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ORBIT STRUCTURE OF CERTAIN R2-ACTIONS ON THE SOLID
TORUS

L. F. M. BRITO AND C. A. MAQUERA

RESUMO. Neste artigo descrevemos a estrutura de érbitas de agoes C? de R? sobre o
toro sélido S* x D? tendo S* x {0} e S' x @D?* como suas tnicas érbitas compactas
e S' x {0} como seu conjunto singular.

ABSTRACT. We describe in this paper the orbit structure of C%-actions of R? on the
solid torus S! x D? having S* x {0} and S’ x dD? as the only compact orbits and
S' x {0} as their singular set.

1. INTRODUCTION

A foliation on a compact orientable n-dimensional manifold N can be obtained by
considering the orbits of an action ¢ of R (I < n) on N. The geometric description
and characterization of locally free C?-actions, that is, when all the orbits are of codi-
mension 1 in NNV, are given in [4], [10] and [1]. To our knowledge, the case when ¢ is
not locally free has no been dealt with in the literature. The aim of this paper is to
initiate this study.

We consider here a family of C%-actions ¢ of R? on the solid torus N = S! x D2
having Op = S! x {0} and O = S! x dD?, as the only compact orbits and with
singular set (orbits with codimension greater than 1) Sing(y) = S x {0}. We denote
the set of all the above actions by A, O, the ¢-orbit of p, G, the isotropy group of
p, and Gp and G the isotropy groups of Oy and O, respectively.

The possible @-orbits are homeomorphics to a point, a line, a circle, a cylinder, a
plane or a torus. In order to describe the asymptotic behavior of orbits, the topological
concept of limit set of Op, denoted by lim O, , is essential. We show in Proposition
2.9 that Op C lim O, for each p € N \ O. Consequently, the set C' of points p € N
such that Op is a S! x R-orbit, is a disjoint union of Cy = {p € C'; G, C G9} and
Cy = {p € C;G,NGY = {0}}, where G is the connected component of Gy that
contains the origin.

We give in this paper a complete geometric description of the orbit structure of
¢ € A in the complement of Sp (the solid k-tube of ¢ at Op associated to k-tube
I, see Definition 3.11). More precisely,

Theorem A. If ¢ € A, then there exist a positive integer k and a p-invariant
neighborhood U of O, homeomorphic to T x (0,1, such that T, the frontier of U,
is a k-tube of ¢ at Oy and all the orbits inside U\ O have the same topological type.
Furthermore, one of the following cases occurs for each pe U\ O.
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(1) Op is a S' x R-orbit in Cp, C1 =0 and imO, = Oy U O. In particular,
U=N\Op. ‘

(2) Op isa S'x R-orbit in Cy, Co=0 and limO, =T U O.

(3) Op is a R2-orbit dense in UUT, and im0, =T UU.

In case (1) of Theorem A, £k = 0 and I' = Oy = Sr. When k > 0, the orbit
structure of ¢ in the interior of Sp appears to be very complicated, although in this
case the above theorem states that Cp = 0.

We prove in Proposition 3.3 the existence of a closed embedded 2-disk £ in N
with 0¥ C O which is in general position with respect to the foliation defined by .
Furthermore, the induced foliation on X is given by a vector field Z,.

Theorem A’. If ¢ € A, then there exist a positive k > 0 and a Zy-invariant
neighborhood V' of X in ¥ homeomorphic to S' x (0,1] such that T, the frontier
of V in X, is a k-petal of Z, at OgNX and all orbits inside V \ 9L have the same
topological type. Furthermore, one of the following cases occurs for each p € V'\ 9.
(1) Op(Z,) is periodic and V =X\ (Op N X).
(2) Op(Z,) is homeomorphic to R and a(p) Uw(p) =0XUT.

The concept of k-petal is analogous to the k-tube (see Definition 3.10). In case (1)
of Theorem A’, k = 0. Theorems A and A’ are related as follows. Theorem A (1)
is satisfied if and only if and Theorem A’ (1) is true, and (2) or (3) in Theorem A
is true if and only if (2) in Theorem A’ is true. We shall prove Theorems A and A’
simultaneously.

The paper is organized as follows. We study in the next section the action ¢ € A in
neighborhoods of compact orbits and obtain topological and asymptotic properties of
orbits in Cp and C;. In Section 3 we introduce the concept of general position, show
the existence of an embedded 2-disk ¥ in N which is in general position with respect
to the foliation defined by ¢, and give the proofs of Theorems A’ and A.

The results of our investigation can be used to study 3-manifolds that admit a
Heegaard splitting of genus, since these are obtained by gluing two copies of S! x D?
by an diffeomorphism of 9(S* x D?).

2. PROPERTIES OF ACTIONS IN A

We start by studying the action ¢ € A in neighborhoods of compact orbits. We
then establish some properties that will be used in the proof of the main theorems.

