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LINEAR VOLTERRA INTEGRAL EQUATIONS AS THE LIMIT OF
DISCRETE SYSTEMS

M. FEDERSON, R. BIANCONI AND L. BARBANTI

Resumo

Noés consideramos a equagao integral linear multidimensional do tipo Volterra
’L(t)+(*)/ a(s)z(s)ds=f(t), teER, (1)
Ry

como limite de sistemas discretos do tipo Stieltjes e provamos resultados de existéncia de
solugoes continuas. As fungoes z, o e f assumem valores em espagos de Banach e sao definidas
num intervalo compacto R de R", R, é um subintervalo de R dependendo de t € R e (x) f
denota umas das integrais de Bochner-Lebesgue ou de Henstock. Os resultados apresentados
generalizam aqueles de [1] e seguem o espirito dos resultados de [3]. Como conseqiiéncia
do tratamento utilizado, é possivel estudar as propriedades de (1) pela tranferéncia das
propriedades dos sistemas discretos. A integral de Henstock nos permite considerar fungoes
que oscilam bastante.



LINEAR VOLTERRA INTEGRAL EQUATIONS AS THE LIMIT OF
DISCRETE SYSTEMS

M. FEDERSON, R. BIANCONI, AND L. BARBANTI

ABSTRACT. We consider the multidimensional abstract linear integral equation of Volterra
type
r(t)+(*)/ a(s)z(s)ds= f(t), tE€R, (1)

J Ry
as the limit of discrete Stieltjes-type systems and we prove results on the existence of con-

tinuous solutions. The functions ,a and f are Banach space-valued defined on a compact
interval R of R™, R, is a subinterval of R depending on ¢t € R and (x) [ denotes either the
Bochner-Lebesgue integral or the Henstock integral. The results presented here generalize
those in [1] and are in the spirit of [3]. As a consequence of our approach, it is possible
to study the properties of (1) by transferring the properties of the discrete systems. The
Henstock integral setting enables us to consider highly oscillating functions.

1. INTRODUCTION

We establish conditions for the existence of continuous solutions to the linear Volterra
integral equation

z(t)+(*)/Ra(s)rz:(s)ds=f(t), t € R, (2)

as the limit of discrete systems, where R is a compact interval of R", R; is a subinterval of
R depending on t € R and z,a and f are Banach space-valued functions defined on R. The
integral is considered in each the Bochner-Lebesgue and the Henstock senses.

We start by proving that the auxiliary Stieltjes equation

a:(t)—{—/l{da(s)m(s):f(t), t€ R, (3)

is the limit of a system of discrete equations. This fact is a generalization of [1] for the
multidimensional case. Next, we state the equivalence between (3) and the equation

.r(t)—}—(L)/ a(s)z(s)ds= f(t), teR, (4)
J Ry

where a is Bochner-Lebesgue integrable and (L) [ denotes the Bochner-Lebesgue integral,
and we give conditions for the existence of continuous solutions to (4). Finally, the result
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for the equation

l’(t)+(H)/ a(s)z(s)ds=f(t), te€R, (5)
Ry
where « is Henstock integrable and (H) [ denotes the Henstock integral, is obtained from a.

sequence of equations of type (4) and a fixed point theorem for sequences of operators with
fixed points in the spirit of [6], [4] and [3].

2. BASIC NOTATIONS AND DEFINITIONS

For simplicity of notation and proofs we consider the bidimensional case, but one can
easily generalize the notation and proofs to dimension n, for n > 2.

Let R be a compact interval of R?, that is, R is a rectangle with sides parallel to the
coordinate axes. Given points ¢t = (¢1,¢2) and s = (s1,82) in R? with ¢t < s (ie., t; < s,
¢ = 1,2), we denote by [t, s] the rectangle [t1, s1] X [t2, s2] and we call any such rectangle a

closed interval of R%. We set Jt, s] :=]t1, s1] x]ta, s2] and |[t, s]| := m([¢, s]), where m denotes
the Lebesgue measure.
Any finite set of closed nonoverlapping intervals J;, ©« = 1,2,...,n, contained in R and

such that U;J; = R is called a division of R and we denote this division by d = (J;)
or simply (J;). By Dpg we denote the set of all divisions of R. We write |d| := n and
Ad:=sup{|Ji|:i=1,2,...,|d|}.

Given d = (J;) and d = (J;) in Dg, we denote by d V d the division of R obtained by all
subintervals ;N J;,i=1,2,...,|d],i=1,2,..., |d|. We say that d is finer than d, and we
write d < d, if every interval of d is an interval of d. The relation < is an order relation on
Dpg and makes it filtered on the right. For € > 0, we set D, := {d € Dg : Ad < ¢}, and for
d € Dg, we set Dy := {d € D : d < d}. Then the classes {D, : ¢ > 0} and {D, : d € Dg}
are filter bases on Dy and the latter is finer than the former. Thus given a function h defined
on Dp with values on a topological space, if the limit Al}irlloh(d) exists over the filter basis
{D; : € > 0}, then the limit dleilgk h(d) exists over the filter basis {D, : d € Dg}.

