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A-topological triviality of map germs and Newton filtrations.

Marcelo José Saia  Liane Mendes [feitosa Soares

Resumo

Neste artigo é aplicado o método de construgao de campos de vetores contro-
lados para obter condigoes de filtracao suficientes para a A-trivialidade topoldgica
de deformagoes de germes de aplicacao f; : (C",0) — (CP,0) do tipo fi(x) =
f(x) + th(z), com n > p oun < 2p. Estas condigoes sao obtidas a partir de
filtracdes de Newton escolhidas convenientemente para os aneis O, e O, e sdo
determinadas para o espago A-tangente do germe f.

Para o caso n > p, é aplicada a técnica desenvolvida por M. A. S. Ruas em sua
tese de doutorado [5] que consiste na construgao de fungées de controle na meta e na
fonte para, via uma particao da unidade, obter uma tnica fungao de controle. Para
ocaso p > 2n é usada a fungao de controle na meta para determinar uma estimativa.
Alem disto, neste caso também é mostrado que se as fungoes coordenadas do germe
satisfazem uma condigao de Newton nao degeneracao, deformacgoes por termos de
filtracao maior que a filtracao do germe f sao topologicamente triviais.

Abstract

We apply the method of constructing controlled vector fields to give suffi-
cient conditions for the A-topological triviality of deformations of map germs f; :
(C™,0) — (CP,0) of type fi(z) = f(z) + th(z), with n > p or n < 2p. These
conditions are given in terms of an appropriate choice of Newton filtrations for O,
and O, and are for the A-tangent space of the germ f.

For the case n > p, we follow the technique used by M. A. S. Ruas in her Ph.D.
Thesis [5] and construct control functions in the target and in the source to obtain,
via a partition of the unit, a unique control function. We use the control function
of the target to give an estimate for the case p > 2n. Moreover, in this case we also
show that if the the coordinates of the map germ satisfy a Newton non-degeneracy
condition, deformations by terms of higher filtration are topologically trivial.

Key words and phrases. A- topological triviality, controlled vector fields, Newton filtration,
Newton non-degenerate map germs.
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1. Introduction

The determinacy of topological triviality for families of map-germs is a fundamen-
tal subject in singularity theory. As we see in the articles of Damon (see [3] for
example), the method of constructing controlled vector fields is a very powerful
tool to compute the topological triviality. M. A. S. Ruas in her PhD. Thesis gives
an explicit order such that the A-topological structure of a homogeneous polyno-
mial map-germ f : (C",0) — (CP,0), with n > p, is preserved after higher order
perturbations.

In this paper we apply this method to give sufficient conditions for the A-
topological triviality of deformations of map germs f; : (C",0) — (CP,0) of type
fi(z) = f(x) + th(z), with n. > p or n < 2p. These conditions are given in terms of
an appropriate choice of Newton filtrations for O,, and O, and are for the A-tangent
space of the germ f.

First we generalize the results of M. A. S. Ruas (5|, by considering different
Newton filtrations Ay for O, and By for O, these results are done for the case
n > p. We construct control functions in the target and in the source to obtain,
via a partition of the unit, a unique control function. We remark that in [5] these
control functions are homogeneous, since they are associated to the usual filtration,
done by the degree of monomials.

In the case p > 2n we give an estimate in terms of the control function of the
target. Moreover, if p > 2n, we apply the results of Gaffney in [4] to show that
deformations by higher Newton filtration are .A-topologically trivial if the map
germs satisfy a Newton non-degeneracy condition.

2. Newton filtration and control functions

To construct controlled vector fields that guarantee the topological triviality we
define a convenient control function in terms of a fixed Newton polyhedron. First
construct a control function in the target, denoted by pm and a function in the
source, denoted by pr. When n > p, the control function p is defined from these,
via a partition of the unity. For p > 2n, the control function used is pm.

We fix a coordinate system x in C", (y in CP) and identify the set O of
holomorphic germs g: (C¢,0) — (C,0), £ = n or p, with the ring C[[z]] (C|[[y]]), of
convergent power series.

We follow [1] and say that a subset I'y C R is a Newton polyhedron if there
exist some ki, ..., k, € Q' such that ' is the convex hull in R} of the set {k;+wv :
v€E€RY,i=1,...,7} and 'y intersects all the coordinate axis. Denote by I the
union of the compact faces of 'y and consider the Newton filtration of ©,, = Ay 2
A; D A2 D ..., by the ideals A, = {g € O, : suppg C ¢p'(g + N)}, for all ¢ € N,
here ¢r is the Newton function of T, see [1] for more details.