We take D? = {(z1,72) € R% 22 +22 < 1}. For each w € R?\ {0}, ¢ inducesa C!-
flow (@h,)ier given by ¢l (p) = ¢(tw,p) and its corresponding C'- vector field X, is
defined by Xy, (p) = D1¢(0,p)-w. If {wy, ws} is a basis of R?, then {Xu,, Xuw,}, called
a set of infinitesimal generators of ¢, determines completely the action ¢ . Moreover,
[Xuwy s Xw,) = 0.

2.1. The orbit structure in neighborhoods of Oy and O. Let S be a smooth
compact surface and denote by X"(S), r > 1, the set of C" vector fields on S. Let
X € X7(S) with a finite number of singularities, all contained in the interior of S
when 08 # (). Suppose that f € Diff"(S) preserves the orbits of X. Let M be the
manifold obtained from R x S by identifying (z,p) with (z—1, f(p)). The suspension
of f defines a C"foliation .Z (X, f) of M, which is the image of the foliation of R x S
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whose leaves are R x Op(X) by the quotient map. The foliation .Z (X, f) is called the
suspension of X by f.

In N = S'xD? we consider coordinates (6,z) where § € S and z = (z,, z;) € D?,
In the rest of the paper po = (6o, z0) € O, qo = (6p,0) € Op and S; = 9Dy, , where
Dgo = {90} x D2

Proposition 2.1. If ¢ € A, then there exist neighborhoods Wy of Oy, Wi of O and,
for i=0,1, a C? diffeomorphism f;: A; — U; and Y; € X%(A;), where Ag,Uy and
Ay,Uy are neighborhoods in Dg, of qo and po, respectively, such that f; preserves
the orbits of Y; and F,|w, is topologically equivalent to the suspension of Y; by fi.

The proof of Proposition 2.1 follows form Lemma 2.3 and 2.6 below, using the “charts
adapted to the compact orbits”.

Let o € A and H a 1-dimensional subspace of R? such that R? = H & GY. Let
{w1,ws} be a basis of R? such that w; and wy generate the subgroups GoN H and
G, respectively. Note that {X; = Xy, ;i = 1,2} is a set of infinitesimal generators
of ¢ such that Op is a periodic orbit of X; of period one, and X2(q) = 0 for every
q € Op. We say that {X;,Xs2} is a set of infinitesimal generators adapted to ¢ at
Oo .

Let I3(e) = {(0,z) € N;|0 — 6o] < e and |z| <€} and h:V — I3(e) be a chart of
N at qo such that if (0, z1,z2) € I3(g), then the vector fields X; in this chart can be
written as

ad
X100,z1,22) = 20"
(2.1) 5 9
X2(0,z1,22) = a(:cl,a:z)ag + b(:vl,:vg)ax1 + c(a:l,:vg)B?2 .
The above chart is called adapted to Oy at qo. The vector field
(2.2) ?2(:1:1, IEQ) = b(.’l)l, 132)83 + C(Il,.’llg)a 55

defined on Ag(e) = {(6p,z) € N;|z| < €} has only g as singularity.

Remark 2.2. Note that {Xl,Yg} defines a local R2-action @ on I3(¢) and O(o,m)(@ =
O,z)(hopoh™!) for each (6,z) € I*(e).

Let Up be a neighborhood of go in Dy, such that the Poincaré diffeomorphism
of X1 at qo, fo: Ao(e) — Uy, is well defined. For € > 0 sufficiently small, let
7:Ap(e) = [0,1+¢€) be the tlme of the first return map. Let Wy denote the interior
of Ugeci(4o(e))1X1(2);0 <t < 7(g)}. We have the following result.

Lemma 2.3. There exist € > 0 and a neighborhood Wy of Oy such that fo preserves
the orbits of Yo and Fy|w, is topologically equivalent to the suspension of Y2 by fo.

Suppose that {w;,ws} is a basis of R? such that w; and wy generate the isotropy
group G of O. Write X; = Xy, ; @ = 1,2. Note that if ¢ € O, then for i € {1,2} the
orbit of X; by ¢ is periodic of period one. Without loss of generality, we can assume
that for each 6§ € S', {#} x 9D? is an orbit of X; and for each z € 9D? S! x {z} is
an orbit of X, . We shall say that {X;, X2} is a set of infinitesimal generators adapted
to ¢ at O. The holonomy of O as a leaf of %, yields information on the orbit
structure of ¢ in a neighborhood of O.
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We consider in N the coordinates system (6,z) where 6 € S, and z € D? is given
in polar coordinates (p,7). Let S;, i = 1,2, be the circle orbit of X; through pg, i.e.
S1 = {60} x D% and Sy = S* x {zo}. For € € (0,1) let A;(e) = {(fo,p,7) € N;r >
1 —¢} and As(e) = {(0,p0,7) € N;r > 1 — €}, where zp = (po,1). For simplicity
of notation we write (p,7) and (0,r) instead of (6o, p,r) and (6, po,r), respectively.
Since Sy (S2) is transverse to the orbits of X5 (X;), there exists € > 0 such that A;(e)
and Aj(e) are transverse to the orbits of X, and X, respectively. Consequently,
Ai(e), Az(e) and J. = Aj(e) N Az(e) are transverse to the orbits of . Let § > 0,
I(6) = (—4,6) and for i = 1,2 we consider the C?-maps h; : A;(e) x I(§) — N defined
by hi(q,t) = X5(g) and ha(g,t) = X{(g). There exists § > 0 such that hi|a,)xr(s)
is a diffeomorphism onto its image V;. Moreover, in the coordinates (hl_l,Vl) the
infinitesimal generators of ¢ are of the form

