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1. Introduction

Let @ C IR", n < 3 be an open, bounded and smooth domain. We regard § as a cell tissue
and T := 0Q as tissue wall. Consider a reaction occurring inside the cell tissue and involving N
different substances. Assuming that there is no flux of concentration through I'; that is, the tissue
wall is a barrier and taking into account the diffusion, we arrive at the following model

u; = Div(a,Vu) + f(u), in 9,

9 o, mr, (1.1)
on,
here
. B _ o Vit
om, ¥ ’

is the covariant normal derivative and i is the outward normal at the boundary, u € IRY is
the concentration vector (each coordinate represents the concentration of a substance), a, is the
diffusion coefficient.

This model states that the variation of the concentration is given by the terms arising from
diffusion plus the terms arising from reaction. The fact that the cell wall is a barrier is described
through the no flux condition at the boundary TI'.

To simplify the presentation let us consider the simplest nontrivial situation. Let £ represent
a single cell tissue which is divided into two compartments; the citoplasm £; and the nucleus €.
Suppose that £ is a smooth open subregion of 2 with boundary I'y and such that {l C . Assume
that I'o is a smooth closed surface in 2, which encloses . This divides £ into two subregions;
namely € and @; := Q\flp.
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2.

So far the model does not take into account the fact that the nucleus and the citoplasm are
separated by a permeable membrane. This will be dealt with in the following way, assume that
the substances diffuse quickly throughout the nucleus or citoplasm but the diffusion through the
membrane I'p is slow. Mathematically speaking this means that a, is large inside Q2 and 9; but
gets small at I'o. We assume that a, : § — IR is a continuously differentiable function satisfying

a,(z) <ap(v)v, forze N\ LOY (1.2)
a,(z)2av, forzeql

where p : Rt = IR and 1 : R* = IR* are continuous strictly decreasing functions satisfying
p(0) = n(0) = 1 and Q] = {z € ; : dist(z,To) > r}.

With these assumptions in mind we intuitively guess that the concentrations should approach
spatially constant functions in o and €2; and therefore, we should be able to approximate the
problem (1.1) by a system of two coupled ordinary differential equations describing the average
concentrations in the nucleus and in the citoplasm. If that is the case, it would be very interesting
to determine this limiting system explicitly.

To establish which is the limiting system for the problem (1.1) we need to better understand
the following eigenvalue problem

Div(a,V¢Y) = -AV¢", inQ
9" o, . (1.3)
on,

Let Ay < MY < Aj,--- be the sequence of eigenvalues, solutions of the problem (1.3), count-
ing multiplicity and ¢{,®5,¢5,-- be a corresponding sequence of orthonormalized eigenfunctions.
Then, we expect the following result to hold (see Carvalho and Pereira [1992] for the case n = 1).

Lemma 1.1. Under the assumption (1.2) we have that

a |0]

AY T

£~ STl
1

§TEY Y ko,
=0

as v — 0, where ko = \/ﬁ?ﬁk' and ky = -\/ﬁh‘ Furthermore, A; — 00 as v — 0.

Indeed, we prove that Lemma 1.1 holds in the case n = 2, see Section 2 for the proof.

With this result we proceed to guess which is the limiting system. For simplicity of notation
we assume that N = 1, the proofs go through unchanged in the case N > 1. Let u be a solution of
(1.1) and consider the following decomposition

u=u1¢i’+ﬂz¢;+w ‘
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where u; = [ué], uz = Jqués and w = u — vy ¢} — uz¢4. This decomposition induces a decom-
position in the equation (1.1) in the following way

i = /0 F(1184(2) + 1265(2) + w(z))d}dz dy
iy = ~Mug + /n f(u164(2) + wd(2) + w(z))$ydz dy

wy = Div(a, Vo) + +(18} + w265 + ) - /n f(u)Ydz dy & — /n F(u)dtdz dy &

ow

=0.
on,

Since the third eigenvalue A} is blowing up to infinity , we guess that w will play no role in
the asymptotic behavior and we have

i~ [ fd(a)+ uoi(@)etdz ay
i~ =Mun o+ [ furdi(a) + n6j(a))o5dz dy
using the convergence of eigenvalues and eigenfunctions we obtain that the limiting system should
Y (o (s )*uz) (o (o )*)
ERANC RN 1% 7 et \iule)) ™

a9 Ly o) \*
1= gm0t el (ml% + (i) “’)(mmm) (4

-7 (- () ) ()

The variables u; and u; may not be the best choice of variables to study this problem. A
better choice would probably be a variable that reflected the average over y and ;. To relate u;
and u; with these average we consider

&

= |Qo|"1/0 u(z)dz, and v; = lﬂgl'l/ u(z)dz

0,

thus,
=04 (molvl + |Qlv2)

