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Resumo

Neste artigo estudamos a existéncia de solugoes fracas para o problema de
Cauchy abstrato com condigbes nao locais

Il

S0 +olt 0, 20) = As®)+[(0,50), tel=(d, ()
z(0) = =z + p(z,z’), (2)
£'(0) = wyo+q(z,2), (3)

sendo A o gerador infinitesimal de uma fungio coseno fortemente continua de oper-
adores lineares num espago Banach X e p(-),¢(-) fun¢des apropriadas.
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Abstract

In this work we make some observations with respect to several recent papers
reporting existence results for second order partial differential systems.

1 Introduction

The papers [1], [2], [3], [7], [9], [L1] reported existence results of mild solution for
some second order “ partial ” differential problems modelled using the cosine function
theory. In all of theses works was assumed that the associated cosine function, denoted
by (C(t))ier, is such that C(t) is compact for every ¢ > 0 which imply that the systems
treated in these works are really ordinary and not partial differential systems, see [18] pp.
557 for details. Additionally, we observe that similar remarks at those appointed by Liu
in [8] for a nonlocal first order differential equation are valid for the system studied in
(3,9, 11].

Our objetive in this work is alert respect of these works and give some simples ideas
for the reformulation of these papers. To this end, we study the existence of mild solution
of the nonlocal abstract Cauchy problem

%(fﬂ'(l) +9(t,z(),2' () = Az(t)+ f(t,z(t),2'(¢)), tel=]0,al, (1)
z(0) = z0+p(z,2), (2)
3;,(0) == ’yo—FQ(IE,CC,), (3)

where A is the infinitesimal generator of an strongly continuous cosine function of bounded
linear operators on a Banach space X and f,g: 1 x X? — X;p,q: C(I : X)? — X are
appropriate functions.

The system (1)-(3) is simultaneously a generalization of the classical second order
abstract Cauchy problem studied by Travis and Weeb in [18, 19] and of some recent
developments by Stanék in [14, 15, 16, 17].



Next we mention a few results and notations respect of the cosine function theory
which are needed to establish our results. Along of this paper, A is the infinitesimal

generator of a strongly continuous cosine family of bounded linear operators, (C(t)).em,
on a Banach space X and S(t) represents the sine function associated with (C(t)).em,

t -
which is defined by S(t)z = / C(s)zds, z € X, t € IR. We designate by N, N certain
0

constants such that |C(¢)|| < N and ||S(¢)|| < N for every ¢ € I. In this paper, [D(A)] is
the space

D(A) = {z € X : C(t)z is twice continuously differentiable},

endowed with the norm || = ||a=|| = || + || Az ||, = € D(A). Moreover, the notation E
stands for the space formed by the vectors € X for which the function C(-)z is of class
C1. It was proved by Kisinisky [6], that £ endowed with the norm

lzlly = llzll + sup [AS(¢)z]], T € E,
0<t<a
is a Banach space.

o) S@)
AS(t) C(t)

01 ] defined on D(A) x E. From

The operator valued function G(t) = l } is a strongly continuous group

of linear operators on £ x X generated by A = A0

this it follows that AS(t) : # — X is a bounded linear operator and that AS(t)z — 0,
as t — 0, for each z € E. Furthermore, if z : [0,00) — X is locally integrable then

L
7l ) = / S(t—s)z(s)ds is a E-valued continuous function. This is an consequence of the
0

fact that ,
/tg(t 4 [ 0 1 . /0 S(t —s)x(s)ds
. %(s) /Ot C(t —s)x(s)ds

defines an £ x X-valued continuous function.
The existence of solutions of the second order abstract Cauchy problem

"(t) = Az(t) + h(t), 0<t<a,
{ :Ca:(O) =z, 7'(0) ==, W

where A : [0,a] — X is an integrable function, has been discussed in [14]. Similarly, the
existence of solutions of the semilinear second order abstract Cauchy problem it has been
treated in [15]. We only mention here that the function z(-) given by

t
z(t) = C(t)zo + S(t)z1 + /0 S(t— s)h(s)ds, 0<t<a, (5)
is called, mild solution of (4) and that when zy € £, 2/(-) is continuous and
t
2'(t) = AS(t)zo + C(t)z1 + /0 C(t — s)h(s) ds.

