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Resumo

Neste artigo consideramos problemas parabdlicos semilineares da forma
v = Au + f(u), onde A gera um semigrupo analitico compacto com decai-
mento exponencial em um espago de Banach E e f é globalmente Lipschitz
continua e limitada de E* em E (E* = D((—A)%) com a norma do grafico).
Estas hipdteses aseguram que o problema tem um atrator global. Consideramos a
aproximacao deste problema por um esquema bastante geral que inclui o método
dos elementos finitos, o método das diferengas finitas e o método das projegoes.

Ao aplicarmos este esquema de aproximagao ao problema acima obtemos a semicon-
tinuidade superior para a dindmica assintética (atratores) deste problema. Também
provamos que, se todas as solugdes de equilibrio para problema sdo hiperbélicas
entdo, existe um numero impar delas. Adicionalmente, se impomos que toda dolugao
global converge quando ¢ — o0, (como no caso de sistemas gradientes) entdo,
provamos a semicontinuidade inferior de atratores para estas aproximagoes. A prin-
cipal hipdtese sobre a aproximacgao é a convergéncia compacta de resolventes que
pode ser aplicada a muitos outros problemas nao relacionados a discretizagao.



A GENERAL APPROXIMATION SCHEME FOR ATTRACTORS OF
ABSTRACT PARABOLIC PROBLEMS WITH HYPERBOLIC
EQUILIBRIUM POINTS

ALEXANDRE N. CARVALHO* AND SERGEY PISKAREV'

ABSTRACT. In this paper we consider semilinear problems of the form v’ = Au+ f(u) where
A generates an exponentially decaying compact analytic semigroup in a Banach space E
and f is globally Lipschitz and bounded map from E® into E (E* = D((—A)%) with the
graph norm). These assumptions ensure that the problem has a global attractor. Under a
very general approximation scheme we prove that the dynamics of such problem behaves
upper semicontinuously.

We also prove that, if all equilibrium solutions of this problem are hyperbolic, then there
is an odd number of such equilibrium solutions. Additionally, if we impose that every global
solution converges as t — =+oo, (e.g. gradient systems), then we prove that under this
approximation scheme the attractors also behave lower semicontinuously.

This general approximation scheme includes finite element method, projection and finite
difference methods. The main assumption on the approximation is the compact convergence
of resolvents which may be applied to many other problems not related to discretization.

1. INTRODUCTION

In this paper we give rather general conditions under which the asymptotic dynamics
(global attractors) of a parabolic problem behaves continuously with respect to perturba-
tions of the equation. This is done from a functional analytic point of view on general
approximation scheme. By continuity of attractors we understand upper and lower semicon-
tinuity of attractors. Next we introduce some terminology to be able to present the results
that we will prove in this paper.

Let E be a Banach space, A be a topological spaces and Ay C E, A € A. Denote by
dist(+, ") : E x E — R* the metric induced by the norm in E.
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2 A. N. CARVALHO AND S. PISKAREV

Definition 1.1. By upper and lower semicontinuity of the family of sets {Ax}rea at A = Ao
we understand the following

(1) We say that { Ay} is upper semicontinuous at Ny if SUp,, ¢4, dist(uy, A) 5

(2) We say that {Ax} is lower semicontinuous at Ay if sup,¢ 4 dist(u, .A,) i )
In order to prove upper and lower semicontinuity we employ the following result

Lemma 1.1. Let {A)}xea be as in Definition 1.1.

(1) If any sequence {uy,} with uy, € Ay, \n = o, has a convergent subsequence with
limit belonging to A, then {Ax}ren 1s upper semicontinuous at \g.

(2) If A is compact and for any u € A there is a sequence {uy,} with uy, € Ay,
An = Ao, which converges to u, then {Ay\}rea is lower semicontinuous at \g.

The proof of this result is straight forward from the definition.

Next we introduce the notion of a global attractor for continuous semigroups. For that
we follow [30] (see also [9, 55, 67]). Let E be a Banach space, by a continuous semigroup we
understand a one parameter family {7'(¢) : ¢ > 0} of (nonlinear) operators such that

(i) T(0) =1,
(it) T(t+s) =T(@t)T(s), t,s = 0,

(iii) Rt x £ 5 (¢,z) — T(t)z € E is continuous.

For each z € E, the positive orbit y*(z) through z is defined as y*(z) = {T'(t)z : t > 0}.
A backward solution through z is a continuous function ¢ : (—oco, 0] — E such that ¢(0) = =
and, for any s < 0, T'(t)d(s) = ¢(t + s) for 0 < t < —s. A global solution through u° is a
function ¢ : R — E such that ¢(0) =z, s € R and ¢ > 0 we have that T'(t)@(s) = ¢(t + s).

Backward or global solutions may not exist and its existence may depend on the choice
of z. Also, when a backward solution exists, it may not be unique. Let the negative orbit
through x be defined as

77 (2) = UisoH (8, 7),
where H(t,z) = {y € E : there is a backward solution through = defined by ¢ : (—o0, 0]
— E with ¢(0) = z and ¢(—t) = y}.

A complete orbit y(z) through z is defined as y(z) = v~ (z) Uy (z). A set B C E is said
to attract a set C' under T'(t) if dist(T'(t)C,B) — 0 as t = oo. A set S C E is said to be
invariant under T'(-) if, for any z € S, there is a complete orbit v(z) through z such that
v(z) C S or equivalently if T'(t)S = S for any ¢ > 0.

Definition 1.2. A set A C E is said to be a global attractor for semigroup {T'(t) : t > 0} if
it is compact, tnvariant and attracts any bounded subsets of E.
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Let {T'(t,\) : t > 0} be a family of semigroups. Assume that for each A € A the semigroup
{T'(t,\) : t > 0} has a global attractors A,.

