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Resumo

Neste artigo fazemos algumas observagoes respeito de varios recentes trabalhos
estudando diferentes problemas diferenciais relacionados com a equacio de tipo
neutro

%(m(t) +G(t,z:)) = Az(t)+ F(t,z), tel=][0,a],

o = €D,

sendo A o gerador infinitesimal de um semigrupo fortemente continuo de operadores
lineares definidos em um espago de Banach abstrato X; z; a historia da solu¢do no
instante t; D o espaco de fase e F'(-), G(-) fungbes apropriadas.
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Abstract

In this work we make some observations with respect to some recent papers
reporting existence of solutions of partial neutral functional differential equations.

1 Introduction

The papers [1], [2], [3], [4], [5], [6], [7], (8], [15] reported existence results of mild
solutions of some different “ partial ” functional differential problems related to a class of
partial neutral functional differential equation described in the form

d

;ﬁ(x(t) +G(t,xe)) = Az(t)+ F(t,z), te€l=]|0,al,

zo = peD,

where A is the infinitesimal generator of a compact semigroup of bounded linear operators,
(T'(t))i>0, on a Banach space X and the histories, z:, belong to a appropriate phase
space D. However, in these works their authors impose the next restrictive compactness
assumptions on the operator family generated by A.

Assumption: “ A is the infinitesimal generator of a compact Cy-semigroup of bounded
linear operators (T'(t))>0 on a Banach space X and there exist positive constants My, My
such that

| T(t) |I< My and || AT(t) |< Ma, te€ (0,a]”

[t’s easy to prove that the previous assumption imply that the underlying space X has
finite dimension. As consequence, the equations treated in these works are really ordinary
and not partial equations.

Our objetive in this work is alert respect of these papers and by mean of the study of
the existence of mild solutions of the abstract Cauchy problem

L) +oltat) = As(o) + f(6a0), tel=0,a )
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give some simples ideas for the reformulation of these results.

By considering the technical approach of the refereed papers, we always assume that
in the system (1)-(2), A : D(A) — X is the infinitesimal generator of an uniformly
bounded analytic semigroup of linear operators, (7'(¢))i>0, on a Banach space X and that
f,9:1x X — X are appropriate functions.

Next we mention a few results and notations needed to establish our results. We will
assume that 0 € p(A) and that || T(¢) |< M for all ¢t € I. Under these conditions, it’s
possible to define the fractional power (—A)*, 0 < o < 1, as a closed linear operator on
its domain D(—A)*. Furthermore, D(—A)* is dense in X and the expression || z [|o=||
(—A)*z || defines a norm in D(—A)®. The following properties are well known, see [13],
Dp. 74.

Lemma 1 Let 0 < 8 < a < 1. Under the previous conditions, the following properties
hold:

(i) X4 1s a Banach space.

(ii) The inclusion X, — Xp is continuous.

(iii) There exists Co > 0 such that || (—A)*T(¢t) || < %, fort > 0.

For a complementary literature respect of semigroup theory, we refer to the reader to
Pazy [13].

The terminologies and notations are those generally used in functional analysis. In
particular, C(7; X) is the space of the continuous function from 7 into X endowed with
the topology of the uniform convergence and B.(z : Z) denotes the closed ball with
center at z and radius 7 > 0 in an metric space Z. Additionally, for a bounded function
€:]0,a] — [0,00) and 0 < ¢t < a we will employ the notation & for

& = sup{&(s) : s € |0,¢t]}. (3)

The paper has two sections. In section 2 we establish some existence results of mild
solution of the system (1)-(2) using the Theorems 1 and 2.

To finish this introduction, we observe that our results will proved using the following
well known results.

Theorem 1 [9, pp. 61] Let D be a convex subset of a Banach space X and assume that
0€D. Let FF': D — D be a completely continuous map. Then the map F has a fix point
in D orthe set {x € D:xz= AF(z), 0 <\ < 1} is unbounded.

Theorem 2 ( Sadovskii [14] ) Let D be a convez, closed and bounded subset of a Banach
space X. If F': D — D 1s a condensing operator, then F' has a fix point in D.
2 Existence Results

In this section we discuss the existence of mild solutions of the system (1)-(2). At first
we introduce the following definition.



Definition 1 A function z : [0,a] — X s a mild solution of (1)-(2), if z(0) = zo; the
Junction s — AT(t — s)g(s,z(s)) is integrable on [0,t) for each 0 < t < a and

o(t) = TE)(wo+9(0,50)) — g(t,3(6)) ~ [ AT(L— s)g(s,a(5))ds
+/0tT(t—5)f(s,ac(s))ds, tel

To study the existence of mild solutions of (1)-(2), we consider the following conditions.

H; The function f: I x X — X satisfies the following conditions:

(i) The function f(t,-) : X — X is continuous a.e. ¢t € I.
(ii) For each z € X, the function f(-,z): I — X is strongly measurable.
(iii) There exist a continuous function m : I — [0,00) and a continuous nonde-
creasing function W : [0,00) — (0, 00) such that

o) I < m@W(| ), (tz) e I x X.