10][n]| 1|
= - *(u.+'“"* )

- ,(ul 2]} 3)_

3
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With this change of coordinates the system (1.4) becomes

S LU )|
" g el ) /)

oy = 319 ITol
" = il (7 ) * )

(1.5)

Note that the concentrations in o and in ; depend on the reaction occurring inside Qy or
) respectively plus the flow through the nucleus membrane which is proportional to the difference
between the concentrations in the nucleus and citoplasm. Also note that the coupling is proportional
to the length of the permeable membrane. Models of this type appear in synthesis of mRNA in
the nucleus and the consequent production of the inhibiting protein in the citoplasm, in this case
the model should also consider a delay in the production of the inhibiting protein. The model
presented here is just a simple model used to introduce the results, much more general models with
several cells (or compartments) and taking into account delays can be considered. For applications
of these results see Jacob and Monod [1961], Mahaffy and Pao [1984] and Mahaffy and Pao [1985].

More generally, we expect that results similar to Lemma 1.1 hold for tissues with any number
of cells. That is, consider an open, bounded and smooth domain Q C IR", which we will regard as
a cell tissue. Assume that there is a positive integer £ and smooth subregions 2;, 1 <1 < ¢, of 2,
such that

i) 2inQ;=0, i#j
i) Q c UL,
iii) T'; = 8\TI and Ty; := I;NT;. Assume that T';; is a finite union of smooth (n ~1)—manifolds
in Q.

The regions §; are called cells and its boundary I'; will be referred to as cell walls or membranes.
We assume that the inner walls; that is, I';\I' are permeable membranes whereas the outer wall,
T, is a barrier through which no substance can pass. The no flux condition, at the boundary T,
assumed in (1.1) reflects the fact that the outer wall is a barrier. The fact that the inner walls,
T;;, are permeable membranes is reflected through the assumption that the diffusion coefficient
becomes small in a neighborhood of T;;.

Let a,¢,1, be positive constants and Q] := {z € Q; : dist(z,I;) > r}. Assume that the diffusion
coefficient a, : ! — IR is a continuous function satisfying the following conditions
a,(z) > s, vze Q" 1<i<t

a,(z) < ap(v)y, ¥z € Q\ UL, OV (1.6)
a,(z)2av,Vz €N

where p : Rt — IR¥ and n : RY — IR* are continuous strictly decreasing functions satisfying
p(0) =1 and n(0) = 1.

These conditions mean that for a reaction occurring inside cells of a tissue and taking into
account the spatial diffusion, the diffusion is large inside the cells whereas it becomes small at the
membranes. Hence, we expect that concentrations will rapidly homogenize inside the cells and any
changes in the concentration will occur at the membranes.

4



Intuitively we guess that the equations (1.1) inside a cell will be much like an ordinary differ-
ential equation where the unknowns are the average concentrations inside the cells. Any coupling
with equations describing the average concentrations of adjacent cells would be made through the
membrane. Thus, the problem (1.1) would be described by a system of £ ordinary differential
equations. Our first intent is to determine how this limiting ordinary differential equations should
look like.

Consider the eigenvalue problem

Div(a,V¢) = ~A'¢, inQ,
9¢ _ (1.7)
o~
and assume that (A}, ¢]) is a sequence of eigensolutions of the problem (1.7) with the eigenvalues
ordered so that they are increasing and counting multiplicity.

With these assumptions in mind we expect the following result to hold.

Lemma 1.2. Let (AY,¢7), n > 1 be a sequence of solutions of (1.7) such that the eigenvalues A
are ordered increasingly, counting multiplicity, and the eigenfunctions ¢; are normalized. Then,
there are §; > 0, k! € R, 1< 4,5 < {, such that & =0, k{ = 190-%,1<j<tand

lm A =&, 1<i<¢t
v—0

t
. e=L3(0) : .
8, =" S kixa, =X, 1<i<t
j=1
where E§-=1 k{ki'n]Q,-I = bim, 1 <4,m < {. Furthermore, A}, — 00 asv — 0.

Even though we have strong numerical evidences that this result holds (see later sections), we
have not been able to prove it with this degree of generality (partial results have been obtained
and should appear in a future work). We have proved Lemma 1.1. Its proof is presented in Section
2. Let us obtain the limiting system of ordinary differential equations assuming Lemma 1.2 (it will
be used for the numerical examples).

