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1. Introduction and Statement of the Results

Let 9 be a bounded smooth domain of IR?. In this paper we consider reaction diffusion
systems with dispersion of the form

u; — Div(aVu) + 2?=1 BJ'(I)% + Au+ f(u) =0, in Q,

1.1
. B . (1.1)
an— + g(u) = 0, in 39

where u = (u‘l""’uN T, N 21, a(z) = dia'g(al(z)a""aN(z))’ a; € Cl(ﬁ)w a,-(:z:) > mg > 0,
€N, 1< _5 N, %’f.— = (aV-u,ﬁ'), i is the outward normal and B; = diag(b},u-,b?’) is
continuous in 2, j = 1,2. Let &o,i0 > 0,1 < i < N and f = (fi,---,fn)T : RYN - RY,
g=(g1,,gn)T : RV = IR be smooth functions satisfying

u.-(Au.- + f.(u)) >0
(1.2)
U gi(u) > 0,
u; ¢ Zio =: [~&io,&i0), 1 < i < N. In other words, at the boundary of rectangles with faces
parallel to o := II); ;o and containing Ty, the vector fields Au+ f(u) and g(u) point outward.
We are interested on global well posedness and on existence of global attractors for such
problems.
1Research partially supported by CNPq - Ministry of Science and Technology - Brazil, process number
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It has been proved in Carvalho and Rodriguez-Bernal [1994), for the scalar case, N=1, and
Q2 CIR", n < 3, that under some growth assumptions on the nonlinearity f, the problem (1.1),
with B; = 0, j = 1,2, has a global attractor in H'(2). More specifically, for n = 2, f and ¢
are required to satisfy, instead of (1.2), liminf|,|.c &.!_('.l 2 0, liminf},|o '-(.5)- > 0, one of the
inequalities being strict, and

O _ o l6)

o]0 el T =0 enlol?

=0, V>0,

(see also, Hale [1988], Hale and Raugel [1992], Carvalho [1992] and Carvalho and Oliveira [1992),
for the case ¢ = 0 and more restrictive hypothesis on f).

These growth assumptions are used to obtain local existence of solutions for (1.1) and also
play a role in obtaining energy estimates necessary to guarantee that the solution operator for
(1.1) defines a global dynamical system which is bounded dissipative.

We will show below, that by restricting the space of initial data, no growth assumptions are
needed for local existence of solutions for (1.1).

In particular, we will consider spaces which are embedded in C(f). Since all functions in
this space are bounded, no growth conditions on f and g are required for local existence. Qur
aim is to show that in such spaces the problem (1.1) has a global attractor and to obtain some
good estimates for the size of the attractor in the uniform norm. This problem has been studied
in Carvalho and Ruas-Filho [1993], for the case g = 0.

Before we proceed let us introduce some notation. Let X = L?(Q,IR") and A : D(4) C
X — X be the operator A = diag(A;, - An) defined by

D(4) = {¢ € HX(Q): g2 =0},
e Tl 2 pi(,)00
Ai¢ = ~Div(ai()V9) + Tl bi(2) 2 + Ad,
where 6%' = a;{Vu,8); 8 =1,...,N.
We can define the fractional powers A* of A (see, for example, Henry [1981]) and the frac-
tional power spaces X® := D(A®) endowed with the graph norm, a € IR, where X = (X~°)/,

if @ < 0. In this case we can always view A as a sectorial operator with compact resolvent from
X+ into X which is positive and self adjoint if B; = 0, for j = 1,2.

Hale [1986] proved the existence of a local attractor for (1.1), with g = 0, which coincides
with the embedding of the attractor for 2+ Au+ f(u) = 0 into the subspace of constant functions
of X% a > %, if the diffusion coefficient a(z) is large (see also, Hale and Rocha [1987a,b] and
Hale and Sakamoto [1989]). However, the techniques employed by Hale [1986] would only apply
to global attractors if some a priori bound on the size of the absorbing set could be obtained and
only if the diffusion coefficient is large (see Carvalho [1992] and Carvalho and Oliveira [1992)).
This a priori bounds are obtained in Carvalho and Ruas-Filho [1993] for the case g = 0, also

working in X®, for a > 2 and n = 3.
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Here we prove the existence of a global attractor for the problem (1.1) regardless of the
size of the diffusion coefficient a(z) and for g # 0. We also give uniform bounds on the size of
the attractor which will make the results of Carvalho [1992] and Carvalho and Oliveira [1992]
applicable to the case a # 3 as in Hale [1986], Hale and Rocha[1987a,b] and Hale and Sakamoto
[1989] (see also Fusco [1987]).

