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Resumo

Neste trabalho tratamos de equacdes de reacao e difusao, nao lineares e com
parte principal dada pelo p-laplaciano e com coeficiente de difusao, a, € L*, 0 <
d < a,., positivo que possuem atratores globais A.. Obtemos propriedades sobre a
convergéncia da solugoes desta equagao e mostramos a semicontinuidade superior dos
atratores globais.



Parameter Dependent Quasi-Linear
Parabolic Equations

Claudia Buttarello Gentile

Universidade Federal de Sao Carlos
13565-905 - Sao Carlos - Sao Paulo

Marcos Roberto Teixeira Primo*
Universidade Estadual de Maringa
87020-900 - Maringa - Parana

Abstract

In this work we are concerned with non-linear reaction diffusion equa-
tions with principal part given by p-laplacian and positive diffusion a, € L™,
0 < § < ag, which has global attractors A.. We obtain some properties about
the convergence of the solutions of this equations and show the upper semicon-
tinuity of the attractors.
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1 Introduction

Let Q C R™ be a bounded domain with smooth boundary I' := 0£2. Consider
the second order partial differential equation subjected to homogeneous Dirichlet
boundary condition
L (t) — div(a’|Vus (8)P-2Vus(t)) = Bu(t), >0 )
uf(0) = up € WyP(Q),

where p > max{2,n/2}, a®* € L*(Q), a*(z) > ¢ > 0 almost everywhere in Q2 for
every € € [0,&0) and a® converges to a in L*(f2) when ¢ — 0. According with (4], by
supposing that B satisfies conditions H-1-H-5 enumerated below, for each € € [0, o),
the problem (1.1) has a global attractor A, in W, ”(Q) and A, is embedded in L*=(£2).
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In this work we obtain the upper semicontinuity of the global attractors A, at £ = 0
on W, () topology.

To properly state ours results we need to introduce some notation and some condi-
tions that we will assume through this work. Let H = L*(Q2), and for every € € [0, (],
consider the operator A¢, defined as follow:

D(A%) = {u € Wp*(Q); div(af|Vul[P~2Vu) € H}, (12)
Afu = —div(a®|VulP~2Vu), if u € D(4°9), '

with p and a® as we have described above.

Next we will state a set of hypothesis concerning the perturbation B. They are
taken from [4] and [5] in order to show global existence and the existence of global
attractors. Let us suppose that B is a Nemitskil operator associated to some real
function b = b; + by and denote B; and B, the Nemitskii operators associated to b,
and b,, respectively. Actually, we suppose that

H-1 —b; is increasing, by (0) = 0,in such way that A® — By is the subdifferential 0¢°
of the convex lower semicontinuous map

/Q (% a® |Vu(z)P - /0“ bl(v)dv> dz, u€ WyP(Q),
¢ (u) =

+o00 , otherwise

(we also impose conditions in by in such a way that D(¢°) = WyP(Q), ¢ €
[0’80]);

H-2 by(r) > kir + ko for all 7 € R, and there ezists a constant c; > 0 such that for
all fived § € R for some choice of ca = c2(8), ba(r) < arr + c2(6), if 7> =6;

H-3 b, satisfies an L™ local Lipschitz condition, meaning that if K := {u € H,
llullLo() < n} for some n > 0, then there ezists w = w(n) > 0, such that
|Ba(u) — Ba(v)||g < wl|u — v\, for every u,v € K;

H-4 There ezists a real increasing positive function Lo(-), v € (0,1) and c € R such
that

| Baully < Y0 ully + Lo(llulln)((¢°(w)* + ], VYu € D(9¢°) and € € [0,&];
H-5 There ezist positive constants o, 3 € R such that
(Bau, u) + a¢®(u) < B(|jull? +1) VYu € D(9¢°) and € € [0, &)

Remark 1.1 We observe that H-2 does not imply linear growth. Also, if ki is neg-
ative we may incorporate kir to by and assume that ki is zero. Therefore we may
always assume that k; is non-negative.