Let v = (v, --,v) € R, @, = (¢, --,¢7) and &, -v = 2;=1¢;v5'
If u(t,z) is a solution of (1.1) in X7, it can be written as

u(t,z) = &,(z) - v(t) + w(t,z) (1.8)

where v(t) € IR’ and w(t,) € Wti'
Using the above decomposition the equation (1.1) can be rewritten as

S = —ding(h, - Mo+ [ S(8.00)-0 + wlt, ) ding(n ), - (),

w, = Div(a,Vw) + f(®,(z) - v + w(t, z)) — &,(z)- /n ®,(y)f(®.(y) - v + w(t,y))dy,
w

—_=0.

v



From Lemma 1.2 one expects that the component w does not play much role in the asymptotic
behavior of (1.1). Therefore,

¢
9; ~ =Av; +/nf (Z 0i¢€(1/)) $i(y)dy, 1<j<e

=1

iFrom the assumptions on the eigenfunctions ¢}, one expects that

. . ¢ ¢
9; ~ —Av; + E/ﬂ f (E ”i¢i(!l)) ¢i(y)dy ~ —&;v; + E/ﬂ f (Z "?”‘) kjdy

¢=1 =1 ¢=1 i=1
L 4
~—Ev5+ Y 10lf (2 k,-'v.-) B, 1<jst
g=1 i=1

Therefore, the following limiting ordinary differential equation is associated with ( 11)
i)j = —fjvj+fj(v],"',vl), 1 S]Sli (19)

where

[ 1]
fi(or,e 00 = Y0101 (z k:-'v.-) K, 1<5st.
9=1

i=1

Let us rewrite this system in a better way. Let K = (ky,---,k¢), ki = (k},--- k)T, 1<i< ¢
and M = diag(|Q},-,|S2]); then, from the orthogonality of the normalized eigenfunctions ¢; it
follows that

¢
| /ﬂ bi(z)di(z)z — /n Kk = /n (65(2)[64() - X(2)] + [65(z) - X;(2)Xi(2)] de]

p=1
< li¢i = XillLaa) + 195 — &jllL2(a)

therefore,

[4
5i; = /0 $3(2)ti()dz —» 3 |0, |kTEP

p=1
and 30_, [9,|k7k? = &;;. With this information we have KT MK = MKKT = I, and
(4 L o
21951 Kk =1.
J=1 p=1
If w = Kv and E = diag(&,--,£¢), we can rewrite (1.9) as
= -KEKTM v + g(w)

where g(w) = (f(w1),--- f(we))".

Before we can state our main result let us introduce some notation and hypotheses. We are
interested in those systems for which some kind of dissipativeness is taking place and for which the
existence of an asymptotic set of states (global attractor) can be assured.
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Let X = L?*(2) and A, C X — X be the operator defined by

% _o,in1)

D(A)) = {¢ € H}(Q): 5= =

Av¢ = —DiV(avv¢) + 6¢: ¢ € D(Av)’
for some & > 0, fixed.
Then, we can define the fractional powers AZ of A, and the associated fractional power spaces
@ = D(A2) endowed with the graph norm. Then, X/ = H'(Q) and "¢"x§ = [oa,|Ve|Pdz +
é [, #*dz (see Henry [1981]). ’
Our first task is to guarantee the local existence of solutions for the problem (1.1). Suppose

that the function f: R¥ — IR" is a twice continuously differentiable function and that there exist
constants §;,& > 0,1 <1 < N, such that

8(68 + f(ul""aui—l,s»ui+l" vt aun)) < 0» Vs ¢ Ei (110)
where T; := [£;,&]

Under these conditions, it has been proved in Carvalho [1993] that the problem (1.1) has a
global attractor A, in X2, 1> a > max{%,1}. It has also been proved in Carvalho [1993] that

u(z) € Z:=1;_,Z;, Vz € Q, Vue A,, Vv > 0.

This result enables us to cut the nonlinearity f in such a way that: {) the new nonlinearity
is globally bounded with first and second derivatives globally bounded; i) the new system has a
global attractor which coincides with A, (this is accomplished by cutting the nonlinearity in a way
that preserves condition (1.10) and that does not change f in a neighborhood of ¥). Therefore,
without loss of generality, we assume that f is globally bounded with first and second derivative
globally bounded throughout this paper.

If the nonlinearity f satisfy (1.10), it is not hard to see that this system of ordinary differential
equations (1.9) has a global attractor 4y C IR*‘. For example, we could use the Liapunov function

1 : w
V(w)= 5(I(EKlw,w) - }:m.-r' /o f(s)ds

=1
to prove the existence of such global attractor.
Consider the following decomposition of X,

X =Wew;

where
w =8Pan[¢h”'9¢l]’ W:;. = {¢ € X: : (¢’.y'0) = 0, vE lR’},

(6,9) = /n Hz)¥(z)dz.

7



Let
P;: m‘ew*,-»m 1<j<t

Pi(v,¥) = /nf (E vidi(y) + 'I’(ﬂ)) $i(v)dy ~ fi(v), 1<j<t

=1

Lemma 1.8. Assume that f is smooth. Then, for ||(v, w)l|xs < r there exist Lp,(r,v), Mp,(r,v)
such that

|Pi(v, w)llm < Lp;llwllxs + Mp;(r,v)

and
IVoPi(v,w)lige < Lp;|lwlixs + Mp,(r,v)

where Lp,(r,v), Mp;(r,v) = 0 asv — co.

