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In this paper we study one dimensional parabolic problems that arise from
composite materials. We show that the eigenvalues and eigenfunctions of the
associated linear unbounded operator have the Sturm-Liouville property and
the non increase of the lap number along the solutions. These results are
used to show that the stable and unstable manifolds of equilibrium points are
transversal. Outubro, 2003 ICMC-USP

1. INTRODUCTION

In this paper we deal with equations that appear as limit of second-order parabolic
problems when the diffusion coefficient becomes large in a subregion which is interior to
the physical domain of the differential equation. This situation can be found, for example,
in composite materials, where the heat diffusion properties can change significantly from
one part of the region to another.

Let Q = (0,1), ¢ a positive parameter, m a positive integer and o = UL, ; be a
subset of 2, where Qo ; = (a;,b;) C 0 with QNQ; =0 fori# j, and o C (0,1). We
denote Q; = 0\ Qp. We also set by =0 and amq1 = 1.

The diffusion coefficients p., 0 < € < €, are assumed to be smooth functions in (0,1)
satisfying

aul)= p(z) 1Tniforrn1y on (11)
oo uniformly on compact subsets of Qg

* Research partially supported by Fundagao de Amparo & Pesquisa do Estado de Sdo Paulo, FAPESP,
Brazil, under grant 98/14545-7.
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400 V. L. CARBONE AND J. G. RUAS-FILHO

as € — 0. For ¢ € C}(Q) and smooth nonlinearities f, g : R — R consider the family of
parabolic equations

{U§ = (Pe(@)u5)e + cl@)u® + f(u) on (0,1) ®.)

g—;:— + b(z)uf = g(u®) for z € {0,1}

where 0 < € < g9 and %% = pe(z)(us, 7e).

Physically, large diffusion will imply a rapid redistribution of the spatial inhomogeneities.
For this reason, we expect that, for small values of € the solution of the problem (P.) should
be approximately constant on each {1y ;. To obtain the limit equation, as € goes to zero,
suppose u converges to some function u, in some sense, and that u takes a time dependent
spatially constant value on (g ; for each i = 1,...,m. Denote this value by uq, ,(t) for
each 7 = 1,...,m. Then, the limit equation is given by

uy = (p(z)ug)z + c(z)u + f(u), in O
UQy ; (t) = ﬁ[p(bi)uw (bj—a t) — pai)uz(a; ,t)] + 6iu90,i(t) + f(qu,i (),

P
i=1,...,m (Po)
9u 4 p(z)u = g(u), for z € {0,1}
where & = 5——- f;{" c(z)dz for each i = 1,...,m and 2% = p(z)(u,, i).

This type of equation, in the n-dimensional case, was extensively studied by Arrieta,
Carvalho and Rodriguez-Bernal in [3]. We will use their notation here. Let

L%O(O, 1) = {u € L*(0,1),u is constant on Qq;, i = 1,...,m}
and
Hg, (0,1) = {u € H'(0,1),u is constant on Qg , i =1,...,m}.
Henry [5] and Angenent [2] showed that for one dimensional reaction-diffusion equations

Uy = Ugg + f(CL',’U,,Uz)
aug(0) + pu(0) =0
Yugz (1) + du(l) =0

the stable and unstable manifolds of hyperbolic equilibrium points intersect transversally
for every reaction function f.

In this paper we show that this result is also true for equations, like (Py), that are limit
of parabolic problems when the diffusion satisfies (1.1).

The paper is organized as follows. In section 2 we present the Sturm-Liouville theory
for equations of the form of (Pp). In the proofs we only point out to the differences of
ours results when compared with the proofs of the usual Sturm-Liouville theory. We also
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TRANSVERSALITY OF INVARIANT MANIFOLDS 401

prove that the number of zeros of the solution u(-,t) of (Po) decreases as time increases.
To obtain this we establish a minimum principle for equations of the type (Po).

In section 3 we study the asymptotic behavior of solutions of the linearization of (Po).
We obtain the behavior of theses solutions in terms of the eigenvalues and eigenfunctions
of the operator L(t) that comes from this linearization of (Pp).

In section 4 we obtain a description of the tangent spaces of the stable and unstable
manifolds involving the asymptotic behavior of some solutions of the linear equation of
(Pp) and of the adjoint equation. In order to obtain this asymptotic behavior we will
rely on some lemmas due to Henry [5]. Using the description of the tangent spaces of the
stable and unstable manifolds of the hyperbolic equilibrium points we can prove that they
intersect transversally.

We intend to use the transversality of these manifolds in a future work to obtain the
topological equivalence of the flows on the attractors A. and Ag of equations (P¢) and
(Pg), respectively.

2. STURM-LIOUVILLE PROPERTIES AND NON INCREASE OF THE
LAP NUMBER

In our proof of the transversality of the invariant manifolds, the main arguments will
be the Sturm-Liouvile property obtained and the decreasing of numbers of zeros of the
solution u(-,t) of (Pp) as time increases. Since we work with functions that are constant
on intervals we use the following definition of a zero of a function.

DEFINITION 2.1. If¢ is a function defined in (0,1), constant in each interval (a;, b)), i =
1,...,m, we say that z is a zero of ¢ if z € Q1 and p(z) =0 or if z = la;, bi], for some
i=1,...,m and p(z) =0 for all z € [a;,b;].

The following result shows that the operator that appears in equation (Po) has the
Sturm-Liouville properties. This result will used throughout the paper.

THEOREM 2.1. Suppose p is a continuous real valued continuous function with p(z) >
0 in (0,1), differentiable in Oy and g is a Cl-function of x and A, decreasing for X in
(=00, +00). Let

D = sup p(z) > 0, d = inf p(z) >0,

z€ z€Q
n(A) = sup g(z,)), &) = inf g(z,A).
e, €M

Consider the equation,

(P(a)uz)e + oo, ol o, +
Z[ L (e (6F) — plas)ua(ar)] + cs(Wu xas = 0
)

bi B al (22)
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402 V. L. CARBONE AND J. G. RUAS-FILHO

where c;()) is decreasing in (—00,+0c0) for each i =1,...,m. Suppose also that

()a#0 and B #0;

(i1)€(N) = +00 as A = —00;

(i15)n(A\) = —oo as A = +0oo;

(iv)ci(A) = —o0 as A = +o0, i =1,...,m.

Then there exist an infinite sequence of numbers (\;)jen with
/\1>/\g>...>)\j>...

such that if p; is the solution of (2.2) when A = \; then @; has ezactly (j — 1) zeros in
the interval (0,1) for each j =1,2,...

