,0) be an open set with the following property: if z = z (t), t € [a — 7,a + 0],
is an element of C and ¢ € [a — r,a + o], then Z given by

o Jz),a-r<t<t
I(t)_{x(ﬂ,t_stsaﬂf

is also an element of C). In particular, any open ball in C (a, r, o) has this property.
Let H, C C(r) be such that {z; | t € [a,a + o],z € C1} C H, and consider the following
RFDE:

z(t) = f(z,1), (z = Z—f) ; (2.2)

where f (p,t) : Hy X [a,a+ 0] = R", t — f(z4,t) is Lebesgue integrable and the following
conditions are fulfilled:

(A) for each compact A C C}, there is a locally Lebesgue integrable function M 4 (t) such that
xz € A implies

/ f(zs,8)ds| < / M4 (s) ds,
[ta,t2] [t1,t2)

where t1,ts € [a,a + o] and f[t s+n) Ma (s) ds is uniformly continuous in ¢, ¢ € [a,a + ol;
(B) for each compact A C C1, there is a locally Lebesgue integrable function L 4 (¢) such that
zy,T2 € A implies

/ [F (1), ,5) ~ f ((z2), ,9)]ds| < / La(s) [I(z1), — (22), ]l ds,
[t1,t2] [t1,t2]

where t1,t2 € [a,a + o] and f[t t+1] L, (s)ds < N4 forevery t and for Ny < 1 fixed.

Notice that conditions (A) and (B) above are, respectively, Carathéodory and Lipschitz-types
conditions with respect to the McShane integral of a certain function f. Usually these types of
conditions are imposed to the function itself rather to its integral (see [2], p. 226). Thus, even when
we neglect the delay and deal with ODE’s only, it is reasonable to expect more general results.

DEFINITION 2.2.4. Let (p,a) € Hy X [a,a + o] If there is a function z € C (a,r,0) such
that (z¢,t) € Hy X [a,a + o] fora < t < a + o and moreover
(i) xo, = pand
(ii)z (t) = f(z,t),a<t<a+o,
then x is a solution of (2.2) in |a, a + o[ with initial condition (a, p).

Let f (z¢,t) satisfy the conditions required for (2.2). For each z € C, define

Jamy f (@s,8)ds, a <7 <t<a+o;
F(z,t)(r) = f[a’”f(ws,s) ds,a<t<7t<a+o; 23)
0,a—r<7<aoua-r<t<a.
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TOPOLOGICAL DYNAMICS OF RETARDED EQUATIONS 7

Then given (z, t), (2.3) defines an element F' (z,t) of C (a,r,0) and F (z,t) (1) € R™ is the value
of F (z,t) ata point T € [a,a + o).

PROPOSITION 2.2.1. Under the conditions above, F (x,t) given by (2.3) is continuous on
Cixla—ra+o0]

PROOF. Let A C C) be compact and suppose (z1,t1), (z2,t2) € A x [a —r,a + o] are such
that ||zq — x2|| and |¢; — ¢»| are small enough, with ¢; < ¢». Hence,

<

/ f((zl)s,sms—/ (@), ,5)ds
[a,t1]

[a,[g]

<

< /[t][f((zl)s,S)—f((zz)s,S)]ds 4 <

/ f((z2),,5)ds
[t1,t2]

= /[hh) La(s)ll(z1) — (z2),llds + / My (s)ds

[t1,t2]
which can be made sufficiently small by properties (A) and (B) of f. Then the continuity of F' (z, t)
follows.

The next two theorems (Theorems 2.2.1 and 2.2.2) imply equation (2.2) is a special case of
certain GODE’s in Banach spaces. This fact was first proved by Oliva and Vorel in [15] under
different conditions. We follow the main ideas of [15], but the use of the Saks-Henstock Lemma
allowed us to contribute with more simple proofs.

THEOREM 2.2.1. Let y (t) be a solution of (2.2) in the interval [t,,t;] C [a,a + o). Given
tela—r,a+o) let

_ (1), 7 € [a—r,t
z(t)(T)_{z(t),TE[t,aﬁ-a]. (24)

Then z: (t) € C (a,r,0) is a solution of the GODE (2.1) in [ty, t5].