0 0 0
Xl(pa T, t) = al(p1 T)_ . bl(par)_ -+ cl(pa T')—

(23) 9 ot 8/) or
t) = —
XZ(p, T7 ) 0t )
and in the coordinates (hz_l, V5) the infinitesimal generators of ¢ are of the form
0
X1(0, T‘,t) = =
) Xa(0 ate S B el
2( ,Tat) = a2( ,T)EZ i 2( ’T)% +62( ’T)-a_'l"

The maps h; are called a cylindrical coordinate system adapted to O at S;, i=1,2.
The vector fields
(2.5) X1=bi(p 7")2 +ca(p 7‘)2 and Xo = by(6 r)i + co(0 1")2
" op " or " 700 W or

define a local flow on A;(¢) and As(e), respectively. Furthermore, S; C A;(e) is an
orbit or )?i, 1= 1,2.

Note that pg € J. and the map «; : [0,1] — Ai(e) given by ai(7) = )?{(po) is a
parametrization of S;, i =1,2. Let P; : (J;,po) — (Je,po) be the Poincaré map of
«o; and

(2.6) Hol : m (O, po) = Z* — Diff?(Je, po)
the holonomy of O as a leaf of the foliation %,. Then P; = Hol([a]).

Remark 2.4. Note that {)?1 , X2} and {X, ,)?2} define two local R2-actions @ and
P on Aj(e) x I(d) and Ajy(e) x I(6), respectively, where X; and X, are given in
Equation 2.5. Moreover,

Oort)(@1) = Opprty(R1 0o hT') and O(g,r.4)(P2) = Og,rty(h2 0 po hg').

The following result is a particular case of Lemma 2.4 in [2]. The condition of C?
differentiability is necessary.

Lemma 2.5. There exists € € (0,1) such that for each i € {1,2} one of the cases
holds.
(a) Pi|y, =id; that is, every X;-orbit near S; is periodic. "
(b) Either Pi|;. or (P;.)~" is a topological contraction, i.e. every X;-orbit near
S; spirals towards S; . ,4:;‘-;;;;;;;’.’}

%\
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Furthermore, if Py (resp. Py) satisfies (a), then Py (resp. Pi) satisfies (b).
The following lemma completes the proof of Proposition 2.1.

Lemma 2.6. There exist € > 0, a neighborhood Wy of O, a neighborhood Uy in Dy,
of S1 and a C*-diffeomorphism fy : A1(e) — U, that preserves the orbits of )?1 such
that F,|w, 1is topologically equivalent to the suspension of X; by fi.

Proof. Since X3(S1) = Sy, there exist € > 0 such that XJ)(A4;(e)) C V4. Con-
sequently, the time of first return map 7 : Aj(e) — [0,1+ ) is a C? map. If
U = UqEAl(E)XZT(q)(q), then the C? map fi : Aj(e) — U, defined by fi(q) =
b #4 (q)(q) is a diffeomorphism that preserves the orbits of X,. Let Wj be the inte-
rior of Ugeci(a, () {X35(¢);0 < t < 7(g)}. By taking a smaller e if necessary, fi and
)?1 induces a local diffeomorphism of J., which coincides with P,. Therefore, the
holonomy of @ as a leaf of the foliation obtained by suspension of X; by fi is the
same holonomy of O as a leaf of %, which f given by Lemma 2.5. Thus, Z,|w, is
topologically equivalent to the suspension of X; by f;. 0

Lemma 2.5 yields a natural decomposition of the family A into a disjoint union:
A=As UAR U AR,

where A1 = {p e ;P =id}, Ay ={p e A P,=id} and AL ={p€ AP, P, #
id}.

Lemma 2.7. Let ¢ € AZGUAL . Then there exists an orientation preserving diffeomor-
phism f: S' — S' such that for each m € N either Fix(f™) =0 or Fix(f™) =85

Proof. As ¢ € A% U AR, there exists a C? embedding F : S — Aj(e) such that
S = F(S') is transverse to X,. Then the diffeomorphism f;, as in Lemma 2.6,
induces a C? diffeomorphism f : S* — S' defined by f(q) = F~1(S N Ofyop(q)(X1))-
If ¢ € S! is a fixed point of f™, then f*(F(q)) € Opy)(X1) with F(g) # po.
Without loss of generality we can assume that F'(¢q) € J.. Hence P3*(F(q)) = F(q),
and it follows from Lemma 2.5 that PJ* = id, that is, f™ = id. Therefore f: S! — S1
preserves orientation (otherwise it would have exactly two fixed points). g

Lemma 2.8. If ¢ € A, there ezists a p-invariant neighborhood U of O such that all
p-orbits inside U\O have the same topological type and one of the following possibilities
occurs for each p e U\ O :
(1) Op is a S' xR-orbit, cl(Op)\ O, has two connected components, with O being
one of them, and ¢ € Ag1 U Af .
(2) O, is a R?-orbit which is dense in U, and p € A} .

