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ON THE ORBIT STRUCTURE OF R"-ACTIONS ON
n-MANIFOLDS

J. L. ARRAUT AND C. A. MAQUERA

RESUMO. Comegamos provando que uma C? agdo localmente livre de R™—!
sobre T™~1 x [0, 1] tangente ao bordo e sem 6rbitas compactas em seu in-
terior tem todas suas érbitas ndo compactas do mesmo tipo topolégico. De-
pois, consideramos o conjunto A2?(R™, N) das C? agdes de R™ sobre uma
n-variedade analitica real fechada e orientdvel N. Definimos um subconjunto
& C AT(R™, N) e provamos que se ¢ € &, tem uma 7"~ ! x R-érbita, entdo
cada érbita de dimensdo n é também uma T"~! x R-orbit. O subconjunto
&, € suficientemente grande para conter todas as agoes analiticas reais que
possuem pelo menos uma érbita de dimenséao n. Também obtemos informagao
sobre a topologia de N.

ABSTRACT. We begin by proving that a locally free C2-action of R*~! on
T™~1x (0, 1] tangent to the boundary and without compact orbits in the inte-
rior has all non-compact orbits of the same topological type. Then, we consider
the set A2(R™, N) of C2-actions of R™ on a closed connected orientable real
analytic n-manifold N. We define a subset @, C A"(R™, N) and prove that
if p € &, has a T~ ! x R-orbit, then every n-dimensional orbit is also a
T™~1 x R-orbit. The subset 2, is big enough to contain all real analytic
actions that have at least one n-dimensional orbit. We also obtain information
on the topology of N.

1. INTRODUCTION

In this paper we begin by proving the following result that is a generalization of
Corollary 2.6 in [3].

Theorem A. Let ¥ be a locally free C?-action of R™! on T™~! x [0,1], n > 2,
tangent to the boundary. If there are no compact orbits in the interior, then all
non-compact orbits have the same topological type.

Due to Theorem 2.11, there is no restriction in assuming that the manifold with
boundary, in Theorem A, is 7"~ ! x [0, 1].

N will denote a closed connected orientable real analytic n-manifold with n > 2.
Let H, be the family of orientable n-manifolds obtained by glueing two copies of
Tn=2 x D2, H, contains only S? and Ha consists of 3-manifolds that admit a
Heegaard splitting of genus one. Denote by A"(R™,N) the set of C"-actions of
R™ on N, 2 <r <w, with C” infinitesimal generators. It was proved in (1] that
if o € A(R™,N), then all n-dimensional orbits of ¢ have the same topological
type, ie., are T® x R* *_orbits for some fixed k, 0 < k < n. Moreover, if the
type is 7"~ ! x R, then N is either homeomorphic to 7" or N € H, . It is not
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difficult to construct counterexamples of this results when r = co. In this paper
we define a subset %, C A%(R", N), see Definition 2.2, which contains all actions
p € AY(R™, N) that have at least one n-dimensional orbit. Then, we prove:

Theorem B. If ¢ € o, has one T""! x R-orbit, then every n-dimensional orbit
is also a T~ ! x R-orbit. Moreover,
(1) if SingS_o(p) =0, then N isa T™~! bundle over S*;

(2) if Singl_o(p) # 0, then Sing;,_o(p) is the union of two T™ %-orbits and
NeH,.

The connection between the two results is that the first is used in the proof of
second. It would be interesting to obtain analogous results for actions in A%(R™, N)
that have one T% x R* *-orbit with 0 < k <n — 1.

2. PRELIMINARIES AND PROOF OF RESULTS

M will denote a closed connected and orientable real analytic m-manifold. A
C"-action of Lie group G on M isa C™-map ¢ : GXM — M, 1 <71 < w,
such that ¢(e,p) =p and ¢(gh,p) = ¢©(g,¢(h,p)), for each g,h € G and p € M,
where e is the identity in G. O, = {¢(g,p); g € G} is called the @-orbit of p.
G, = {9 € G; ¢(g,p) = p} is called the isotropy group of p. For each p € M
the map g — ¢(g,p) induces an injective immersion of the homogeneous space
G/Gp in M with image O,. When G = R", the possible ¢-orbits are injective
immersions of T x R¢, 0 < k+¢ < n, where T = 8! x ... x S1, k times.