To carry on this project we need to obtain that the solution operator associated to (1.1)
is globally defined, that orbits of bounded subsets of X*, under the flow defined by (1.1), are
bounded subsets of X* and that there is a bounded set that attracts points of X*. Since the

solution operator associated to (1.1) is compact, Theorem 3.4.6 in Hale [1989] would guarantee
the existence of a global attractor.

Let us mention that Hale [1986], Hale and Rocha [1987a,b], Hale and Sakamoto [1989] and
Carvalho and Ruas-Filho [1993], work in X for @ > 3 and n = 3. The reason for this is the
embedding X C C(%Q). However, for a > 3, the space X incorporates the boundary condition

63__7%‘: = 0 and therefore, this cannot be the rigit space to work on with g # 0. However, for

n=2and 2 > a > }, we have that X* C C(Q) and X does not incorporate any boundary
condition. Therefore, we work in this range of a.

Observe that for @ C IR we can take a = ; and all the results hold true without any changes.
Therefore, we restrict the presentation to the two dimensional case.

Next let us state our main results. In Section 3, we prove

Theorem 1.1 Under the above hypotheses, the solutions of (1.1) with initial data in X2, % >
a> -]2-, are globally defined and orbits of bounded subsets of X, under the flow defined by (1.1),
are also bounded subsets of X°.

Then, in Section 4, we prove

Theorem 1.2 Suppose that f,g : RY — IRY are C' and C?, respectively, and satisfy (1.2).
Then, the problem (1.1) has a global attractor A in X°. Furthermore,

u(z) € Lo, VZ € 2, Vu € A.

Once we prove this theorem, the next result follows from Hale [1989] and from the fact that
a constant equilibrium ug for (1.1) may only happen if Aug + f(uo) = g(uo) = 0.

Theorem 1.3 The elliptic problem
—Di(aVu) + T3, Bj(2)F2 + du+ f(u) = 0
BL +9(u)=0
has at least one solution which is nontrivial if \I + f and g have no common zeros.

If we assume that (1.1) has gradient structure; that is, there are scalar potentials F' and G
such that VF = f and VG = g and B; =0, j = 1,2, we prove that
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Theorem 1.4 Under the above assumptions, the attractor A for (1.1) verifies
A= WY(E),

where WY(E) is the unstable set, in X, of the set of equilibrium points E.

This is done in Section 5. Finally, in Section 6, we prove analogous results for alternative
dissipativeness conditions.

The tools employed are the invariance theory as in Henry [1981], the theory of invariant
regions of Chueh, Conley and Smoller [1977] and the results in Rodriguez-Bernal [1993] and
Carvalho and Rodriguez-Bernal [1994].

2. Local Existence

It is well known that A = diag(A;,:-- An) defined by
D(A;) = {¢ € HX(Q): g =0},
4ig = ~Div(a;V9) + Tl b(2)5E + 9,

where a‘%“_ = a;{Vu,f), i = 1,..., N, generates an analytic semigroup on X* and that, for
a

suitable )\,'it satisfies the following estimates

lle=Atuollxe < Me~<*lucllxe, t>0,
(2.1)
lle=#*uo|lxo < Me™*t%||ug|lx, t>0,
for some € > 0, M > 1. In particular, if B; =0, 7 = 1,2, A can be taken any positive number.
On the other hand, if dispersion is present, A has to be taken large enough for the semigroup to
decay exponentially.
Assume that h : X - XP B e IR, is a map which is bounded and locally Lipschitz
continuous and consider the abstract parabolic problem

%—’f + Au+ h(u) =0
(2.2)
u(0) = o € X°

in XP. Then, it has a unique solution in X, whenever a € [3, 8+ 1) and for any up € X°. This
solution u(Z,uo) is defined in a maximal interval of existence [0,¢max) and either max = +00
or tmax < oo and ||u(t, up)||xe — oo as t — tmax (see Henry [1981]).