To prove this theorem we establish several lemmas extending preliminaries results of
Sturm-Liouville theory to equations of type (Po). We state these lemmas below and point
out to the differences in the proofs when compared with the usual Sturm-Liouville theory.

Consider the following equations

[(p1(2)uz)e — 91(2)U] Xq, (2)
m
1 -
+ 3 [ o) - paun(ep )+ o] oy (@) =0 (23

u(0) = o1, uz(0) = A

and

(72 (&)v2)z = g2(@0)] X, (2)
+ 3 [ st - mloduaD )] + 40w =0 @)
=1

bi—ai

v(0) = as, v;(O) = Bs.

Let v and v be solutions of (2.3) and (2.4) respectively. The following lemma shows that
the zeros of u and v alternate with each other.

LEMMA 2.1. Let u and v be solutions respectively of (2.3) and (2.4) with pr =p2 =p
where p, g1, ga are real functions with gi(z) > ga2(z) continuous in (0,1), p > 0 in (0,1) is
differentiable in Qy and c; < d; are constants fori=1,...,m. Then in each component of
Q = {z € (0,1) : u(z) # 0} there exists one zero of v.

Proof. Let (z1,22) be a connected component of @, that is u(z1) = u(z2) = 0 and
u(z) # 0 for = € (21, 22) and suppose that v does not have zeros in (z1, z2). Without loss
of generality, we may assume that u and v are positive in the interval (z1, z2). Multiplying
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TRANSVERSALITY OF INVARIANT MANIFOLDS 403

(2.3) by v, (2.4) by u and using the fact that p is differentiable in 2, we obtain

d

2 pla)uey = )] + (3n(0) = 1 (2D o 0

3 [ [[p(bi)ua8) — plai)ue(a7)] v 23)
=1 t &

= [p(bi)vz (0F) — plai)vz(a7)]u]+(ci = di)uv]xa,  (z) = 0.

for z € (0,1).

We have two cases where there is some difference with the usual proof.
Case 1: z; = [a;,b;] and z; = [a;,b;] for some i < 4,4, =1,...,m.

Integrating (2.5) on (z1,22) and using the fact that u and v are constant in each Qg 1
fork=14+1,...,7 —1 we have

(o2 Jus(z2)u(za) ~ plausar)ole) = [ oG e ) i

21

2 31
+/ Z (dr — cx)uvxag, (T)dz.
21 k=i+1

Using the hypotheses on g1, g2, ¢; and dj it follows that the right hand side is positive,
which is a contradiction.
Case 2: z; = [a;, b;] for some i = 1,...,m and z3 # [a;,b;] for any j = 1,...,m. This case

can be treated in the same way as Case 1. ||

The proof of the following lemma is very simple.

LEMMA 2.2. Let p1, p2, g1, 92 be real functions with g1 and g» continuous and p; and
pa positive in (0,1). If u and v are solutions of (2.3) and (2.4), respectively, then for those
z € (0,1) where v(z) # 0 we have

d (%(plufcv = P2UUa:)) xe ()

&
+ 36 4 el () = (oo
i=1 1 1
s s (61) = pala)on )] 0

UV

” ) Ixa,(z). (2.6)

= [(g1 — g2)u* + (p1 — P2)uZ + po (uz -

We now compare the distribution of zeros of solutions of equations (2.3) and (2.4).
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404 V. L. CARBONE AND J. G. RUAS-FILHO

LEMMA 2.3. Let p1, pa, g1, go be real valued functions with g, and gs continuous, p;
and py positive and satisfying in (0,1), pi(z) > pa(z) > 0, g1(z) > ga(z). Let d; > ci,
i=1,...,m, be constants. Suppose

(.)al +ﬂ1 750 andaz‘*_,ﬁq #0
(i1)if ay # 0 and az # 0 then 2 1ﬁ1 > ”2( )ﬁ
(i11)the identity g1 = g2 = 0 does not hold in awy subinterval of (0,1).

Let u and v be solutions of (2.3) and (2.4) respectively. If u has n zeros in the interval
0 < z < 1 then v(z) has at lest n zeros in the same interval and the i*" zero of v(x) is
smaller then the i*" zero of u(z).

Proof. Let 21,22, ..,2n be the zeros of u(z) in (0, 1] and suppose that 0 < z1 < z2 <

. < zp < 1. By Lemma 2.1 is sufficient to prove there exists a zero of v between 0 and z;.
If u(0) = 0 then by Lemma 2.1 v has a zero in (0, z1), and the result is proved. Suppose
that u(0) # 0. If z; is not an interval the proof is the usual one.

If z; = [a;,b;] for some i = 1,...,m, integrating (2.6) and using the fact that « and v
are constant in each Qg 4, ¢ = 1,...,m, we have

-t [nO2 - 2] - Z/ (d: - 'y, (a)do

v

3 /Oa‘ [(91 — g2)u? + (p1 — p2)uz + pa (uz = ufﬂ xa, (z)dz.

But this contradicts (ii) since the left hand side is < 0. |

LEMMA 2.4. Let p1, p2, g1, 92 and (i)-(iii) as in the Lemma 2.3, u and v solutions of
(2.3) and (2.4), respectively. Let d be a point of (0,1], d ¢ Qo such that u(d) # 0 and
v(d) # 0. If u(z) and v(z) have the same number of zeros in the interval (0, d) then

vz (d)
v(d)

> pa(d)

Proof. Let | be the number of zeros of u(z) and v(z) in (0,d). Suppose that I > 1. If z; is
the largest zero of u(z) which is less then d then v has exactly [ zeros in the interval (0, z)
and no zeros in (z;,d). Since d € Q; then d € (bj, aj41) for some j = 0,...,m. We consider
the following possibilities: (i) z € (bj,d); (i) z € (bi, ai41) C Q4 for somes =0,1,...,5-1
and (iii) z = [as, ;] for some i < j. In all cases we integrate (2.6) obtained in Lemma 2.2,
and use in (ii) and (#4) that the solutions u and v are constant in each Qok, k =1+
1,...,5. 1

To obtain the decreasing of the numbers of zeros of the solution u(:,t) of (Po) as time
increases we need a minimum principle for equations of the type (Po) and for this we need
the following lemmas.
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TRANSVERSALITY OF INVARIANT MANIFOLDS 405

LEMMA 2.5. Let E be a region of [0,1] x (0,+00). Suppose that u is constant in each
interval (ai,b;), i=1,...,m and Su < 0 where S is given by

Su(z,t) = [p(x)uee + 7(z)us + q(z, t)ulxe, (z)

+ Z[ L [p(bi)ua(bF ) - plaiua(ar, 0] + hi(t)ulxay () = uila, )

bi—ai

for (z,t) in E, q(z,t) < 0 and hi(t) <O, fori =1,...,m. Let K be a disk such that it
and its boundary 0K are contained in E. Suppose that the minimum of u in E 1s M <0,
w > M in the interior of K, and uw= M at some point P on the boundary of K. Then the
tangent to K at P is parallel to the z-azis.