Proof. A classical result in foliation theory states that the leaves structure of a foliation
in the neighborhood of a compact leaf is determined by the holonomy of this leaf. The
holonomy of the orbit O, given in Lemma 2.5, guarantees that the -orbits by points
in Uy, the saturated of J.\{po} by ¢, either are all homeomorphics to S* xR, or all
homeomorphics to R2. We take U = UpUQO. If every orbit inside Up is homeomorphic
to S! x R, then part (1) of the Lemma follows from Lemma 2.6. Assume now that
every orbit inside Uy is homeomorphic to R2. In this case ¢ € A} . Let f € Diffi(Sl)
be the diffeomorphism given in Lemma 2.7 and 7(f) its rotation number. We claim
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that 7(f) € R\Q. Otherwise, if 7(f) € Q, then f has at least a periodic point. It
follows from Lemma 2.7 that f™ = id for some m € N. This implies that PJ" = id,
contradicting the fact that P, satisfies (b) of 2.5. Therefore 7(f) € R\Q. Since f is
of class C?, by Denjoy’s Theorem [6, Theorem 12.1.1] f is topologically conjugate to
the rotation in S' given by R,(;)(6) = 6 + 7(f). Therefore, the set {f™(@)}nez, is
dense in S! for each ¢ € S'. Consequently, every orbit inside Up is dense in Up. O

2.2. Asymptotic properties. The limit set of O, is a p-invariant compact set given
by lim O, = NZ2,cl(0, \ K;), where K; is a compact subset of O,, K; C Kii,
Op = UZ|K; and cl denotes the closure of a set. It is not difficult to show that
cl(Op) = Op Ulim O, . The notion of minimal and exceptional minimal sets that we
use here is the standard one.

Proposition 2.9. If v € A, then:

(i) O and Og are the only minimal sets of p;
(ii) Op Cclim O, for each p € N\ O. Consequently G, C Gy .

Proof. (i). Suppose that g is a minimal set of ¢ such that p # O and Op. Then
p is also a minimal set of the action ¢’ of R? on N’ = N\ (O U Q) given by
@' = p|rexnr . Consequently, as ¢’ has no exceptional minimal sets (see [11, Theorem
8]), either pu = Op for some p € N’, or u = N'. If p = O, then O, is a compact
orbit of ¢, contradicting the fact that ¢ € A. If p = N’ then cl(u), the closure of
i in N, contains O and Op. This contradicts the fact of 1 be a minimal set of ¢.
This completes the proof of (i).

(ii). Suppose that (ii) is not true, i.e. there exists p € N\ O such that Op Z lim O, .
Since cl(Op) = Op U limO,, we have Oy ¢ cl(Op). Therefore, as the p-invariant
compact set cl(Op) contains a minimal set p which by (i) coincides with O, we have
O C cl(0p). If Op is a S' x R-orbit, then by item (1) of Lemma 2.8, there exits a
connected component A of cl(O,) \ Op such that ONA = 0. Let i/ C A be a
minimal set of . By (i), &/ = Op, which contradicts the fact that AN Op = (. This
contradiction shows, in this case, that Op C cl(Op). Finally, assume that O, is a R?-
orbit. Then the neighborhood U of O, as in Lemma 2.8(2) satisfies cl(O,) NU = U,
and Front(U) satisfies Front(U) N Op = 0 = Front(U) N O. So, Front(U) contains a
minimal set which is neither Op nor O, contradicting (i). This concludes the proof of
(ii). 0
Remark 2.10. For each ¢ € A, let C be the set of points p € N such that O, is a
S1 x R-orbit. Since G, C Go, it follows that C' is a disjoint union of the sets Cp and
C, with:

Co={p€C;G,CGY} and C,={peC;G,NG)={0}}.
Let o € A, g € Cp and {Xi, X2} infinitesimal generators adapted to ¢ at Op

such that wy generates G4 (recall what X, = X3 ).

Lemma 2.11. Given p € Oy and a neighborhood V), of p, there exists a neighborhood
Uy, CVp of p such that Oy(X2) CVp for all ¢ € OgNUyp.

Proof. Since the orbits of X3 by points of O, are periodic of period 1, it is sufficient
to show that there exists a neighborhood U, of p such that X5(U,) C V, for all
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t € [0,1]. Since Xi(p) =p, t €[0,1], then there exist a neighborhood Uy, of p and
an open interval I; C [0,1] that contains ¢ such that X7(Up:) C V,, for all s € ;.
There exists a sub-family {I;,;i=1,...,k} of {I;;t € [0,1]} that covers [0,1]. The
statement now follows by taking U, = Nf_ U, ;. . a

Proposition 2.12. If p € A, then lim O, = Oy U O for every q € Cy.