Writing problem (1.1) in the form (2.2) and using the variation of constants formula, we can
write the solution through up € X“ as

T(t)uo = e 4tup — /o ; e~ AC=0)(T(s)uo)ds.
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In the particular case of the problems (1.1) and % >a > %, following Rodriguez-Bernal
[1993], we consider the functionals

h(u) := fa(u) + gr(v)
which act on test functions in the following way

(h(u),8) = (fa(u),#) + (gr(u),7(¢))

where 7 denotes the trace operator and fo : X* = L*(Q,IR") and gr : X* = H %(I“,IR"' )
are the maps defined by fa(u)(z) = f(u(z)) and gr(u) = ¥(9a(u)) with go(u) defined by
ga(u)(z) = g(u(z)). Assume that fg, gr are maps which are Lipschitz continuous in bounded
subsets of X %; then, gr, is Lipschitz continuous in bounded subsets of X*.

Note that (fq(u),¢) is well defined acting on test functions ¢ € L?(Q,IR¥), and that
(9r(u),7(4)) is well defined acting on test functions ¢ € H"(Q,R"), for any r > 1, since
in this case 7(¢) € L*T,IR"). Therefore, with the hypothesis above h(u) is a functional in
H~"(Q,IR"), r > }. Furthermore,

(fa(u) = fa(v),¢) < If (w) = f(V)llz2@mM)l10llL2arY) < Lllu = vllxell¢ll 20 r)

and

(gr(u) = gr(u),7(¢)) < llg(u) - 9(”)||L7(F.RN)||7(¢’)||L2(r,n") < Liju - "||X°||¢||Hr(n,n")’

which proves that h : X — H~"(Q,RY), % < r < 1, is a map which is Lipschitz continuous
* in bounded subsets of H!(2,IR"). Therefore § := -5 € (—%,-—%), and we have that problem
(2.2) has a unique solution in X* for any up € X and for any a € [3,8 + 1). In particular the
problem is locally well posed in X* for 2 > a > 3.

So, all we need is proving that fq and gr are Lipschitz continuous in bounded sets for (1.1)
to be locally well posed in X°.

Lemma 2.1 Assume that f : IRY — IRY and g : RY — IR" are C! and C? functions, respec-
tively. Let fo : X — L2(Q,IRY), gg : X* — HY(Q,R") and gr : X* — Hi(T,IR”) be the
maps defined by

fa(8)(z) = f(#(2)), 9a()(z) = 9(#(z)), and gr=7yogq.

Then, fao and gr are well defined maps which are Lipschitz continuous in bounded sets of X©.

Proof: We prove only the assertions on gr and gq to illustrate the techniques. Let u,v € X®
such that ||u|x= < R and ||v||xe < R. Then, since X* C C({) with continuous embedding, we
have that ||u|jcc < K R and ||v||cc < K R where K is the embedding constant for X* C C(Q2).

Hence, for some L;(R) > 0, we have that

llo(w) - 9(v)llx < La(R)||u - ollx < Ly(R)lju - ]| xe
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and for some L3(R) > 0

lg'(x)Vu - g'()Vollx < La(R)l|v - vlloofl Vullx + L1(R)[|Vu - Vo]

IA

Ly(R)lu - vl|xe.

The result for gq follows trivially from these estimates. The result for gr follows from the fact
that the trace operator 7 : H}(,IR¥) = H3(T,R¥) is bounded. 0

Note that, no growth assumptions are made on the nonlinearities f and g.

3. Boundedness of the Semigroup

In this section we prove that solutions of (1.1), with initial data in X*, are globally defined
and that orbits of bounded subsets of X*, under the flow defined by (1.1), are also bounded
subsets of X°.

Lemma 3.1 Let f = =5, 1> 3 and a+ § < 1. If |[T(t)uollpm) < N1, for all t € [0, tmax), for
some Ny > 0; then, tmar = +00 and ||T(t)uo||xe < Na, for allt > 0.

Proof: Using the variation of constants formula we obtain

t
IT(uollxe < Miluolloe™ + MK [ &=t = s)e~5as. (3.1)
with K = SUPie[o,tnes) {10 (T(0)0) 20 ) + l9r(T(2)0)l| o ) } < 00, since,

(R(T'(8)uo), @) —rrl

IN

| 77| + | [ ar(zisyuon(s)

IA

(llfn(T(S)uo)HLz(n,nN) + ||9F(T(3)uo)||u(r,n")) 91l 5+ (2 17y

since the right hand side of (3.1) is bounded for t € [0,¢max), the solutions must exist for ¢ > 0
and the result is proved. g

Therefore, if we are able to obtain estimates in C(2) for T'(t)ug, 0 < t < tmax, a similar
estimate can be obtained in X ¢, % < a < 1-7 and the solutions are globally defined. To obtain
such estimates in C(Q) we introduce the notion of invariant regions as in Smoller [1983].