To obtain the upper semicontinuity of attractors is a relatively simple matter being enough
to prove that the union of the attractors is relatively compact in E and that the family of
semigroups behaves continuously with respect to A.

Theorem 1.1. Assume that the set U{ Ay : A € A} is relatively compact in E and that for
wy, 2N uy, i E one has ||T(t, N)ux — T'(t, Xo)u || = 0 as A — Xg for any t € RT. Then,
{Ax}xen is upper semicontinuous at A\ = \g.

Proof: If {u,,} is a sequence with uy, € A\, A\, — Ag, we may assume, from the
compactness of U{A) : A € A}, that u,, is convergent to some u), € E. To show that
uy, € Ay, it is enough to show that there is a complete bounded solution through u,,. Let
R >t~ ¢y, (t) € E be a complete solution through wuy,. Since the union of the attractors
is bounded we have that sup,,s; sup,cg ¢, (t)[[z < co. From the convergence properties of
the semigroups we have that there is a complete bounded orbit through u,, and the result
is proved.g

The upper semicontinuity has been the subject of study by a number of authors, among
them we cite [1, 3, 5, 6, 8], [11] — [16], [29] — [36], [38, 40, 41], [44] - [47], [62] - [65].

On the other hand, the lower semicontinuity of attractors is a much more complicated
matter. We will not attempt to describe this procedure in this degree of generality and
will leave for a more specific case, still in this introduction. The pioneer work done in
[43] established the procedure to obtain the lower semicontinuity of attractors for gradient
semigroups. In the sequel we cite the work [42] by the same authors. In the later the set of
equilibria does not depend upon the parameter which considerably simplifies the problem.
Other works used the reduction to finite dimension to obtain lower semicontinuity or even
better continuity results as in [11, 13, 14, 15, 46, 64]. More recently the work [5] brought
new light into the subject, in this case the set of equilibria also depends upon the parameter
and reduction to finite dimension is not available. The results in [5] are oriented in such a
manner that the continuity of attractors is drawn from the continuity of the spectrum of
the involved linear operators. Our approach resembles the steps described in [5] in a rather
general abstract formulation.

The aim of the present paper is to consider approximation/perturbation of attractors.
Actually, the problem of approximation/perturbation of attractors is naturally motivated by
the following arguments. The semigroup {7'(t) : t > 0} usually comes from a differential
equation that is a mathematical model for a phenomenon (physical, biological, economical,
etc). One central question in the modelling is the stability under perturbations. In fact, in
every step of modelling there is always a degree of uncertainty in the determination of the



4 A. N. CARVALHO AND S. PISKAREV

parameters of the mathematical model. Roughly speaking everything in the mathematical
model is determined approximately. Therefore, it is crucial to determine wether the solutions
depend continuously on all the parameters of the model. We tackle this question from the
point of view of the asymptotic dynamics; that is, we will be satisfied with the proof that
the attractors behave continuously on all the parameters of the mathematical model.

One of the important aspects of developing approximation/perturbation philosophy is the
subject of numerical analysis. In the setting of present paper we consider just discretiza-
tion in space and consider just convergence aspects, leaving the order of convergence and
discretization in time for forthcoming papers.

In fact we will concentrate on the continuity of attractor on a very general discretization
scheme, which include finite element, projection and finite difference methods and may as
well apply to many perturbations that are not concerned directly with discretization.

In [11] the authors study the continuity of attractors of a one dimensional parabolic prob-
lem in space with respect to discretization. Of course the proof of the results in [11] cannot
be extended to higher dimensions. The spectral gap and the special convergence of eigen-
values and eigenfunctions cannot be extended to higher dimensional domains and enter in a
crucial way in the proof of the results in [11].

In [31, 45, 51, 52] the authors also consider the continuity of dynamics with respect to
discretization.

To state the main results of this paper we specialize to the class of problems considered
here. Let E be a complex Banach space and A : D(A) C E — E be a closed linear operator
with compact resolvent, such that

M
1+ )
In such situation (A) = inf{Re\ : A € 0(A)} < 0. Let (—A)%, a € R*, denote the fractional
power operators [54] associated to A and denote by E® the corresponding fractional power
spaces; that is, E* := D((—A)%) endowed with the graph norm ||z||ge = ||(—A)%z||5.

If A is as above and 0 < o < 1 is fixed, consider in the space E* the following semilinear

(1.1) (M - A)7| < for any ReA > 0.

autonomous parabolic problem

u = Au+ f(u), t >0,
(1.2) i ,
u(0) = u’ € B9,
where f(-) : E* C E — E is a globally Lipschitz, bounded and continuously Fréchet

differentiable function.

Remark 1.1. The fact that —A is sectorial with compact resolvent enters in a crucial way
to prove the continuity of the dynamics near equilibria through the fact that the linearization
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of the right hand side of (1.2) has only a finite number of eigenvalues with positive real
part. This is the main dificultness to generalize such results to the case when A generates
Cy-semigroups.

Under the above assumptions the mild solution of (1.2) defined for all ¢ > 0 (see [48],
[80]). Let u(-) = T(-)u’ : R* — E° be the only mild solution of (1.2). With this notation
we have defined a family of nonlinear operators in E* {7'(t) : ¢ > 0} which is a continuous
semigroup. It is well known that nonlinear semigroup 7'(:) is given by the Variation of
Constants Formula

t
(1.3) T(t)u® = et=IAT (tg)u’ +/ DA F(T(s)u’)ds, t > to.

to

Under all above assumptions it is not difficult to prove (see [30, 48]) that
Theorem 1.2. The problem (1.2) has a global attractor A in E°.

In the models that give rise to (1.2), the nonlinearity f(-) usually does not satisfy the
condition above but only conditions that ensure local well posedness and existence of a
global attractor. After obtaining some “nice” bounds on the attractor we can change the
nonlinearity, without affecting the attractor, so that it satisfy the above conditions. This is
seen in the following example.