Theorem 1.4. There exists an exponentially attracting invariant manifold S, given by the graph
of 0, : RY — X2 such that the attractor A, is contained in S,. The flow in S, is given by
(v(t),w(t)) = (v(t),a,(v(t))) where v(t) is the solution of

fi(v)
v = ~diag(Ay,- -, A)v + : + P,(v,0,(v)), (1.11)
fe(v)
where P,(v,w) = (Pi(v,w), -, P(v,w))7. If f is smooth and the flow defined by (1.9) is struc-

turally stable, for v small enough, the flow defined by (1.11) is structurally stable and they are
topologically equivalent; in addition, the family of attractors {A,, v > 0} is continuous at zero.

The proof of this result follows from the invariant manifold theory (see, Henry [1981] or Car-
valho [1992]) and from Lemma 1.3.

2. Proof of the Results

Proof of Lemma 1.1. The statements about (A}, #]) are trivial. Let us show that the second
eigenvalue A} remains bounded as v — 0; that is, that there exist a constant m > 0 such that

A< m, Vv>0.

To that end we find a family of functions {¢*, » > 0} in H}(f2) and a constant m > 0, such
that (¥ L 1, “(""1}(0) =1 and

a,(z,y) [ 0{v (8;;) ] dzdy < m. (2.1)

To construct the family {, we introduce some notation. First assume that

7= (1,7) : (0,ITol) = 0

8



is a parametrization of the curve I'g by arc length. Let
R, = {(z,y) € 2 : (z,y) = 7(s) + tii(s), 2 € (0,|To]), t € (—wl,wl)},
where 7i(8) = (n1(8),n2(8)) = (—72(8), 71(8)) is the normal vector to the curve Ty at s.
We define (, in the following way
G =k, (2,9)€W\R,

¢ = El, (3,ﬂ) € Ql\Ru

if (z,y) € R, we can write
(z,9) = 7(s) + tid(s),

and we define

-k -k
Cu(z,y) = ko + ]2ul°(t+ul).

Finally we choose k; such that li¢u L2y = 1 and ¢, L 1 and this implies that k; = k; + o(1),
1 =0,1.

Let us now verify the condition (2.1). To that end we need to consider the change of coordinates

T :(0,[To|) x (~vi,vl)— R,
(8,t) — (z,9) = () + tiR(s).

Its Jacobian Matrix is given by

_ [ m(s) +tni(s) m(s)+tny(s)
JT)=|" nl(s)l 4 nz(s)zs]

and detJ(T) = 1. Here we use that 7i(s) = (—72(8),71(s)), that [¥'(s)] = 1 and that 7"(s) =
k(s)ii(s), where k(s) is the curvature at 5(s).

Our next step is to determine the gradient in this new set of coordinates as a function of the
gradient in the old coordinates. We have that, if (,(s,t) = (,(7(s) + tii(s)),

8(,,_8(,,82 8<vay_
9s ~ 0z 8s " 3y ds
8, 8, 0: 0G0y _Jr—Fo
9t OBz ot odyot 2

0

It follows that
-\ 2 o\ 2 7 ' .
(%%) + (Q;Ty) = (1+r1()) (%C;") +(1+ ri(s)?) (%(;) + 21'1{(8)7;(3)%%%

where r = r(t,s) = —2tk(s) + t2k(s)?.



If kmax = max,¢(o,r,|) Ik(s)] and b(v) = %V (2 4 vl kmax)kmax, we have that
2 =\ ? T
(l—b(u))[ (%) +(%) ] < (%‘—) +(9<—) <Q+Hy ))[ (% + (%) ]

It follows from the estimates above that

x < w y)[ acy ac, ] dndy
/R., a,(z,y) [(0(;) + (0?) ]dzdy+o(l)
T 1_1,(,,) _”/Irol[<3(}) (%c;u)z

< 55(k = ko)?(Tol + o(1)
a |9

IA

ds dt

< — Tol + o1
Thus we obtain that
limsup XY < — iU ITol
e TR L

To prove that there are only two eigenvalues that stay bounded as v tends to zero we must
first to understand a little better the behavior of the eigenfunctions associated to those eigenvalues
that stay bounded. Let (A”,¢,) be a solution of (1.7) such that ¢, L 1, |4, |lz3a) = 1 and
lim sup,,_,o A¥ = m < ooj; then,

lév = XLy — 0

as v — 0, where X’ = 2?=1 k;Xq,. In fact, given r > 0 there exists 1y > 0 such that
m
Heullrra;) <1+ —W.
This implies that there exists a sequence v; — 0 and constants kg, k; such that

“¢Vj - ki“L’(ﬂ;) -0

as y; — 0.
It is easy to see that k; do not depend on the sequence »; — 0 and on r.