Proof. Let q € Cp. Since G, C G’8, we take as {X;,X5} infinitesimal generators
adapted to ¢ at Op such that wy generates G, and (h, V) a chart adapted to Op
at go. By Lemma 2.11, there exists a neighborhood Uy, of go such that Oy (X3) C Vg,
for every ¢ € O, NUy,,. We first show that lim O, (which in this case is equal to
cl(Oy) \ Oy) has two connected components Ag and A with Oy C Ap.

By Lemma 2.3, #]|, is the suspension, in a neighborhood of Op, of Yy by the
Poincaré diffeomorphism fy: Ap(e) — Up of X7 at qo.

Let € > 0 such that Ag(e),Up C Uy, . Since Op C cl(Oy), there exists ¢ € OgN
Ao(e) such that Oy (X2) and Oy g)(X2) C Vi . Consequently, the Yo-orbits v
and vy by ¢ and fo(q’), respectively, are periodic, contained in Ag(e) and satisfy
fo(11) = 72. Furthermore, fo(71) # 72, otherwise Oy would be a compact @-orbit.
We can assume that - is contained in the interior of v; in Ag(e). Let A C Ap(e)
be the ring limited by 71 and v and B C O, the closed cylinder whose boundary is
Y1U72 . Then T'= AUB is an embedded topological torus containing Oy in its interior
and such that N\ T has two connected components Ny and Ny, with Og C Ny, see
Figure 1.

FIGURE 1.

If OF = {X{(71);t > 0} and O~ = {X!(m);t < 0}, then Oy = O~ Uy UOT.
Since X, is transverse to Ap(e) D A, then O C Ny and O~ C N;. Consequently,
cl(O,) \ O, has two connected components, Ag and A. Since Op C cl(OQ,), we can
assume that Oy C Ag.

Finally, we show that A = O and Ag = Op. We have O C A, otherwise ¢ has
a minimal set u C A, with g # Op and O, contradicting Proposition 2.9(i). It
follows then from Lemma 2.8(1) that A = O. We consider a sequence {vk}ren, Where
Y& = fo(7k—1) is a closed orbit of Y. If int(vx) denotes the interior of x in Ag(e),
then v C int(yx—1). We claim that Ngenint(yx) = {qo}, otherwise Ngenint(yx) is an
open 2-disk in Ap(e) whose boundary < is a closed orbit of Y such that folv) =,
and thus the p-orbit that contains v would to be homeomorphic to T2. Therefore,
Nikenint(7x) = {qo}. Since ¢ is given by a suspension, in a neighborhood of Op, it
follows that Ag = Oy, which concludes the proof. O
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Remark 2.13. Proposition 2.12 is not necessarily true when ¢ € Cy. For example,
the closure of a S* x R-orbit in a k-tube of ¢ at Op (see Definition 3.11) does not
contain O.

2.3. Cp versus C;. We need the following result from (3] (Corollary 2, p. 176).

Lemma 2.14. Let ¢ : G x M — M be a locally free action of a simply connected Lie
group G on M, a C*° manifold with dim(M) = dim(G)+1> 3. If O is an orbit
of ¢ and i: O — M is the canonic immersion, then i, : m(O) — m (M) is injective,
i.e. if v 1s a closed curve in O homotopic to a constant in M, then v is homotopic
to a constant in O.

Theorem 2.15. Suppose that O, is a S* x R-orbit of p € A and let v C Oy bea
simple closed curve which is not homotopic to a constant in Oy . Then,

(a) Oq C Cy if and only if v is homotopic to a constant in N.

(b) if p€ As1, then C=Cyh= N\ (OgUQO).

(€) Oq C Cp if and only if p € Ag1.

(d) if Oy C Cop, then v bounds a closed 2-disk D C N such that OgN D # .
(e) Oq C Cy if and only if ~ is not homotopic to a constant in N.

(f) Oq C C1, if and only if o € AZU AR .