For a germ of function g = 3, axz*, we denote d(g) = max{q: g € A,}. For
a map germ ¢ : (C™*,0) — (C?,0), g = (91,--.,9p), call D; = d(g;) and consider
Dy <Dy <...< D,

Denote by M the determinant indexed by 7, of the p x p minor of the matrix
of the partial derivatives of g, I = {i1,...,ip} C {1,...n}, with i; < ... <ip, and
call Ly = d(M[).

Define the control function in the target, pm : CP — R by

pm(y) = [y 7 + el + . el
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and the function in the source pg(g) : C* — R by

p(g)(z) = |M|*.

The numbers 7;, oy and D are chosen as the smallest positive integers such that
Dir; = ay Ly = D for all i and I. Then d(pf(g)) = mlin{2a1.L1} =2D.

The Newton filtration in O, = By 2 By 2 By 2 ..., is given by the New-
ton polyhedron, which has only one compact face, defined by the p tuple w =
(101, <5 W), With wy = Bfry, B =m.cm{ry, ., T}

For any monomial y* € O,, we denote fil,(y*) = wioq + ...+ wpa, and call
By = {g € Op; filw(g) > k'}. Hence fily,(pm) = 2R and

d(pm 0 g) = fil(|gI|2T‘ + |gg|2r2 + ...+ |g,,|2TP) =2.14.D; = 2D.

Denote by v/ = (vi,...,v7), 7 =1,2,...,r the vertices of the Newton polyhe-
1 n poty

dron 'y (A2p), and define the control function

o=

T~ " p

2v] 2v7

po(Tr,. .. ) = (PRI
Jj=1

We remark that the function py is not a control function for any Newton poly-
hedron.

Example: Let g : C? — C? defined by g(r,y) = (zy, z* + ¥° + zy?). Fix the
Newton polyhedron I'; (g2) to obtain the control function in the target pm : C2 — R
pm(y) = |y1|*® + |y2|*°, and the function on the source pg(g) : C* — R defined by:
pe(9) = (5y° — 4z* + xy*)'°. The control function p, associated to I';(g3°) is

1
pu(@,y) = (20 +y1%0 + 220440)3.

3. A-topological triviality

Denote by F : (C™ x C,(0,0)) — (C? x C,(0,0)), F(z,\) = (f(z,)\),1) a one
parameter unfolding of a finitely determined map germ f : (C™,0) — (CP,0) and
call the family of map germs fy(z) = f(z, \) a deformation of the germ f.

A deformation fy(z) is A-topologically trivial if, for small values of ), there
exist two families of homeomorphisms hy : C* 0 — C" 0 and k) : CP,0 — CP,0
such that ky o fyohy' = fo.

Let g : (C™,0) — (CP,0), be a finitely determined map germ satisfying

(1) Aapp,0y C tg(A2p0n) +wg(Bar16p).

From the constructions done above we have the following;:

Proposition 3.1.
1. If n > p, suppose that in a neighborhood V' of 0 in C™, there exist constants
a ¢ 3 such that pi(g(z)) > Bpu(x), for all T € V N {x; pm(9(x)) < apy(x)}.

2. If p>2n, suppose that pm(g(x)) > cpy(z), for all x in a neighborhood V of
0.
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Then deformations of gx = g + Ah of g, with fil(h;) > D,,Vi=1,...,p, are
A-topologically trivial for small values of \.

In order to prove this Proposition we use the next Lemma, where it is shown
that it is possible to extend the filtration condition of the equation (1), to the
tangent, space of an unfolding of the germ g.