Claim. For all (), ¢?) solutions of (1.7) such that lim sup, _,, A\f < 0o, we have

"¢:"L’(R:) - 0, asy — 0.

10



where R? = Q\ UL, 1", This condition is obviously satisfied if there exists a constant K > 0
such that 168l < K.

It follows from the Claim that
IlkE + |0kF =1,  [lko + Dk =
It follows from the orthogonality of eigenfunctions that A — oo as v — 0.
Let us now prove that

a I

hmxan2 2 3l Il Ill"ol

Let ¢ denote the second eigenfunction, thus we have

e [ [(2)'+ (2) ] [ wten[(22) 4 (22) ] e
oo [ [(3)'+ (5) s
> i Lol (5 + (5) ]
i [ () we

a 1

{Tol
2 ), ) - v o) - 63 + v n(e))ds

a ICo] L Iol 32
21_b(u)§17[(/0 '¢(‘7-”1nﬁ)l’ds) —(/0 |¢(7+quﬁ)[2ds) } ,

1 ITol . R
ol / [$(7(s) — v L i(s))Pds — ko

2

Since

and
ITol
o 16670 + vinAa) s — b?

we have that

a |9
Sl

and the lemma follows. It only remains to prove the Claim.

lim sup 4§ > 75 (ko ~ k1)*|To] =
v=0

Proof of the Claim. Let (s,t) and (s,7), be points in R, ,,). Therefore, for any normalized
eigenfunction ¢ associated to one eigenvalue A which stays bounded as ¥ — 0, we have

|6(s,8) - é(s,7)I* < | / ¢e(s,0)d8]” < l(t-f) / ¢1(s, 0)’“, <2l ¢:(8, 6)’ds

-vnl

11




and
vnl pllo|

ICol
/ ’ / |#(s,t) — #(s,7)Pdsdt < 4% 9? 12/ é1(s,6)%ds do
-y’)

-vnl
thus

ITol pyvnt 2 } _ iTo] pumni 3

( /o /_ 165, ds s /o /_ m|¢(.s,r)|2dsdt)
IFol (ot 4 ITol L
= (/0 Lynllﬂs,t)lzk dt) — (v} (/o |¢(.s,r)|2ds> .

vnl pllo| %
<2vyql (/ ¢t(s,0)2dsd0)

-l

<2Ir)( )%ui

Similarly, we obtain that for some 5 > 0

fCol p-vin =vnl pCol
/ / 16(s,1) — ¢(s, 7)Pds dt < £ / de(s,0)*ds df

-1 0

and

( / ! / —yln|¢(s,r)|2dsdt) ( / el / i ¢(s,t)|2dsdt)§

|ro| ol p-vin 4
( |é(s, T |2ds) (/II‘ I/ I M(s,t)'?dsdt)
( —unl ol

"
“

IN

to é:(s,6) dsdf’)

1A

t

and it follows that

[ ] [] -y *
Y (/o " oto f)l’ds) (/ T |¢(a,t)|’dsa) <1410 (Z) 0d
ol pvnt }
( / / |¢(a,t)|’dsdt) =0
0 -yl

12
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Proof of Lemma 1.3. For ||(v,v)|[xs < r

] [4 [4
~Pi(v,w) = _ |lf (2 vkki) kj - /n f (Z vi(t)br(y) + w(t,v)) ¢;(y)dy

i=1 k=1 k=1
¢ [ [4 [4
=y / f (}: ”kki) ki~ f (E vk (t)éx(y) + w(t, v)) ¢j(y)] dy
i=] " | k=1 k=1
‘ [ l . . l .
= E / f (Eﬂkki) ki-f (Z ”k¢k(y)) k;] dy
=1 LI § k=1 k=1

[4 [ { ¢
+ ] | (2 vmw)) Ki-f (2 vmw)) ¢,-(y)] dy
L k=1

¢
vm(y)) $i(v) - f (Z vk(t)i(y) + w(t,y)) ¢j(y)J dy.

k=1

k=1

4
LI E

=1 '

|k|dy

4 [
Y vkki = Y ved(y)
k=1

k=1 ,
+C(r) /ﬂ () - 4Py + 3 /n Mw(y)|16;(y)ldy
t=1 §

< M|lw(y)llLaa) + Mp;(r,v)

From Lemma 1.2, it follows that

|Pi(v,w)l < M

1
Al+1 (V)° “w(y)“X,? + MPj (T,V)

and the first part of the lemma is proved. The second part of the lemma follows similarly.
3. Dirichlet Boundary Conditions
In this section we consider the eigenvalue problem