Definition 3.1 A set & C IRV is called a positively invariant region for the local solution of
(1.1) if any solution T(t)up satisfying uo(z) € L, Vz € N is such that (T(t)uo)(z) € £, Vz € 0
and for all t in the mazimal interval of ezistence of the solution.

Our next result characterizes some of the invariant regions of the problem (1.1) (see also
Carvalho and Ruas-Filho [1993] for the case g = 0).
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Theorem 3.1 Let {_j, §; ? 0, 1 <5 <N be such that uj(Au; + fi(u)) > 0 and u; 9;(u) > 0 for
all u € RN with u; ¢ [-§;,&] =: Z;. Then, the rectangle £ = Hf":,).?,- i8 an invariant region
for the local solution of (1.1).

Proof: If there is a solution v(z,t) = (v'(z,t),v%(z,t),---,vV(z,t)) of (1.1) with initial data
v(z,0) = (v'(z,0),v%(z,0),--- ,vV(z,0)) € Efor all z € Q, that does not stay in £; = (—00,&1]x
RN-1forallte [0, tmax), then there is a # and z¢ € € such that

vl(z,t) < {l, 0 S 1< to, zE€ Q, and vl(zo,to) — {1'

We observe that zo ¢ I since in this case it would be a maximum point for v! with negative
normal derivative, since g;(v) > 0. This leads to a contradiction, hence z € .

Therefore, if v'(z0,t) < &, Vi € [0,%) and v'(zo,%) = & implies v}(zo,2) < 0; then, £,
is invariant.

Observe that

2
. ov!
v} (20, to) — Div(a1 Vo' (20, %)) + Av' (2o, t0) + ) b}(zo)g(-’co,to) + fi(v(zo,t0)) = 0. (3.2)
i=1 j
We claim that Vo! = 0 at (zo,%). In fact, if g‘z’—t > 0 at (zo,1p), for some 1 < i < n; then,
v(zo,t0) = & and v*(z,10) > & for some z with |z — zo| small. This implies that v!(z,t) > &
for z near zg and t < tp near t. This contradicts the definition of ¢5 and then %ii. < 0. Using the
same reasoning we obtain that -‘Zz—l' > 0 at (zo,tp), for some 1 < 1 < n, leads to a contradiction
and the claim is proved.

Similarly, v} ;. <0, for all 1 < i < n. Therefore, Div(a, Vo!(zo,%0)) = a;Av! + Va, - Vol =
a;Av! < 0 and from expression (3.2), we have
v; (20, %0) < = f1(v(2o,t0)) — Av(z0,t0) < 0.

Therefore, (—00,£;] X R¥~! is an invariant region for the local solution of (1.1). In the
same way we obtain that [-£;,00) x IRV~ is also an invariant region. From the fact that the
intersection of invariant regions is still invariant, the proof is completed.

Corollary 3.1 For any up € X the local solution T(t)uo of (1.1) through ug satisfies

IT()uollpe (o, m¥) < N1,

for some Ny > 0, whenever defined. Furthermore, if B is a bounded subset of X®, there are
constants K, Ko, K3, depending only on B, such that

t
IT @ uallxe < Ky + Ka [ (= 9)o"5emt=00ds < Ks

Vt > 0 and Yup € B.

Proof: Given up € X C C(f) we can always chose T as in Theorem 3.1 such that uo(z) € Z,
Vz € Q. If B C X° is bounded, ¥ can be chosen the same for every up € B and the rest follows
from Theorem 3.1 and Lemma 3.1y
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4. Existence of Global Attractors

In this section we use the invariance theory, as in Henry [1981] , to prove that there is a
bounded set in X* which attracts points of X°.

To prove that the solution operator for (1.1) is point dissipative we must first prove that the
orbit of a point ¢ € X is a compact subset of X®. This is a consequence of the following result
(see Henry [1981], Theorem 3.3.6).

Theorem 4.1 In the problem (2.2) assume that the nonlinearity h is Lipschitz continuous in
bounded subsets of X and that A is a sectorial operator with compact resolvent. If T(t)¢ is a
solution of (2.2) on [0,00) with ||T(t)¢||o bounded ast — oo; then, {T(t)¢, t > 0} is a compact
subset of X*. Furthermore, if B is a bounded subset of X* and T(t)B remains in a bounded
subset of X* ast — oo; then, {T(t)B, t > 1} is a compact subset of X°.