Proof. Let K = Kg(%,1t), where (%,f) denotes the center and R the radius of K.
Suppose that the tangent to K at P is not parallel to the z-axis. We assume that P is the
only boundary point where u = M. Otherwise, we may replace K by K', with K’ C K and
0K NOK' = {P}. Let P = (z.,t.). We have two cases to consider: z, € 0 or z. € Q.
Case 1: z, €

We take K such that if (z,t) € OK then z and z, are in the same interval of the
Q. Construct a disk K; with center in P and radius R; sufficiently small, such that
Ry < |z. — Z|. Decrease R, sufficiently, such that if (z,t) € 0K, then z is in the same
interval of ; that contains z..

The boundary of K, consists of the two arcs, C' = 9K, N (K UJK) and C" =0K;\C".

There exists a positive constant n such that u > M +n on C'"and u > M on C". In
(0,1) x (0,00) consider the function

'U(;L'7 t) E— e_a[(z_i)2+(t_t_)2] = e_O‘RZ’
where a > 0 is sufficiently large such that

Su(z, t) =[4a’p(z)(z — Z)* — 2ap(z) — 207 (z)(z — T)
+qz, )1 — e~ a(R*=(2=2)"=(t=D)] 1 90(t — i)]e—a[(r—f)zﬂt—?)z] >0

for (z,t) € Ky UOK,. This is possible since |z — Z| > [z. — |- Ry > 0.

Consider w = u — ev, where € is a positive constant. Then Sw(z,t) = Su(z,t) —
eSv(z,t) < 0, for (z,t) in K; UJK,. Choose ¢ sufficiently small such that w =u —ev >
M+np—ev>MonC andw =u—¢ev2>2M-ev> M on C". Then w > M on
6K1 = Cl U C”.

Since w(zy,t.) = u(z«,t.) = M, the minimum of w in K, occurs in a interior point of
K. Let (z',t') be this point; then w;(z',t") = we(z',t') = 0 and Sw(z’,t') > 0, which is a
contradiction.

Case 2: z. € Q, that is z. € (aj,b;) for some j =1,...,m.

If the tangent to K at P is not parallel to the z-axis since u is constant in (aj,b;), we

have u(z',t,) = M where (z',t.) is a point in interior of K.
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406 V. L. CARBONE AND J. G. RUAS-FILHO

Note that if z, = a;j or z, = bj, for some j = 1,...,m then, as before, we can replace
K by K such that K C (a;,b;) with 9K NOK = {P} and we can proceed accordingly. |

The proof of the following lemma can be found in [6].

LEMMA 2.6. Let E, S, u and M as in Lemma 2.5. Suppose that w > M in some interior
point (zg,to) of E. If | is any horizontal segment in the interior of E which contains (zo,to)
then u > M in [.

LEMMA 2.7. Consider E and S as in the Lemma 2.5. Let u be constant in each interval
(ai,bi), i = 1,...,m, and Su < 0. Suppose that u > M in the horizontal strip in E,
{(z,t) € B :tg <t < t1} with tg and t; fized. Then u > M on all line segment {(z,t) €
E:.t= tl}

Proof. Suppose P = (z1,t1) is on the line ¢ = ¢; where v = M. Construct a disk K
with center at P and radius sufficiently small such that the lower half of K is entirely in
the part of E where ¢t > to. We have two cases to consider: z; € 21 or z; € (.

Case 1: z; € ()

Take K such that, if (z,t) € 0K then z is in same interval of ; that contains z;. In
(0,1) x (0,00), define the function v(z,t) = e~l(@=21)*+a(t=t)] _ 1 where « is a positive
constant chosen sufficiently large so that

Su(s,t) = |4p(z)(z - 21)” = 2p(z) — 2r(2) (@ — 21)+
q(z,t)[1 - elz—m)Falt=t1)] 4 o|e~l@=a1) +alt=t)] 5 g

when (z,t) € K and t < ¢;.
The parabola

(x—z1)* +alt—t)=0 (2.7

is tangent to the line t = t; at P = (z1,t1). Denote by C' the arc in 0K, including the
endpoints, which is below the parabola (2.7) and by C" the arc of the parabola inside the
disk K. Let D be the region enclosed by C' and C". There exists a positive constant n > 0
such that w > M +n on C’. Notice that v =0 on C".

Consider now the function w = u — v, where ¢ is a positive constant sufficiently small,
such that w has the following properties: (i)Sw = Su —eSv < 0in D; (it)w = u —ev >
M +n—¢ev>M,on C' and (iti)w > M, in D. Remark that w =u > M on C".

Condition (i) shows that w can not attain its minimum on D. From conditions (i7) and
(4i1) it follows that (z1,t1) is a minimum point of w in D. Therefore wy(z1,t;) < 0. As
vi(z1,t) = —a < 0, we obtain wg(my,t1) = we(z1,t1) —ae <0.

Since £ = z; is a minimizing point of u(-,t;) we have uy(z1,%1) = 0 and ugq(z1,t1) > 0.
Then Su(z;,t1) > 0, which contradicts the hypothesis Su < 0.
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TRANSVERSALITY OF INVARIANT MANIFOLDS 407

Case 2: z; € Qo, that is, z; € (aj,b;) for some j =1,...,m.

Take K so that if (z,t) € 0K then z € (a;,b;) and let to < t» <t such that C' =
{(z,t) € 0K : t <t} is in the boundary of K, C" = {(z,t) € K UOJK;t =t} U {(z,t) €
OK;ty <t <t} and D is the region between C' and C".

There exists a positive constant  such that u > M +non C’. In (0, 1) x (0, 00) define the
function v(z,t) = e~a(t=t1) _ 1 where the positive constant « is taken sufficiently large,
so that

Sv(z,t) = (hj(t)(l — eﬂ(t—tl)) o a) e—alt=t1) 5

for (z,t) in K UOK and t < ;.