For a complementary literature respect of the cosine function theory, we refer to the
reader to [5).



The terminologies and notations are those generally used in functional analysis. In
particular, C(I; X) is the space of the continuous function from I into X endowed with
the norm of the uniform convergence and B,(z : Z) denotes the closed ball with center
at z and radius 7 > 0 in an metric space 7.

Our results will proved using the following well known results.

Theorem 1 /4, pp. 61] Let D be a convez subset of a Banach space X and assume that
0€D. Let F: D — D be a completely continuous map. Then the map F has a fixz point
in D orthe set {x € D:z= AF(x), 0 <\ <1} is unbounded.

Theorem 2 ( Sadovskii ) [13]. Let D be a conves, closed and bounded subset of a Banach
space X. If F': D — D is a condensing operator, then F' has a fiz point in D.

The paper has two sections. In section 2 we discuss the existence of mild solutions of

the abstract Cauchy problem (1)-(3).

2 Existence Results

Initially we study the second order nonlocal abstract Cauchy problem

SEO @) = s+ Iaw),  tel=[al (6
z(0) zo + p(z), (7)
#(0) = w0t alz), ®

where f,g: 1 x X — X and p,q: C({ : X) — X are appropriate functions.
If u(-) is a solution of (6)-(8), g is D(A)-valued and Ag € C(I : X) then
u(t) = C(t)(@o +pw) + SOl — 9(0,30 +p(w) +q(w)] — [ gls,u(s))ds
t s t
. /0 AS(t — s) /0 g(r, ur)drds + /O S(t — 8) (s, u(s))ds. (9)

The expression (9) is the motivation of the following definition.

Definition 1 A function v € C(I : X) is a mild solution of the abstract nonlocal Cauchy
problem (6)-(8) if u(0) = (zo + p(u)) and

u(t) = COo-+p(w) +SOlyo — 9(0,0 +p(w) +a(w)] ~ [ Clt ~ s)g(s,u(s))ds
+/Ot S(t—s)f(s,u(s))ds, tel.

To study the existence of mild solutions of (6)-(8), we introduce the following conditions.
H; The function f: I x X — X satisfies the following conditions.
(i) The function f(¢,-) : X — X is continuous a.e. t € I;

(i) For each z € X, the function f(-,z): [ — X is strongly measurable;
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(iii) There exist a continuous function m; : I — [0,00) and a continuous nonde-
creasing function Wy : [0,00) — (0, c0) such that

Lz < me@OW(ll = ), (t,z) € I x X.
H, The function g : I x X — X satisfy the following conditions:

(i) g(t,-) : X — X is continuous a.e. t € I;
(ii) For each z € X, the function g(-,z) : I — X is strongly measurable;
(iii) There exists a continuous function my,(+) : [0,00) — [0,c0) and a continuous
nondecreasing function Wy(-) : [0, 00) — (0, 00) such that

gt z) | < me(O)We(ll = ), (t,z) € I x X.

Theorem 3 Assume that the conditions Hy-Hy are verified and that g(-) is completely
continuous. Suppose, furthermore, that the following conditions hold.

(a) For every 0 <t/ <t andr >0, the set U(t,t',r) = {S{¥)f(s,z) : s € [0,¢8], || z || <
T} is relatively compact in X.

(b) p(-) is completely continuous and there is N, > 0 such that || p(u) ||< N, for every
ue C(l:X).

(c) For every s € I and everyr > 0, the set V(s,r) = {S(s)q(z) :|| =z | < r} is relatively
compact i X and there is Ng > 0 such that || g(u) ||< Ny for everyu € C(I : X).
if
ds
s) + Wi (s)’
where ¢ = N(|| zo | +N,) + N(|| yo || +N, + SUPjey<n, || 9(0,z0 + ) ||), then there ewists
a mild solution of (6)-(8).