A tagged division d of R is any pair (&;,J;), where (J;) € Dg and, for each 7, & is a
point of J; called the “tag” of J;. By TDr we mean the set of all tagged divisions of R. A
tagged partial division d of R is any subset of a tagged division of R. In this case we write
d € TPDg.

A gauge of a set E C R is any function d : E — |0, 4+oo[. Given a gauge § of R, we say
that d = (&, Ji) € TPDpg is d-fine, whenever J; € By, (&) for each 4, where By, (&) =
{te R:||t—&] <d(&)}. Then a natural question arises: given a gauge ¢ of R, is there a
tagged division of R which is d-fine? The answer to this question is “yes” and it is known
as the Cousin Lemma.

Throughout this paper we consider X an Y as Banach spaces. By L(X,Y) we mean the
space of all linear continuous functions from X to Y endowed with the usual norm.
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Let Zg be the set of all closed intervals contained in R. A function F : Zp — X is called
an additive function (of intervals), and we write F' € A(Zg, X), if given nonoverlapping
intervals Jy, Jo € I, with J = J; U Jy, € Ik, we have

F(J) = F(J\) + F(J).

Given functions o € A(Zg, L(X,Y)) and f : R — X, we say that f is Henstock integrable
with respect to a or simply a-Henstock integrable, if there exists a function F'* € A(Zg,Y)
such that for every € > 0, there is a gauge 6 of R such that for every d-fine d = (;, J;) € TDp,
we have

Z |F(J;) — a(f) f(&)] < e.

In this case we write f € H*(R, X) and we call F'* the indefinite integral of f with respect
to a. If moreover X = Y and «(J) is the identity in L(X) for every J € Zg, then f is
Henstock integrable with indefinite integral F' and we write f € H(R, X).

In the sequel we consider R = [a,b], where a = (a1,a2),b = (b1, by) € R?, that is, R =
[a,b] = [a1,b1]%[ag, ba). Given« € A(Zg, L(X,Y)), f € H*(R,X),J € Zrandt € R = [a, b],
we set

(H) /J da(s)f(s) = F*(J) and Fo) = (H)/[t] do(s)f(s) = F*([a, t]).

Remark 2.1. Let o € A(Zg, L(X,Y)). The following assertions hold.
(i) If f € H*(R,X) and J € Iy, then f € H*(J,X) (integrability on subintervals).
(i) If f € H*(R,X) and J,J1,Jo € Ig are such that J = Jy U Jo, then F*(J) =
F*(Jy) + F*(J3) and hence F* € A(Zg,Y) (additivity of the indefinite integral).
(ii) If f € H*(J;, X)NH*(Jy, X), then f € H*(R, X) (this last statement can be proved
by applying the Cauchy Criteria).

Remark 2.2. Suppose f € H(R, X) and f(t) = (H) f[a’t] f, for every t € [a,b]. It is always

possible to associate the function f~ with a function of intervals of R, which we still denote
by f, in the following manner

f([t,s]) = f(s) = f((t1,52)) — f((s1,%2)) + f(2),
for every t = (t1,t2),s = (s1,52) € R, with t < s. Reciprocally, it is always possible to
associate a function F € A(Zr, X) with a functions from R to X which we still denote by
F. We write

F(t) = F([avt]) - F([a) (al’t2)]) - F([aa (tlaa'z)]) e F([a,a]),
for all t = (t1,ty) € R. With the above notation we have
F((a1,t2)) = F((t1, 02))

and in this case we write F € Ao(Zr, X). Thus a function F' € A(Zg, X) can be associated
with a function Fy € Ao(Zr, X) with Fo(J) = F(J), for every J € Ig.
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Given F' € A(Zg,X), we say that F satisfies the Strong Lusin Condition if for every
e > 0 and every A C R, with m(A) = 0, there is a gauge d of A such that for every é-fine
d=(&,J;) € TPDp with & € A for each i, we have

D IFU] <.

In this case we write F' € SL(Zr, X).
The next theorem says that the indefinite integral of a Henstock integrable function fulfills
the Strong Lusin Condition. A proof of it can be found in [5].

Theorem 2.1. If « € SL(Zp, L(X,Y)) and f € H*(R,X), then F* € SL(Zg,Y), where
F< is the indefinite integral of f with respect to c.

Let f: R — X be a function and X be any Banach space. If f is a Bochner-Lebesgue
integrable function with finite integral (L) [, f < oo (we write f € £1(R, X) in this case),
then the inclusion

Li(R,X)C HR,X)
holds. However, if f is Riemann integrable (we write f € R(R, X)), then we may have
f ¢ H(R,X) and hence f ¢ L£i(R, X). The reader may want to consult [2] for an example
of such a function. In general, if « € A(Zg, L(X,Y)) and f: R — X is Riemann integrable
with respect to a, that is, there exists the Riemann-Stieltjes integral [, da(s)f(s) (we write
f € R*(R,X) in this case), then we may have f ¢ H*(R, X). However if the dimension of
X is finite, then
R*(R,X) C H*(R, X).

We define the variation, V (F), of a function F' € A(Zg, X) as the smallest p € [0, co] such

that for every (J;) € Dg, we have

Z IF ()] < p.