Consider w = u—ev, where we choose e > 0 sufficiently small to have (i)Sw = Su—eSv <
0in KUOK and (i)w=u—ev>M+n—ecv>MinC"

Let (z',t') be the minimum point of w in DU C' U C"; then (2,¢') is in I = {(z,t) €
KUOK :t=t}orin I' = {(z,t) € KUOK :ta <t <t1}.

Since w is constant in (aj, b;) we have w;(a;,t') <0, wg (b;r,t’) >0, wy(z',t") <0 and
w(z',t") < M <0. Then Sw(z',t") > 0, contradicting (7).

If z; = a; or z; = bj, for some j = 1,...,m we have u(z,t;) = M for all z € [aj, bj].
In this case we consider Z € (aj,b;) and repeat the argument above for P = (Z,t1). |

THEOREM 2.2. Consider the region E and the operator S as in Lemma 2.5. If the
minimum M of u is attained in an interior point (z.,t.) of E and M <0 thenu=M on
each line segment {(z,t) € E :t =t} for every t < t..

Proof. Suppose there exist £ < t. and Z € (0,1) such that u(z, t) > M. Then by Lemma
2.6, u(z.,f) > M. Let 7 = sup{t < t. : u(z.,t) > M}. By continuity w(ze,7) = M. Let 7y
such that u(z.,t) > M for some interval ; <t < 7.

As u(z,,t) > M for 1 <t < 7, using Lemma 2.6 we get u(z,t) > M formp <t <.
From Lemma 2.7, we have u(z,7) > M in E and in particular we obtain the contradiction

w(ze, ) > M. |

Our next theorem shows that the number of zeros of the solutions of the linearizations
of equation (Pg) decreases with time.

TueEOREM 2.3. Letr,p: (0,1) = R be continuous in Qy; p > 0 and differentiable in (y;
hi:[to,t1] # R, i=1,...,m; q,w: [0,1]  [to,t1] = R, bounded, w continuous, w %0, wy
continuous in [0,1] X (to, 1], We, Weaz continuous in (0,1) x (to,t1] and w(-,t) constant in
each Qo i =1,...,m and satisfying

wy = [p(x)wee + T(T)we + (2, Hw]xa, (2.8)

+3 05 L wa (8F,1) = ples)us(a7 0]+ (Owlon,
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408 V. L. CARBONE AND J. G. RUAS-FILHO

in (0,1) x (to,t1]. Suppose also that Bo(t) and B1(t) are continuous in [to,t,] and

w(0,£)(p(0)we (0,2) + Fo(t)w(0, 1))
’LU(l, t) (p(l)wz(l, t) + ,Bl (t)w(la t))

IN IV

0
0. (2.9)

Then the number of components of the set {z,0 < z < 1;w(z,t) # 0} decreases in ty <
12 h.

Proof. We can assume, without loss of generality that g(z,t) < 0, h;(t) < 0, for
i=1,...,m, Bo(t) = —1 and B, (t) = 1. If not we can consider W (z,t) = w(z,t)e?®D=
where A > 0 is a constant to be chosen, ¢(z,t) is a smooth function satisfying ¢, (0,t) >
p(l—o)[,Bo(t) + 1] and @, (1,t) < ﬁ[ﬂl (t) — 1]. Then @ satisfy

Wy = [P(Cﬂ)lbm T F(m)wz + (1(1’7 t)"'D]Xfll

+Z{ F[p(50)a (0F ©) ~ P a7 )] + B0 | x0,

bi—a,'

and

)(p(o)wx(oyt) 3 @(O,t)) > 0

(0, t
(1,8)(p(1)we (1,t) + w(l1,¢)) <0,

I

where 7(z) = r(z) — 2p()¢z, §(z,t) = q(z,t) = P(2)@az + ()7 — 7(2)Pz + @r — A and
hi(t) = hi(t) — ri;[p(bi)tpz(bi,t) —p(a;)pz(ai, t)]+ee—A, 4 =1,...,m. Take A sufficiently
large such that ¢(z,t) < 0 and hi(t) <0,i=1,...,m.

Let Q(t) = {z € (0,1); w(z,t) # 0} for to <t < t;. We will show that Q(Z) has at least
as many components as Q(t1).

Let o be a component of Q(¢1) in (0,1) and S, the component. of

((0,1) x [to, t1]) N {(z,t) : w(z,t) # 0}
containing 0. We will prove that (i) Se N {(z,%0) : 0 < z < 1} # 0 and (i7) if o and o, are
disjoint components of Q(t1) then S; NSy, = 0.
(1) Suppose that S, N {(z,%0) : 0 < z < 1} = ). We may assume w(z,¢) > 0 on S, so
M = max{w(z,t) : (z,t) € S;} > 0.
Suppose the maximum occurs at (z',t') € S,. Let
N.(z',t") = D.(2',t') N ((0,1) x [to, 1]),

where D, (z',t') is a disk with center in (z',¢') and radius €. Then N is convex, NeNS, # 0
and if € is small w > 0 in N.. Thus N. C S,, for € sufficiently small.
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Since S, N {(w,t0) : 0 <z <1} =0 we have t' > to. lf to <t' <¢; and 0 < z' < 1 then
wy(z', 1) = 0, wee (z',t') <0, we(z',t') >0 and w(a',t') = M > 0.
It follows from (2.8) that

(i) If z' € Q; then we(z',t") = p(a")wae (z',t') +q(z',¢') M which is a contradiction, since
the first member is greater then zero and the second member is strictly negative.
(ii) If 2’ € Qo then z' € Qo,; for some j =1,...,m and

i@ 1) = ——[p(bs)wa (bF, ) — plagywa(as, )] + by ()M

bj—aj

since (z',t') is the maximum point. Then w(a;,t') > 0 and wy(bj,t') < 0 and as in (2)
we get a contradiction.

If tg < t' < t, ' =0 then (z,t') € Sy for £ > 0 small, and w(0,t") = M > 0, from
(2.9) we get w,(0,t") > %—) > 0 and M is not the maximum. Similarly, if ' = 1 we have
(z,t') € S, for small 1 —z > 0 and w(1,t') = M > 0 and again from (2.9) we obtain
wg(1,t) < ;—(% < 0 and M is not the maximum. Therefore S, N {(z,t =tp) : 0 < z <
1} #0.