We fix a finitely generated ideal / in O,, call m; the maximal ideal in O, and
Azpp, the ideal in Oy generated by the monomial A and the ideal A2pp, -

Lemma 3.2. Let G(x,\) = (ga(x),\) be un unfolding of go(z) = g(z), such that
gx — 90 € m1.Ap Oc and |\| < ¢ for small values of €. If the equation (1) holds,
then

A2p40,06 C 1G(AzpBns1) + WG (I y11).
Proof: Since
A2p+p,f0c = A2p4p,0y + M2pyp,0c C tg(A2pbn) +we(I.6p) + AM2pyp,bc,
and tg(A2p0n) +wg(1.0,) C tG(Azpbni1) + wG(1.0p11) + AMapyp,0c it follows

that,
(2) Azpyp,0c C tG(A2pOni1) +wG(1.0p11) + AM2p+p,Oc-
Let E be the finitely generated O,,;;-modulo defined as

_ tG(A2D0n+1) + 'lUG(1.9p+1) + A2D+DPOG
tG(A2D9n+1) -+ ’(UG([.Q,H._[) '

We remark that E is a G*(Op41)-modulo and (\).E = E since

()\) E = tG(A2pOn 1 )+"UG([-9p+l)+(/\)[¢G(-‘12Don+l)+wc(1-9p+l)+A2D+D,,BG]
’ - fG(A2D9n+))+(UG(].0p+1)

tG(A2pbni1)+wG(J.0p41)+A2pyp,0c E
t(;(A2D0n+1)+wG(I.9p+1) . °

Therefore if we show that £ is finitely generated as G*(Op.1)-modulo we apply
the lemma of Nakayama to obtain £ = 0, or

Aspip,Oc C1G(Azpby 1) +wG(1.0p44).

We show now that £ is finitely generated as G*(Op41)- module.

From the inequality

tG(A-gDen_,_l ) + 'LUG(I.HP.H ) -+ A2D+D,, O tG(AQDQ,H_l) -|—AQD+DP ] _ wG( 1 '9P+l )
tG(A2pbni1) +wG(1.0p11) - tG(A2pOny1) tG(A2p0541)

call £ the finitely generated O,, ; -modulo

. tG(A2pbni1) + A2pyp,bc
t(‘;(A2D0n+l)
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Since % is finitely generated as a G*(O,.1)- modulo and the ideal 1
is finitely generated, we need to show that £’ is finitely gencrated as a G*(Opiq)-
modulo.
From the Theorem of Preparation of Malgrange, E' is a finitely generated
7*(Op41)- modulo if, and only if dim¢ W < 4o00.

tG(A2pbn+1 )+AZD+DPoG

: - tG(A2pO,i)

G’* (lep+1)E’ G‘(mp+1 YtG(A2pOrngy)+ 4’1QD+DPUG] FtG(A2pOny1)
tG(A2pOnya)

tG(A2pbpi1) + Aspip,fc

tG(A2p0n+1) + G*(mpy1) [tG(A2p0On 1) + A2ps D, 0c]

/

Write

and denote S = Agpyp, 0c and T = tG(Aapbyy1) + G* (M) Aspyp, Oc-

: . . . . T+ S S
Since the quocient, above is 752 | by the isomorphism theorem ; = TAS

f § b
From tG(AQDG,H 1) + 'LUG(].G,H,l ) +AAgp D,,GC C tG(A2D9n+1) +G* (m7,+1 )9(;
and by the equation (2) we conclude that tG'(A2p0n11)+G* (mp41)0c 2 Aspip,Oc.

Multiplying by A2pp,:

tG(A4p+D,O0n+1) + G*(mpy1)A2pip,0c 2 Aapi2p,bc-
On the other hand,

tG(Asp+D,On 1) + G*(myy1)A2pip,0c 2 Napyp,bc.

.S , A2p+p,0c .
Hence, dimc 73 < dimc _—L——AZD-&-DPA‘ZD—%DPOG < 4o00. I

Proof of the Proposition 3.1: Let G (z,y) = (gx(z,v),\) be an unfolding of g,
with gx(z,y) = g(z,y) + M(x,y) and h € Ap_0,.

From the general hypotheses, hpm(g) € tg(A2p0,) + wg(Bap410,). Apply-
ing the Lemma above, there exist analytic vector fields £ € Aspb,+1 and n €
Ba 410,41 such that the above inclusion holds for deformations, i.c.:

3) hem(gr) = LG(€) +n o G.