/O“(ng(s) + Nmy(s))ds < /:O il

Proof. On the space C(I : X) we define the map I' : C(I : X) — C(I : X) by
Du(t) = C(t)(mo+p(w) + S(E)lyo +a(w) — 9(0,70 + p(a))] ~ [ C(t = s)gls,uls))ds

a5 /tS(L —5) f(s,u(s))ds, tel. (10)
0

In order to use Leray Schauder Alternative, we obtain an a priori bound for the solution
of the integral equation u = Al'(u), A € (0,1). If u* is a solution of u = AI'(u), A € (0,1),
we get

I @) I < N(llzo | +Np) + N(| yo | +N + sup || g(0,z0 + ) |))

t \ - JCxtSNp \
+N/ mg(s)Wo(ll u*(s) H)ds+N/ m(s)W([| u*(s) [|)ds.
0 0
Denoting by Sx(t) to the right hand side of the last inequality we find that
BAt) < (Nmy(t) + Nms () (W, (Br (1) + Wi(Ba(2))),
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and hence

Bx(t) ds t - 0 ds
¢ Wy(s) + We(s) = /o LV (5} - g () s < /c W,(s) + Wy(s)’

which permit to conclude that the set {#x: A € (0,1)} is bounded in C([ : X) and hence
that {u*: X € (0,1)} is bounded in C([ : X).

Next we prove that I' is completely continuous. To this end, we introduce the decom-
position I' = I'; + I'y where

Mu(t) = C()(mo+p(u)) + S(O[yo + q(u) — 9(0,z0 +p(w))l, te€,
Cou(t) = — /Ot C(t — s)g(s,u(s))ds + /OtS(t —s)f(s,u(s))ds, tel.

[t’s easy to show that I'; is completely continuous and that [’y is continuous. Next, by
using Azcoli Arzela we prove that I'2(B,-(0,C(7 : X))) is relatively compact in C(I : X).
In the sequel B, = B,.(0,C(I : X)).

Step 1 The set ['2(B,) = {I'2u : u € B, } is equicontinuous on 1.

Let t € I and € > 0. Since C/(+) is strongly continuous and g(-) is completely continu-
ous, there exists § > 0 such that

I (C(s+h) — C(s))g(s',z) I<e, lz < (s,8) €I,
when | b |< §. For uw € B, and |h| < § with t + h € I, we get
I Tau(t + h) — Tau(?) |
t t+h
< [ NCU+h—35)~Cl—s)gls,uls) Nds+ N [ | gls,u(s)) I ds
¢ _ th
[ US@+h—s5) =S —9) Il Fls,u(s) Nds+ 8 [ ) f(s,uls)) | ds
t+h - ¢ - t+h
< e+ NWg('r)/ my(s)ds + thf(r)/ m(s)ds + NWf(T)/ m(s)ds,
t 0 t
which prove the assertion.

Step 2 The set ['y(B,)(t) = {T2u(t) : u € B,} is relatively compact in X for every t € I.

Let t € I and € > 0. If uw € B,, from the estimate
| f(0,u(@) | < me(@O)We(ll w(®) ||) < ms(O)Ws(r),

follows that the set U = {f(t — s,u(t — s)) : s € [0,t],u € B,} is bounded in X. Using
that S : I — L£(X) is uniformly Lipschitz on I, we can chose 0 = s; < sp < ... < 5 =1
such that

IS(s)y — Ss)y lI<e, yel,



when s, s’ € [s;, siq1) for some i =1,..,k — 1. Let u € B,. From the mean value theorem
for the Bochner integral, see [12, Lemma 2.1.3], and the fact that V' = {C(s)g(s,z) :

(s,s',x) € I* x B.(0,X)} is relatively compact in X, follows that

Sit+1

Nult) = — /OtC'(t—s)g(s,u(s))ds—F g / (S(5) = S(s:)) F(t — 5, ult — 5))ds

k-1

+ Z /lSi+1 S(si)f(t—s,u(t —s))ds
k-1
€ teo(V) +€eBa(0,X) + > (sit1 — si)co(U(t, 55,7)),

where co(Q)) denote the convex hull of a set Q. Thus [y(B,)(t) is relatively compact X.
From the steps 1 and 2, follows that I'z(B;) is relatively compact in C'(/; X) and so
that I'; is completely continuous.
Finally, the Theorem 1 assert that I" has a fixed in C(I : X). The proof is complete.
]

If the maps g, p, ¢ fulfill some Lipschitz conditions instead of the compactness propri-
eties considered in the preceding theorem, we also can establish a result of existence.

Theorem 4 Assume that Hy is verified and that the followings conditions hold.