If V(F) < oo, then we say that F is a function (of intervals) of bounded variation and
we write F' € BV (Zr,X). In an analogous way we define the variation of F' in a closed
subinterval J of R which we denote by V;(F'). In this manner, one can easily generalize the
notion of variation of a function of intervals over finite unions of nonoverlapping elements of
IR.

We also define the semivariation of a function of intervals. The semivariation, SV («) of a
function a € SV (Zg, L(X,Y)) is the smallest p € [0, 00| such that for every (J;) € Dg, we

have
iz a(J;) z;

When SV () < oo, a is of bounded semivariation and we write a € SV (Zg, X). By SV;(«)
we mean the semivariation of v in J € Zp and the semivariation of « over finite unions of
nonoverlapping elements of Zr can also be defined.

< p sup{||z:|| : z: € X}.
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(3]

Remark 2.3. The following properties hold:
(i) Ifa € SV(Zg, L(X,Y)), then o is bounded and ||a(J)| < SV;(a), for every J € Tg.

Theorem 2.2. Let f € H(R, X). Then f € Li(R, X) if and only if F € BV (Zg, X), where
F' denotes the indefinite integral of f. In this case, V(F) = || fll1, where || flly = (L) [ | f]I-

A proof of Theorem 2.2 can be carried out by simply adapting the steps of the one-
dimensional case (see, for instance, [8], 9, or [2], Lemma 4.5).

Other fundamental properties of the Henstock integral are left to the Appendix.

3. DISCRETE STIELTJES EQUATIONS

Let N € N and X* be the set of all n-uples in X, where X is a Banach space. For
each m € N, m < N, let @, € L(X). From the operators @),, we obtain mappings
Kp,: XN — X, p,q €N, given by

K, =0
q
Kp gt = Z Qs p<q and z = (z1,...,ZN).
s=p+1

We define a linear discrete Stieltjes equation in XV by
(Tq + Ky = Tyl zue XN, 0<p<g<N,

where 7,, 0 < g < N, denotes the usual linear projection over X7 that is, Ty 30w sy Bip) =
z4. In particular,

(7 + Ko, )z = mpu, z,ue XN, 0<r<N. (6)

Given a bounded linear operator T : X — Y (we write T € B(X,Y)), we denote respec-
tively by R(T') and N(T) the range and kernel of T. T' € B(X,Y) is said to be a Fredholm
operator if R(T) is closed in Y and the dimensions of N(T') and N(T*), where T* denotes
the adjoint operator of T, are finite.

Next we present a result, whose proof can be found in [1], Theorem 2.2, on the existence
of a solution to the Stieltjes equation (6).

Theorem 3.1. Consider the linear discrete Stieltjes equation in XV
(my + Ko )z =mau, z,u€ X", 0<r<N. (7)
Suppose
N(m, + K,-1,)" = {0}, 1<r <N, (8)
and R(m, + K,_1,) is closed for everyr. Then given u € X", there exists © € XV satisfying .

(7).
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We call any bounded mapping h : R — X a step function, if there is a division d =
(Ji) € Dg, with J; = [s', '] and s', ' € R, such that the restriction of & to ]st, /], we write
h Jsi gipp 1S constant for every 7. In this case, we write h € E(R, X). Given d = (J;) € Dg,
we can identify a step function with respect to a division d € Dg, say z4, with an element
(21,...,2jq) € X! in the following manner:

Py b= m"l]si,u’]? $ =152 524l
Let A € B(Zg, L(X)) and d = (J;) € Dg. If we consider N = |d| and Q. = Q. (d) given

v Qs = Aldy), M=1.2,.:-,;]dl,
and K, , = K,,(d), where K, , : XY — X is defined as above, then we obtain the linear
Stieltjes equation (7), which we now refer to as equation (9), by the identification m +— J,,:
(7, + Koy )z = mpu, zu€ X4 0<r<|d. (9)

In this manner, we can replace the hypothesis (8) in Theorem 3.1 by

N(I+ A(J))" = {0}, J €1y, (10)

which is independent of the division d € Dy and where I denotes the identity in L(.X).
Given z € X and a € SV (Zr, L(X)), we have

/ da(s)r = a(J)z, J € Ip.
ful
In particular,
/ da(s)z = a([a,t])z, t € R.
/at]
Thus, if we define
A(J)z = a(f)z, i=1,2,...,|d|,
for any division d = (J;) € Dg, with J; = [s*, '] for each 7, then A(J) = «(J) for all J € Zg.
and hence hypothesis (10) becomes
N(I +«a(J))" = {0}, J € Ip,

and equation (9) can be written as
Jy .
T, + Z/ do(s)z; = u,, 1<r<|d,
i=1 /18"t

or
zq(t") + Z/ da(s)zg = ug(t"), 1<r<|d, (11)
i=i ]Si,ti]
where z4,u4 are step functions with respect to d, with :cd|]s,. b = i and udl]si b = Ui for
eachi=1,2,...,|d| and t° = a. Notice that, when t° = a and = 0, (11) is degenerate.

Under the above notations and due to Theorem 3.1, we have the following result.
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Theorem 3.2. Given a € SV (Zr,L(X)) and d = (J;) € Dg, with J; = [s*,t!] for each i,
consider the linear Stieltjes equation in E(R, X)

zq(t") + Z/ da(s)xe = ug(th), 1<r<|d|, (12)

i=1 ] i,li]
where x4, uy are step functions with respect to d. Suppose
NI +a(J)) ={0}, J € Ip, (13)

and R(a(J)) is closed for every J € Ig. Then given ug, there exists x4 satisfying (12).