The next theorem is a classical result from invariance theory and will be the main tool in
the proof of point dissipativeness (see, for example, Henry [1981] and Hale [1989]).

Theorem 4.2 Suppose that ug € X and {T(t)ug, t > 0} lies in a compact set in X°; then,
w(ug) ts nonempty, compact, invariant, connected, and dist(T(t)ug,w(ug)) — 0 as t — +o0.

Similarly, if there is a negative orbit through ug and {T'(t)ug, t < 0} lies in a compact set
in X°; then, a(ug) is nonempty, compact, invariant, connected, and dist(T(t)ug, e(ug)) — 0 as
t — —o0.

Next, we recall the definition of Liapunov function.

Definition 4.1 Let {T'(t), t > 0} be a dynamical system on X®. A Liapunov function for T(t)
is a continuous real valued function V : X* — IR such that

V@) =l V(T(t)¢t) - V(¢) <0

t—0+

forall g € X°.
The following result has a classical and simple proof that we present for completeness.

Theorem 4.3 Let V be a Liapunov function for T(t) on X* and define E = {¢ € X° : V(¢) =
0} and M the mazimal invariant subset of E. If {T(t)uo, t > 0} lies in a compact set in X°,
then T(t)uo - M ast — +oo.

Proof: By hypothesis, V(T'(t)uo) is nonincreasing for ¢ > 0 and bounded below, since the orbit
{T(t)uo, t > 0} is precompact, so £ = lim;_.o V(T (t)uo) exists. If y € w(up), then V(y) = ¢, so
also V(T'(t)y) = £,t > 0, and so V(y) = 0. Thus w(ug) C E, s0 w(ug) C M and from Theorem
4.2 it attracts T(t)up and the result is proved .

We are interested in obtaining that the solution operator {T'(t),¢ > 0} for the parabolic
system (1.1) is point dissipative. For this, we will construct a suitable Liapunov function.
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Let f:IR¥ = R" and g : R" — IR" be C' and C? functions, respectively, satisfying (1.2),
that is
ui(Dui + fi(w)) >0, uigi(u) >0, u; ¢ [~&io, &) =: Tio, 1 < i < N. (4.1)

We take the rectangle Zo = II}L, Zio C IRY and define £, = I | [-§io — 7, &0 + 7), 7 > 0,
then {Z,, 7 > 0} covers R". To simplify the notation, when dealing with these rectangles, we
denote I; := —§o — 7 and r; := o + 7. Let py, : RY — IRY defined by

p5,(u) =inf{r 2 0:u € L,} (4.2)
and define Fy, : X* —» R* by

Fgo(w) = sup{pg,(w(z)): z € Q}. (4.3)

Itis easy to check that Fg, is a continuous function and Fy,(w) = 0 if and only if w(z) € Zp
for all z € Q.

Theorem 4.4 Let f, g and £, 7 > 0, be as before. Suppose that u(-,t) € X is a solution of
(1.1). Then, for any T > 0 for which Fg,(u(-,T)) = 7 > 0, there ezrists n > 0 such that

lim sup Fﬁo(u("T + h)) il on(u("T))
h—0 h

< - : (4.4)

Proof: If Fy (u(-,T)) = 7 > 0 and X, = II}L,[li, ], we have that I; < u;(z,T) < r;, for all
ze€Qandall1<i<N. IfzeQissuch that u(z,T) € 8%,, then u(z,T) is in one of the faces
of £,, say the right-hand j*® face 0(Z,); of E,, that is u;(z,T) = r; for some j. Therefore,
there exists 7 > 0 such that

-2u(zZ,T) - f;(u(z,T)) < -n.

Note that, Z cannot be on T' since in this case Z would be a maximum point for u;(-,T’) and the
normal derivative at this point would be negative, since g;(u(z,T)) > 0. Thus, Vu;(Z,T) =0
and Au;(z,T) < 0. Consequently, at (Z,7T'), Div(a;Vu;) = a;Au; + Va;Vu; <0 and

0u; . 2, 0y
-—at—’ = Div(a;Vu;) - kz::l Bkt_')z—i = Ay; = fi(u) < -,

so that u;j(Z,T + h) < r; — nh for small h. By continuity, this holds for all z in a neighborhood
of z. If K1 = {z : u(z,T) € 8Z,}, then Kt is compact, and by what we have just shown, there
is an open set 8 D U D Kt such that if z € U, and h is small,

u(z,T + h) € E(‘r—nh)-

If z € Q\U, then u(z,T) is interior to I,, so there is a compact set Q contained in the
interior of £,, and an ho > 0 such that u(z,T + k) € Q if |k| < ho for all z € Q\U.
Thus, for sufficiently small k, u(z,T + h) is in E(,_,p) for all z € 2, and so