Div(a,Vu) = —-Au, in 9,
u=0,inT.

with a, satisfying (1.2). In this case we expect that the first eigenvalue converges and that the
second eigenvalue blows up to +00. As before, independently of the boundary condition we expect
that any eigenfunction associated to an eigenvalue that stays bounded must converge to a step
function of the form X = koAq, + k1An,. Since the eigenfunction must satisfy the boundary
condition we must have that k; = 0. This justifies the fact that only one eigenvalue may stay
bounded since an eigenfunction associated to another eigenvalue must be orthogonal to the first

and both must converge to X. In fact the following result holds
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Lemma 38.1. Let A} be the sequence of eigenvalues of the problem (3.1) and ¢, be an orthonor-
malized sequence of associated eigenfunctions. Under the assumption (1.2) we have that

a
X = 1%l 1ol
¢ "EM 100t

as v — 0. Furthermore, A} — 0o asv — 0.

The proof of this results follows similarly to the proof of Lemma 1.1 and we omit it.
More generally we expect that the following result holds

Lemma 3.2. Assume that a, satisfy (1.6) and let (A, ¢} ), n > 1 be a sequence of solutions of (3.1)
such that the eigenvalues A, are ordered increasingly, counting multiplicity, and the eigenfunctions
@7 are normalized. Let p < { be the number cells which do not touch T'; then, there are £ > 0,
kl e R, 1< 14,5 <p, such that

lim A =&, 1<i<p

v—0
i »=L2(0) P j .
¢, — Zkik’ni =X, 1<1Lp
j=1

where 3°7_, K k3 |Q;] = 8im, 1 < i,m < p. Furthermore, Apyr = 00 asv — 0.

If this last result holds then a result similar to Theorem 1.3 holds with identical proof. Nu-
merical evidences that Lemma 3.1 holds are shown in the next section.

4. Numerical Experiments

In this section we present a series of numerical experiments which were implemented, using
the package PLTMG (Bank [1990]).

4.1 Neumann Boundary Condition

The first three examples support the claims of lemma 1.2 for different configurations and levels
of geommetric complexities. The fourth example is an instance of the claims of lemma 1.1
1. First Experiment

Let © = (0,4) x (0,2) and assume that this tissue is divided into three cells as follows:
N ={(=zyeER:2>0,y>0,y>z~1andy< 2},
Qg:{(z,y)Ele:y>0,y<z-—1andy<3—z}

and
Q={=zy)eR:y>0,z<4,y<2,y<z-landy>z-3}.

Let rij = aau ﬂaﬂj, 1< i,j <3 and ﬂ: = {(2’7) € Q.‘ : dis‘((z1y)’rii) >r 1< J < 3}
Assume that a, is defined by

a(e,9) = 5, Viz,g) € O
‘v(397) =y, V(z,y) € Q\ U1§=l W

linear and continuous elsewhere
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For this we obtain, numerically, that A; = 0 and

for » = 0.2 and € = 0.05, we have A; = 0.639, A\; = 2.08 and A, = 6.83,
for v = 0.1 and ¢ = 0.05, we have A; = 0.769, A; = 2.23 and A, = 14.1,
for v = 0.05 and ¢ = 0.05, we have A\; = 0.822, \3 = 2.28 and )\, = 28.8.

and this suggests that the first three eigenvalues converge whereas the fourth blows up to +oo.

2. Second Experiment
Let © = (0,2) x (0,2) and assume that this tissue is divided into three cells as follows:

Y ={(z,y) eR*:2>0,y>0and z < 1},

L={z,y)€eR*:2>z>1and 2>y> 1)}

and
QB={(z,y9) €eR?*:1<z<2and0<y<1).

Let I';; = 02:; 0095, 1 < ¢,5 < 3 and Q] = {(z,y) € Q; : dist((z,y),Ts;) > r, 1 <j < 3}.
Assume that a, is defined by
ay(z, y) = -ll;’ V(z,y) E 9:’(1+U‘)

au(z1y) =V, V(I’y) € Q\ U?:] ﬁ?
linear and continuous elsewhere

For this we obtain, numerically, that A; = 0 and

for v = 0.14 and € = 0.1, we have A; = 1.02, A3 = 1.49 and \; = 13.1,
for v = 0.07 and € = 0.1, we have A; = 1.01, A3 = 1.50 and )\ = 39.7,
for v = 0.035 and € = 0.1, we have Ay = 1.01, A3 = 1.51 and \( = 77.0.

and this suggests that the first three eigenvalues converge whereas the fourth blows up to 4oc.

3. Third Experiment
Let © = (0,1) x (0,4) and assume that this tissue is divided into three cells as follows:

91={(z,y)€lR2:z>0,y>0,y>z—1a.ndy<l},

Q={zy)eR:y>0,y<z-1, and y < 3 -1z}

and
Q={(zy)eR*:1>y>0, y>3-zand z < 4}.