4. CONTINUOUS STIELTJES EQUATIONS

If A:Zr — L(X) is the indefinite integral of a € £,(Zg, L(X)) and z € C(R, X), then the
Riemann-Stieltjes integral jR dA x exists (see Theorems 2.2 and 7.4). Then we can consider
the linear continuous operator Fy : C(R, X) — C(R, X) defined by

(Faz)(t) = / dA(s)z(s), t € R,

S [(L'f.]

(see Theorem 7.7) and the linear Volterra-Stieltjes integral equation
z(t) +/ dA(s)z(s) = f(t), te R, (14)
(a,t]

where f € C(R, X).

In order to make the transition from discrete Stieltjes equations to equations of type (14),
we need a theorem which extends the solutions of equation (12) to the entire interval. In other
words, we need a result that shows that the Volterra-Stieltjes equation can be approximated
by discrete equations of type (12). This result is presented next.

Theorem 4.1. Consider a € SV(Zgr, L(X)) N SL(Zg, L(X)) and let € > 0. Then there
exists a division d = (J;) € Dg, with J; = [s',t'] for each i =1,2,...,|d|, such that if Tq, uq
are step functions with respect to d and

r

za(t) + Y / do(s)z4(s) — ug(t")

im1 v [stt]

<€, forall 1<r <d,

then

zq(t) + [ da(s)za(s) —ua(t)|| <e, for all J = s, t] € Ip.

J

In particular,

<€, for all t € R.

zq(t) + /{ ) da(s)za(s) — ua(t)
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Proof. Let ¢ > 0 and F(J) = [, da(s)z(s), for every J € Zg. Since o € SL(Zg, L(X))
and z € H*(R, X), it follows from Theorem 2.1 and Lemma 7.1 that F' € C®(Zg, X). Thus,
given J € I, there exists 0 <7 < 1 such that ||F(J) — F(I)|| < &, whenever I € g is such
that m(IAJ) <n

Consider d = (J;) € Dg, with J; = [s*,#] for every ¢, such that if A; = {i : J;NJ; # 0},
then dist(J;, R\ Uiea,Ji) < An, where

1

4(max{b; —a; :i=1,2} + 1)} '

Given J = [s,t] € Zg, let A = {i: ;N J # 0}. Then J C UjcaJ; and we can assume,
without loss of generality, that U;c4J; is of type U;_, J; for some r with 1 <r < |d|. Then,
since F' is an additive function of intervals, it follows from the continuity of F' that

m(Uieadi \ J) <1 == |F (Uieadi \ )| < D _IIF(J:) = F(D)|| < ve, (15)
1€EA

A < min {1,

where v is the number of elements of A (clearly v < |d]).
Let x4,uq be step functions with respect to d, with z; = z4
i=1,2,...,|d|], and such that

and u; = uy

]Si,ti] ]Si,li]’

T

za(t) + /] ., da(s)za(s) — ua(t)

i=1

< -E:

(such a division d exists by Theorem 3.2) and let j € A be such that t €]s/,#/]. Then
z4(t) = z; = z4(t) and uy(t) = u; = ug(t’). Thus it is enough to show that

2/ ()~ [ dats)zals)

is sufﬁciently small. However

[ doo)mts / (5)a(s)

/ da(s)za(s)
Uieadi\J

Therefore, in view of (15), we only need to prove that m (UicaJi \ J) < 1. But this fact
follows immediately from the choice of d. Indeed. Let k,h be the length of the sides of J.
Then

/ da(s)za(s) — / da(s)za(s)
UieaJi J

= ||F (Uieadi \ J)||.-

m (Uiead; \ J) < (k +2\n)(h + 2Xn) — |J| = 2An(k + h) + 4X*n <
< 2Xxn(k + h) + 4 n < 4\ (max{b; —a; : i =1,2} + 1) <7

and the proof is finished.
The next lemma is the basis for the proof of the result following it. For a proof of it, the

reader can consult [15], Theorem V.1.4.
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Lemma 4.1. If T : X — Y s a Fredholm operator, then there exists a closed subspace X,
of X such that

X=Xo®N(T)
and there exists a subspace Yy of Y of dimension equal to the dimension of N(T*) such that
Y=RT)aY,.

Moreove'r, there exists an operator Ty € B(Y, X) such that

(i ( 0) = Xo,
(iii = I 4% X,

)
) T
(iv) TTO = I 4 R{T);
where I denotes the identity operator.

Now we give the main result of this section which states conditions for the existence of a
solution to the Volterra-Stieltjes equation (14).

Theorem 4.2. Let A be the indefinite integral of a function o € L1(Zgr, L(X)) and consider
the multidimensional linear Volterra-Stieltjes integral equation

z(t) + / dA(s)z(s) = f(t), teR, (16)
Jia)
where z, f € C(R, X). Suppose
N(I+ A(J))* = {0}, for all J € I, (17)
and that T = I + F4 is a Fredholm operator, where (Faz)(t f[a i dA(s)z(s) for every

t € R, and I is the identity operator in C(R,X). Then gwen f € C(R,X), there exists
r € C(R, X) satisfying (16).