PROOF. Let [t3,t4] C [t1,t2]. We will show that f[ts,td DF (z(7),t) exists and
z(t4)—1:(t3):/ DF (z(7),t).
[ta,t4]

In view of Definition 2.2.2 and Remark 2.2.3, it is enough to prove that for every € > 0, there
is a gauge ¢ of [t3,t4] such thatif d = (7;, s;) is a é-fine semi-tagged division of [t3, t4] such that
(s; — si—1) < 1, forevery i, then

<E. (2.5)

(b)) =2 liz) = Z [F(z(m:),s:) — F(z(7:),5i-1)]

Publicado pelo ICMC-USP
Sob a supervisio CPq/ICMC



8 M. FEDERSON AND P.Z. TABOAS

For each ¢, it follows from (2.3) that

0, 7 €[a—r,8i-1]
[F (z(7:),8:) — F(z (), 5i-0)] (1) = Jpsi_ry (@ (70)5,8) ds, T € [5i-1, 4] 2.6)
Jisi_ro f (@ (1), 8)ds, T € [si,a +0].

Since y (t) is a solution of (2.2), we have
v~y ()= [ f(s)ds
[u1,uz]

for arbitrary uy, us € [t1,¢2). Then by (2.4),

0, 7€a—r,si-1]
[IE (Si) =T (si—l)] (T) = f[s.'_l,T] f (y57 S) ds, T € [Si—lvsi] 2.7
f[s.'_x,s;] f(ys,s)ds, T € [si,a+0].

Thus (2.6) and (2.7) imply

[z (s:) — 2 (3i-1) — F (z () ,85) + F (x(:) ,8i1)] (7) =

0, 7 €la—r,si-1]
= { f[s,._m] (f (s, 8) — f(z (7). 8))ds, T € [si-1, 5] (2.8)
f[s;_l.s;] [f (ys,s) — f(z (7)), ,8)]ds, T € [si,a+a].
Let A C C; be a compact neighborhood of y such that the distance p of y € C; to the comple-
ment of A is larger than 2||y||. Then for all ¢,

0, T€la—r1,7)

o) =2t = { =i e o

and therefore z(7;) € A for every 1, since

lly = z(m)I| < 2[lyll < p.

For an arbitrary 7, let 7 € [si—1,s;]. Thus condition (B) implies there is a locally Lebesgue
integrable function L 4 (s) such that

[ U9 -sem, ol

< /[ L)y~ (), ds
S$i—1,T

We assert that ||ys — z (73),]| < €/i which then implies
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by (B). Since
.’L'(T,') (1/) — { y(V), Ve [a-T,Ti]

y(r), v € [r,a+0]

and s varies in [s;_;, 7], we have

llys — z (7:),ll = [SUP ly (v) —z () (V)] < [ sup ]Iy (v) —z(n) (V)| =
vE|s—r,s VE|Si—1—T,T
_ ” {O,UG[G—T,Ti] _
VE[S;_lp_T‘T] ly(v) —y ()|, v E€[mn,a+0a] —

Butforv € [rj,a + 0],

ly (v) =z (m) ()| = < M (t) dt,

/[ S

where M 4 (t) is a locally Lebesgue integrable function obtained from condition (A). Hence
I< / M4 (t) dt.
[ri.7]

Since f[z s Ma (s) ds is uniformly continuous in ¢, then there is a positive function g4 (€) such
that f[t,H_h] My (s)ds < e, whenever |h| < pua (). But we can refine the gauge d, without loss of

generality, in the following manner: take ¢ such that it refines the gauge of [¢3, t4] corresponding to
€ > 0 in the riemannian definition of the Lebesgue integral jits ta] M 4 (s) ds (see [12]) and such

that § (;) < pa (€) for every i. Notice that the compact A does not depend on the choice of 7. In
this manner we can take f[T_ g M 4 (t) dt < €/i and the assertion is proved. Hence (2.9) follows.