From the equation (3) we construct the vector field controlled by pm. Define
win (CP x C,0 x 0) as:

y#0
w(y,\) =

0, y=

Since fily(n) > 2R+ 1 = fily(pm) + | we apply Lemmas (1) e (2) of [6] to
conclude that the vector field w is integrable.
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Proof of the case n > p. In order to define the vector field controlled by the

function pg, for each I = {iy,is,...,4p} C {1,2,...,n} write %1\41). = tG(yr),
‘ a,

with yp = > ’}’ig)% and each 7; is delined as

7 =0, ifiglr
0 o
Vim = ¥ Ny (B) . ifimel.
j
where Nji,, is the (p — 1) x (p — 1) cofactor of ———J—ai’i L

Since pp(gy) = E | Mj, |**, we obtain

hﬂf(!],\) =1G (Z ,y[]\,j[a;—lma,) ’

Sy My T M !
pplaa)

to obtain filp, (yr) = .filr+(Pf(.(1A)) +r, with r = nL\}cn {2(’1\)’—&)’05}

TR

pf(g,\)

therefore h = (G (), with 1 = - Denote yr = -y My M

The integrability of the vector field 1 = , is guaranteed by the hypotheses

of the [ollowing:

Lemma 3.3. There exist positive constants «y,  and a neighborhood V' of the
origin in C" such that

prlga(@)) = a1pu(@), Y2 € VN {om(ga(x)) < Bpu(@)}.

Proof: Since gy = g + Ah, and fil(h) > fil(g), we have

pe(9x) > pe(g) — A0(z, N), with  fil(0) > fil(pg(g))-

By hypotheses pg(g) > apy(z) for = € VN{x; pm(g(z)) < Bpu()} hence there
exists a constant ¢ > 0 such that \0(z, \) < ¢p,(z). Since pm(ga(z)) < pm(g(z)),
for each x € V N {z; pm(gr(z)) < pm(9(z)) < apy(z)}, then

plan(@)) = pplg(x)) — A0(z, \)
= (a—c)pu(z)
= m1py(T).

To finish the proof ot the Proposition 3.1., consider the following partition of
the unity.

Let H = (V x I)— (0 x I), with I = (—¢,¢) and the following sets
Fy = ({(z,A);9a(z) =0} — (0x C)) N H, F3 = {(x, \); pm(9x(z)) = apu(x)} N H,

Ey={(z, \); pm(9x(7)) <aupy(x)} N H and Ez={(z,\); pm(gx(z)) <azpy(z)}NH,
with o < o < ag.

We remark that | anf F5 are closed and disjoint from H.
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Define ¢(z) = (1(x) + (2(z), a partition of the unity related to { Es, (E1)°}.

]., lf (.’L', /\) E Fl
G (‘Ta ’\) =
0, if (z,)) € (By)"

and
1, if (zg,A) € F»
C‘Z(-’ty ’\) — —
0, if (z,N\) € Ey.

LA i (2, 0) € Fy©
o) 7 1
Call va(x, \) = e

0, if (x,\) € F,
where £(x, \) is given in equation (3), and define
if (z,\) € Fy°

IR
pp(ga(x))’
Vy (.’C, /\) =

0, if (z,)\) € Fs.

Since all functions defined above can be extended in such a way that they are
zero at 0 x ), let v be the vector field in (C™* x C,0 x 0) defined as

C](.’I‘,)\)I/l(.’v,/\) + (.:2(1.”\) -+ VZ(Iv)‘)v lfT:/éO
v(z,\) =
0, ifx=0.

Then the vector field v is continuous, integrable and

h =tG(v(z, \) + w(G(z, N)).

From the integral curve solutions of v e w we construct the germs of homeo-
morphisms

H:(C*"xC,0x0)— (C*"xC,0x0), H(z,\)= (h(z,\),), h(z,0) =z,
and

K :(CPxC,0x0)— (C?P xC,0x0), K(y,\) = (k(y,\), ), k(y,0) =y
to obtain K o G o H™! = (g,idc).

Therefore the two families of homeomorphisms hy : C*,0 — C",0 and k) :
CP,0 — CP,0 that give ky o fy o h,:\l = fo are hy = h(x,\) and ky = k(x, \). l|
Proof of the case p > 2n: From the equation (3) we have

h:zG( d >+ et
pm(9x) /) pm(g»)

By the general hypotheses, £ € Asp and by (2) we have, pm(ga)(z) > cpu(),

§
pm(ga)

are obtained as above. I

therefore the vector field is integrable and the homeomorphisms H and K
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4. The non-degenerate case when p > 2n

In the case p > 2n, we show the A-topological triviality of a family gy = g1 \h
if the map germ h has a higher order filtration and the ideal generated by the
coordinate functions g; satisfies a Newton non-degeneracy condition.

First we recover the basic definitions needed for the Newton non-degeneracy
condition.