H; There exist constants 0 < 8 < 1, ¢, ¢z such that g is continuous with values in Xp
and

(=4’ 2) | < allz| +e, (t,z) e I x X.

Hj The set of functions {t — g(¢,z(t)) : € B,(0,C(I : X))} is equicontinuous on /
for every r > 0.

Theorem 3 Let assumptions Hy-Hs be satisfied and assume that

(a) For every e > 0 and all r > 0 there are compact sets Wi, C X, i=1,2, such that
T(e)(=A)Pg(s,z) € W}, and T(e)f(s,z) € W2, for every (s,z) € I x B,(0,X).

€6,

Ch-pa® M e o ]
(i (=B 1 Crs |
Ifp=ca( (A7 + 3 ) <1 and . M/O m(s)ds </C W(S)ds where

i 5
c=——|M(lzo |l (cr | (=A™ +1) +c2 Il (~A? )+ ca(ll (=A) P || +Cr_p=

1—/,[, [)))7

then there exists a mild solution of the abstract Cauchy problem (1)-(2).

Proof: Let I': C(/ : X) — C(I : X) be the map defined by
Cz(t) = T(t)(zo+ g(0,20)) — g(t, z(t)) — /Ot AT(t — s)g(s,z(s))ds
+/Ot T(t — 5)f(s,2(s))ds, te€l.

From the assumptions, we know that that both, s — (—A)?g(s,z(s)) and s — g(s,z(s))
are continuous. In addition, in view of the fact that 7'(-) is an analytic semigroups ( see
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[13] ), the operator function s — AT'(t—s) is continuous in the uniform operator topology
on [0,¢) which from the estimate

Ol_gCte
(t — s)i-#’

and the Bochner’s Theorem imply that || AT(t—s)g(s,z(s)) | is integrable on [0, t). Now,
it’s clear that I' is well defined and with values in C(/ : X). Moreover, from the Lebesgue
dominated convergence theorem we infer that I' is continuous.

In order to use the Theorem 1, we obtain a priori estimates for the solutions of the
integral equation z = AI'z, A € (0,1). Let A € (0,1) and z*(-) be a solution of z = AI'z.
From the definition of I' we get

Iz*@ 1 < Moo | (AP e+ D+ (A e+ || (A7 e | ) |

H(=A)T(t = 5)g(s,(5)) =]l (=A)' T (t — s)(=A4)’g(s,2(5)) | <

Rl Ci_pcaa”
_A)P Cy / &5
A e+ Cper || s D22
T [ m(s)W () 2 |1)ds
where the notation introduced in (3) has been used. Consequently,
A . -8 -B 5 4 G150
Pz e < Moo |l (I (=A)77 fer+ D+ | (=A)77 || c2) + o]l (—A)# | +T)
- t
el M [ m(s)W () 2 [l)ds
and then
M gt
A < X .
Il < et g= [ mE@W (s l)ds, el

Designating by $*(t) the right hand side of the above expression we get

M

Bilt) < Tom(OW (B(0)

and so that

Br)  ds M oo ds
< s)d
c W(S) - 1 — M / 2 /

which imply that the functions 8*(-) are uniformly bounded on 7. Thus, the functions
z*(-) are uniformly bounded on 1.

Next we prove that I' is completely continuous. To this end, by using the relation
3

A/ s)zds = T(t)z — z, we rewrite I in the form I' = ) "T; where

=1

Toa(l) = -/0 AT(t - 8)g(s, z(s))ds,

Thell) = /OtT(t—s)f(s,a:(s))der/otAT(t—s)g(t,a:(t))ds
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From the Lebesgue dominated convergence theorem and the conditions Hy, Ha, follows
that each I'; is continuous. In the sequel we prove that I';(B,(0,C(I : X))) is relatively
compact in C(I : X) for every i =1, .., 3. In what follow B, = B,(0,C(I : X)).

Step 1. The set I'1(B;) is relatively compact in C(I : X).

Firstly we study the equicontinuity of I';(B,). Let 0 < ¢ < tg < t < a and wl
be the compact set in (a). Using the condition Hs and the fact that set of functions
{s = T(s)z: x € W]} is equicontinuous on [0,a], we can choose 0 < § < ¢ such that

I Ttz —Tlo)z || < ¢,  z€W!

€,

I'g(t,2(t)) — g(to, z(to)) | < e, () € By,

when | ¢t — o |[< 6. Under these conditions, for z(-) € B, and |t —ty |< § we get

I Tha(t) = Taz(to) | < I (T(to) = T'(2)) (o + 9(0, 20)) |
+ 1 7o) Il 9(to, z(to)) — g(t, x(2)) |
+ | (ZA)F(T(to — &) = T(t — €))T(e)(—A)g(t, 2(t)) |
< N (T(ko) = T(0)) (o + g(0,z0)) | (Il T'(to) I| + [ (=A)7" |))e,

which imply that I'1(B,) is equicontinuous from the right hand side at . Similarly we
can prove the equicontinuity from the left hand side at ¢y and the right equicontinuity at
zero. Thus, the set I'1(B,) is equicontinuous on I.
It’s clear that I'y(B,)(0) is compact in X. Moreover, if 0 < € < ¢, we get
Dy(Br)(t) ={T1u(t) :u € B.} C T(t)(zo+ g(0,20)) + (=A)PT(t — )W}

€,r?

which proves that I'y(B,)(t) is relatively compact in X since (—A)™T(t—¢) is continuous.
Thus, the set I'1(B,) is relatively compact in C(7 : X).