It can be proved similarly, with adequate adaptations, that given 4, if 7 € [s;, a + o], then

[ R ORI

€
< =Ny
i

Then, adding all terms in 7 in (2.8), we obtain

%

{l‘(h) -z (t3) - Z[F(z(ﬂ‘) :5%) = F (z (1) 731'—1)]] (7)

SNAZ;'-ZE'A[A <e
1

and hence (2.5) follows. [ ]
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10 M. FEDERSON AND P.Z. TABOAS

THEOREM 2.2.2. Let z (t) be a solution of (2.1), with F' given by (2.3), in the interval [t , t2] C
[a,a + o] satisfying the initial condition

z(t)(r) ==z(t) (), 7é€lth,a+o]
Foreveryt € [a — 1,0 + 0], let

_Jz(@)(r),a-r<7<a
y(T)_{m(T)(T),a§r§a+a. (2.10)

Then y (7) is a solution of (2.2) in [ty, ts) and y (T) = z (t2) (1), 7 € [a — r,a + 7).

In order to prove Theorem 2.2.2, we need the following lemma whose proof can be found in
[15], Lemma 2.1.

z)(r)=z(@)(t), 7>t, T€la—T,a+0], tE [t1,to] (2.11)

and

z(t)(r)=z(7)(r), t>7, T€la—T,a+0], tE[t,t2]. (2.12)

Now we are able to prove Theorem 2.2.2
PROOF. (of Theorem 2.2.2) It is enough to show that, given € > 0 and a sufficiently small interval
[tg, tq] (@ [t1 . tg], we have

<E€. (2.13)

’y(tzl)—y(tz)—/ £ (¥ay8)ds

[ta,ta]

Since y (t4) = x (t4) (ta) and y (t3) = z (t3) (t3) (by (2.10)) and z (t3) (ta) = z (¢3) (¢3) (by
(2.11)), we have

y (ta) =y (t3) = [z (ta) — z (t3)] (ta) -

By hypothesis,

z(ty) —z (t3) = / DF (z (7),t).

[t3,ta]

Therefore
y(ta) —y(t3) = [/ DF (z () ,t)} (ts) .
[l_’;,lq]
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TOPOLOGICAL DYNAMICS OF RETARDED EQUATIONS 11

On the other hand, (2.10) and (2.12) imply y (7) = z (t) (7), t < 7, and therefore

/ f(ys,s)ds :/ f(z(ta)g,s)ds.

[tg,t4] [t3,l.4]

By (2.3),

f(fﬂ(t4)s,3)ds—/ Fnlty), .8)de =

["'lt"]

[Fuun»n—Fman@nm>=/
[a,ta]
=/[t t ]f(:z (ta),,s)ds.
Hence,
At]H%JVB=UW$WLM)—F@UUJQHN%

If ¢ is a gauge of [¢t3, t4] from the definition of f[ta 1 DF (z (1), t) corresponding to € > 0 and if
(t4 = tg) <4 (t4), then

yun—yag—/' £ (yey5) ds

[t3,ta]

< E,

[/{t t ]DF(:C(T) y8) — F (2 (ta) ,ta) + F (z (ta) ,ts)} (t4)

by Corollary 2.2.1. ]

REMARK 2.2.4. [t worths mentioning that Theorems 2.2.2 and 2.2.2 also hold when the Mc-
Shane integral is replaced by the Kurzwelil integral.

3. A COMPACT SPACE OF GENERALIZED EQUATIONS
Motivated by conditions (A) and (B) (before Definition 2.2.4), we will now define a family F of
continuous functions
F(z,t):Cy x[a—r,a+0] = C(a,r,0).

The definition below was borrowed from [2]. Its form is adapted to suit our purposes.

DEFINITION 3.3.1. For every compact A C C), let Ny be a positive number and 4 (€)
be a positive function py : 0,00 — ]0,00[. Let F be a collection of all continuous functions
F(z,t) : Cy x [a—r,a+ 0] = C(a,r,0) such that F (z,0) = 0 for every x and fulfilling the
conditions:
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12 M. FEDERSON AND P.Z. TABOAS

(A)ifty =59 < 81 < ... < 5 =to, withty —t; < pa(e), andify,..., 1 are elements of
A, then

k

Z[F(Tiasi) —F (i, 85-1)]

i=1

<E;

(B’ )for every compact A C C\, there is a continuous non-decreasing function K = K4 g (t),
with K (0) = 0, such that if x,y € A, then

|F (z,t) — F (z,8) = [F (y,£) = F (y,)lll < lle = yll 1K (£) — K (s)|

and

K({t+1)—K(t) <Na<1, foreveryt.