Proof. Let {f,}nen be a sequence in E(R, X) converging to f in the usual supremum norm.
Due to (17) and the fact that A € BV (Zz, L(X)) N SL(Zgr, L(X)) (see Theorems 2.2 and
7.1), then by Theorems 3.2 and 4.1 we can define equations

zn(t) + /[ ) da(s)zn(s) = fa(t), te R, (18)

each one having a solution z, € E(R, X). Furthermore T'z,, = (I + F,)z, = f, and, since
fn — f, we have
Tx, — f. (19)
If dim(B) denotes the dimension of a set B, since T' € L(C(R, X)) is a Fredholm operator,
then Lemma 4.1 implies the following
a) there exists a closed subspace X, of C(R, X) such that

C(R, X) = Xo® N(T); (20)
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b) there exists a subspace Yy of C(R, X) such that

dim(Yp) = dim(N(T*)) (21)
C(R, X) = R(T) & Yo (22)
c) there exists an operator Ty € B(C(R, X),C(R, X)) such that
N(To) = Yo; (23)
R(To) = Xo; (24)
ToT = I in Xy; (25)
TT, = I in R(T); (26)

where I denotes the identity and 7 is the adjoint of 7.

By (21) and (17), dim(Y) = 0. Then (22) implies dim(C(R, X)) = dim(R(T)) and hence
dim(N(T)) = 0. Thus dim(C(R, X)) = dim(X,) by (20) and, since X, C C(R, X) is closed,
then Xo = C(R, X).

Since f, — f and Ty is bounded, we have

Tofn — Tof. (27)
For each n, we have by (18) that f, = Tz, and therefore Tp f,, = ToTx,. Then by (25),
Tl = Bos (28)
Hence (27) and (28) implies
zn — Tof

and taking x = Ty f, we have z € C(R, X) since C(R, X) is complete.
Is remais to prove that z is a solution of (16). But this fact follows from (26), since
TTyf = f and therefore Tz = f.

5. THE LINEAR INTEGRAL EQUATION OF VOLTERRA-BOCHNER-LEBESGUE

In this section, we are concerned with the linear integral equation of Volterra
20+ [ alo)l) =10, teR (29)
Jla.t]
where a € Ly(R,L(X)) and z,f € C(R,X). We call equation (29) the linear integral
equation of Volterra-Bochner-Lebesgue. By means of Theorem 4.2, we show the following
result on the existence of a solution to (29).

Theorem 5.1. Given a € Ly(R, L(X)), consider the linear integral equation of Volterra-
Bochner-Lebesgue

() + (L) / A= f, tel, (30)

where z, f € C(R, X). Suppose
NI+ A(J))" = {0}, for each J € Tp,
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where A s the indefinite integral of o and (I + F4) € L(C(R, X)) is a Fredholm operator
with I the identity in C(R,X) and (Fax)(t) = (H) f[u,t] dA(s)x(s), for every t € R. Then
given f € C(R, X), there ezists © € C(R, X) satisfying (30).

Proof. By Theorem 7.5, equation (30) is equivalent to
o)+ [ dAG)(s) = 10),  teR
[a.t]

and the result follows by Theorem 4.2.

Remark 5.1. Under the hypotheses of Theorem 5.1, equation (30) in equivalent to the
continuous Stieltjes equation which s the limit of discrete equations (12). It follows that
(30) is the limit of discrete equations (12).

6. THE LINEAR INTEGRAL EQUATION OF VOLTERRA-HENSTOCK

Our main result (Theorem 6.1) states conditions for the existence of a solution to the
linear integral equation of Volterra in the sense of the Henstock integral

z(t) + (H) / a(s)z(s) = f(t), t e R,

Jla.t]

where o € H(R, L(X)) is such that its indefinite integral, A, belongs to SV (Zg, L(X)) and
z, f € C(R, X). The following lemma is needed. See [11], Theorem 7.1.2.

Lemma 6.1. Let (T;,)nen be a sequence of mappings from X to X such that each mapping
has a fized point, say, v, = Th,x,. LetT : X — X be such that for some integer m, T™ is
a contraction, where T™ 1is the composition of T m times, and suppose T,, — T uniformly.
Then x, — xo = Txg.

Theorem 6.1. Given a € H(R, L(X)) such that A € SV (Zg, L(X)), where A s the indefi-
nite integral of o, consider the linear integral equation of Volterra-Henstock

z(t) + (H) / a(s)z(s) = f(t), t€ R, (31)
b [a!t]
as well as the linear Volterra-Bochner-Lebesque integral equations
o0+ (D) | xxalal) =fO,  teR (32)
[a]

obtained through Theorem 7.3, and the operator T : C(R,X) — C(R, X)) defined by

(Ta)(t) = £(t) - (H) / a(s)z(s), teR,

Jlat]

where z, f € C(R, X) and n € N. Suppose
N(I+ A, () ={0}, JeZp, neN, (33)
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where An(J) = (L) f[a’t] Xxn0(s)x(s), for every J € Ig, and (I + Fa,) € L(C(R, X)) is a
Fredholm operator, where I is the identity in C(R, X) and (Fa,z)(t) = f[a,t] dAn(s)z(s), for
each t € R. Then given f € C(R,X), each equation (32) admits a solution =, € C(R, X).
Suppose in addition that one of the following conditions is fulfilled:

(1) (zn)nen admits a convergent subsequence z,, — xo € C(R, X);
(ii) « is bounded and T™ is a contraction for some m > 1, where T™ is the composition
of T m times.
Then given f € C(R,X), there exists a solution x € C(R, X) satisfying (31).