Example 1.1. Let Q C R™ be a bounded smooth domain. Consider the second order strongly
elliptic operator

n

(1.4) Lu= Z 04§ (T ) Ug;z; + Z bj(z) + (c(z) + v)u,

1,j=1
where the coefficientes a;j, bj, ¢ are smooth. Consider the associated parabolic problem

u(t, z) = —Lu(t,z) + f(u(t,z)), t>0, z€Q,
(1.5) u(t,z) =0, t>0, z €09,
u(0,2) = u%(z) € H§ ().

Let E = L*(Q) and define the operator A : D(A) C E — E by D(A) = H*(Q) N Hy(Q) and
Au = —Lu for all w € D(A). It is well known that A generates an analytic and compact
Cy-semigroup {exp(tA) : t > 0}. Assume that v is chosen such that the spectrum of A is
located to the left of the imaginary azis. Then, we can define the fractional powers (—A)® of
_ A as before. It is well known that E' = D(A) = H*(Q) N HY(Q) and Ez = HL(Q).
Concerning the nonlinear term f(-), it was shown in [4], [7] that under some growth
conditions, the problem (1.5) is locally well posed in Ez. These growth restrictions are

expressed as follows:
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(G)g: Let f(-) : R — R be a C*(R,R) function and assume one of the following
ol = 1,
i) n=2 and f satisfies, for everyn > 0, that there exists ¢y > 0 such that
N N
(16) £ (2, 1) = F(,0)] < (™™ + ™7 ) ju — ),

i) n > 2 and [ satisfies

i 1£5,) = £(@,0)] < el =l (=" + oo~ +1),
with ezponent p such that
1<p<n+?
n— 2

It is also known (see [4],[7]) that, under these assumptions, these solutions are classical.
If in addition to the assumptions above we assume that

(1.8) lim sup /() <0,
lul—so0 U

then all solutions of (1.5) are globally defined. In this case we have, for each u° € E: a
globally defined solution t — u(t,u®) € E3, t > 0.

Under the above hypotheses, the nonlinear semigroup {T'(t,-) : t > 0} associated to (1.5)
has o global attractor A in E? and the attractor A satisfies (see [8])
(1.9) sup [ul| () < oo

ueA

This bound enable us to cut the nonlinearity f(-) in such a way that it becomes bounded with
bounded derivatives up to second order, but the problem with such changed nonlinearity has
the same attractor. Hereafter we may assume that f(-) is bounded with bounded derivatives

up to second order.

The equilibrium solutions of (1.2) are those solutions which are independent of time u(t) =
u, t > 0; that is, the solutions of equation in E¢

(1.10) Au+ f(u) = 0.
We denote by & the set of solutions to (1.10); that is, & = {u € E*: Au+ f(u) = 0}.

Definition 1.3. We say that a solution u* of (1.10), i.e. u* € &, is hyperbolic if the spectrum
a(A+ f'(u*)) is disjoint from the imaginary azis, i.e. o(A+ f'(u*)) NiR = 0.

About the solutions of (1.10) we can prove the following result

Proposition 1.1. (see Proposition 2.1) If all solutions of (1.10) are hyperbolic, then £ has
2k + 1 elements for some non-negative integer k.
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This feature can be seen in [17], so called Chafee-Infante example, for which one can check
that the number of equilibrium points is always odd.

Definition 1.4. The unstable manifold of the equilibrium set £ is the set W*(E) = {n €
E® :u(t,n) is defined for all t < 0 and u(t,n) — € as t - —oc}.

The unstable manifold of an equilibrium solution u* € £ is defined by W*(u*) = {n € E*:
u(t,n) us defined for all t <0 and u(t,n) = u* as t — —oo}.

We now specialize to a class of equations for which we can describe the structure of
attractor. We assume that any bounded global solution ¢(-) : R — E® of (1.2) has limits

(1.11) () = ¢~ ast — —oo and ¢(t) = ¢, ast — oo.

In this case ¢%, and ¢*  are in £ and the attractor has a representation A = Uy.ce W*(u*).
Such structure of attractor one gets for example in case of gradient system with isolated
equilibria.

Definition 1.5. We say that {T'(t) : t > 0} is gradient if there is a continuous function
V . E* - R such that function R* 3t — V(T(t)u’) € R is non-increasing and & = {u® €
E*: V(T (t)u®) = V(u°), Vt € R}. |

Theorem 1.3. (see Theorem 2.3) If A, a and f are as before and if {T(t) : t > 0} is
gradient then the attractor A for (1.2) can be characterized as the unstable manifold of the
equilibrium set &€; that is, A = W*(E). If in addition, each u* € £ is isolated then & is a
finite set and A = Uy-ceW*(u*), i.e. attractor consists of the union of the unstable manifolds

of equilibrium solutions.

Example 1.2. If the operator L in Ezample 1.1 is in the divergence form, then the semigroup
associated to (1.5) is gradient.

In the mean time our general assumption (1.11) admits the case ¢* = ¢, which is not
allowed in case of gradient systems.

Our results on lower semicontinuity of attractors require that the attractor A of (1.2) is
characterized in the form
(1.12) A= W)

ur€€

with £ being a finite set consisting only of hyperbolic equilibria of (1.2). Other results on
upper semicontinuity of attractor or on continuity of the set of equilibria do not require such

special characterization.

Definition 1.6. We say that an invariant set I' is asymptotically stable if there is a neigh-
borhood V of T’ such that, for any v € V dist(T'(t)v,I') = 0 as t = oo.
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In fact, in the proof of lower semicontinuity of attractors, we may assume that the attractor
is the union of unstable manifolds of hyperbolic equilibria W*(u}), 1 < i < n*, together with
asymptotically stable invariant set I'; that is,

A= [Jw@w)ur
1<ign”
which can be approximated (upper and lower semicontinuously). As an example, under the

same assumptions on A and f(-) we can approximate uniformly stable periodic orbits of
(1.2), see [10, 27].