For each 0 <7 < n—1 let Sing;(¢) = {p € M;dimO, = i} and Sing(p) =
Ul Sing; (). If p € Sing(), O, is called a singular orbit and when p € Singy(¢),
O, is also called a point orbit and p a fized point by ¢. We also write p €
Singé(p), i =1,...,n—1, when O, is a T"-orbit. If Sing(p) = M, wecall ¢ a
singular action.

For each w € R™\ {0} ¢ induces a C"-flow (¢f,):ier given by ¢, (p) = p(tw,p)
and its corresponding C™~!-vector field X,, defined by X, (p) = D1¢(0,p) - w. If
{w1,...,w,} is a base of R™ the associated vector fields X,,,...,X,, determine
completely the action ¢ and are called a set of infinitesimal generators of ¢. Note
that [Xy,,Xw;] =0 for any two of them.

Definition 2.1. Let ¢ € A"(R",N) and p€ N.

a) ¢ is of type j at p, 0 <j <n, if there exists a neighborhood V of p such
that the union of the j-dimensional orbits of |y form an open and dense subset
of V.

b) ¢ is j-finite at p, if there exists a neighborhood V' of p that intersects only
a finite number of j-dimensional orbits.

Definition 2.2. We say that ¢ € @, C A2 (R™,N) if ¢ is of type n and n-finite
at each p € Sing;(p) with 0 <i < n—3, Sing,_,(p) = Sing;,_,(¢) and for each
p € Sing’,_,(yp) there exists a neighborhood V, of O, in N that satisfies one of
the following two properties:

(1) V,, is @-invariant, homeomorphic to T"~2 x D?, where D? is an open disk,
V, N (UP=Sing;(p)) = Op and Front(V,) is either a T™'-orbit or a T™2-orbit.

(2) V, contains at most a finite number of i-dimensional orbits with 1 = n—1,n.

Infinitesimal generators adapted to a 7™ !-orbit. Assume that O, is a
T lorbit of ¢ € A"(R",N) and let G, be its isotropy group. Call GY the
connected component of G, that contains the origin and let H be a (n — 1)-
dimensional subspace of R™ such that R* = H & Gg. Note that G, N H is
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isomorphic to Z"!. Let {ws,...,w,} be a base of R™ such that {ihy oo g i1}
is a set of generators of G, N H, w, € Gg and write X; = X,.;i=1,...,n
Note that if ¢ € Op, then for every k € {1,...,n — 1} the orbit of Xk by p is
periodic of period one and also X,(q) =0. We shall say that Xi,..., X, is a set
of infinitesimal generators adapted to Op. The action 1, € A"(R"~ 1, N);# 2>2,
with infinitesimal generators Xy, ... ,Xn_l will be called the action induced by ¢
and Op. The understanding of the holonomy of O, as an orbit of 1, will bring
light on the orbit structure of ¢ in the neighborhood of O, .

Let O, be a T l-orbit of p € A"(R""!,N), {wi,...,wa_1} be a set of

generators of its isotropy group G, and X; = Xy, ,...,Xn-1 = Xy, _, . For each
ke{l,...,n—1}, let ¥ € A"(R""2,N) be the action defined by X,..., Xk_1,
Xk+1,-.+,Xn—1. Put a Riemannian metric on N and let £ be the norm one vector

field defined in a neighborhood of O, that is orthogonal to the orbits of 1. Let Sy
be the circle orbit of X through p, kK =1,...,n —1, and consider the ring A =
S x (-1,1) with coordinates (6,z). Define fr: A — N by fr(6,z) = £ 0 X! (p)
and note that fx(S*x{0}) = Sk and fx(0,0) = p. Fix k € {1,...,n—1}. Since Sy,
as a submanifold of O, , is transversal to the orbits of v, there exists € > 0 such
that fy restricted to A, = S!x (—¢,¢€) is an embedding transversal to the orbits of
Py . Let D,':_z(é) = {t = (81, . te—1,tk+1,. - -y tn—1); t; € (—6,0)} and consider
the CT-map hy : Ac x DF~2(1) — N defined by hx(8,z,t) = ¥x(t, fi(6,z)). There
exists > 0 such that Ay restricted to A. x D}~%(8) is a diffeomorphism onto its
image Vi . Moreover, in these coordinates the infinitesimal generators of ¢ take
the form:

Xi(0,x,t)=-é%, i=1,...,k=1,k+1,...,n—1
2.1) n-1 9 ) 9
Xk(0,z,t) = kgj;l ajk(e,z)a + bi(6, :r) 50 + (6, z)ax

A map like hj will be called a cylindrical coordinate system adapted to O, at S .
The vector field

Xy, = b(6 a:)—a—+c (] :1c)2

k = Vk\Yy o0 k\Y, o

defines a local flow on A, having S* x {0} C A, as an orbit. When ¢ = v, for
some @ € A"(R™, N), then we also have

n-1
5} 0 o]
Xn(0,2,t) = Z ajk(e,x)é-t; + di(0,2) 55 + ex(6,7) 5.
k#j=1
The vector fields )?k and )?n = dr0/06 + e d/0zx define a local C"-action @) of
R? on A having S! x {0} as a singular orbit.
The ring £ = fr(A:) is transversal to the orbits of P and so0 is J =NF-18k.

Note that p € J. The vector fields Vi = (fr)« X and Y, = (fr)« X, are tangent
to x and define a local C"-action of R? on Ty . The map ay : [0,1] — X given

by ax(r) = Yk (p) is a parametrization of Si. Let wy : (J,p) — (J,p) be the
Poincaré map of oy and

(2.2) Hol : m1 (0, ,p) = ZF — Diff"(J, p)

the holonomy of O, as a leaf of the foliation defined by the orbits of 1. Then,
wi = Hol([ak]). Write J as the union of two intervals J*UJ~ with J*NJ~ = {p}.
Since O, is two-sided in N, each w; leaves J* (J~) invariant.
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Remark 2.3. Note that {Xi,...Xk-1, Xk, Xk41,--., Xn-1,Xn} define a local
R™-action @ on A x Dy *(e) and that O (@) = O(0,0,t)(hi © @ o h) for
each (0,z,t) € A x DF~%(e).

The following lemma is essencial in the proof of Theorem A.

Lemma 2.4. Let O, be a T !-orbit of ¥ € A2 (R*"1,N) and assume that 1
has no T™ 1-orbits, aside O,, in a neighborhood V of Op . Then there exists a
neighborhood It of p in J* such that for each k € {1,...,n — 1} one of the
following statements is verified:

(1) wg|r+ =1id; i.e., every Yi-orbit near Sy is periodic.

(2) Either wi|r+ or (wg|r+)~! is a topological contraction, i.e., every Yi-orbit
near Sy spirals towards Sy .

Proof. We give the proof for k = n — 1; the other cases are similar. Assume
that w,_; does not satisfy neither (1) nor (2). Then, there is a sequence {q €
Jt;l € N} such that wp—1(q1) = ¢ and lim;_,o q = p. We claim that p is an
isolated fixed point of w; for at least one j € {1,...,n —2}. Otherwise, for each
1 < j < n—2 there exists a sequence {g;x € J*;k € N} such that w;(g;x) = g«
and limg_ oo qjx = p. If gjx € V and wi(gjx) = gjx for each 7 € {1,...,n — 1},
then the 1-orbit of g;x is a T™.orbit. Therefore, for each qjk € V there exists
i # j such that w;i(qjx) # gjr- Let qx = limpm_ow™(gjx) # p. It follows from
the commutativity of w; and w; that gr € Fix(w;) N Fix(w;). If we(qr) # qk,
then p # limy oo wi*(gx) € Fix(we) N Fix(w;) N Fix(w;). Repeating this process,
if necessary, we obtain a point g € ﬂ?;llFix(wi) with g # p. But, this would
implie that O, is a T™ !-orbit, contradicting one of the hypothesis. Thus, it
exists j € {1,...,n — 2} such that p is an isolated fixed point of wj, i.,e., there
exists a neighborhood I* of p in J* such that I* NFix(w;) = {p}. By N. Kopell
Lemma [4], wp—1|r+ = id. This new contradiction proves that w,_, satisfies (1)
or (2). O