(a) For every 0 <t' <t andr >0, the set U(t,t',r) = {S(t')f(s,z) : s € [0,t],] = ||<
T} is relatively compact in X.

(b) There exist positive constants lg,1,,l, such that

| g(t,z1) —g(t,z2) | < Lllzi—=|, (tLz)elxX,
| p(u) —p) || < Lllu—v], u,v € C(I: X),
lq(u) —q(w) | < lillu—v], u,v e C(I: X).
and W)
N(lp +1ya) + N, +1,) + N lim inf —fTT / my(s)ds < 1.
T—T 00 0

Then there ezists a mild solution of (6)-(8).
Proof. Let Y =C(/: X)and I'=T1+4+T%: Y — Y be the map defined by

L) = C(t)(wo+ p(u)) + S()[yo — 9(0,u(0)) + q(u)] — /Ot C(t = s)g(s,u(s))ds,

Ieu(t) = /Ot S(t — s)f(s,u(s))ds.

We affirm that there exist » > 0 such that I'(B,(0,Y)) C B.(0,Y). In fact, if we assume
that the affirmation is false, then for each r > 0 there exist v" € B,.(0,Y) such that
| Tu” ||> r which imply that

r<Tum || < Nl wo || +pr+ || p(0) ]+ NIl yo | +gr+ Il 9(0,0) | +lgr+ || a(0) )
+N/O (g Il w"(s) I + 1l 9(s,0) ||]d8+1\7/0 mp(s)Wy(ll w(s) [|)ds

6



and so that

2 -~ %74 a
1< N(l, +l,a) + N(l, +1,) + N lim inf Q(T) /0 mg(s)ds,
which is an absurd.

Let ro > 0 such that I'(B,,(0,Y)) C B,,(0,Y). Using the steps in the proof of Theorem
3, follows that I's is completely continuous and from the estimate

ITw—Tw| < (N{+la)+ N, +1)) lu—wv,

that I'y is a contraction. Thus, I' is a condensing map on B,,(0,Y). The assertion is now
consequence of the Sadovskii point fixed Theorem, see [13]. The proof is finished. m

Next we discuss existence of solution for the abstract Cauchy problem (1)-(3). In
general, the results are similar to those in the first part of this section and for this reason,
the proof of the next results will be summarized or simply omitted. To study these
problem we introduce the next technical conditions.

Hs; The function f: 1 x X x X — X satisfy the following conditions:

(i) f(t,-) : X x X — X is continuous a.e. t € [;
(ii) Foreach (z,y) € X x X, the function f(-,z,y) : I — X is strongly measurable;

(iii) There exists a continuous function m; : [0,00) — [0,00) and a continuous
nondecreasing function Wy : [0, c0) — (0, c0) such that

I f@z,y) |<mOWe(ll 2 ||+ 1y D), (t,z,y) € I x X x X.

Hy g: I x X — FE is continuous and verifies the following conditions

(i) There exists a continuous function m, : [0,00) — [0,00) and a continuous
nondecreasing function W, : [0, 00) — (0, o0) such that

lgt,z,y) h < mg@Wo(lzll+1yl), (tLz,y)elxX?
(ii) There exist positive constants ci, ¢z such that
gtz ) IScallzl|l +1lyl)+te, (tz,y) elxX>

(Hg) For every r > 0, the set of functions {t — g(¢,u(t),v(t)) : u,v € B.(0,C(I : X))} is
equicontinuous on I.

Theorem 5 Let assumption Hs, Hy, Hy be satisfied and assume that the following con-
ditions hold.

(a) For each r > 0, the set g(I x B.(0,X?)) x f(I x B.(0,X?)) is relatively compact in
Ex X.

(b) p(-) is E valued, p(-) : C(I : X) — E and q(-) : C({ : X) — X are completely
continuous and there are constants N,, N, > 0 such that || p(u) [1< N, and |
q(u) IS N, for everyu € C(I : X).



Ifu=1-¢ >0 and

1

t i o0 d
2y [0 Do)+ (4 Wiy ds < [ s

where
= N(llzo Il +No)+ Il 2o Il +Npt(NEN)[ o | +er (| @ | + 1| yo | +Npt-No)+eal+ez,
then there exists a mild solution of (1)-(3).