Example 1.3. In Chafee-Infante ezample [17] the attractor is the union of unstable mani-
folds of equilibrium points.

Next we introduce the general discretization scheme and state the main results of the
paper. The general approximation scheme [22] — [24], [66] — [75], can be described in the
following way. Let F, and E be Banach spaces, and let {p, } be a sequence of linear bounded
operators p, : E — E,,p, € B(E,E,),n € N={1,2,---}, with the following property:

(1.13) lpnz||E, = ||z]|g as n — oo for any z € E.

We will also use the operators p& = (—A,)  %pn(—A)* € B(E®, E%) with the same property
(1.13), but for the spaces E%, ES. Operators A, and A are supposed to be related with
conditions (1.1), (A) and (B).

Definition 1.7. A sequence of elements {x,},z, € E,,n € N, is said to be P-convergent to

. : : P
z € E iff ||zn — puzl|s, — 0 as n — oo; we write this as T, — .

Definition 1.8. A sequence of elements {z,},z, € E,,n € N, is said to be P-compact if
for any N' C N there ezist N' C N and ¢ € E such that xnim:, asn — oo in N,

Definition 1.9. A sequence of closed linear operators {A,}, A, € C(E,), n € N, is said
to be compatible with a closed linear operator A € C(E) iff for each x € D(A) there is a
sequence {z,},zn € D(Ay) C En,n € N, such that zn—P-m and AnanAx. We write this
as (An, A) are compatible.

Consider in Banach spaces E, also the family of parabolic problems

u;l = Ayu, + fn(un)y t >0,

1.14
\L14) un(0) = ul € E2,

where u%iwo, operators (A,, A) are compatible, f, : Ey — E, is bounded, and Lipschitz
continuous. Consider the associated elliptic problems in E¢

(1.15) Anty + falus) =0.
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We denote by &, the set of solutions to (1.14); that is, &, = {u, € E2 : Apug + falu,) = 0}.

Definition 1.10. A sequence of bounded linear operators B, € B(E,),n € N, is said to be
PP-convergent to the bounded linear operator B € B(E) if for every x € E and for every
sequence {x,},z, € Ey,n € N, such that z, P, = one has Bt 2+ Bx. We write this as
B, 25 B.

We have the following version of Trotter-Kato Theorem on the general approximation
scheme.

Theorem 1.4. [60] Let operators A and A, generate analytic Cy-semigroups. The following
conditions (A) and (B) are equivalent to condition (C1).
(A) Compatibility. There exists A € [N, p(An)] N p(A) such that the resolvents converge:

(AL, =~ A S EB 00T — A
(B:) Stability. There are some constants My > 1 and wy such that

. M,
I(ALn = Aa) 7| <

—R)\> : N;
|/\‘ l e Wa, N €

T
(Cy) Convergence. For any finite p > 0 and some 0 < 6 < o we have

max ||exp(77A Jul — ppexp(nAd)u’||g, — 0
neES(0,1

as n — 0o, whenever ud — u®. Here, (0, 1) = {z € £(0) : |z2| < p} and () = {z € C :
| arg z| < 0}.

The above Theorem ABC gives a necessary and sufficient condition for convergence of mild
solutions of (1.14) to mild solution of (1.2) in case f, =0, f = 0. In this trivial case under
our above assumptions on A the attractor A = {0}, since || exp(tA)|| < Me ™ — 0ast — oo
and equation Au + f(u) = 0 has only one solution u* = 0. One may conjecture that from
conditions (A) and (Bj) of Theorem 1.4, it follows also that || exp(tA,)|| < Me™® B as t — oo
for some b > 0 and M > 1. In general it is not true as we can see from counterexample.
Example 1.4. Discrete convergence of resolvents (without condition A.. # 0) is not enough
to get uniform estimates (and also the statement of Theorem 6.5), which is clear from the
following ezample noted to us by Professor Cesar Palencia (private communication). Let
us consider a Banach space E = ly, the Hilbert space formed by all the square summable
sequences, i.e T = (T, Ty, ), L5, |zk|* < co. Then, the operator

A = diag(—ay, —ag, —az, )

with1 = a; < ap < - -+ generates on E an analytic Cy-semigroup with ||| = e, ¢ >0,

i.e. it is exponentially decreasing semigroup. The spectrum o(A) = {—ay, —ag, —as, -+ }.
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One could consider approzimation of A by the operators
A, = diag(—oq, —ao, ..., —an, M,,0,0,0,...),

where M, = —wl,, + Ly, with 0 < w < 1, is n X n-matriz and L, has got all of its entries
equal to zero, except the first upper diagonal which is formed by ones. The spectrum of M,
reduces to —w. Moreover, since

exp(tMy)]| < e el < -,

it is clear that, on finite intervals of t € [0, T), we have the strong convergence of the semi-
groups generated by

An = diag(’-ala —Qg, ", —Qp, A/[na 070 e )

to exp(tA) = diag(e 't e72t, e7®t ... ). In the mean time, the (1,n) element of exp(tM,)

is nothing but e”“’t(—f:i_——ll)-! so that, by Stirling formula

n — 1)n~1 e(n—l)(l—w)
(n—1)! - (2mn)1/2

“e(n—l)MnH > e—w(”—l)( as n — 09,

and since 0 < w < 1 we have then
sup{[le™ DM || : n > 1} = +oo0.

It is necessary to stress that in this ezample Reo(A,) < —w, one has uniform convergence
exp(tA,) — exp(tA) in t € [0,T] for any finite T > 0, and || exp(tA)|| < e”,t > 0, but in
the mean time || exp(t,An)|| = o0 ast, =n—1— oo.