To prove (ii) let o and o7 be disjoint components of @ (t1). We shall prove that Se0Sy: =
0. Suppose S, NSy, # 0. Then S, = S,, and we assume, as before, w > 0 in S,. The set

s N{lz,1);0<s< Ltg<t <t}

is open and connected, hence path connected. There is a simple path v in S, N {(zst) : 0
z <1, to <t < t1} with one initial point in ¢ N {t = ¢} and end point in g1 N {t =t}
Adding a line segment in {(z,t = t1) : 0 < z < 1} joining these points, we obtain simple
closed curve bounding a region E.

Note that in any interval in {(z,#1) : 0 < & < 1} that intersects o and o1 we must have
w(z,t;) = 0 at some point z € (0,1). On OEN{(z,t):0<z <1,t <t} and at the end
points of the 0E N {(z,t1 : 0 < z < 1)} we have w > 0.

It follows from Theorem 2.2 that w > 0 in E. In particular w(z,t;) > 0 in any interval

joining ¢ and o1, and this is a contradiction. |

3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

Let p(z), q(z,1), hi(t), i = 1,...,m, 70(t) and 11 (t) be real valued functions. Suppose
p(z) > 0 and differentiable in y; hi(t),i=1,...,m, q(z,t), y0(t) and 7 () and their first
+-derivatives are bounded and continuous on —oo < t < 00, 0 < z < 1 and 7o (t) and 71 (t)
are locally Holder continuous. Let

D(L(t)) = {u € Hy,(0,1) : (p(z)uz)s € L§,(0,1),p(0)ux(0) = v0(¢)u(0),
P(1)ua(1) = 71 (t)u(1)},
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and define L(t) : D(L(t)) = L, (0,1) by

(L(t)v)(z) = [(p(x)ve(®))e + (@, t)v(2)]xa, ()

m

+> : [p(bi)vs () — plai)va(ai)] + hi(t)v(@)]xap,: (2)- (3.10)

bi—ai

i=1

Let

D(L+) = {u € Hyy(0,1) : (p(z)ue)s € L, (0,1),p(0)us(0) = 757u(0),
p(L)uz(1) = 7vu(1)},

and define Ly : D(L+) — L3, (0,1) by

(Lxv)(z) = [(p(2)vs(2))z + ¢ (@)v(2)]xa: (2)

m

£ 3 (B (5F) — pladvs (67)] + hiyv(@xan, (), (3:11)

bi—ai

i=1

where ¢4 (z) = limyteo q(2,t), hiy = limisteo hi(t), 'ygc = lim;_+co Y0(t) and fyli =
limg 00 11 (2)-

The operators — L(t), for each fixed ¢, and — L. are sectorial operators. Let A;j(t) be the
jth eigenvalue of L(t), with A;(t) > Aj41(t) and )\j.t be the j** eigenvalue of the L. Notice
that A;(t) = /\;t as t — +oo. Let w;t be the jt eigenfunction of the L.

THEOREM 3.4. Suppose the hypotheses above about p(z), q(z,t), hi(t); v = Lywesyimy
Yo(t) and v (t) are all satisfied. Suppose also that

[ [ oum Gaa0DP + S 1P+ sup ()] + Fol] de < o
—0 0<z<1 t<s<t+1

=1

and

o0

S sup (Fa(o)l + Fo(s)) < oo.

n=0 n<s<n+1

Then there are classical solutions v?:(z,t) of the problem

vy = (p(x)ve)z +q(z, t)v, €, tE (—00,00)

UQo‘i(t) =5 la.‘ [p(bi)vz (ijt) = p(ai)vm (ai_’t)] + hi(t)vﬂo.i (t)) i=1,...,m (3.12)
p(0)vz(0,t) = Yo (t)v(0,1)

p(Lve(1,8) = m(t)v(1,1)
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with vy defined on —oo < t < co and vf defined for t < tj, for some t; such that

,u;.*(g:,t) = exp </t Aj(s) ds> [wf(z) +o(1)], ast — +oo (3.13)
0
and
vy (z,t) = exp <— /O Aj(s) ds> [c,/,vj_ (z) +0(1)], ast = —o0 (3.14)

with convergence in C'(Qy).

Proof. We consider the case t — +oo; the case t = —oo can be treated in a similar
way. We change variables to have the boundary conditions independent of t. Consider

(tb(" t) € Hsl‘zo (O) 1)7

$(z,t) = (@) (N () =) + do(z) (10 () — 1)

where ¢1, ¢o € Hg (0,1) are such that #,(0) =0,¢1(1) =1, ¢5(0) =1 and ¢g(1) = 0.
Let v be a solution of (3.12) ans let v(z,t) = e?®Yw(z,t). Then w satisfies

we = eTO(L(E) (I w)) - g,

with boundary conditions p(0)w(0) = 75 w(0) and p(1)w, (1) = 7;" (1). Defining A(t)w =
e~ GO (L(2) (e?CHw)) we get

wy = (A(t) = r,i)t)w, (315)

and A(t) has the same spectrum as L(t). Note that ¢(z,t) — 0 and A(t)u = Liu as
t = +oo for each u € Hy (0,1).

Let {T(t,s),t > s} be the evolution operators for equation (3.15), in the sense of Theorem
7.1.3 in Henry [4], so that w(t, ) = T'(t,s)w(s, ) when w solves the equation in the interval
[s,t].

Consider —L as the principal operator and define u € D(Ly) — Pu € H%(Q;) by
Pu = u|g,. Then D(Ly) < H2(Q,), L%O(Q) < L2(€,) and by interpolation X* =
D((L4)®) < H2*(Qq) for 0 < a < 1, where ||¢]la = ||(—L+)°‘¢||L%0. So convergence in
|| - ||« implies convergence in C' (1) for o > 3/4.

Furthermore, || - ||1/2 is equivalent to the Hg,, (0,1) norm. Indeed,

“"ﬁ”%/z = ||(—L+)1/2¢||2L§10 = ((—L+)¢,¢>Lgo

=/ p(a)vs dff+/ [—q+(m)><m(w)—thmo,i(m) V*(z) dz
o 0

i=1

+ 7012 (0) = np?(1).
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Since H(0,1) < C°([0, 1]), it follows that || - ||1/2 is equivalent to the Hg (0, 1) norm.

Using Theorem 7.1.3 (c) in Henry [4] and from the equivalence of the norms || - ||1/2 and
I| - “Hxl‘z there exists ¢, depending on —Ly and (supy<,<; 9(z,)])* + 1%, [hs(t)]?, such
that

TG, )z, < elvllzg, (3.16)

TGt )bl < ot = )2 Illss, (3.17)

for0<t—-—s<1.
Fix 7 and consider ¢ so that 0 < ¢t — 7 < 1. Write (3.15) as

w = [A(T) + (A(t) — A(T) — ¢o)]w.