Following [5], the assumptions H-1 and H-4 imply that the problem (1.1) has a
solution in WOI”’(Q), for every e € [0, &o), while the assumption H-5 implies the global
existence of this solutions. As we are not assuming that B is a globally Lipschtz oper-
ator, we can not assure uniqueness of solutions for (1.1). In order to obtain existence
of global attractors we have to ensure some strong smoothing and attraction proper-
ties, and the main tool we employ to overcome this difficulty is a comparison result
developed in [3]. The assumption H-2 is used to compare the solutions of problem
(1.1) with solutions of two auxiliary problems, both with linear perturbations. By
this way we obtain L*(£2) bounds, uniformly with respect to € € [0, o], for solutions
of problem (1.1). With those uniforms bounds and H-3 we can assume, without loss
of generality, that the perturbation operator B satisfies a global Lipschitz condition.

After we have come to this point, we can state that the problem
Lus(t) + 0gus(t) = Byus(t), t>0,e € [0,¢0), (L.3)
u(0) = up € WyP(Q), '

has a global attractors A, in W, (), embedded in L (1), [4], for each & € [0, &),
and the L* bounds for the attractors are uniform on . Note that the problem (1.3)
is obtained of the problem (1.1) by incorporate B; to the operator ¢, defined in H-1.

Using estimates in W, ?(Q) of the solutions of (1.3), uniforms with respect to e €
[0, &) and uniforms with respect to initial data in bounded sets of W, ?(Q), we finally
show that the family of global attractors {A.; € € [0,&0]} is upper semicontinuous at
e =0, on W,"(2) topology.

This work is organized as follow: In Section 2 we obtain some uniforms bounds,
with respect to € € [0, &), of the solutions of (1.3) and using the arguments contained
in [4] we get existence of global attractors of this problem. In Section 3 we obtain
some properties about the convergence of the solutions of the problem (1.3), as ¢
goes to zero and obtain the upper semicontinuity of the family of global attractors
{A.; € € 0,6} ine =0.

2 Uniform Bounds. Existence of Global Attrac-
tors

In this section, with the assumptions H-1-H-5, we will obtain some estimates
for solutions u¢ of problem (1.3), uniformly on ¢ € [0, o). Those uniform bounds will
ensure the existence of global attractors in Wo1 P(Q). Also they will be helpful to
obtain the upper semicontinuity of this attractors.

Lemma 2.1 If uf is a solution of (1.3), then ezist a positive constant Ky > 0 such
that ||u(t)||g < K for everyt >0 and ¢ € [0, &().



Proof: In fact, as we have

(5/Q |Vu(z)|Pdz < / a®(z)|Vu(z)[Pdz < sup ”aE“Loo(Q)/ |Vu(z)|Pdz, (2.1)
Q 0
for every u € Wy*(), from [H-1J, [H-5] (2.1) and Young’s inequality we obtain that

571w Ol < =C6p, e, Qllws @)1 + AUl O +1) < =Cillw* (O + Ca,

where Cy = Cy(6,p, @, 5,92), and Cy = Cy(d, p, @, 3,) are positive constants inde-
pendent of . Then y(t) := ||uf(¢)||% satisfies the inequality

d p
Zy(t) < —261(y(0)} + 20,

It follows from Lemma IIL.5.1 in 7] that there exists 7y > 0 such that if ¢ > Ty,

. 205\ 7
oy < (352)" +1

On the other hand, if ¢ < Ty we have that

1 E 1 ‘ € & 1 To &
Sl @l < 5I|Uo1|31 +/ (Bau®(s),u(s))ds < -Q'HUolliz + [ Bllu(s)lIF + 1)ds.
2 0 0

. From Gronwall Inequality we obtain that

luf ()|l < C(uo, 8,T0), t < To.

KI = maX{(%)g + 1; C(UOMB')TO)}v

1

Taking

it follows that
luf ()l < K

for every t > 0 and € > 0. |

Lemma 2.2 If uf is a solution of (1.3), then there exist a positive constant Ky > 0,
independent of €, such that
lu Ollwpr@) < K2,

for every t > 0 and € € [0,&)].