So, this counterexample shows that it can happen || exp(¢,A4,)| — oo as ¢, — oo. Since
splitting of the solutions of the problem (1.2) in the neighborhood of any equilibrium point
involves (see (5.4)) estimates like ||exp(t4,)|| < Me ', ¢t > 0, with some M > 1,@ > 0,
for operator A,, which is the restriction of A, on the corresponding subspaces, one needs to
put on (A,, A) additional assumption besides the discrete convergence of resolvents (A) and

stability (B).

Example 1.5. It is well known [50] that the operator A which generates analytic Cy-
semigroup can be associated one-to-one with a sesquilinear form o : Ez x E3 — C such

that

1
o, 0)] < erllull y ol g, wv € B,

Reo(u,u) > collull 3, ue€ E?,

o(u,v) = (—Au,v), ue D(A), ve E3.
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If§) is a convez polygon consider a subdivision of it which consists of a reqular triangulation
where each triangle has largest diameter equal to h. In this case denote by Sy the set of all
functions in Ez which are linear in each triangular element.

So we are given a family Sy of finite dimensional subspaces of H{ () with the standard
[68] approzimation property

1€n$f (Hv - x|lg + hljv — X”E1/3) & Ch2”U|IEl for v e HQ(Q) N Hol(Q).

We also mtroduce analogy of our connecting mappings {p%} as uy = Pyu, i.e. the projection

ofue Ez on E2 with respect to the H'(Y) inner product and we have

||u~uh[| < Ch|lu|lpr and |u—@"|g < Ch2||u||gp, u€E E!

2y
(see [18, 19]). Incidentally we stand Pyu for the projection of u € E on Sy, = E} with respect
to the L*(Q2) inner product, these operators play the role of connecting mappings {p,}. In
this framework, our finite element approzimation Ay : Sy — Sp of A is defined by

(—Andn, ¥n) = o(dn,¥n),  n,¥n € E,%

In other words, Ay is the operator associated with the sesquilinear form oy (-,-) which is the
restriction of o(-,-) to E,% X E,%. With such setting one can prove that there erist a constant
C and an acute angle 0 such that for any x € E and z € {z € C: 0 < |argz| < 7} we have
for instance

|(zI — A)~'z — (21 — An) ™' Pzl < Ch?||z|| 2
This estimate shows that in such example one has P-convergence with uniform convergence

—1

of the resolvents. Since our resolvent (A — A)~! is compact for some A, then because of

inequality (where u(-) is mesure of noncompactness)
p((zIn — An)"'zn) < p((2] = A) 7 zp) + [[(2] = A) o — (21 — An) ' 2alle < CR?|lzille

resolvents converge compactly as h — 0. So we will use compact convergence property as one
of the basic assumption on general approzimation scheme to get the estimates like (5.3).

Let uy(t) : [0, 00) — Eé be the solution of
(1.16) (ul (2), én) + o (unlt), 64) = 0, ¢ € B,
and uy(0) = ul). Then we can write instead of (1.16)
(1.17) wh(t) = Awun(t), ua(0) = uf € B,

and we also have uy(t) = exp(tAy)u). Moreover, for x € Ez we have (see [18]) for ezample
that
|| exp(tA)z — exp(tAn) Pzl ;3 < Chi™2 ||x||E%
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With this we conclude that if we apply for our modelling problem (1.5), with n = 2, fi-
nite element method, then all kind of assumptions we put in the present paper are natu-
rally/automatically verified and one can get the results on approzimation of attractor.

For the case of finite difference methods approzimation of eigenvalues and regular con-
vergence of operators (where the notion of discrete compactness play crucial role) has been
considered in [76]. For more references concerning discretization of problems like (1.2), see
for example, [10, 27, 56, 57, 59, 61].

Next we state the main results in this paper. These results hold under the following
assumption

[Al] Let f(-) and f,(-) be globally bounded and Lipshitz continuous and such that
(A, — An)‘lﬂ(/\l — A)~! compactly (see Definition 3.7) for some ), conditions
(1.1) and (B;) hold and fn(mn)i) f(z), whenever Tn s,

Theorem 1.5. (see Theorem 4.6) Assume that [Al] holds, then Tn(t)ugﬂT(t)uo uniformly

. ’Pa
intel0,T], T < oo, whenever u) —u®.

Remark 1.2. The condition (By) and compact convergence of resolvents are independent in
the following sense. Let we have the same operator A as in Example 1.4, with o, = n*,n € N,
but we approzimate it with A, in the form

An == diag(_ala —Qg, —Q3, ", —0p_1,0p, —Qpt1," " ):

one can see that resolvents are compact and A;' — A~' compactly. But, since ca, — +00,
the estimate (B) does not hold. So this means that compact convergence of resolvents is not
enough to get the condition (B).

Definition 1.11. Let A C E® and A, C E%, n € N. Denote by dist(-, -) the metric induced

by the norm in EY,

n €N, i.e. dist(zn,yn) = ||Zn — Ynl|Ee.

(1) We say that {A,} is P*-upper semicontinuous at infinity if any neighborhood of A,
i.e. O(A), contains all but finitely many A,’s; that is, sup,, ¢ 4. dist(un,ps.A) =,

(2) We say that {A,} is P*-lower semicontinuous at infinity if, for any € > 0, O(A,) D

n—oo

p2(A) for all but finitely many n’s; that is, sup,¢ 4 dist(phu, A,) — 0.

Theorem 1.6. (see Theorem 5.1) Let A, A, be the attractors for (1.2) and (1.14), respec-
tively and assume that [A1] holds. If {z}}, =} € Ay, P*—converges to some point =*, then
z* € A and the {A,} is P*—upper semicontinuous at infinity.