REMARK 3.3.1. The space F defined above is a topological space where the convergence is
the uniform convergence in compact subsets of Cy x [a — r,a + o). Such a topology makes F a
metric space under the metric

d(F,G)= > 27D min {1,||F (z:,t;) — G (s, 8;)|]} -

ij=1

The following result is borrowed from [2] (see Lemma 5.5) with obvious adaptations.

LEMMA 3.3.1. F is equicontinuous on compact subsets of Cy X [a — r,a + c]. In particular,
the uniform convergence on compact subsets is equivalent to pointwise convergence on a dense set
that is, the sequence F* converges to F° in F if and only if the sequence F* (zj,tj) converges to
F%(z;,t;) in C (a,r,0), for each (z,t;) in a prescribed dense sequence.

PROOF. Let A C C) and C' C C) be compact sets and suppose (z,t), (y,s) € A x C such that
|t = s| < pa(e). Then

|F(z,t) = F(y, s)ll < |F(z,t) = F(y, )l + | F(y, ¢) — F(y, s)lI-
Since F'(z,0) = 0 for every z, then

|1F(z,t) = F(y, )|l = [|F(z,t) — F(2,0) - [F(y, ) = F(y,0)]ll <

< llz —yll 1K (2) = K(0)] = [lz = yll |Ka,r (D],

where we applied condition (B”) and K(0) = 0. By condition (A’) and since |t — s| < pa(e), we
have

|1F(y,t) — F(y,s)ll <e.
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TOPOLOGICAL DYNAMICS OF RETARDED EQUATIONS 13

Thus
I1F(z,t) = E(y,s)ll < llz =yl 1Kar ()] +e.
As usual, if [t] = max{n € Z; n < t}, then forevery t > 0,

K(t) < K([t] +1) < ([f] + 1)Na < (t+1)Na,

where we used condition (B’). Thus K4 p(t) = K(t) < (|t| + 1)N4 for all ¢, since K is non-
decreasing and K'(0) = 0. Then, if B, is a bound for all |¢| + 1 for (z,¢) € A x C and if
lz —y|| <eB;'Ny'and|t—s| < pa(e), it follows that

IF(z,t) = Fy,s)l| < 2, forevery F € F

and the proof is complete. ]

THEOREM 3.3.1. The space F is compact.

A proof of Theorem 3.3.1 is nothing but a straightforward adaptation of [2], Theorem 5.6. It is
too extensive and somewhat involved to be reproduced here.

4. THE EXISTENCE OF A LOCAL FLOW
This section consists of the results of Section 6 of [2]. The proofs are obvious adaptations.

4.1. Local flows

Let E be a metric space. For each p € E, let I, = |a,,b,[ C R be an open interval such that
0 € I, and

S ={(t,p) e I, x E}.
DEFINITION 4.4.1. Consider the mapping @ : S — E. For every fixed p, @ (t,p) : I, - E is

the motion through p and

v() = {7 (t,p);t€ I},
Y () = {7(t,p); 0 <t <byp},
¥~ (p) = {7 (t,p); ap <t <0}

Il

are respectively the orbit, the positive orbit and the negative orbit through p.

DEFINITION 4.4.2. A mapping @ : S — E is called a local flow on E if the following proper-
ties are fulfilled:

(i)m (0,p) = p, foreveryp € E;
(ii)ift € Iy and s € Iy ), thent + s € Iy and m (s, 7 (p,t)) = 7 (t + s,p);
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14 M. FEDERSON AND P.Z. TABOAS

(iii)m is continuous;

(iv)I, = lap,bp[ is maximal in the following sense: either I, = R or, if b, # +oo (resp. if
a, # —o0), then the positive orbit (resp. the negative orbit) is not precompact;

(v)if pr. — p, then I, C liminf I, .