Proof. Given n € N, consider the continuous operator 7;, : C(R, X) — C(R, X) defined by

(an)(t)=f(t)—(L)/ xx.a(s)z(s),  telab =R

Ja,t]

By Theorem 5.1, given f € C(R, X), each equation (32) admits a solution z, € C(R, X).
Hence z, is a fixed point of T,.

Suppose (i) holds. We will show that z, is a solution of (31), that is, z, is a fixed point
of T'. But given n, € N, we have

”.’IJ() - T:LO“ 5% ”SIIO - ‘T"k“ e “a’.nk - Tnkmnk” + ”Tnkxnk - Tnkx()“ - ”Tnkl.o - T.’L‘()“,

where the first summand tends to zero as k — 0 by the convergence of the subsequence, the
second summand equals zero since z,, is a fixed point of 7},,, the third summand is smaller
than || 75, || l|zn, — zo|| — 0 as & — 0 since T}, is bounded, and the fourth summand tends
to zero as k — 0 by Theorem 7.3.

Now suppose (ii) holds. Since a in bounded, then 7" is bounded and hence Theorem 7.3
implies

|To =Tl = sup [T =T = sup

llzll <1 llzll<1

— 0

() /[ RESCEONIC) / o(s)z(s)

(a.t]

as n — oco. Then by Lemma 6.1, z,, — o = Tz and we finished the proof.

Remark 6.1. Given o € H(R, L(X)) such that A € SV (Igr, L(X)), where A is the indefinite
integral of a, let (X,)nen be the sequence of closed subsets of R obtained by Theorem 7.3.
Then given Jo € Ig, n € N and x € C(R, X), we have

’(L) /,;’nm(, a(s)z(s)ds — (H)/ a(s)z(s)ds

JiTo

<

< sup <

i (L) -/XnﬁJ a(s)z(s)ds — (H) /Ja(s)x(s)ds

Let I, = X, N Jy and o, = x1,, for every n € N. Then

’ (1) [ ontetatelds = (8) | atsja(e)is

n

1
< -, for every n € N.
n
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Besides, (L) [, an(s)z(s)ds = [, dA(s)z(s) by Theorem 7.5, and for each n, the indefinite
integral of an, say An, belorus to BV(Zr,L(X)) N SL(Zr,L(X)). Then by Theorem 7.1
and its proof, it follows that, under the hypotheses of Theorem 6.1, the equation (31) can be
approximated by a system of discrete equations (12).

7. APPENDIX

As we mentioned before, we dedicate this Appendix to the fundamental theory of the Hen-
stock integral. We start by introducing the notions of continuity, variation and semivariation
for functions of intervals. Then we give some basic theorems and properties of the integral.

By AAB we mean the symmetric difference between two sets A and B of R. Let F €
A(Zgr,X). We say that F is continuous on J € Zp if and only if for every € > 0, there is
1 > 0 such that for every I € T with m(JAI) <7, we have

I1F(J) = F(I)| <e.
If F is continuous on each J € Tg, then F' is a continuous function (of intervals) and we
write F' € C®(Zg, X). In particular, if we denote the interior of R by int(R), then we write
F € C®(Ziny(r), X) whenever F is continuous on each J € Zg, with J C int(R). By C(R, X)
we mean the set of all functions f : R — X which are continuous in the usual sense.

Lemma 7.1. SL(Zg, X) C C*(Zg, X).

Proof. Let FF € SL(Zg, X). Then for every £ > 0 and every A C R, with m(A) = 0, there
is a gauge d of A such that for every o-fine d = (&, J;) € TPDpg with & € A for each i, we

have
Z IF()I <. (34)

0. Let d = (&, J;) € TPDg be

Given J € I, let A be the boundaly of J. Then m(A) =
) = 0. This means that the intervals

such that for each i, & € A, (iNJ) C A and J; Nint(J
Ji’s are attached to J from the outside and (34) holds.

Given 7 € {1,2...]d|}, let I; and k; be the measures of the sides of J; and consider
n > 0 such that n < min{l;,h;;i = 1,2...|d|}. Then if K € I is such that KN J = 0,
Knint(J) =0 and m(K) < 7, there are i, j € {1,2...|d|} such that K C (J; U J;). Hence
K C U;J;.

Now, consider I € Zx such that m(IAJ) < 7n. By the choice of 7, there exists a finite
number of intervals K; each of them of type K as in the previous paragraph and such that
(IAJ) C U;K;. Thus (IAJ) C U;J; which implies

1£(1) ||<Z||F | <e

and the proof is finished.
The next result follows from Theorem 2.1 and Lemma 7.1.