Proof: Since
i(bf(ue(t)) —_ (B € t d 13 t d € B & E d & £
- = (Bau(t) = u(8), 50(0) = Bau (9) + (Bou(0) — bu(8), B (1),
then . J P
13 E E 1 (4
SUB(0) ~ Zw I + St (0) < 2B (O,
for every ¢ > 0. From [H-4] and Lemma 2.1 we get that

1= € d 5 2 d E(,E e(, € 2
B e) ~ Lu )l + S 0) < SeoBD @ @)+, (22)

for t > 0.
On the other hand, since ¢°(0) = 0, we have that

%llue(t)lli; +(0¢°(w* (1)), v (1)) < (Bau®(t), u(t)).

DN | —

sl @ + ¢° (uf(2)) <
Then, [H-5], imply that

1 A t+r L. 1 . t+r
el + [0+ e 6)ds < @B+ [ S0 +1ds.
(2.3)
;From Lemma 2.1 and the Uniform Gronwall Lemma ([7], Lemma III.1.1), (2.2)
and (2.3), we get that there exists K5 > 0, independent of ¢, such that
P (u(t+1)) < Ky,

for every t > 0. The equivalence given by (2.1) shows this lemma. |

The next result ensure uniforms L* estimates on € € [0, g] for solutions of aux-
iliary problems. Those estimates together results in [3] will guarantee uniforms L*
estimates for solutions of problem (1.3).

Lemma 2.3 If u® is the solution of

L (t) + 0¢°us(t) = crws(t) + ¢, >0,
u(t,z) =0, t>0, z€oR, (2.4)
uf(0) = ug € W, (Q),

e € [0,&¢], there ezists a positive constant K3 > 0, independent of €, such that
|u® (@) L(0) < K3,

for every € € [0,&o] and for t > T, with Ty large enough.



Proof: We know that u®(t) € D(A?), for t > 0. Then, according to [4], we have that
ut(t) € L=(€2). Thus, there is a positive constant C = C(cy, 2, 6, ||us ()| a1, ||us (¢)|| 1)
such that ||u®(t)||cc < C. Thus we have to verify only that |[uf(t)||y is uniformly
bounded with respect to ¢ € [0,gg] for large enough values of t. In fact, if 0 < s < ¢
and h > 0, we obtain that

1, . 1, . ; ,
e+ ) = w Ol < 5l (s + 1) = w @)l + [ allw(r +h) = @l

Multiplying by 1/h? and letting A — 0, we have that

d
I Ol < 156 +20 [ ()l 2.5
Also,
d = £ — £ 13 d € -l € d d €
SHEEW) = (08 (), Fu(D) = (et () + e — (D), Tu(D)

_ d 2 d € 2
= o gglewt @) + el — gl

By integration, from 0 to ¢,

/ ||=uf (7)||%d7m < ¢°(uo) + 2L1 (oK) +c)?, (2.6)

where K, is given by Lemma 2.1. From (2.5) and (2.6) we get that

1S O < | Sus(s)lfy +C, 27)
for 0 < s < t, where by (2.1),

C = 2¢1¢°(uo) + (a1 K1 + ¢2)°
is independent of € € [0, o). Integrating (2.7) from 0 to ¢, (2.6) implies that

1C
e =
@l < 1 [ 150 ds+C < 15+ C,

for t > 0. Hence, if T} is large enough,
| Su @l <1+C
dt o= ’
for t > T and for every € € [0, £). |

At this point we can proof the following result:



Theorem 2.1 Suppose that the operator B satisfies the assumptions H-1-H-5, then
the problem (1.3) has a global attractor A. in Wy (Q), for every e € [0,&0). Further-
more, A, are uniformly embedded in L*(S).

Proof: From Lemma 2.3 and results contained in [3] we obtain L* estimates for
solutions of the problem (1.3), uniformly on € € [0,£0). With the same arguments
used in [4], we get the theorem. |

3 Convergence Properties

In this section we show that the solutions of the problem (1.3) tends to the so-
lutions of a limit problem, as € goes to zero. In particular, we also obtain that the
family of global attractors {A. C W,?(Q); 0 < & < &} of the problem (1.3) is upper
semicontinuity at € = 0, on W, ?(Q) topology.