Proof. (a). Let {X1,X»} be infinitesimal generators adapted to ¢ at Op. If O, C Cp,
then we take ws as the generator of G,. Let p € Op and V, a neighborhood of
p. By Proposition 2.9 and Lemma 2.11, there exist a neighborhood U, of p and
a point ¢’ € U, N Oy such that Oy (X3) C V,. We can take V), sufficiently small
such that O, (X3) bounds a closed 2-disk inside V,,, i.e. Oy (X2) is homotopic to
a constant in NN. Since 7 is simple, then Oy (X3) and v (or —v) are homotopic
in Oy, and therefore v is homotopic to a constant in /N. Conversely, suppose that
74 is null homotopic in N and O, C C;. Since R2 = Ho Gg, we can assume
that H is generated by G,. Let fo: Ag(e) — Up be the Poincaré diffeomorphism of
X1 at go € Op. Let V(e) = S! x D, where D, = {(z1,72) € D% 2% + 23 < ¢} and
m:V(e) — S! given by m(#,z) = 6. There exists € > 0 such that 7=!() is transverse
to X1, for each 0 € S'. Since Oy C cl(0,), there exist p € OyNAp(e) and n € Z such
that O,(X;) C V() is periodic of period n, i.e. fJ(p) =p. Then 7= (fp) N Op(X1)
has exactly n elements, and consequently every 7—!(6), # € S!, contains exactly n
points of Op(X1). In particular, 7(0,(X1)) = Op, and thus Oy(X;) is not homotopic
to a constant in N. This is not possible since Op(X1) is homotopic to v (or —v) in
Oq4, which by hypothesis is homotopic to a constant in N. This contradiction show
that Oy C Cp and completes the proof of (a).

(b). If ¢ € Ag1, by Lemma 2.8 and item (a), there exists a p-invariant neighborhood
U of O such that U\ O C Cy. It follows from Proposition 2.12 that U = N \ Op.

(c). We assume that ¢ € Cy and ¢ € Ag . By Proposition 2.12, O C cl(OQy), and
consequently it follows from Lemma 2.8 that ¢ € Af. Since P = id, there exists
a simple closed curve v C O, which is neither homotopic to a constant in O, nor
homotopic to a constant in N, contradicting item (a). This shows that ¢ € Ag.
Conversely, if p € Ag1, it follows from (b), that Oy C Cp.

(d). Let g € Cp and ¢’ be the action of R? on N’ = N\ (OgU O) defined by
©'(g,p) = ¢(g,p). By item (a), 7 bounds a closed 2-disk D C N. If Opn D =0, by
Lemma 2.14, v is homotopic to a constant in Og, since Oy is also a ¢'-orbit.
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(e)-(f). Since C = CoUCy with CoNCy = 0, it follows that (e) (resp. (f)) are
equivalent to (a) (resp. (c)). ’ O

3. PROOF OF THE MAIN RESULTS

Theorems A and A’ are proved simultaneously. We chose ¥ a 2-disk embedded in
N, in general position with respect to Z,.

Definition 3.1. Let ¢ € A and % be the restriction of #, to N\Op. An embedding
g: D? — N with g(0) € Op is said to be in general position with respect to ZF, if
g is transverse to %, at ¢(0) and, for every distinguished map f of %y, the map
(fo9)lp2\(oy is locally of Morse type. The submanifold g(D?) is said to be in general
position with respect to Z, .

Remark 3.2. If g : D? — N with g(0) € Op in general position with respect to
Z,, then g induces a foliation #* in ¥ = g(D?) whose leaves are the connected
components of the intersection of the leaves of %, with g(D?). Furthermore, #* has
a finite number of singularities that are centers or saddles, except maybe for ¢g(0). The
singularities of #* are the points where ¥ is tangent to a leaf of %, .

Proposition 3.3. If ¢ € A, then there exists ¥ a closed 2-disk embedded in N in
general position with respect to F,, such that 0¥ C O and the foliation in ¥ induced
by ZF, is given by a vector field Z, € X*(Z).

Proof. Let j : D> — N be the inclusion such that j(D?) = Dy, = {6y} x D2, for
some fy € S'. Given € > 0 and an integer r > 2, with an adaptation of Haefliger’s
techniques [5), we obtain a C*-embedding g : D? — N in general position with
respect to %, , that is e-close to 7 in the C"-topology, and that coincides with j in
neighborhoods of dD? and 0.

The foliation Z#*, in a neighborhood of gy = (6p,0), is given by the vector field
172, as in the Equation 2.2. Thus, by Remark 3.2, #* is C? locally orientable, and
consequently by [3, Proposicao 2, pg. 127], &* is C? orientable. Set ¥ = g(D?). It
follows that the foliation .Z* is given by a vector field Z, € X%(%). g

Remark 3.4. There exists € > 0 such that Ag(e) and A,(e) are contained in £. We
can take Z, such that Z¢|A0(E) = 172 and Z¢|A1(E) = 21, where )72 and )?1 are the
vector fields given in Equations (2.2) and (2.5), respectively. Furthermore, by a small
isotopy of ¥ in a neighborhood of each singularity different of go, we may assume
that no two singularities of Z, in X\ {go} are on the same leaf of #,. Thus we can
assume that there is no connection between two different saddles of Z, in X\ {go}.

As a consequence of Theorem 2.15(a), we have:

Corollary 3.5. If Z, € X2(2) is a vector field induced by ¢ € A and v is a closed
orbit of Z, whose interior in ¥ contains qo, then the p-orbit that contains v is a
S1 x R-orbit that is contained in Cj .