Theorem 1.7. Assume also that problem (1.10) has ezactly m solutions u',...,u™ and that
all of them are hyperbolic and that [Al] holds. Assume also that for any point ul and any
¢ > 0 there ezists 6 > 0 such that || f.(u,) — fiL(p2u')||g, < €, whenever ||u, — pSu'||ga < 6.
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Then, there exists ng such that for all n > ng the problem (1.15) has ezactly m solutions

Uy, ..., u™. Moreover, we have

||qu _pguk”Eg =3 D, B=1 ...,

and there exist p > 0 such that local unstable manifolds W;‘(uﬁ), k =1,...,m, behave
continuously in ES as n — oo.

Theorem 1.8. (see Theorem 5.2) Let A, A, be the attractors for (1.2) and (1.14), respec-
tively. Assume A can be written in the form (1.12) and that £ consists only of hyperbolic
equilibrium. Assume also that for any point u* and any € > 0 there exists 6 > 0 such that
| folun) = fr(pRu’)|| g, < €, whenever |lu, — peul||ga < 6. Ifz* € A, then there is a sequence
of points {x, }, with z} € A, such that = T2 2 and the {A,} is P*—lower semicontinuous

at infinity.

Proof: If 2* € A, then it is on the unstable manifold of some equilibrium point. Following
back in time by some trajectory through z* one can come, in time —7" < 0, to a point y in the
neighborhood of some equilibrium point, which as we know by Theorem 1.7 is approximated
by points y, € A,. Then, T,(t)y, € A, approximates z* and we obtain the result.g

In what follows we describe the algorithm that we followed to show continuity (upper and
lower semicontinuity) of attractors. As presented here, the problem (1.14) is a perturbation
of the problem (1.2).

e The perturbation of the unbounded operator A may be very singular and the continu-
ity of its approximation by A, is given in terms of continuity of resolvent operators.

e Continuity of resolvents (plus some P—compactness and stability) ensures the con-
tinuity (upper and lower) of the spectrum and of generalized eigenspaces.

e The continuity of resolvent operators (plus some stability) implies the continuity of
linear semigroups. This is accomplished through a version of Trotter-Kato Theorem
(Theorem 1.4) referred as Theorem ABC.

e Using the variation of constants formula (plus some compactness) we can obtain the
continuity of nonlinear semigroups given in Theorem 4.6.

o The continuity of nonlinear semigroups (plus some uniform boundedness and P—com-
pactness) imply the upper semicontinuity of attractors.

o Assuming that all points in £ (solutions of (2.4)) are hyperbolic equilibrium we obtain

continuity of the set of equilibria.
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e The continuity of the set of equilibria implies the continuity of the linear unstable
manifold of the linearization around equilibria. Using the continuity of the linear un-
stable manifolds we obtain the continuity of the nonlinear local (near the equilibrium)
unstable manifolds.

e Assuming that the attractor for the problem (1.2) can be written in the form (1.12)
and using the continuity of the nonlinear semigroups and the continuity of the local
unstable manifolds (plus uniform boundedness and P—compactness of the attractors)
we obtain lower semicontinuity of attractors.

This paper is organized as follows. In Section 2 we establish the existence of attractors
for (1.2), prove that if all equilibrium points for (1.2) are hyperbolic then there is an odd
number of them, prove the existence of unstable manifolds in the way needed for the approx-
imation and characterize the attractors that can be approximated lower semicontinuously.
In Section 3 we establish the results on convergence of the spectrum (upper and lower semi-
continuously). Section 4 is devoted to approximation of semiflows. Finally in Section 5 we
prove the upper semicontinuity of attractors, the continuity of hyperbolic equilibria and un-
stable manifolds and the lower semicontinuity of attractors. We conclude the paper with an
Appendix where we have placed some basic results on convergence of resolvents and uniform
estimates we needed throughout the paper.

Acknowledgement: This article has been written while the second author visited the
Departmento de Matemadtica of the Instituto de Ciéncias Matemaéticas e de Computagao/Uni-
versidade de Sao Paulo supported by grant # 02/10699-7 from FAPESP. The author wishes
to acknowledge the great hospitality of the people at this institution and the support from
FAPESP.

2. ATTRACTORS FOR ABSTRACT PARABOLIC PROBLEMS

We assume that the operator A in (1.1) generates analytic Cp-semigroup with estimate
lletY|| < Me ™, t > 0, where w > 0, resolvent (A — A)~! is compact for some A € p(A),
function f(-) : E* — E is a globally Lipschitz, bounded, i.e. there is a constant K > 0, such
that || f(z)||e < K for all z € E*, and continuously Fréchet differentiable function.

2.1. Preliminaries on invariant and compact sets.

Let us show that the conditions imposed on A and f(-) in (1.2) are enough to guarantee
that semigroup {7'(¢) : t > 0} has a global attractor. Recall that for any set B C E®, the
sets 77 (B) = Uyoepr™ (1), 77 (B) = Uwepy™ (u®), 7(B) = Uyoepy(u’), are respectively, the
positive orbit, the negative orbit, the complete orbit through B when they exist.
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For any set B C E¢, define the w — limit set w(B) of B and the a — limit set a(B) of B
as
W(B) = ﬂs}OUtZST(t)B> Oé(B) = ms;OUt>sH(t’ B)

We start with some basic lemmas:

Lemma 2.1. If S C E® is invariant under {T(t) : t > 0} and v € S, then there is a
complete orbit through v.

Lemma 2.2. A point v belongs to w(B) if and only if there is a sequence t, — 400 and a
sequence v, € B such that T(t,)v, — v.

Lemma 2.3. For any bounded set B C E* the set y"(B) is bounded and T(t)y*(B) is
precompact for any t > 0.

Proof: It is well known that 7'(t) : E* — E® is compact. Using the Variation of Constants
Formula and standard estimates, it follows from the assumptions on A and f(-) that y*(B)
is bounded in E* whenever B is bounded in E®. Therefore, since y*(B) is bounded, we
have that {T'(s)B:s > t} = T(t)y*(B) is compact and the result follows.g

Lemma 2.4. For any u® € E® the set w(u®) is non-empty, connected, compact, invariant

and attracts u°.
See [30] for a proof.