Step 2. The set I'3(B,) is relatively compact in C(7: X)

At first we prove that ['2(B,)(t) = {T2u(t) : u € B,} is relatively compact in X for
every t € I. The case t = 0 is trivial. Let 0 < e <t < a and I/Vl be the compact set in
(a). Since the function ¢t — (—A)PT(t) 1s continuous in the umform convergence topology
on [3,a), follows that the set U. = {(—A)'"PT(s)z : s € [§,a], z € W; } is precompact
in X. If z(-) € B,, from the mean Value theorem for the Bochner integral, see [12] pp.
25, we get

D) = [ (AT =5 = DT(S)(=AVg(s,5(5))ds
1 [ (= AT — 5)(~A)Pg(s, 2(s))ds

t—e

€ (t—e)eo(U,) + Co,

B
where co(U,) denote the convex hull of U, and diam(C.) < 2Cy_g(air + cz)%. These

remark permit infer that ['y(B,)(t) is relatively compact in X.
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Now we prove that I'z(B,) is equicontinuous on I. Let 0 <t <t<aandz € B,.
Then

I Tan(t) = Ta(to) | = || [ ATG = s)g(s, o(s))ds — [ ATt  s)g(s,a()ds |

0

= (0~ t0) = DPaalte) | + [ | AT~ 5)g(s,2(5)) | ds

(t —to)?
5

Since I'y(B)(to) is relatively compact, it is clear that the first term on the right hand
side converges to zero when ¢ — ¢y uniformly on z € B,. This shows that I 2(B,) is
equicontinuous from the right hand side at ¢y. Similarly we can to prove that T’ 2(B,) is
equicontinuous from the left hand side at ¢y and equicontinuous at ¢ = 0. Thus, I'2(B,)
is equicontinuous on [0, a] and relatively compact in C(I : X).

Arguing as in step 2, follows that I's(B,) is relatively compact C/(I : X). We omit this
part of the proof.

These remarks and the Theorem 1 asserts that I" has a fixed point in C(I : X). This
point is a mild solution of the problem (1). The proof is complete. m

< HT@ = ko) = Dlaz(te) | +Croplerr + c2)

Theorem 4 Assume that Hy and Hy are verified and that the followings conditions hold.

(a) For each e >0 and all v > 0 there is a compact W, C X such that T(c) f(s,z) €
We, for every (s,z) € I x B,.(0,X).

(b) There erist constant 0 < 8 < 1 and Ly > 0 such that such that g is Xz-valued and

I (=A)g(t,z1) — (—A)Pg(t, m2) ||I< Ly || 21 — 22 ||, (t,z:) €I x X.
B
If L(]l (=4)~* | +M) lnf ) s)ds < 1, then there exists a mild

solution of (1)-(2).

T Let I' : C(1 : X) — C(I : X) be the map defined in the proof of Theorem 3 and
consider the decomposition I' = I'y + I'y where

Pia(t) = T()(@o +9(0,30)) = g(t,2(1) = [ AT(t = 5)g(s,5(s))ds, te 1,

- t

Poa(t) = / T(t — 5)f(s,z(s))ds, tel.

0
We affirm that there exists r > 0 such that I'(B,(0,C(I : X))) C B.(0,C(I : X)). In fact,
if we assume that the assertion is false, then for every r > 0 there exist z" € B,(0,C(I :
X)) and ¢ € I such that r <|| Tz"(¢t") ||. This yields that
r<|Ta"(@) | < M| o+ 9(0,0) || + 1l (AN Ly | () | + Il g(t7,0) |
C
+ [ 2 L6 1+ 95,0 Dds

+/" Wl o (s) )ds



LgCl_gaﬁr

< M || w0+ g(0,90) || + Il (~A) || Lyr+ || g(#7,0) || + 3

O, 0 a
+/o 1(t[i ﬂi()‘j’_ﬁ) Hds I W(?")/O m(s)ds,

and so that

~ Cy_pa® W) e
1< —A)7P | =
< Lo(l (A" || + 5 ) + lim inf . /0 m(s)ds,

which is contradictory with our assumptions.
Let ro > 0 such that I'(B,,(0,C(1 : X)) C B,,(0,C(I : X)). Follows from the proof of
Theorem 3 that I'y is completely continuous on B, (0, C(I : X)) and from the estimate
- - _ Ch_paP
IThe =Ty lla < Lo(l (AP I +=5=) 2=y .
that ') is a contraction on B, (0,C(I : X)). Thus, ' is a condensing operator on

B, (0,C(1 = X)). Now, the assertion is consequence of the Sadovskii point fixed The-
orem. m
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