Theorem 7.1. Let f € H(R,X) and F be its indefinite integral. Then F € C®(Zg, X).
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A proof of the next result can be carried out by straight adaptation of the one-dimensional
case (see, for instance, [12], Theorem 2.5) and apply Theorem 2.1.

Theorem 7.2. Let f € H(R, X) and F be its indefinite integral. Then

F(Q(Er) _
W Teen 1

for m-almost every & € R, where Q(&,1) denotes the square with sides of length r > 0 and
centered in €.

Corollary 7.1. Every f € H(R, X) is m-measurable.

Proof. Given n € N and € € R, let

ey FQE1/m)
in(§) = ———=.

IQ(fa 1/”)'
From the continuity of F' on R (Theorem 7.1), cach function h,, is continuous (see Remark
2.2) and hence m-measurable. Besides by Theorem 7.2; h,, — f m-almost everywhere on
R. Therefore f is the limit m-almost everywhere of m-measurable functions and hence f is
m~measurable.

Theorem 7.3. Given f € H(R, X), there exists a sequence { X, }nen of closed sets X,, such
that X, T R (i.e., X, C Xpy1 and U, X,, = R) and f € L1(X,, R), for every n € N.

Furthermore, .
L —(H
<>/me ( )/Jf

In order to prove the first part of Theorem 7.3, one can adapt the proof of [7], Theorem
2.10 for the Banach space-valued case when Corollary 7.1 must be applied. For the second
part, it is enough to adapt the proof of [17], Theorem 6 for the Banach space-valued case.

Theorem 7.4. If o € SV (Zr, L(X,Y)) and f € C(R, X), then f € R*(R, X), that is the

Riemann-Stieltjes integral

1
L —.
n

sup
JETR

/R da(s)f(s) = lim S a(J)f(€),

1

exists. Besides < SV(a)|lfIl-

/ do(s) f(s)
JR

A proof of Theorem 7.4 can be carried out by adapting the steps of the one-dimensional
case (see, for instance, [10], Theorem II.1.1). We give such a proof in the following lines.

Proof. By the definition of SV («),

> alh) £(&)]| < SV@IfI (35)

i
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Therefore, if Ad — 0 and the integral exists, we have

/R da(s) f(s)|| < SV(@)IIf]]

Now, for every d > 0, we set

Z — {0’,1‘5 = Zoz(Ji)_f(gi) €Y :Ad<é,d= (&, J;) € TDR} .

5 i
Then (35) implies that every ) ;s is a bounded subset of Y. Clearly ¢’ < ¢” implies Y5 D
> s»- Thus the sets ), /n Are a countable filter basis of bounded sets. Since Y is sequentially
complete, in order to prove that this filter basis is convergent, it is enough to show that
it is a Cauchy filter basis, that is, for every € > 0, there exists > 0 such that for every
04, 03¢ € > g with d = (&, Ji),d = (§;,J;) € TDg, we have ||og ~O’zz” < e. Then taking
d V d, it is sufficient to consider the case when d > d and we have

dug =03z = _o(J) [f(&) — &),
where Zj(i) — Zj whenever J; C TJ It follows that

lloae — ogell < SV(a)sup {[|f(¢) = F(s)Il : ;s € R, ||t — s|| < 6}

which is arbitrarily small with d, since f is uniformly continuous, and the proof is complete.

Theorem 7.5. Let a € L1(R,L(X,Y)), A be the indefinite integral of o and f € C(R, X).
Then o f € L1(R,Y) and

(1) [ a()f()ds = [ dA(s) ().

Proof. At first, since o € £1(R, L(X,Y)), then Ma € L,(R,L(X,Y)), for every M € R.
Therefore the mapping M||a(-)|| : R — R is Lebesgue integrable.

Since f € C(R,X), there exists M > 0 such that ||f|| < M. Moreover, the mapping
la()f()] : R — R is m-measurable and |lo f|| < M||c||. Hence since £,(R,R) is a lattice,
we have ||a f]| € £1(R,R). Thus a f € L,(R,Y) C H(R,Y).

Now we prove the equality. Let € > 0. Since a € £1(R, L(X,Y)) C H(R,L(X,Y)), there
exists a gauge 0, of R such that for every d;-fine d = ((j, I;) € T Dg, we have

- la(GIL = AL <&

By Theorem 2.2, A € BV (Zg,Y). Then by Theorem 7.4, the Riemann-Stieltjes integral,
) rdA f, exists. Thus, there exists a constant gauge 09 of R such that for every d,-fine
d = (px, Kx) € TDpg, we have

< &

> A f(ox) — | dA(s)f(s)
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Now taking a gauge 0 of R defined by (&) < 65(§), s = 1,2, for every £ € R, and a é-fine
d = (&, J;) € TDg, we have

<

S alE) (1 - [ dAs)()

S AUIfE) ~ [ dA)f(s)

and the pIOOf is complete after applying the Cauchy Criteria.

< Z (&) F(&)Ti| — A(T) F(&)Il + <ellfl +¢

The next result can be proved by simply applying the definitions.
Theorem 7.6. If o« € H(R,L(X,Y)) and f € H*(R, X), where A is the indefinite integral
of a, then a f € H(R,Y) and
(1) [ a(s)f(s)ds = (#) [ d2A(5)5(s).
R JR
It follows from Theorems 7.4 and 7.6 that

Corollary 7.2. If « € H(R,L(X,Y)), A € SV(Zg,L(X,Y)), where A is the indefinite
integral of o, and f € C(R, X), then o f € H(R, X) with

(H) / a(s) f(s)ds = / dA(s) £ (s).