Lemma 2.5. Suppose that u® € E® is such that there is a negative orbit ¢ : (—o0,0] — E
through u® and such that ¢((—o0,0]) is compact. Define

ay(u’) = {v € E*: 3 t, — oo such that ¢(—t,) — v}.
Then, ag(u®) is non-empty, connected, compact and invariant.

Proof: It is easy to see that ay(u’) = ﬁt;om and from this it is immediate that
ay(u®) is non-empty, compact and connected.

It remains to prove that ay(u®) is invariant. In fact, if v € ag(u), then there is a sequence
t, — +o0o such that ¢(—t,) — v. From the continuity of 7T'(t) : E* — E® we obtain that
T(t)p(~t,) = o(t — t,) — T(t)v and therefore T(t)v € ay(u’). On the other hand, if
w € ag(u’), there is a sequence t, — oo (w.l.o.g. we can assume ¢, > t, n € N) such
that ¢(—t,) — w. Since {¢(—t, —t) : n € N} is relatively compact, taking subsequences if
necessary, there is a z € E® such that ¢(—t, —t) — z and z € ay(u®). It follows from the
uniqueness of the limit that 7'(t)z = w

Remark 2.1. It follows immediately from the invariance that, if up € E* and w(ug) = {u*},

then u* is an equilibrium. Similar statements hold for a(ug) and ag(ug).
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Lemma 2.6. The orbit of any bounded set B C E® is bounded and for each bounded set
B C E there is an instant Tg and a constant N (independent of B) such that

(2.1) sup sup ||w|ge < N,
t>27p weT(t)B
Furthermore,
(2.2) sup  sup ||v||ge < N.
BCE® veEw(B)
B bounded

Proof: The first statement follows trivially from the Variation of Constants Formula and
(2.2) follows from (2.1) and from the definition of w(B). It remains to prove (2.1). Given a
bounded set B C E® and v € B we have from (1.3) that

(2.3) T(t)v = exp(tA)v + /0. exp((t — s)A)f(T(s)v)ds, t > 0.

From the hypothesis on f(-) and on A we have that there is a constant K such that || f(w)||g <
K for all w € E* and

T (t)v||ge < Me™PY|v||ge + MK /:(t — 5) % 7Alt=9) s,
From the fact that v lies in a bounded subset of £* we have that there exists 75 such that
IT(t)v||ge <14+ MK /Ooo £ e Pd¢ =N, t>1p.
Since NV is independent of B C E“ the result follows.

Lemma 2.7. If B C E® is a bounded set, then w(B) is non-empty, compact, invariant, and
attracts B under {T'(t) : t > 0}. Furthermore, if B is connected, then w(B) is connected.

See [30] for a proof.

Theorem 2.1. If By = {u € E* : ||u||ga < N}, then w(By) is the global attractor for
f Tt} £ 2 0}

Proof. It is clear that w(By) is compact, invariant, connected and attracts By. First note
that for any bounded set B there is a 75 such that 7'(¢)B C By for all ¢ > 75. Since By is
attracted by w(By) and since By attracts B the result follows.q

2.2. Equilibrium points.

Now we are going to describe the structure of the attractor for (1.2). We will start with
the elements from the attractor which are the most obvious, the equilibrium solutions. The
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equilibrium solutions of (1.2) are those solutions which are independent of time u(t) = u
0; that is, the solutions of equation

t>

)

(2.4) Au+ f(u) = 0.

We say that a solution u* of (2.4), i.e. equilibrium point u*, is hyperbolic if the spectrum
o(A+ f'(u*)) is disjoint from the imaginary axis, i.e. o(A4 + f'(u*)) NiR = 0.

Let © be an open convex set in a Banach space F', and let B : Q — F be a compact operator
having no fixed points on the boundary 99 of 2. Then for the vector field V(z) = z — Bz,
the rotation (degree) (I — B;0f2) being a integer-valued characteristics of this field is well
defined. Let z* be an isolated fixed point of the operator B in the ball B(z*,7y) of radius
ro centered at a point z*. Then y(I — B;0B(2*,1)) = v(I — B;0B(z*,7)) for 0 < r < .
This common value of the rotation is called the index of the fixed point z* and is denoted
by ind(z*; I — B).

Proposition 2.1. Assume that all equilibrium points of (1.2) are hyperbolic. Then, there is
only a finite number of them and this number is odd.

Proof. First we observe that since f(-) : E* — E is bounded we have that all solutions of
(2.4) satisfies

(2.5) Tu+ A" f(u) =0

and therefore ||u||zr < [|f(u)||lg < K. So if we consider the ball of radius more than
|A='*<|| K, then the operator A~!f(:) maps the ball B(0,||A™'*%||K) C E* into itself. By
Schauder fixed point Theorem (see Theorem 21.5 [53]) v(I+A~'f(:),0B(0,||A"'¢||K)) =1,
i.e. exists at least one fixed point

Iu* + A7 f(u*) = 0 with u* € B(0,[|A7||K).

Since the operator A7!f(-) : E* — E“is compact we have that the set £ = {u : Au+ f(u) =
0} is compact in E*. Moreover, any fixed point u* is isolated and |ind(u*, I+ A7 f(:))]| = 1,
since v* is hyperbolic and N (I + A~'f'(u*)) = {0}, (see [53], Theorem 21.6 ). If the
number of the fixed points is infinite, i.e. we have a sequence {u;}$2,, then the sequence
— A7 f(u}) = uf — ul, converges on some subsequence 7 € N' C NV, which is a contradiction
with the fact that each fixed point u, is isolated. So the number of the equilibrium points
is finite. Now by Theorem 20.6 [53]

1=v(I+A7f(),0B(0,|ATK)) = T ind (uf, T + A7 (1))

and therefore the number d = 2k + 1 for some integer £ > 0. g
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2.3. Local unstable manifolds.