We start with two technical lemmas.

Lemma 3.1 Let {S%(t) : H — H,t > 0} be the semigroup generated by 0¢°, € €
[0,e0] and u® the solution of the problem (1.3). Then

15 (R)us(t) — w* ()|l =0,
as h — 0, uniformly in [0, 0|, for each t > 0. Furthermore, if T > 0 we obtain that
|u*(T = h) — S*(R)u*(T = )|z = 0,
as h — 0, uniformly in [0, &)
Proof: For every € € [0, &), following [6], we obtain that
152 (R)us (¢) — ws ()l < 3llus(t) = I¢ w (D)l
where J?* = (I + hd¢®)~1.
Now, since for every A > 0 and u € H, Proposition 2.11 in [2] shows that
19w = ully + 6 (") = min | o = ully + 6 (0)|
we obtain by Lemma 2.2,
Sl (8) = T w3 + 7 (1) < 6wt (8) < Ko

with K, uniformly with respect to € € [0, ).
With the same arguments above, we obtain that

lu(T — h) — S¥(h)u®(T — h)||n < VV2hKy,

with K5 uniformly with respect to € € [0, £g). ]



Lemma 3.2 Let u® be the solution of the problem (1.3) and u the solution of the
problem

Edfu(t) + Au(t) — Biu(t) = Byu(t), ¢t>0

u(0) = uo € WyP(), (31)

where A is the operator A° given by (1.2). For every e € [0,&], define the function
b*(z) = a*(z) — a(z), almost everywhere in Q0. Then

/Ot |(b° | Vus () [P~2Vus(s), Vau(s) — Vus(s))| ds — 0,
as € — 0, for every t > 0.
Proof: Firstly note that
[16[| L@ = lla® = allLoo(@) = O,

as € = 0. Now, for every s > 0, Holder inequality yelds that

(b |V () P2V (5), V() — Vst (s))
< 116 oo / [V ()P VU ()] Vuls) — V()

< “bE“Loo(Q)/Q [#|Vu5(s)|(”’1)”l + %|Vu(s) - Vu5(3)|p] dz,

where Zl7 + l, = 1.
Since, by Lemma 2.2, the integral on second member of the inequality above is
uniformly bounded for € € [0,&() and s > 0, we get the result. . [ |

The next result shows that the solutions of the problem (1.3) goes to the solution
of the problem (3.1), as € goes to zero, in H.

Theorem 3.1 Let u® be the solution of the problem (1.3) and u the solution of the
problem (3.1). Then,
[|u*(t) — u(@)||z — 0,

as € — 0, uniformly in bounded sets of [T}, +00), with T\ given by Lemma 2.3.
Proof: First observe that there exist a positive constant C' = C(p,n,d) such that

(Au — A% u—v®) = (a(|Vulf~>Vu - |VuP?Vu®), Vu — Vus)
—(b|Vuf|P~2Vuf, Vu — Vu)
ClIVu = VU Loy — (6| Vul P2V s, Vu — Vue).

vV



Additionally, from Lemma 2.3, assumption H-2 and results contained in [5], there
exists a positive constant K, such that

l|u® () || o) < Ka,

for ¢ large enough. Again, Lemma 2.3 implies that K is uniform with respect to ¢ €
[0, £0]. Also, the operator B, satisfies a local Lipschitz condition given by assumption
H-3. Therefore, if 7} is like at Lemma 2.3, u® e u are the unique solutions of the
problems (1.3) and (3.1) respectively. Moreover, there exists w > 0 such that

O = O < [ [WIVeEP V), Tus) - Tur(s)] ds

t
+w [ lu(s) = w(@)fyds
The Gronwall Inequality and Lemma 3.2 imply that

lu(t) — @l — 0,

as € — 0, uniformly in bounded sets of [T}, +00). ]

Finally we have the main result of this work.