Proof. Let Y = C(/ : X) and I'() : Y> — Y? be the map I'(u,v) = (1 (u,v), T2(u, v))
where

i(u,v)(t) = C(t)(zo + plu,v)) + ( )[yo+q(u v) = 9(0, 20 + p(u, v), yo + ¢(u,v))]

—/ (t—s)g(s,u(s d8+/ 't —s)f(s,u(s),v(s))ds,
Fa(u,v)(t) = AS(t)(zo Fp(u v)) + C( )yo = 9(0, z0 + p(u, v), yo + q(u,v)) + q(u,v)]

—g(t, ult),v / AS(t — 5)g(s, u(s), v(s))ds
+ [t - 905, u(s), w(5))ds.

From the assumptions follows that I' is well defined and continuous. If (u*,v*) =

AT (u?,vY), XA € (0,1), we find that
I @) | < Nl zo ||+, ) + N yo I Fer(l zo | + 11 yo | +N, + Ng) + o
N [ my(s)Wo(ll () )+ 1 oA (s) ds
0 [ g ()W w(5) )+ 1 A (s) s
and that
Fo* O 1 < lzo i +N, + Nl yo | +er(ll o I+ 1 yo I| +Np + Ny) + o)
(KM ON BN SO ) +62+/Otmg(S)Wg(ll u*(s) [| + | v*(s) Ids
+N /0 m(s)Wy (| w(s) || + | v*(s) ds.
Using the notation a,(t) =|| w*(t) || + || v () || and the previous inequalities, we see that

ax(t) < N(l| zo | +Np)+ [l Zo [1 +Np
+N+ N yo | +eall @o | + 1 yo | +Np 4 No) + co] + cran(t) + c2

HOV 1) [ ()W (an(9))ds + (8 -+ N) [ my(s)W (an(s))ds

which imply that

1

o) < 41 [(N+ 1) /0‘ g ()W, (a(s))ds + (N + N) /Otmf(s)wf(m(s))ds .

=lo
=

8



Defining as ((t) the right hand side of the last inequality, we see that
AA() < (N + 1)mg(8) + (N + N)my(8)) (W (Ba(8)) + Wy (Ba(t)))

and hence

Bx(t) ds 1 rt _
b L0t i

e ds
et Wy(s) + Wy(s)’

which prove that the set {z* = (z*,y*) : 2% = ATz}, A € (0,1)} is bounded in Y2.

From the proof of Theorem 3, we infer that I'y is completely continuous. Moreover,
using the compactness assumption on the functions g, f, the condition H,, the fact that
the X-valued function ¢ — AS(¢)z is continuous on [ for every & € E and the ideais in
the steep 1,2 in the proof of Theorem 3, we can prove that 'y is completely continuous.

Theses remarks prove that I" verifies the assumptions of Theorem 1. Thus, there exists
a mild solution of (1)-(3). The proof is complete. m

The proof of the next result, follows using the ideas in the proof of Theorem 4.

Theorem 6 Let (Hs) be satisfied. Assume that that functions g,p are E-valued and that
there are constants l,, 1,,1, such that

I g(t,z1,91) — g(t,z2,92) L < Ly || (@1,11) — (z2,2) ||, Zi, Y € X.
| p(ur,v1) = p(ug,v2) 1 < L |l (ug,v1) — (u2,v9) |, W, € O 1 X),
I q(ur,v1) — qluz,v2) | < g |l (ur,01) — (u2,v2) |, ui,v; € C(I : X),
Wi (r)

If(N+1)lp+(N~H\~/)(lg+lq)+lg((N+1)a+l)+(N+N)h'm+inf .
then there exists a mild solution of (1)-(3).

/Oamf(s)ds <1,

2.1 Some final remarks

The same observations appointed by Liu in [8] respect of the paper [10] are valid for the
problems studied in [9, 11] and [3]. To reduce the text, we comment briefly about of
theses papers.

1. In the papers [9, 11] an additional compactness assumptions are required on the
function g(-) in order to prove the existence of mild solutions for the partial problem
studied in theses works, see [8] for complementary details.

2. As in the previous remark, some compactness hypotheses are necessaries on the
function which describes the impulsive effects in these systems. See [8] for additional
details.
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