Fyo(u(-,T + h)) £ 7 — nh.
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Therefore,
Fgo(u(,T + b)) — Fg, (u(-,T))
h

< -
and the result is proved.
As an immediate consequence, we have
Corollary 4.1 The map Fy, : X* = IR* is a Liapunov functional for (1.1) and

{p€X: Fr(¢) =0} C{p€X: Fgo(¢)=0}={d€X*: ¢z) € Zo, Vz € N} = Moo

Proof: The proof is obvious, since from the theorem, if Fg, > 0, then it decreases strictly

Note that M, is not bounded in X* and therefore point dissipativeness does not follow
from the corollary.

Theorem 4.5 Suppose that f,g : RY — IR are C' and C?, respectively, and satisfy (4.1).
Then, the problem (1.1) has a global attractor A in X©. Furthermore,

u(z) € Lo, Yz € Q, Vu € A. (4.5)

Proof: It follows from La Salle’s invariance principle and the previous corollary that for any
ug € X©, the w—limit set w(up) is contained in Mo,. Thus, given 7 > 0 there exists ¢, > 0 such
that T'(t)uo(z) € Z,, for all t > ., since w(ug) C Mo and w(ug) attracts up in X under T'(t)
and in particular, it attracts ug in C(Q). From the variation of constants formula

t
T(t)uo = e~ At=*)T(t, )uo + / e~ A= h(T(s)uo)ds, t>t, >0 (4.6)
tr
we have that

L <
7)ol xe < M e =1t —£.)"2|Q5L(r) + M P(r)lm%/ e~ (=0t — 5)=*~5ds, (4.7)

T

where ||T(s)tolloo < L(7), Vs > t, and P(r) = sup,ex, {|R15|£(s)| + I ¥lg(s)1}-

Letting ¢t — oo, in the above expression, we obtain
00 r
lim sup || T()uollx= < M P(r) |} /0 =55 ds, (4.8)
t—o00

and since the right hand side of (4.8) does not depend on ug € X* we obtain that T'(¢) is point
dissipative. Even more, we can make 7 — 0 and then

o r
limsup |7 (t)uollxe < M PO)I} [ 57", (4.9)

Since we already have that orbits of bounded subsets of X* under T'(¢) are bounded subsets
of X and that T(t) is a compact semigroup we have the existence of a global attractor A for
{T(¢); t > 0}, (see, for example, Hale [1989], Theorem 3.4.6).
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Now, if u € A, there is a complete precompact orbit through u and sup,ep ||T(t)ul|x= < oo,
which implies
sup Fg,(T(t)u) < oo.
teR

By hypothesis, Fg,(T(-t)u) is increasing for ¢ > 0 and is bounded above; thus, the limit
£ = limg,_ oo Fg,o(T(t)u) exists. If z € a(u), then Fy,(2) = £, so also Fg,(T(t)z) = ¢, t € IR,
and 5o Fy,(z) = 0. Thus a(y) C M and from Theorem 4.2 attracts T(t)u. But then for any
7 > 0, and for sufficiently negative t,, T(t,)u(z) € ., for all z € , which from Theorem 3.1
is an invariant region, and therefore T(t)u(z) € Zy, for all z € Q, for ¢ 2 ¢,. In particular, with
t=0, u(z) € L, for all z € . Since 7 > 0 is arbitrary, we get the resultg

Remark 4.1 It is very important, for some applications, to be able to obtain some a priori
estimates that do not depend on the size of the diffusion coefficient. See for ezample Carvalho
[1992]) and Carvalho and Oliveira [1992] Carvalho and Rodriguez-Bernal [1994]. This is an
advantage that the technique of invariant regions has over those employed in Hale [1989], page
77, even in the case a = % The estimates obtained there, for the size of A, strongly depend on
the size of the diffusion coefficient.

Corollary 4.2 The elliptic problem

2
—Div(aVu) + ZBJ-(:)% +Au+ f(u) =0, inQ
: j

=1
Ou
on,

has at least one solution which is nontrivial whenever AI + f and g have no common zeros.