The next result is an analogue for the Riemann-Stieltjes integral of the well-known Saks-
Henstock Lemma. A proof of it follows the standard steps. See, for instance, [16], Lemma
16.

Lemma 7.2 (Saks-Henstock). Suppose o € A(Zg,L(X,Y)) and f € R*(R,X). Given
e> 0, let & be a gauge of R such that for every é-fine d = (&, .J;) € T Dg,

|d|
;aui)f(&) . / da(t)f(t)]| <.

Then for any 6-fine d' = ((j,1;) € TPDg, we have

1;)
d'|
_Z:: (G)f(L5) /1 a®)f@)| <e.

J

Theorem 7.7. Let A be the indefinite integral of a function o € Ly(R,L(X)). Then Fj4
defined by

(Faf) (8) = /[ AAWSG),  fECRX), teR
belongs to L(C(R, X)). |
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Proof.

(1) Since a € L1(R,L(X)) C H(R, L(X)), it follows from Theorem 2.1 and Lemma 7.1
that A € SL(Zg, L(X)) C C®(Zgr, L(X)). Also A € BV (Zg, L(X)) by Theorem 2.2.

(2) Let f € C(R,X). We assert that f € H*(R, X). We know that f € R*(R, X) by
Theorem 7.4. Then by Corollary 7.2, o f € H(R, X) and

(1) [ a(s)f(s)s = [ dA@) 1)

Thus, given € > 0, let § be the gauge of R such that for every d-fine d = (&, J;) €
TDpg, we have

E:H ‘/ (s)ds — a(&)]Jilll <e and E:H /a@ﬁbﬂ&—d&ﬁ@MLW&

JJ;

Then

SSHH) [ A6 S6) = ARIEN = NG [ ate)1(o)is = AUIEN <

<IN [ ate)fe)ds = @) LI+ T lat@) S E)IH — ARIEN <

<e+e|fl

which proves the assertion.

(3) Let fA®t) = / dA(s)f(s), for every t € R = [a,b]. By Remark 2.2, we can
~ [a,t]
consider f4 as a function of intervals of R. Then by 1., Theorem 2.1 and Lemma

7.1, f4 € C®(Zg, X) and hence we have the continuity of f4 as a function of points
of R. Indeed. Given t,s € R, we have

FA(L) — fA(s) = dA(s)f(s) — ,
At — FAGs) /{ | AE6) / dA(s)f(s)

(a,s]

Consider the following figure:

89 [eEEEeERaes

a | Esematateatant

aq t1 S1
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Then
A6~ [ dA&f) = [ a6+ [ A1)
Jla,t] [a,] J{(t1,a2),s] J(a1,52),t)]
But ||t — s|| — 0 implies |[(t1,a2),s]| — 0 and |[(a1, s2),t)]] — O. ‘Thus it follows

from the continuity of the indefinite integral (i.e., the continuity of f* as a function
of interval of R that

IF4((ta2), DI =0 and A ([(a, 52), D) = 0.

Hence
IF4@) = fAs) =0  as  flt—s|| —0.

Now consider the figure

b
/7 O— t
S i ket S
Aof--rmmmmme
a:
ay s1 ty

The figures above show the possible positions of the points ¢ and s. For the second
figure we have

/ dA(s)f(s) — / dA(s)f(s) =
[at]

[a,s]

[(a1,52),(s1,t2)] Js,t]

= A1) + [ dA(s) f(s)+ [ dAs)f(s)
[(s1,a2),(t1,52)]
But ||t — s|| — 0 implies
H(Sl=a2)7 (tl’S'Z)” —? 07 |[(a1752)’ (51’t2)” — 0 and |[S’t” —= ).

Thus the continuity if the indefinite integral with respect to A, fA, implies

|75t 02), (81,5 || = 0 || 7AW@, s2), (s1, 2D = 0 and | FA(Ls, )| — 0,

and hence i )
|74®) = 7A)| =0 as [t-sl =0

and the continuity of f# as a function of points of R follows, that is, Faf = f4 €
C(R,X). i
(4) The linearity of f# follows from the linearity of the integral.
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(56) Now we prove the continuity of 4. Given f,g € C(R, X) and t € R, consider €,8 > 0
from the definition of (f — g) € RA(R,X) and let d = (&,.;) € TDiay be é-fine.
Then by the Saks-Henstock Lemma for the Riemann-Stieltjes integral (Lemma, 7.2)
and by the properties of the variation of a function we have

IFaf(t) — Fag(t)ll = dA(s)(f = 9)(s)

/at]

<

<l [ 44O =0 = 3 AU (&) - o) + | 2 A ) - 6] <

<e+ Vi (AIf =gl e +V(A)ISf - gll,
where Vi, 4(A) is the variation of A on [a,t]. Then

|1Faf = Fagll = sup [|[Faf(t) — Fag(t)ll = 0 as |If —gll =0
eER
and the proof is finished.
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