Let I;; = 80; N8R, 1 < 4,j < 3 and O = {(z,y) € N : dist((z,y),Tij) >r, 1 << 3).
Assume that a, is defined by
1 «
a(z,9) = 5, V(z,9) € A4+
‘v(zsy) =¥, V(z,y) € ﬂ\ Ug:l W

linear and continuous elsewhere

15



For this we obtain, numerically, that A; = 0 and

for v = 0.14 and ¢ = 0.05, we have Ay = 0.558, A3 = 2.45 and Ay = 27.3,
for v = 0.07 and ¢ = 0.05, we have A; = 0.618, A3 = 2.59 and A\; = 66.6,
for v = 0.035 and ¢ = 0.05, we have A; = 0.643, A3 = 2.64 and \; = 146.0.

and this suggests that the first three eigenvalues converge whereas the fourth blows up to +o0.
4. Fourth experiment

Let © = {(z,y) € IR? : (2? + §*)} < 2} and assume that this tissue is divided into two cells as
follows:
P = {(=z9) e R*:(2* +y")t <1},

and
Q= {(z,y) eER* : 1< (22 +¢*)} < 2).

Let To = {(z,y) € R? : (z* + ¢*)¥ = 1} and Q] = {(2,y) € O : dist((z,y),Te) > r}, i = 0,1.
Assume that a, is defined by

a(z9) = =, V(z,) € 20
a,(z,y) = v, ¥(z,y) € Q\ U, Of,
also, assume that a, can be obtained by rotation of a piecewise linear function defined in [-2,2].
For this we obtain, numerically,

for v = 0.1 and € = 0.1, we have Ay = 1.42, and A; = 28.7,
for v = 0.06 and ¢ = 0.1, we have A\; = 1.38, and A3 = 51.3.

and this suggests that the first two eigenvalues converge whereas the third blows up to +oo.
4.1 Dirichlet Boundary Condition

For the Dirichlet case in the experiments 1 through 3 there is no eigenvalue which stays bounded
since all the cells touch the cell wall. For the fourth experiment we obtain one eigenvalue which
stay bounded whereas the second blows up. In fact we obtain

Let Q, Qo, N;, I and a, be as in the fourth experiment. For this we obtain, numerically,

for v = 0.1 and € = 0.1, we have A; = 1.02, and A; = 24.3,
for v = 0.06 and ¢ = 0.1, we have A\, = 1.01, and \; = 50.0.

and this suggests that the first eigenvalue converge whereas the second blows up to +oo.

A few pictures of the eigenfunctions are attached so that the reader can cross check the re-
maining conclusions of lemma 1.2 and 3.1. Many other experiments have been carried out and they
all show evidences that Lemma 1.2 holds. We remark that these numerical experiments played a
fundamental role in the understanding the eigenvalue problem and consequently in the proof of
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lemmas 1.1 and 3.1. We strongly believe that the few technical difficulties that we have found to
prove Lemma 1.2 should be solved soon.

5. The Software

The numerical results presented in the last section were obtained with the software package PLTMG.
This package solves the following boundary value problem:

-Div(a(z,y,4,Vu,A)) + f(z,y,4,Vu,A), in Q (5.1)
with boundary conditions given by

v = g(z,y,A) onI' (5.2)

Bu 31& - !
(“‘37’“‘55)'" = g2(z,9,)) on OQ\I' =T (5.3)

where Q is a connected region in R?, 8Q = I'" UT", 7 is the unit normal, a;,a;, f, g, and g, are
scalar functions and A is a parameter. The user can also specify a constraint on the solution of the
form:

p(u,A):/ﬂpl(z,y,u,Vu,»\)dzdy+/ p2(z,9.4,Vu,A)ds (5.4)
an

with p; and p; scalar functions.

PLTMG implements a finite element method based on triangular elements and C° piecewise
linear functions. The resulting nonlinear system of equations arising from the discretization of (5.1)
and from the normalizing equations (5.4) is solved by a damped Newton iteration combined with
the hierarchical basis multigrid iteration.

As for the errors in the numerical solution produced by PLTMG it implements a posteriori
error estimates in the L?(Q2) and H*(2) norms. The rationale behind a posteriori error estimates
is that one can control the errors in the numerical solution by adapting the grid to the underlying
behaviour of the true solution. This would be of no use were it not possible to show that by
controlling the a posteriori errors one in fact controls the error in the solution. A priori error
estimates are also available and they are much easier to derive, however they are not of so much
use regarding error control.