From the variation of constants formula we get

t s
T(t, ) = M ETy 4 / e"(T)(t—s)(/ A(r)dr — ¢(s, )T (s, 7) ds,

T

where
A = 13- (3, 7)u(@) + 1 (@, s @)xn, () + D he(ru()xa, (2)
=1
with,
i(2,6) = a(m, 1) + (p(@)a (2, )s + p(2) (. 1)
n(z,t) = 2p(z)dz (z, 1)
Rult) = hi(t) + 5——[p(0)du(8F, 6 = plar)ie(a 1)
fo<ac<l,
t
77— MOl < [ llle = L) Ol ¢
/ IAG) drllcgrmy, 3 ) IT( T, ds
# [ o= LA ey 64(s, T 0, W, d.
Also,
2
lAGYul, < (2m)? [ sup [1:(2,)] + B [n(z.) A+ 3 a1 | Nl
0<z<1 i 0

< Kea ()Pl
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where

K, =2mmaX{1, sup |(p(z)¢1(2))'| + sup |(p(x)s(=))'|

0<z<1 0<z<1

+z( sip [pEPLE)] + su |p(x>¢s(z>|) [( sup |db(a)]
0<z<1 0<z<1 s L]

+ sup @i (@) sup |m(r) =TI+ sup  |w() - ) +1
0<z<1 T7<r<r+1 r<r<r+1

+ 3 PB4 8 - plai)h as)

+ 32 ) 6) — plai)oh(an)l )
and,

exfr) = o Iqr(fc r|+2|h sup_ (Ha ()l + Ho(s)D-

i=1 r<s T+

Then
s 't b
H/T A(T)dT||L(H;70,L§70) S/T A gy, ) < K1/T e1(r)dr.

From the above estimate, together with (3.16) and (3.17), it follows that

t t
TG0 = Al < seakts [ e)dr [ 8=y a =) 2dsllhg,

+cca/ (t—s)~" SUP |pe(z, s |d3||¢HL2

xE,
t

BU/21-a) [ ealrddr(t = 1M s,

7 sup  (%1(s)] + o))t = 7)* [l
— QO r<s<r+1 0

+ ECQKQ

where B(-,) is the beta function and Ky = sup |¢1(z)| + sup |[¢o(z)]. If
0<z<1 0<z<1

1
e =20y max{KlB(l/Q,l — a),K21 = oz} ,
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then

IT(t, 1) = MPEDyla <

cg{/ g1(r)dr + sup (|71(s)|+|’70(S)|)](t—T)l/z—a”w”L%O, (3.18)

T<s<r+1

Consider the continuous linear operators A, = e*(™ and B, = T(n+1,n)— A4, forn € Z*.
Inequality (3.18) implies

[e) 00 )
S IBall < ¢ / q()dr +3 sup (Fus)l + Fols)]) < oo.
n=0 0 nzOnSsSn—i—l

Also,

[e] 00 1 n+1
= = (1=s)A(n) A sA(n+1
Z%IIAW AnHL(L%O)—Z:OH/O e (/ Ar) dr)esAHD) d))

n
[ele] n+1 [e'e]
gc’Z/ El(r)drgc'/ e1(r)dr < oco.
n=0Y"M 0

Letting el+ = lim,— 4o An, the hypotheses of Theorem 1 in [5] are satisfied. Let
{wn;n > no} be the sequence provided by Theorem 1, with ﬂ:ﬂ”—:” — d)f as n — +oco and
Wny1 = (Ap + Bp)wn = T(n + 1,n)wy, for n > ne.

Define, w(t) = T(t,n0)Wn,. For n > ng, we have w(n) = wp. If 0 < s <1 and ¢ > no,
using (3.18) with a = 0, we obtain

(e +5) - e Owllzs,

< ¢

t+s
/ exmydr+ sup (5 ()] + B | lw@lia .
t t<r<t+1 0

Thus ||w(t + s) — es’\(")ﬂuj(t)llL?)0 = o(llw®)llrg ) as t = 400 uniformly for 0 < s < 1 and
0
t > ng. By Corollary 1 in [5] for any constant ¢ # 0, we have

w(t) = cexp( | Aj(s) ds)lt +o(1)] as t - +oo

where the convergence is in L (0,1).
We now show the convergence is in fact in the ||-||o norm for any a < 1, and that ensures
the C!(2;)-convergence. To show this let

t
() = exp(= [ Ayl de)u(d),
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s0 z(t) = ¢ in Lg (0,1) as ¢t — +oo.
There is an eigenfunction 1;(t) of A(t) such that 1;(t) — wf as t — +o0 in H (0,1).
Since, w(t +1) = T(t + 1, no)wn, = T(t + 1,t)T(t,n0)wn, = T'(t + 1, t)w(t) it follows that

t+1
| exp(/ﬁ Xi(s) ds)z(t + 1) = eMOz(t)l|a = IT(¢ + 1, 1)2(t) = e*Dz(t)]]a

-1
e |[ e+ s (61 + o] Iy, =0,

as t = 4o00. From \;(t) — )\;' as t — 400, we get f:H Aj(s)ds — )\j as t — +o0, and
hence,

t+1
exp( [ Ai(s)dslla(t+1) = (Ol
! t+1
Sllexp([ As(s) do)alt + 1) = MO0 + [MVz(t) = X O 0

t+1
+—neA“>¢u(t>-exp</[ Xi(5) ds)b; (D)l
= o(1) + IO (2(t) = B3 ()l

Since, [le*®)(2(t) = % ()lla < dalle B+ AO|||2(t) = ()]l — 0 as t = oo,
0

then ||z(¢t + 1) — 1 (t)||« = 0 as t = +o0 and thus ||z(t) - 1/);”& —0,ast = +oo. |

REMARK 3.1. Since L(t)'g/);-t = /\;-hwji Theorem 2.1 implies that '(Zin has only simple
zeros and vanishes ezactly (j — 1) times in (0,1); due to the C*(Qy)-convergence obtained
in Theorem 3.4 and since v;‘-t are solutions of (3.12) it follows that vj-c(t,~) has ezactly
(j — 1) simple zeros in (0,1) when %t is sufficiently large.