Theorem 3.2 Let u® be the solution of problem (1.3) and u the solution of the prob-
lem (3.1). Then,

lu® () — u(t)llwrr) = 0,
as € = 0, on bounded sets of [T}, +o0), with Ty given by Lemma 2.3.

Proof: For T} < t < T, since that
”us(t)“wol-”(n) < Ko,

uniformly in [0, €¢], every sequence in {u®(t); 0 < & < ¢}, has a subsequence {u®"(t)}
that converge weakly to u(t), as e, — 0, on Wy ?(Q2) topology. We will show that

[ @ llwar@y = lu@llwgr@):

as € — 0. To do this, we first note, from Lemma 3.2 and Theorem 3.1, that

T i
/Tl |lu(s) — “E"(S)szo"”(n)ds = le ; (Au(s) — A"u'(s), u(s) — u*(s))ds

=+ Clv |(b5"|Vu5"(s)|”'2VuE"(s), Vu(s) — Vu(s))| ds
or
(s) — u™(s)Ilds

I
Qe
=

+ & VU ()2 Vut (s), Vuls) - Vutn(s))|ds — 0,
i}



as €, — 0, where w and C' are taken from proof of Theorem 3.1.
Therefore, there is a subsequence, {u"*(t)}, such that

|Iu5nk(t) - u(t)”WOl'p(Q) — 0, Enk = Oa

almost everywhere in [T}, 7.
Now, fixing ¢ € [T}, T,

e (usne (2)) — d(u(®))] < g (usm(t)) — gnk (ux(0)))]

+ gtk (ur(0)) — d(u(B)] +  [6(u(B)) — d(u(t))l-
Choosing 6 € [T}, T, close enough of ¢, in such way that

(3.2)

||u5"*(9)||w(;-p(n) = ”u(e)“Wg-P(Q), €n, — 0,

we can conclude that

Pk (utnk () — d(u(t)), en, — 0,

since that the right side of the inequality

ds

<3¢5"’°u5’”‘ (s), %uf’”‘ (8)>

gk (e (£)) — ¢ (usm(0))] < /9

1 t
< 5[ 1Bart s,
2 /4

is uniformly bounded in e,, for s € [T1,T] and, by similar arguments, we estimate
the third term in the right side on (3.2).
Thus,

”'U/Eﬂk(t)”WOl,P(n) — ||U(t)”‘,volyp(n), Enk — 0,
for every t € [Ty, T]. The result follows since that, for every t € [T3,T],

wlP(Q
uEnk(t) °_\()

u(t) and ||u€"k(t)||wt}'l’(n) - ”u(t)”WOl‘p(Q):
as €, — 0, showing that
utrk () = u(t), &n, =0

on W,*(Q), everywhere in T3, T. |
As an application of Theorem 3.2 we have the following result.
Corollary 3.1 The family of global attractors
{A, Cc WyP(Q); 0 <e<ep)

of the problem (1.3) is upper semicontinuity in € =0, on W, ?(Q) topology.



Proof: Consider the initial value problems (1.3) and (3.1) with initial data ), € A,,
for every e € [0, &p]. Theorem 3.2 implies that there exists § > 0 such that

) 5
lu(t) — u () |y < 3

for every € € [0, €] and ¢t > T3.
On the other hand, A, attracts bounded sets of W, (£2) and the results contained
in Section 2 imply that there exists a bounded set B C W, ?(2) such that

A, C B,
for every ¢ € [0, g¢]. Therefore, there is T, > T} in such way that

. )
sup dlSth,p(Q)(uo(Tg),Ao) < -
Ye€A: £€[0,€0) o 2

Thus, for every € € [0, o], we obtain that

o

distyy 1.0 () (u®(T2), Ao) iStug;-P(n)(UE(Tﬂ, u’(T3)) + distyy1.0(q) (u’(T2), Ao)
i

I IA A
S

On the other hand, for every € € [0, &), we have that
’U,E(TQ).AE = .AE,

then we conclude that
distwol.P(Q) ('A51 .AO) S 6,

for every ¢ € [0, q], completing the proof of the corollary. ]
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