Let g = Y, axz® in O,, denote supp g the set of points k € Z"™ with ay, # 0. If
I is an ideal in Oy, define supp I = Ugc rsuppg.

Fix an ideal [ with finite colength in O, i.e., dim¢ Qﬁ < 00, and consider its
Newton polyhedron I'y (), the convex hull in R’} of the set {k +v:v € R}, k €

supp (1)}

For each compact face A of T, denote by C'(A) the cone with vertex at the
origin and passing through A and denote by Aa the subring with unity of O,
Apx = {g € O, :suppg C C(A)}. For a germ g € O, denote by ga the polynomial

A =Y apz® with k € suppg N A.

Definition 4.1. An ideal I is Newton non-degenerate if there exists a system of
generators gy, - ..,gs of I such that for each compact face A C T, the ideal generated
by the system {g1a,--.,gsa} has finite colength in Aa.

To show the main result of this section we fix some notation.

Since p > 2n, any map germ g = (g1,...,9;) is A-finitely determined if, and
only if, g is £- finitely determined, here £ denotes the L-group of Mather.
In this case, we define the control function p: C?» — R, by

p(y) = [ya* + |y2l* + ... + |yl

where the numbers {sq,..., sp} are integers, such that we can write

d 1
'7)‘\“/1(9) € TLg.

Now we denote by w’/ = (w{, ...,wl), j=1,2,... 7 the vertices of the Newton
polyhedron fixed by p(g), and deﬁne the control fuuction

N

r

pw(;pl, cey Jyn) = Z;_E;lgwx B 'I::w,.
j=1

027}

Proposition 4.2. Suppose that I is Newton non-degenerate. Then, deformations

of g of type gx = g+ \h, with fil(h;) > fil(g:), fori=1,...,p are A-topologically

trivial.

Call I the ideal generated by the system {g;

Proof: Since the map germ g is L-finitely determined, there exists a vector field
n € mpl, such that =2 3,\ p(g) =nog.

To prove that the vector ﬁeld k.
p-482.

is integrable, we follow Gaffney in [4]

( )
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Then it is sufficient to show that there exists a constant C' > 0 such that
%({\'l(,\, Y- Yp)| £ Clyn, ... , Ypl, or equivalently:

g

._(’\1y17 e 1yp)

2s 25,
aN SCn > + ...+ lypl**)

And this inequality is equivalent to

< Cp(ga)-

For gx = g + Ah, we have p(gx) < p(g) + N0(z, \), with fil(0) > fil(p(g)).
Since the ideal 7 is Newton non-degenerate, there exists a constant €' > 0 such
that p(z) < Cp(g).

Then, as fil(h;) > fil(g;) we obtain l%qf(/\,ml,... i)

%"T\(/\, Tlyees ,.’Cn)

< pu(x) < Cplg). ||

An example in C? — C*
Let £ > 5 be an odd integer with &, k + 1, & + 2, k + 3 two by two primes, and
g:C% — C*, the map germ g = (g1, 92, g3, g4) with

gai(@,y) = ozt + ot + ey + et Py,
ga(w,y) = B4 BT by + baaty;
g3(z,y) = 61T + Oott 4 ey + ozt ly;
ga(z,y) = mattC + yyFte 4 dioytt + dazFtiy

We see in the example 2.1 of [2] that g is A-finitely determined for generic
values of oy, [3;, 0; and ~y;, with a;, b;, ¢; e d; being all distinct prime numbers.

To apply the Proposition 4.2 we fix the Newton polyhedron I'; (g;), and denote
s1=(k+2)(k+4)(k+6), sa=k(k+4)(k+6), ss=k(k+2)(k+6), sq=k(k+2)(k+4).

We define the control function

pm (Y1, Y2, Y3, ya) = |y |20 + [y2]®? + |ys]®* + |yl

Since fil(g:) = k(k — 1), fillga) = (k +2)(k = 1), fil(gs) = (k + 4)(k — 1),
and fil(gs) = (k -+ 6)(k — 1), we see that the ideal I generated by the system
{37, 95%,95°, g3* } is Newton non-degenerate.

Therefore we conclude that if gy = g -+ A\h is an A-topologically trivial defor-
mation if fil(hy) > k(k —1), fil(he) > (k—2)(k—1), fil(hs) > (k+4)(k—1) and
fil(hg) > (k +6)(k —1).
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