COROLLARY 3.1. With the same assumptions and notations of Theorem 3.4 the adjoint
equation
e+ [(p(x>"72)x -+ Q(mvt)U]Xm

ey Z: { . [P(bi)nz(b?_a t) — p(ai)ns (ai_,t)] + hi(t)n X0o: =0 (3.19)

bi—a,-

with boundary conditions
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has classical solutions 173-i (z,t) (77]_ defined for t <tj for some t}) such that
t
0 (@,0) = exp(= | A(r)dnl} (@) +o(1)) s ¢ +oo
0

0
n; (z,t) = exp(/t Aj(r)dr)[y; (z) +0(1)] as t = —o0

with convergence in C'(Qy).

Proof. The result follows by applying Theorem 3.4 with S(t) = —L(¢). |

REMARK 3.2. The application t — fol n(t, z)v(t,z)dz, where n(t,z) solves (3.19) and
v(t,x) solves (3.12), is constant for to <t < t.

THEOREM 3.5. With the same assumptions and notations of Theorem 8.4, let v(z,t) be
any solution, not identically zero, of (3.12) fort > to.
Suppose that

m 1/2
te (0,00) [( sup Jalley J7 Zlhi(-)ﬁ] € L°(0, 00) N Ly, (0, 00).
1=1

0<z<1
Then there exists an integer 7 > 1 and a constant ¢ # 0, such that
ot
v(z,t) = exp(/ Aj(s) ds)[cw]?L (z) +o(1)] as t = +o0
0 -
with convergence in the sense of C'(Qy). In fact, given any constant k, if we define

m by )\;_H < —k < AL then there exist constants ci,ca,...,cm such that v(z,t) =
S civf (z,t) + o(exp(—kt)) as t = +oo.

i=1
Proof. We know that ||u(t,-)|| = O(e“t) as t = +o0, for some constant w. Thus
1
= limsup = log(|lv(¢, )|z < w < +co.
t—+oo 1t %o
We prove that pu > —oco as v # 0. Write (3.12) as

vy = B(t)v + C(t)v

with D(B(t)) = D(C(t)) where

D(C(t)) = {w € Hb,(0,1), (p(2)92)s € L, (0,1),
P(0)uz(0) = % ()u(0), p(1)ue(1) = n(t)u(l)},
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B(t)(z) = [(p(a)us)elxe + ij (00 0) ~ plaiva a7 e,
and
OEle) = ale, Yon, + zf'j (£} X 0
Then _

”fd_”_B(t)'qu < ( sup |q(z t)[>2+i|h'(t)|2 llvll?
dt L%o - 051:21 i i=1 b L?ZO’

where B(t) is symmetric. The hypotheses of Proposition 2.1 in Agmon [1] are verified.
Hence there exists a constant o > 0 (depending on v(¢o)) such that ||v(?)||lLz > exp(—o(t-
0

to))llv(to)llLz for ¢ > o and
0
. 1
p = lim sup(= log(|lv(¢, )llLz )) = —0 > —oo.
t—doo U 20

Set At = 400 and choose j > 1 such that )\j <p< /\;_1. From (3.18) we have

o +5) — *+*v(t)

<T@t +5,0)0( 1) = " O%0(, )]y, + lle" @ = eE+*|lllv(, B)llez,

t+s
s[/ er(r)dr + sup <1w>|+|f'yo<r>|>+||eL<t>s—eL+Su}||v<-,t>uLg.
t t<r<t+1 0

Since

) = Lol = | 1atw 0 ax @holda + X JRCICRIN T

<[ (st - q+<m>|)2 " i UR| ' folda.

0<z<1

and [|eX+5]] < Ne¥s, we have |lel(t)s — el+s|| < Ne? (eNIE@=L+ll — 1) - 0 as t — 400,
uniformly in 0 < s < 1. Thus

lo(t + ) = e“+*u(®)llLg = o(llv(®)llez, ), as ¢ = +oo.

Choose a and f such that /\fqu <a<f< )\;“ < w; then o(ef+)N{z e C:e* < |z| <
ef} = (). We can then decompose L3 (0,1) = X' ® X* and the operator L = L} & L}
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where X! =[], ... ,w;r], is the subspace generated by ¥, ... ,djj and X% = (X)L The
o(el+t) = {z € o(eb+t) : |2] > €Pt} and o(eb4Y) = {z € o(el+t) : |2| < et}

Since @ < pand p = limsup,_,, %log(”v(t)“L%O) it follows that ||v(t )||Lz is not o(e®t)
as t — +o0. By Corollary 2 in [5] we have |[v2(¢)|| > [[v}(¢)]| for ¢ sufﬁmently large. But
[[v(®)|| = max(||vt(¢)]], |[v?(¢)||]) and hence the component of the [|'u(t)||L?10 in [, 1<k <]
is small compared to ||v(t)||Lg20.

Now choose a and S such that /\;-F <pup<a<cp< /\j_l and o(el+)N{z € C :
e“ < 2] < eﬂ} = (. Decompose Lg (0,1) = X' @ X? and L, = L} & L3, where

= [f,...,9},) and X? = [¢+¢J+1,...]. Then o(el4t) = {z € o(e L+t) 2] > €Pt)
and o(elit) = {z € a(el+t) 1 |z] < e*t}.

Since p = limsup,_, ;o 1 log(|lv(t, -)||LK2_10) and p < B it follows that ||v(t)||L?70 = g(e"?)
as t — +oo. By Corollary 2 in [5] the component of ||U(t)|]L%0 which is independent of
[ :1 <k <j—1]is small compared to ”v(t)”L?zo' Then there exist real functions o (¢)
and ay(t) such that

llo(t) = o (®)¥] Iz o (2)]
0 d — M)
Ola, 0 " s,

— 1, (3.20)
as t = +oo. Let z(t) = exp(— fo s)ds)v(t) and c(t) = exp(— fot Aj(s)ds)o(t). Using
(3.20) we get

lI=(t) — C(t)w;r“Lg,o . le(®)|
2@z, l=(®)llez,

1, (3.21)

as t — +oo. We now show that ¢(t) converges to a nonzero limit as ¢ = 4co0. We have

t+s
l|z(t + s) exp(/t Aj(r)dr) — es“‘)Z(lﬁ)lngl0 = |IT(t + 5, 8)2(t) — XD z(8) |12

29
t+s
<cp [/ er(r)dr + sup (N ()| +o(r)D] 120y (3.22)
t t<r<t+1 9
for 0 < s <1and [ ei(r)dr + 30, Supn<r<n+1(|71 (] + Fo(r)]) < oo.
Asin Henry [5], this 1mphes that [e(n+1)—c(n)| < Bale(n)| forn = 1,... with Y+ 8, <
co. Thus
le(n + 1) <1+,
le(n)]
c(n+1)

Since Yooy Bn < oo it follows that [],5 ,, (148n) < o0, and by comparison [, o
converges, so c(n) — ¢* # 0 as n = +oco. The estimative above for z shows that c(t) — c
as t — 400 and therefore z(t) — c*wj, proving the first part of the theorem.