Let £’ € F. For each t € R we define the translation F of F' by
Fs(z,t) = F (z,s +t) — F (z,s),

where we subtract F' (z, s) in view of the normalization in F. It is not difficult to check that the
translations F of F' belong to F and therefore F is translation invariant. In addition,

(@) Fsyr = (FS)T
and

(b) the mapping (s, F) — F is continuous. Indeed, let s, — so, F¥ — FO° and take a
fixed (z,t). By Lemma 3.3.1, it is enough to show that F*(z,t + s;) — F¥(z, s) converges to
FOz,t + so) — F°(z,s0). But F is equicontinuous on compact subsets of C; X [a — r,a + 0]
(Lemma 3.3.1). Hence F¥(z,s) — F°(z, s) uniformly on compact subsets of C} x [a — 7,a + o].
The conclusion follows easily.

The next result defines a local flow on Cy x F. Its proof follows the steps of [2], Theorem 6.3.

THEOREM 4.4.1. Let z (t,u, F') be the only maximal solution of

dr

dz = DF (z(7),¢)
{z(O):u, (M

where F € F andu € Cy. Let Jy p = |a(u, F),w (u, F')[ be the maximal interval of definition
of z (-,u, F) and 7 be the mapping given by
7 (t,u, F) = (z (t,u, F), F).

Then 7 is a local flow on Cy x F.

The theorem below is a consequence of the definition of 7 in Theorem 4.4.1.

THEOREM 4.4.2. Let (u,F) € Cy x F. The motion 7 (t,u, F') is precompact in Cy x F if and
only if the orbit x (-, u, F') is precompact. The same holds for the positive and negative orbits.

4.2. An application
As an immediate consequence of Theorems 2.2.1, 4.4.2 and 2.2.2 we obtain the following result.
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THEOREM 4.4.3. Let D be the set of functions f (¢,t) : Hy X [a,a+ 0] — R" such that
t > f(z¢,t) is Lebesgue integrable and conditions (A) and (B) are satisfied. Let y (t,v, f) be a
solution of the RFDE

_:f(yht)> (2)

(t,v, f) € [a,a + o] x R* x D. Let (u, F) € Cy x F. If the motion 7 (t,u, F) corresponding to
the GODE
dx

= = DF (z(1),t)

associated to (2) is precompact in Cy, X F, then the orbit y (-,v, f) as well as its positive and
negative orbits are precompact .

5. CONTINUOUS DEPENDENCE OF SOLUTIONS

The results of this section are in the spirit of [1], [2] and [6]. Theorems 5.5.3 and 5.5.4 below state
continuous dependence results for REDE’s. In particular, Theorem 5.5.3 clarifies the continuous
dependence result of [6].

Let F' € F and consider the following GODE:

9 o DF(z(r).1). ()
dr

We shall establish a result on continuous dependence of solutions of (1) with respect to initial
conditions and parameters. Together with equation (1), we consider equations

lh—"=DFn(1n(T)»t), n=123,..., (2
dr
where Fy, € F and F,, (y,t) = F (y,t) in C (a,r,0) asn — co.

LEMMA 5.5.1. Under the conditions above, let e > 0 and A C C, be a compact such that
z(t1),xn (t1) € A where z (t) and z,, (t) are solutions of (1) and (2) respectively in a sufficiently
small interval [t,,t2] C [a — 7,a + a]. Then, forevery t; <t < ts,

llz (8) = zn (Ol < [lz (t1) — za (8]} (1 + Na) + 2¢.