A limit cycle T of Z, is a non-empty limit set a(y) or w(y), of some orbit ~ of
Z, such that yNT' =0, and which does not consist of a singular point. By Poincaré-
Bendixson Theorem, if o € I', then I' is either a periodic orbit or a graph of Z,. In
the last case, by taking Z, as in Remark 3.4, T is the union of a saddle p with one
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or two self-connections of p. Since I' is connected, if ' # 9%, then ¥ \T has at least
two connected components, a neighborhood of 9% being one of them.

Proposition 3.6. Let ¢ € AGUAL and T' # S1 be a limit cycle of Zy. Then g €T
and T\ Sing(Z,) has a finite number of connected components, each one of them
contend qop in its closure.

Proof. We start by showing that go € I Let Or be the ¢-orbit containing T, and
q € I' a regular point of Z,. Since I' is a limit cycle, the holonomy transformation
of Or at ¢ associated to I' is not trivial. Consequently, I' is not homotopic to a
constant in Op. If gy ¢ I', we claim that gy € R(I"), where R(I") is the union of
the connected components of ¥\ I' that do not contain 0%. Indeed, if ¢ ¢ R(T),
then I' is homotopic to a constant in ¥\ {go}, and hence, homotopic to a constant
in N\ (OpUQ). Consequently, by Lemma 2.14, T' is null homotopic in Op. But this
contradicts the fact that I' is a limit cycle of Z,. Therefore, go € R(I'). By taking
Z, as in Remark 3.4, I' is either a simple closed curve or the union of two simple
closed curves I'y and I’y with 'y NI’y = {q} = Sing(Z,) NT. Since ¢p € R(I), it
follows that either I" or I';, for some i = 1,2, is not homotopic to a constant in Op."
However these are homotopic to a constants in N. Thus, Or is a S! x R-orbit, and
by Theorem 2.15(a), Or C Cp. Hence, by item (c) of Theorem 2.15, ¢ € Ag1 . This
contradiction proves that gy € I'.

Finally, by Poincaré-Bendixon Theorem, I'\ Sing(Z,) has a finite number of con-
nected components. Let s C I' be a separatrix of p € I' N Sing(Z,). We show that
cl(s) = sU{p,qo}. If this is not the case, since Z, has not connection between two
different saddles in ¥\ {qo}, then v = s U {p} is a closed simple curve such that
go & int(7). Then, v is homotopic to a constant in N\ (OpUQO), and by Lemma 2.14,
~ is homotopic to a constant in Or. Again, this contradicts the fact that I' D v is a
cycle limit and completes the proof. O

Remark 3.7. Note that if Z, € X2(XZ) has no limit cycle, then qq is the only singu-
larity of Z, .

Let {wi,ws} be a base of R? such that the vector fields {X; = Xu, , X2 = Xu, }
are infinitesimal generators adapted to ¢ at O.

Lemma 3.8. If ¢ € Agi U A%, then there exist a neighborhood V of O and a C?
function u; : V — R? such that u;(po) = w; and for each q € V, ui(q) generates Gy .

Proof. Let I?(e) = {(z1,z2) € R%|z1|,|z2] < €} and h : Vpy — I?*(e) x (—¢,0]
be a chart at pp with h(pp) = 0, such that, if (z1,z2,23) are the coordinates of
I?(e) x (—¢,0]. Then h.Xy = 8/0z) for k = 1,2. Let Dy = Di(e) = {(z1,22,73) €
I%(e) x (—¢,0];zx = 0} and % = Ex(e) = A~ 1(Dg) for k = 1,2. The function 7y :
Vo — (—€,€) given by 7i(q) = —zx(q), where h(q) = (z1(g),z2(q), z3(g)), is such that
X,:’“(Q) (q) € Tk, for k=1,2. Since X} (po) = po, k = 1,2, it follows that there exists
0 < § < € such that X}(Ek(8)) C Vo, k= 1,2. Let I, = Ipy(0) = Z1(6) N T2(6).
Yp, is a transverse section to O at pp. Consider the functions u; : ¥ — R? given by

u1(g) = (1 +(X1(q)))wr + 72(Xi(q))we, if i =1,
uz(q) = (X3 (@)wr + (L + 72(X3(@))we, if i =2 _sdoim,

/b '{w"' N

(3.1)
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It can be shown that every orbit of Xu(q) inside Oy, q € E,, is periodic of period one
and u;(po) = w; . We can extend the functions u; to the openset V = Uges,, (OgNVp,)
by defining u;(q) = ui(Xp, N Oy). O

Proposition 3.9. If ¢ € Ag1 U AL, then there ezists a p-invariant neighborhood U
of O such that for each ¢ € U\ O, O, is a S' x R-orbit. Moreover, one of the
following occurs:

(1) if p € Ag1, then g € Cy and Gy is generated by wy ;

(2) if p € Ay, then g € C1 and Gy is generated by w, .

Proof. We take U as in Lemma 2.8, and assume it contains the neighborhood V' given
in Lemma 3.8. Since O C cl(0,), ¢ € U, then G, C G. Consequently, (1) and (2)
follow by Theorem 2.15 and Lemma 3.8.