+9g(u)=0, inT,

5. Gradient-Like Systems

In this section we study the structure of the global attractor in X, for systems of reaction
diffusion equations without dispersion; that is, we consider the problem (1.1) with B; = 0,
§=1,2, that is

u; — Div(aVu) + Au+ f(u) =0, inQ,
} (5.1)

Hf’nia+g(u)=o, in 09.

where u and a are as in (1.1) and A > 0. The nonlinearities f = (f1,--+,fn)" : RN — RV
g=1(91,--,gn)T : RN = IR™ are assumed to be a C! and C? functions, respectively, satisfying
(1.2) and for which there exists scalar potentials F : IR" — IR and G : R" — IR such that

VF(u) = f(u), Vu€eRY

VG(u) = g(u), Vue€RR"
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Let V : X* = IR be the function defined by

V@) =5 [@O6v8+3 [18+ [ F&)+ [ 60

Then V is continuous and
V(u) = _||“¢|l2 .<_ oa

along solutions of (5.1). Therefore, E = {¢ € X® : V(¢) = 0} is the set of equilibrium points
for (5.1) and with the notations of Theorem 4.3, M = E.

We note that (5.1) is not a gradient system in X as defined in Hale [1989] because the
Liapunov functional V used before does not verify the conditions there in. However, we have
that the attractor for (5.1) has the same structure that the attractors of gradient systems have.

Theorem 5.1 If {T(t),t > 0} is the semigroup defined by (1.1) in X*, A denotes its attractor,
and E the set of equilibrium points, then A = W*(E) = {y € X® : T(~t)y is defined for
t>0and T(—t)y — E ast — oo}. If, in addition, every element of E is hyperbolic, then E is
a finite set and A = U.cgW"(z).

Proof: Note that if y € W¥(E) then {T'(t)y, t € IR} compact and invariant. Therefore it lies
in A and in particular y € A. For the other inclusion observe that if y € A, then there exists a
complete precompact orbit through y and sup,cg ||7(t)y||x= < oo, which implies

sup V(T (t)y) < oc.
teR

By hypothesis, V(T(—t)y) is increasing for ¢ > 0 and is bounded above; thus, the limit £ =
lim;—,—oo V(T(t)y) exists. If 2 € a(y), then V(2z) = £, so also V(T(t)z) = ¢, t € IR, and so
V(z) = 0. Thus a(y) C E and from Theorem 4.2 attracts T'(t)y and the inclusion is proved.
The rest follows as in Hale [1989]

6. Alternative Dissipativeness Condition

In this section we give alternative dissipativeness conditions to (1.2) and under these, we
prove the existence of a global attractor for (1.1) and give C(R2)—diffusion independent estimates
for the functions in the attractor.

Before we can state these conditions we need to introduce the notion of eventually convex
functions.

Definition 6.1 A smooth function V : RY — IR is said nondegenerate eventually convez if
there ezists To > 0 such that for every u € R™, with V(u) > 70, Vo,V (u) # 0 and &?V (u)(n,n) >
0 for every n € R™.
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Without loss of generality we can always assume that 75 = 0.
Let V : IR — IR be a nondegenerate eventually convex function such that V, = {ueR":
V(u) < 7}, 7 2 0 verify
(Au+ f(u))-6(u) >0
g(u)-n(u) >0

for every u € 8V, = {u e RY : V(u) = 7}, 7 > 0, where ii(u) is the outward normal to 8V, at
u.

(6.1)

Note that {V,,7 > 0} is an increasing family of sets that covers R¥ and V,V(u) is an
outward normal vector to dV.

First we prove the analogous to Theorem 3.1
Theorem 6.1 The convez set V,, 7 > 0, is an invariant region for the local solution of (14).

Proof: If there is a solution v(z,t) = (v'(z,t),---,v™(z,t)) of (1.1) with initial data v(z,0) =
(v!(z,0),---,vN(z,0)) € V; for all z € Q, that does not stay in V, for all t € [0,2max), then
there is a to and zg € €0 such that

V(v(z,t)) < 7, 0< t < to, z € Q, and V(v(z0,10)) = 7.

We observe that zo ¢ T since in this case, if 7 denotes the unit outward normal to 99 at z,

5 L T
0 < VoV(v(zo,t0) -7 = L‘Zau o '-Eau ZZZ’
1=17= J : AR 1
N

= Z g—:_(v(zo,to)) «(Vv; - 71)

N

= L g0t (s 10)

= -V, V(v(zo,%)) - 9(v(20,10)) < 0

where for the last inequality we used the fact that the gradient of V is orthogonal to the level
surface 8V, and (6.1).