Proof of Theorem A. 1t is a classical result in foliation theory that the leave structure
of a foliation in the neighborhood of a compact leaf is determined by the holonomy
of such leaf. The holonomy of the orbit 77~ x {0}, given in Lemma 2.4, guarantees
that there exist d € (0,1) and s € {0,...,n—2} such that every w-orbit by points
in 771 x [0,d) is homeomorphic to T x R*~*~1. We claim that the saturated V
of 7"~ x [0,d) by ¢ is equal to 7™~' x [0,1) and this would conclude the proof.
In fact, if V # T"1x[0,1), then Front(V)NT" ! x {1} = 0. Let C # T~ x {0}
be a connected component of Front(V). C is a compact t-invariant subset and
contains a minimal subset p. By a theorem of Sacksteder [5, Theorem 7], p can
not be an exceptional minimal set. Thus g is a compact orbit. This contradiction
proves that V =771 x [0,1). O

Lemma 2.5. If ¢ € A}(R",N) has an orbit O diffeomorphic to T"~! x R, then
Front(©) is the union of at most two T*-orbits with k € {n —2,n — 1}.

The proof of this lemma is given in [1].

Corollary 2.6. Let O be an T" -orbit of ¢ € AY(R",N) and V be a neigh-
borhood of O such that V' \ O has ezactly two connected components Vi and V.
Assume that there ezist points p,q € Vi such that dim O, = n, O, # O, and
cl(0p) D O C cl(Oy). Then, Oy is not a T"~' x R-orbit.

Proposition 2.7. Assume that ¢ € A2(R™,N) with n > 2. If O isa T*xR"*.-
orbit with k <n —2, then cl(O) can not contain a T™*-orbit.
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FIGURE 1.

If X € X"(M?), let C(X) be the set of diffeomorphisms f € Diff"(M?) that
preserve orbits of X. Assume that the orbit v, of X by p is periodic of period 7.
Let ¥ be a cross section to X at p and Px : (¥,p) — (X,p) be Poincaré map.

Lemma 2.8. There exists a cross section £, C ¥ and a neighborhood ¥ C
Diff"(M?) of the identity map in the C° topology such that every f € C(X)N¥
induces a local diffeomorphism fx : (L,,p) — (Zp,p) of class C™, with fxoPx =
PX o fX .

Proof. Let 7 > 0 be the period of 7, . We can assume that ¥ = h~1({0} x (-1, 1)),
where h:V — (=1,1)? is a flow box for X at p. Let 7: V — ¥ be the projection
along of the orbits of X and recall that Py = 7o X". Put U = h=1((=1/2,1/2)?)
and I, = h~1({0} x (—¢,¢)). There exists a neighborhood 7 of id € Diff"(M?), in
the C° topology, and &€ > 0 such that f(U) C V and f(£.) C U for each f € ¥
and also X7(Z.) C U. Choose £, = X.. For each f € ¥ there is defined a map
fx:Xp, — X by fx(q) =7(f(g)). We are going to show that fx o Px = Pxo fx.
Let [z,y] C ¥ be the arc with extremes z and y and define z <y if [p,z] C [p,y].
Assume that Px(q) < g for every ¢ € £,. For a fixed f € ¥ there are two
possibilities fx(gq) > g or fx(g) < ¢. Let us consider the case Px(q) < ¢ and
fx(q) > q. If Px(q) = q, i.e., the orbit of ¢ by X is periodic, then the orbit by
fx(q) is also closed, therefore fxoPx(q) = fx(q) = Pxofx(q). If Px(q) < g, then
fx(Px(q)) belongs to the orbit of X by fx(q) and Px(q) < fx(Px(q)) < fx(q)-
Thus, fx o Px(q) = Px o fx(q). The other cases are analogous. O