Let u be the solution of problem (5.1),(5.2),(5.3) and u;, be the numerical solution computed
by PLTMG. Here h denotes the mesh parameter, that is, if T;,4 = 1,---,nT is a triangle in the
triangulation of £, then

h = Mazi=),..aTh:

where h; is the diameter of T;.
We then have the a priori error estimates (see, Strang and Fix [1973])

Ilu — uallLaq) < Crb*||ullraq)

flv - uallzn(a) < Cahllullira)

The results above prove that the finite element approximation converges to the exact solution when
the mesh parameter shrinks to zero, but does not provide for error estimates to be used for error
control because it depends on the exact solution u. A posteriori error estimates, on the other hand,
provide for error control as well as the convergence of the numerical method. For the case of a linear
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selfadjoint and positive definite problem Bank and Weiser [1985] prove the following a posteriori
error estimates:

Clilw = ualll < lHlelll < (1 = Ce)lllw - ualll

C and C, are constants, |||.||| is the energy norm and e is the a posteriori error estimate. Bank and
Weiser [1985] give all the details for the calculation of e.

References

R. E. Bank,“PLTMG: A software package for solving elliptic partial differential equations” - User’s
Guide 6 - SIAM, Philadelphia [1990].

R. E. Bank and A. Weiser, “ Some a posteriori error estimators for elliptic partial differential
equations,” Math. Comp. 44, pp.283-301, [1985].

A. N. Carvalho, “Spatial homogeneity in damped hyperbolic equations”, Dynamic Systems and
Applications, Vol 1, No. 3, (1992).

A. N. Carvalho, “ Infinite Dimensional Dynamics Describe by ODE”, J. Diff. Equations (to
appear).

A. N. Carvalho “Contracting Sets and Dissipation”, Notas do ICMSC, Série Matematica, # 11,
(1993).

A. N. Carvalho and J. K. Hale, “Large Diffusion with Dispersion”, Nonlinear Analysis TMA,
Vol. 17, No. 12, pp. 1139-1151, (1991).

A. N. Carvalho and A. L. Pereira, “A Scalar Parabolic Equation Whose Asymptotic Behavior
is Dictated by a System of Ordinary Differential Equations”, J. Diff. Equations (to appear), (1991).

A. N. Carvalho, L. A. F. Oliveira, “Delay-Partial Differential Equations with Some Large
Diffusion”, Nonlinear Analysis TMA (to appear), Notas do ICMSC, Série Matematica, # 3, (1993).

A. N. Carvalho, A. Rodriguez Bernal, “Upper Semicontinuity of Attractors for Parabolic Prob-
lems with Localized Large Diffusion and Nonlinear Boundary Condition”, ICSMS-USP Preprint
Series.

A. N. Carvalho, J. G. Ruas-Filho, “Global Attractors for Parabolic Problems in Fractional
Power Spaces”, to appear in SIAM J. Math. Analysis, ICMSC-USP Preprint Series # 93-128.

E. Conway, D. Hoff, e J. Smoller, Large time behavior of solutions of systems of nonlinear
reaction-diffusion equations, SIAM J. Appl. Math., 85, 1-16, [1978].

G. Fusco, On the Explicit Construction of an ODE Which Has the Same Dynamics as a Scalar
Parabolic PDE, Journal of Differential Equations, 69, 85-110, [1987].

J. K. Hale, Large Diffusivity and Asymptotic Behavior in Parabolic Systems, Journal of Mathe-
matical Analysis and Applications, 118, No. 2, 455-466, [1986).

J. K. Hale, Asymptotic Behavior of Dissipative Systems, Mathematical Surveys and Monographs
25, AMS, [1988].

J. K. Hale e C. Rocha, Varying Boundary Conditions with Large Diffusivity, J. Mat. Pures et
Appl., 68, 139-158, [1987].

J. K. Hale e C. Rocha, Interaction of Diffusion and Boundary Conditions, Nonlinear Analysis,
Theory, Methods and Applications, 11, No. 5, 633-649, [1987a)}.

J. K. Hale e K. Sakamoto, Shadow Systems and Attractors in Reaction-Diffusion Equations,
Applicable Analysis, 32, 287-303, [1989).

D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lectures Notes in Mathematics,
840, Springer-Verlag, [1981).

18



J. M. Mahaffy and C. V. Pao, Models of Genetic Control and Repression with Time Delays
and Spatial Effects, J. Math. Biol., Vol. 20, pp. 39-57, [1984].

J. M. Mahaffy and C. V. Pao, Qualitative Analysis of a Coupled Reaction-Diffusion Model in
Biology with Time Delays, J. Math. Anal. Appl., Vol 109, pp. 355-371, [1985).

J. Smoller, Shock Waves and Reaction-Diffusion Equations, Grundlehren Math. Wiss., 258,
Springer-Verlag, [1983].

G. Strang and G. J. Fix , “ An Analysis of the Finite Element Method,” Prentice Hall, [1973).

19