Therefore, if V(v(zo,t)) < 7, Vt € [0,%0) and V(v(zo,%0)) = 7 implies %V(v(zo,to)) <0
then, V; is invariant.

From the fact that zo € Q is a point of maximum for V(v(-,1p)), we have V_V (v(zo,10)) = 0
and AV (v(zo,%)) < 0 and since V is convex outside Vo we have that, at (zo,1o)

0> AV (v) d?V (v)(Vv, Vo) + VV,(v) - Av

v

VV,(v) - Av.
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Thus, at (zo,o)

d Ou
‘—ﬁV(v) V‘,V(O)E

= V,V(v)Div(aVv) - EB (zo)V.,V(v) e VoV (v)(Av + f(v))

)=1

V,V(v)Div(aVv) - V,V(v)(Av + f(v))

IN

< =VoV(v)(Av + f(v)) <0
where for the last inequality we used the fact that 0 # V,V(v(z¢,1p)) is an outward normal to
dV; at v(zo,tp) and (6.1).

Therefore, V; is an invariant region for the local solution of (1.1) and the proof is completed.

We now show that, under the above conditions, the solution operator {T'(t), t > 0} for the
parabolic system (1.1) is point dissipative. For this, as in the previous section, we will construct
a suitable Liapunov function.

Let f: IR — R¥ and g : R — R be C* and C? functions, respectively, satisfying (6.1)
and Fy, : X* — R* be defined by

Fy,(w) = sup{V(w(z)): z € Q}. (6.2)
It is easy to check that Fy, is a continous function and Fy,(w) = 0 if and only if w(z) € V, for
all z € Q. Then, we prove
Theorem 6.2 Let f, g and V;, 7 > 0, be as before. Suppose that u(-,t) € X° is a solution of
(1.1). Then, for any T > 0 for which Fy,(u(-,T)) =7 > 0, there ezists n > 0 such that

i PACCT 4 0) = Fi(u(aT)
h—0

(6.3)

Proof: If Fy,(u(-,T)) = 7 > 0 and if Z € Q is such that u(Z,T) € 8V, there exists 7 > 0 such
that
—(AH(E,T) + f(u("E’T))) ' VuV(u("i’t)) < -7

Note that, Z cannot be on I since in this case, Z is a maximum point for V(u(-,T)) and if 7 is
the unit outward normal to 90 at Z, as before,

0< V,V(‘v(f,T)) = —V,,V(v(f,T)) 'g(v(i',T)) <0
which is a contradiction. Thus, Z € @ and V.V(u(Z,T)) = 0 and A,V (u(Z,T)) < 0. Conse-
quently, V,V(u)-Div (aVu) < 0 at (Z,T) and, as before,

8‘;(;‘) = V,V(u) - Div(aVu) — ;BkV-V(u) -—-VuV(“) (A — f(u)) < -,
=1
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so that V(u(Z,T + h)) < 7 - nh for small h. By continuity, this holds for all z in a neighborhood
of z. If Kt = {z :u(z,T) € 6V,}, then Kt is compact, and by what we have just shown, there
is an open set D U D K7 such that if z € U, and h is small,

u(z,T + h) € V(f-nh)'

If z € Q\U, then u(z,T) is interior to V;, so there is a compact set Q contained in the
interior of V;, and an ho > 0 such that u(z,T + k) € Q if |h| < hg for all z.
Thus, for sufficiently small k, u(z,T + h) is in V{;_pp) for all z, and so

Fyo(u( T +h)) S 7 = mh.

Therefore,

Fyo(u(-,T + h)z =RGT) .

and the result is proved.q

As an immediate consequence, we have
Corollary 6.1 The map Fy, : X* — IRt is a Liapunov functional for (1.1) and
{peX*: Fy(d)=0C{peX*: Fy(d)=0}={d€X*: ¢(z)€Vp, V2 € O} = Voo

Proof: The proof is obvious, since from the theorem, if Fy, > 0, then it decreases strictly.;

Note that V. is not bounded in X and therefore point dissipativeness does not follow from
the corollary.

Theorem 6.3 Suppose that f,g : RY — IR™ are C' and C?, respectively, and satisfy (6.1).
Then, the problem (1.1) has a global attractor A in X*. Furthermore,

u(z) € Vo, V2 € Q, Yu € A. (6.4)

The proof is as in the previous section, with Vp, V; and V., replacing Xy, £, and M,
respectively.
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