Proof of Proposition 2.7. We begin proving this proposition for n = 2. Let ¢ €
A%(R?,N) and assume that there exist an R?-orbit P such that its closure, cl(P),
contains an S'-orbit Oy, see Figure 2. Then, there exists at least one R-orbit
O contained in Front(P) such that cl(O) D Op. If Gy and G are the isotropy
groups of Og and O, respectively, then G = GJ. Let X; = X, , i = 1,2, where
{wy,wz} is a set of generators of Gy such that w, € GJ. Note that X3|ouo, =0
and O is a periodic orbit of X; of period 1. Let ¥ be a transversal section to
X; at p € Op and Py, : (£,p) — (Z,p) be the Poincaré map. Without loss
of generality we can assume that Px, is a topological contraction, otherwise we
consider the Poincaré map of —X;. Let ¥ and X, be as in the Lemma 2.8 and
d > 0 such that X{ € ¥ forall t € (—4,d). Fixa ¢ # 0 in the interval (—4,d) and
put f = X&. It follows from the commutativity of X; with X, that f € C(X;).
Note that fx,(q) = ¢ if ¢ € ONZ, and that fx,(¢q) # q if ¢ € P. By Lemma
2.8, fx, oPx, = Px, o fx, and by N. Kopell Lemma fx, = id. This contradiction
completes the proof in the case n = 2.

Assume now that n > 3 and that there exist a 7% x R* k-orbit P, with
k < n — 1, such that cl(P) contains a 7™ !-orbit Op. If Go and Gp are the
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FIGURE 2.

isotropy groups of Oy and P, respectively, then Gp C Gg. Let Xi,...,X, the
infinitesimal generators adapted to Op such that the linear (n — 2)-subspace H
of R™ generated by {wi,...,wn—2} contains Gp. There exists a neighborhood
V of Op such that the action 1, € A2(R""! N) induced by ¢ and Oy, i.e.,
generated by Xi,..., X,—1, hasnot 7" !-orbits inside V. Otherwise, by Corollary
2.6, either P is an 7™~ ! x R-orbit or Qg ¢ cl(P). If O is a T* x R*5~1orbit
of ¢ such that O C cl(P), then Oy C cl(O) and s < n — 1. Consequently, if Gp
is the isotropy group of O, then Go C Gy and G% = GJ. Since k,s < n—1,
we can assume that H N Ge is isomorphic to Z° and w,—1,w, € H. Let p € Oy
and consider wy,...,wn_1 as in the proof of Lemma 2.4. By Lemma 2.4 w,_; (or
w;_ll) is a topological contraction. Therefore, if ¢ € £,_1NP, then Oh;ll(q)(aﬂ—l)
is a R%-orbit in A that contains the @,_j-orbit S x {0} in its closure. By the
first part of the proof this is a contradiction. 0

Remark 2.9. Let ¢ € o, , p € Sing;,_,(¢) and V, a neighborhood of O, .
a) Assume that V, satisfies (1) and Front(V,) is @ T 1-orbit. Since r > 2, it
P P
follows by Proposition 2.7, that there is no T° x R™"™%-orbit with s # n — 1 inside
Vp . Thus, we can say that one of the following possibilities is satisfied:
(al) Vo \ Op is a T™! x R-orbit;
(a2) V, contains infinitly many T™~! x R-orbits;
(a3) V, \ O, contains only (n — 1)-dimensional orbits.
(b)Assume now that V, satisfies (2), then:
(b1) if there is one T° x R™~*~1.orbit, s # n—1, such that its closure contains
Op, then every n-orbit in V, \ Op is not homeomorphic to T~ ! x R;
(b2) if there are no T° x R™*~1-orbits, s # n— 1, which contain O, in its
closure, then there is only one n-orbit and it is homeomorphic to T™! xR.

Proposition 2.10. Let Oy be a T" '-orbit of ¢ € A%2(R", N). Then, there exists
a @-invariant neighborhood Vo of Op, such that every connected component U of
Vo \ Op satisfies one of the following properties:
(1) U is an T ! x R-orbit;
(2) U contains infinitely many T™ *-orbits approaching Oy and every n-
dimensional orbit inside U is a T x R-orbit;
(3) There ezist s € {0,1,...,n—2} such that U is the union of T x R"~*~1.
orbits.