*
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Let 0 =v—c u+ This solution is such that ||0(,¢)[lyz = o(exp(fot Aj)) as t = +oo
0
so that ||o(-, )”L?zo = o(exp(t (/\]+1 +¢))) as t = +o0, for any € > 0, and by iteration we
obtain the expansion v(-,t) = ) 7", ¢;v ;’(-,t) +o(e7kt), for k € (AF 1, AL

Note that we proved only convergence in L*(0, 1), but using the same procedure used
in the proof of Theorem 3.4, we can show that this implies convergence in ||-||, for any o < 1

ensuring the convergence in C'(Q;). |

4. TRANSVERSALITY OF STABLE AND UNSTABLE MANIFOLDS

Let ¢4+ be hyperbolic equilibrium points of (Pg) and @ = @(z,t) a solution of (Py), in
—00 < t < 400 such that

lim a(z,t) = p4(z).

t—to0

If o is an equilibrium of (Pg) the stable and unstable manifolds of ¢ are defined by

W (p) = {uo € Hy, (0, 1); the solution u(t;ug) of (Po) exists for all
t > 0 and u(t;ug) — @ as t = +oo}

and

W*(¢) = {uo € Hi, (0,1) : there exists a solution u(t,-) of (Pg) for t <0,
u(0,) = up and u(-,0) = p as t = —oo}.

Let g(z,t) = f'(@(z,t)) + c(z), hi(t) = f'(8a,;(t)) + & for i = 1,...,m, where ¢ =

B
i [V cla)de, 0 (t) = ¢'(a(0, ) — b(0) and m(t) = ¢'(a(1,1)) - 5(1), and consider the
linearized equation

= (p(z)vz)z + q(z,t)v, € Oy, t € (—00,00)
iy )= L i B7,1)  ponlar O] bt 0, = Lo
p(0)vz(0,t) = v0(t)v(0,7)
p(Dvz(1,8) = 7 ()v(L,1).

Suppose the application

€ (0,00) = | ( sup |q(z, ))* + > |ha(t)]?
0<z<1 %

is in L°°(0, 00) N L, (0, 00).
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At the point @(tg,-) € W*(p4+) N W*(p—) the tangent spaces to the manifolds W*(p,)
and W"¥(p_) can then be described by

Tato,)W* (p4) = {v(to, ) € Hy, (0,1); v(z,t) solves (4.23) in to < t < 400
and ||v(t, .)”L&Z'lo = 0(e™%") as t — +oo for some € > 0}

and

Tt )W (=) = {v(to,-) € Hy,(0,1) : v(z,t) solves (4.23) in — oo < t < tg
and ||v(t, -)HL%O = O(e*) as t — —oo for some & > 0}.

Using the solutions {n; (z,t), k > 1} obtained in Corollary 3.1 and the solutions {vj (z,1), § >
1} obtained in Theorem 3.4 we can write Tg(;,,.)W* () and Ty, W2 (0-).

Suppose that A} is the m*? eigenvalue of the linearization of (Py) at ¢4 with At >0 >
/\;Jrl and ) is the n*® eigenvalue of the linearization of (Pg) at p_ with A7 > 0> A\
Then

n-+41-

1

TataW*(04) = {6 € Hh,0,1) [ f (t0,) =0 for 1 <k < m)
and

Tato,)W" (-) = subspace generate by {v; (to,-) : 1 < j <n}.

THEOREM 4.6 (Transversality Theorem). Suppose the linearization of (Po) at ¢_ has
n_ positive eigenvalues and the linearization of (Po) at ¢4 has my positives eigenvalues.
Ifn_ >m4 >0 then

W(p_) thagie) W (o), (4.24)

that is, the sum of the subspaces Ty(. 10yW"(p-) and Ty )W ?(p4) is the whole space
H%IO(O, 1). Conversely, n_ > my is a necessary condition for transversality.

Proof. Suppose that (4.24) does not occur, that is, the sum of subspace generated by
{v7 (to,”) : 1 < j < n_}and {3 € HY (0,1) : [y ni (to, ) =0, k = 1,...,my} is not

contained in H}ZO(O, 1). Then there are constants ¢j, 7 = 1,...,m, not all zero, such that
m4 t
n(z,t) = chn;-r(."c,t) and / n(z, to)v; (z,to)dz =0 (4.25)
j=1 0

for 1 <i<mn_.Let 1<k <my, besuch that ¢; = 0 for j > k and ¢, # 0. By Corollary
3.19 we have n(z,t) = exp(— fot e (r)dr)[cxyf (z) + o(1)], as t — +oo.
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Since this convergence is in C*(Q;) the solution 7(-,t) vanishes (k — 1) times in (0, 1)
for large positive ¢. By Theorem 2.3, applied to the adjoint equation with the sign of ¢
reversed, n(-,t) vanishes no more than (k — 1) times in (0, 1), for every t¢.

By Theorem 3.5, reversing the sign of ¢, there exist ¢ # 0 and 7 > 1 so that

0
) = exp( | A)lewy (@) +o(1)]
t
as t — —oo. Suppose j < n_. Then from (4.25), we have
0= <n($at0):UJ‘_($>t0))L%0

1
= / n(z, t)v; (z,t)dz

[ ()35 (2) + o(1)]

0
=c+o0(l), ast = —o0

which is false. Thus j > n_ and n(-,%) vanishes (5 — 1) times in (0, 1) for large negative t.
We must have j < k as noted before, so n_ < 7 < k < my, contrary to our hypothesis. |
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Resumo

Neste artigo estudamos problemas parabdlicos unidimesionais que aparecem
em materiais compostos. Mostramos que autovalores e autofungoes do oper-
ador nao limitado associado ao problema linear tém a propriedade de Sturm-
Liouville. Mostramos também que o problema linear associado tem a pro-
priedade do ndo crescimento do lap number ao longo das solugoes. Estes re-
sultados sao entao utilizados para mostrar que as variedades estavel e instavel
de pontos de equilibrio sao transversais.
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