PROOF. Givene > 0andn € {1,2,3,...}, let § be a gauge of [a — 7, a + o] from the definition
off[a_r 515 D[F (z(7),t) — Fp(z (7),t)]. If (t2 — t1) < & (t1), then Corollary 2.2.1 implies

[ DIF@),0 - Fuen(r) 0] - Fa(t) 1) + F (a (1) ) +
[t1,t2]
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16 M. FEDERSON AND P.Z. TABOAS

+Fq (o (t1) 1 t2) — Fu (za (1) 1)l < € (3)

Because F), (y,t) — F (y,t) in C (a,r,0), then for sufficiently large n,
[1Fn (2 (t1) ,t2) = Fu (z (01) ,t1) + F (z (t1) ,t2) = F (z (1) , t1)]| <. )
For every appropriate compact A C C, such that z (¢,) , z,, (t;) € A, it comes by (B’) that

”Fn (.’L‘" (tl)stQ) - F, (:l:n (tl)vtl) - F, (T (t1)1t2) + Fn (‘7" (tl) 7t1)” <

<llen (t1) =z (8| Ka,F, (t2) — Kar, (81)] < lza (t1) — 2 (8)]] - Na. (5
Thus, combining (3), (4) and (5) we get

for sufficiently large n. Now, since

<2 +||zn (t1) —z(t1)]|- Na

/[tt]D[F(z(r),t)—Fn(I(T),t)]

z(tg):z(t1)+/ DF (z(7),s)

[t1,t2]

and
on(t) =5 (0)+ [ DFu(an(r),9),

[t1,t2]

we obtain
|z (t2) — zn (E2)[] < |z (t1) — 20 (8] +
+ / DI[F (2(r),5) = Fa(z(r), 9| < lle (t1) = 2a (DI (1 + Na) + 2. (6)
[t1,t2]

As a matter of fact, t, in estimate (6) can be replaced by any ¢ € [t;, t2]. |

The next theorem is a consequence of Lemma 5.5.1.

THEOREM 5.5.1. Let = (t) and x,, (t) be solutions of (1) and (2) respectively in a sufficiently
small interval [ty,t2] C [a —r,a + o], withz (t,) = &' and z, (t,) =z}, n =1,2,3,.... Then
T (t) =  (t) uniformly in [ty,t2] as n — oco.

The proof of the next theorem is analogous to that of [2], Theorem A.8, with the appropriate
adaptations.
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THEOREM 5.5.2. Let z (t,u,F) be the unique maximal solution of

{ 4z — DF (a,t)
z(0) =u

defined in the maximal interval |o (u, F) ,w (u, F)[. Then z (t,u, F) is continuous in (t,u, F) €
[a,a + a] x Cy x F when defined. Besides, w (u,F) is lower semicontinuous on Cy x F and
a (u, F) is upper semicontinuous on Cy x F.

Now we consider the following RFDE’s

dy
x5 f (ye, 1) (7N

and

d(y™
(;Jt):fn((y")t,t), n=123,..., -

where f, fn (p,t) : Hy X [a,a + o] — R™ are such that t — f, (z;,t) and t — f (zy,t) are
Lebesgue integrable and conditions such as (A) and (B) are fulfilled for f,,, n € N, and f. Suppose

/[]fn«y")s,s)dw F (5 8) s
ty,t2

[t1,t2]

uniformly in all variables as n — oo, where [t1,¢2] C [a — 7,a + o). Under these conditions and
by means of Theorems 2.2.1, 5.5.1, 2.2.2 and the continuation of solutions, we have

THEOREM 5.5.3. If y (t) and y, (t) are solutions of (7) and (8) respectively in an interval
[t1,t2) Cla—r,a+ 0], withy (t1) = pand y, (t1) = pn. n =1,2,3,..., and if o, = @, then
Yn (£) = y (¢) uniformly in [ty ,t2] as n — oo.

The following result is a particular case of Theorem 5.5.2 for RFDE’s. It can be proved by
applying Theorems 2.2.1, 5.5.2 and 2.2.2.

THEOREM 5.5.4. Let D be the set of functions f (p,t) : Hy % [a,a+ o] — R™ that are
continuous in @, measurable in t, and such that conditions like (A) and (B) are satisfied. Let
y (t,v, f) be the unique maximal solution of

{ W = f(ye,t)
y(0)=v

~

defined in the maximal interval |a (v, f) ,w (v, f)[, where f satisfies conditions (A) and (B). Then
y (t,v, f) is continuous in (t,v, f) € [a,a + o] x R™ x D when defined. Besides, w (v, f) is lower
semicontinuous on R™ x D and a (v, f) is upper semicontinuous on R™ x D.
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