Proof. By the continuity of the infinitesimal generators of ¢ there is a neighborhood
V of Og such that every orbit by points in V; has dimension at least n — 1. Since
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r > 2, it follows from Proposition 2.7 that there are no 7' x R"~*-orbits, s # n—1
approaching Op. Therefore, if U one connected component of V'\ Op, then there
are two possibilities:

(i) There are infinitely many n-orbits in U approaching F. In this case we will
show that (2) is verified. The other possibility is that there exists a sequence
{O;i}ien of n-dimensional orbits inside U, which are not homeomorphic to 771 x
R and that approach Op. Since cl(O;)NSing;(¢) =0 for each j € {0,...,n—2},
then the compact set cl(O;) \ O; is the union of (n — 1)-dimensional orbits, of
which at least one is compact, this contradicts the Proposition 2.7.

(i1) There are only a finite number of n-orbits in U. If it happens to exist a
T™=1 x R-orbit O such that Front(O) D Oy, then we can assume that U = O,
therefore (1) is verified. If there is no such 7"~! x R-orbit, then we can assume
that the orbit of each p € U is (n — 1)-dimensional. We also can assume that
¢ has no T" l-orbits inside U, otherwise (2) is verified. Reducing the size of V'
it follows, from Lemma 2.4 that there exist s € {0,...,n — 2} such that O, is
a T° x R**~lorbit for each p € U. Thus, (3) is verified and this completes the
proof. d

Theorem 2.11 (D. Tischler, [6]). Let N be a compact orientable n-manifold with
non-empty boundary. Suppose that v is a C? locally free action of R*1 on N,
then N is diffeomorphic to T"~1 x [0, 1].

Figure 3 illustrates Theorem B for some ¢ € <% .

FIGURE 3.

Proof of Theorem B.Let O bea T"~!xR-orbit and % the family of all ¢-invariant
neighborhoods U D O homeomorphic to 7"~! xR that do not contain a T x R"~*-
orbit with s < n — 1. The inclusion relation defines a parcial order in % and by
Zorn’s Lemma there exists a maximal element Uys in % . We are going to show
that N\Uy is either an 7™~ 1-orbit or the union of two 7™~ 2-orbits. Assume that
N\Upn has non-empty interior, then cl(Up)\ Un has two connected components.
By Definition 2.2 at each p € Sing;(p), i = 1,...,n — 3, ¢ is of type n and
n-finite. This fact and Lemma 2.5 implies that (cl(Ups) \ Un) N Sing;(p) =0, i =
1,...,n — 3. Moreover, there exists one connected component F of cl(Ups) \ Unm
that is not a 7™ 2-orbit. We know that F is ¢-invariant and will show that
F N Sing®_,(p) = 0. In fact, if there exists p € F such that O, is a T"2-orbit
and V}, is a neighborhood of O, that satisfies Definition 2.2 (1), then Upm UV}
would be a member of % containing Ups properly. If V,, satisfies condition (2),
then, since F # Op, there are T° x R™*~l.orbits, s # n — 1, arriving at O,
and by Remark 2.9 we would have T' x R* Lorbits, | # n — 1, inside Up;.
Therefore F' is an T™ -orbit. If (1) or (2) of Proposition 2.10 is verified, then
there exists an open -invariant set ¥V homeomorphic to 7"~! x R, which does
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not contain 7 x R™~*-orbits with s # n—1 and such that Front(V) C F. If (3) of
Proposition 2.10 is verified, then by Theorem 2.11 there exists an open ¢-invariant
set V' homeomorphic to 777! x R and such that Front(V) C F. The open set
Upm UV € % and contains properly Ujs, but this contradicts the fact that Uy,
is maximal. Thus, Front(Up) = N\ Unm .

Assume that Sing_,(¢) = 0, then Front(Ups) is homeomorphic to 77 1.
Therefore, N is 7"~! bundle over S*. If Sing’_, () # 0, then Front(Uy) is the
union of two 7™ 2-orbits consequently, N € H,, . O
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