O

Definition 3.10. Let Z be a vector field on R?, p a singularity of Z, k > 0 an
integer and [' = U 0%, where vo =p and ~;, i = 1,...,k, is a regular orbit of Z.
[' is said to be a k-petal of Z at p if cl(vi) \ vi = {p} and cl(y;) is the frontier of a
open 2-disk D; such that D;ND; =0 for j=1,...,k with j #i.

Definition 3.11. Let ¢ € A, k£ > 0 an integer and T" = UszOi, where O;, i =

.k, isa S'xR-orbit. T issaid to be a k-tube of ¢ at Op if cl(0;)\O; = Oy and
cl(O;) is the frontier of a open solid torus 7; such that T;NT; =0 for j =1,...,k
with j # . Theset Sp = Uf=1c1(Ti) is said to be a solid k-tube of ¢ at Oy associated
to I

Remark 3.12. Every S! x R-orbit in a k-tube is contained in C .
3.1. Proof of Theorems A and A’. We consider the following two cases separately.

(1) The case when ¢ € Ag1. We shall show that there exists a closed 2-disk ¥ embed-
ding in N transverse to %, such that the induced vector field Z, satisfies Theorem
A’(1’). Theorem A (1) follows then by Corollary 3.5 and Proposition 2.12.

By Theorem 2.15, O, C Cp for each g € N\ (OpUO). Let U be the p-invariant
neighborhood of O, as in Proposition 3.9, and A = Uye;O04(X1), where J is a segment
in J. with end points pg and p;. It is not hard to show that A is homeomorphic
to S! x [0,1] and is transverse to Xa, and consequently is transverse to %, . Given
a neighborhood Vp of gp, by Lemma 2.11, there exists a neighborhood Uy of ¢o
such that O4(X;) C Vo, for each ¢ € UpN Oy, . Since Op C cl(Op,), there exists
t € R such that Xi(p;) € Up and, consequently, Oxtp)(X1) = X5(0p,(X1)) € W
The ring Ay = X%(A) is the union of closed orbits of X;, transverse to #,, with
0As = Oxg(po)(Xl) U OXé(pl)(Xl)' We consider V) as the domain of a chart adapted
to ¢ at go. Then there exists a closed 2-disk D C Vp transverse to %, such that
0D = Oxy(p,)(X1). Let X € X?(D) be the vector field whose orbits are the connected
components of the intersection of D with the ¢-orbits. We claim that every orbit of
X inside D\ Qg is periodic. Otherwise, there exists ¢ € D such that wx(q) = v
(or ax(q) = ), where v C D is a closed orbit of X and q ¢ v. Then O, the
p-orbit containing 7, is contained in cl(0,) and is different from Og and O. But this
contradicts Proposition 2.12. Therefore all the orbits of X in D\ Op are periodics.
Let D= A,uUD, f:D?— D C N a homeomorphism and Dy a neighborhood of
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f~Y8D) in D?. We take a C® embedding g : D? — N, arbitrarily close to f, in
the C%topology, such that 9lp2\py) = f l(p2\p,) and transverse to Z, . Then, the
foliation .Z#*, in ¥ = g(D?) induced by Fy, is given by a vector field Z, € X?(%)
whose orbits in X\ (Op N X) are all periodics.

FIGURE 2. The p-orbit that contain [ intersects the region D.

(i) The case when ¢ € Aj U AL . In this case we take Z, as in Remark 3.4. Let V
be the saturated of Aj(e) by Z,. Then V is homeomorphic to S! x (0,1] and every
orbit of Z, inside V'\ S; is homeomorphic to R. Hence, the frontier ' of V in %,
either coincides with {go} or is a limit cycle of Z, .

We suppose that I' is a limit cycle of Z,. By Lemma 2.6, there exist a neighborhood
Wi of O, anelghborhood Ui of S; in Dgo and a C? dlffeomorphlsm fi:Ai1(e) = Uy
that preserves orbits of X; such that Z,|w, is the suspension of X, = Zolay(e) by
fi. Then, as V is invariant by Z,, we obtain an extension F; : V. — V of fi,
that is given by Fi(q) = Z,(f1(Z;%(¢))), where t € R is such that Z;(q) € S with
S C Aj(e) acircle transverse to Z,, . Note that, by definition, F; preserves the orbits
of Z,, and thus Z,|y is the suspension of Z,|y by Fy, where U is as in Lemma
2.8. Therefore, V = U NX. We claim that I' is a k-petal, i.e. I'NSing(Z,) = {go0}.
Suppose that there exists ¢ € I'N Sing(Z,) with g # go. Since I' is a limit cycle, g
is necessarily a saddle. Hence, as X is in general position with respect to %, every
p-orbit by points in V' has points in X\ cl(V'), see Figure 2. But this contradicts the
fact that V' = U NX. This contradiction shows that I' is a k-petal of Z, at gp, and
consequently Front(U) is a k-tube of ¢ at Op. Theorem A (2) and (3) then follow
from Theorem 2.15. O
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