Next we show that there are many other solutions which are in the attractor besides the
stationary solutions. It is easy to see that every mild solution of (1.2) remains bounded of any
u’ € E%; that is, sup,q [|u(t, u®)|| g« < 0o. If we show that the mild solution u(-,u°) is defined
in R, takes value in £ and is bounded, then it must be in the attractor A. So it is enough
to show that a solution is defined and bounded in R~ to obtain a solution in the attractor.
We define the unstable set of u* € £ as W*(u*) = {n € E* : u(t,n) is defined for all ¢t <
0 and u(t,n) = u* as t - —oo}.

Before we give more details about how to construct W*(u*) at least in a neighborhood
of u* let us look for a moment at a linear problem. If we consider the change of variables
v(:) = u(-) — u* in the problem (1.2), add and subtract f'(u*)v(:) to its right hand side we
obtain

v(t) = (A4 f'(w))v(t) + fut) +u*) = fw) — f'(u)o(D),

0

2 v(0) = u® — u* =

In this equation, for v° very small, the part f(v(t) + u*) — f(u*) — f'(u*)v(t) is also very
small. It is natural then to consider what happens when we neglect the nonlinearity; that

is, what happens to the Cauchy problem

v'(t) = (A+ f'(u"))v(?),
w{0) = 2",

Just to say a word about the operator A + f’(u*), the operator f'(u*) € L(E® E) and
therefore the operator A + f'(u*) is defined in D(A) and it is an analytic Cp-semigroup
generator with compact resolvent. It is well-known that such generator has the spectrum
consisting just of isolated eigenvalues with generalized eigenspaces of finite dimension (so
called discrete spectrum). We also know that under above assumptions (see [48]) there are
constants M,b > 0 such that

(2:9)

(28) H exp(tA)||B(Eo,,Ea2) < A/[th—age—bt, ay >a; =20,t>0.

The part ot of the spectrum of operator A+ f'(u*) to the right of the imaginary axis consists
of a finite number of eigenvalues with finite multiplicity (see Figure 4). Let U(c™) C {) €
C: Re) > 0} be an open connected neighborhood of o* which has a closed rectifiable curve,
dU(c™), as boundary. We decompose E’ using the projection

/ * 1 * =%

(29) Q") =Qot, A+ f(u)) = — (c1-(A+rw))

271 Jau(o+)



APPROXIMATION OF ATTRACTORS 19

defined by o, we have that there is a w > 0 such that

lexp (44 + /() ) Q(o™)llnm) < Me™, ¢ <0,

(2.10)
lexp (¢(A+ f'(u") | (I = Q(o™))llaE,ee) < Mt™e™, t20, a2 0.

If Q(o™) is the spectral projection defined by the spectrum of (A + f/(u*)) to the right of
the imaginary axis, we have that for vy € Q(o*)E®, then the solution v(t,vp) of (2.7) exists
for all negative time and v(t,vp) — 0 ast — —oo and v(t)+u* — u* ast — —oo. That serves
as inspiration to what we want to do. When we perturb (2.7) with a very small nonlinearity
we should observe solutions of (2.6) that exist for all negative time. Of course, the initial
data for which such solutions exist will no longer be in @(o*)E®, but in a nonlinear manifold
near it (see Figure 1).

Theorem 2.2. Assume that u* is a hyperbolic equilibrium for (1.2), which is an isolated
solution of (2.4). Then, there ezist a neighborhood U of u* in E* such that the local unstable
manifold W*(u*) is given by

Y

//t‘(vc),z(-))

Figure 1
Proof: Rewriting (1.2) for w(t) = u(t) — u* to deal with the neighborhood of u* € £ we

arrive at
(2.11) w'(t) = (A+ f'(u))w(t) + flwt)+u*) = f(u") — f(u)w(t).

Now we decompose the equation (2.11) in the following way. If w(-) is a mild solution
of (2.11) we write v(t) = Q(o7)w(t) and z(t) = (I — Q(¢*))w(t). Hence, if B denotes
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the restriction of (A + f/(u*)) to Q(o*)E® and by A the restriction of (A + f'(u*)) to
(I — Q(ct))E*, we have that
v'(t) = Bu(t) + Q(0™)f (v(t) + 2(t) + ") — Qo) f(u) — Qo) f'(u") (v(t) + 2(2))

and

2(t) = Az(t)+(I1-Q(o™)) f (v(t)+2(t)+u") = (I-Q(07)) f (u*) = (I-Q (o)) f'(u") (v(t) +2(2)).

See also the Figure 4 for location of the spectrum parts. We write

H(v,z) = Q(o™)f(v(t) + 2(t) + u”) — Q(0™) f(u") — Q(a™) f'(u") (v(t) + 2(2))

and

Gv,z) = (1= Qo)) f(v(t) +2(t) +u’) — (I = Qo)) f(u") = (I = Qo)) f' (w") (v(t) + 2(2)).
Hence, we have that, at (0, 0) the functions A and G are zero with zero derivatives at (0, 0).

From the continuous differentiability of H and G’ we obtain that given p > 0 and 6 > 0 such
that if ||v||ge + ||z||g« < d, we have

1H (v, 2)[le < p

1G (v, 2)lle < p,

|H (v, 2) = H(?,2)|le < p(llv = 0l[ge + [|lz = 2] z=),

1G(v,2) = G(2,2)[le < p(llv = Ollge + [z = 2| z=).
2.

(2.12)

With the notation above, the equation (2.11) can be rewritten in the following form
Bo(t

v'(t) = Bo(t) + H(uv(?), 2(t)),

2(t) = Az(t) + G(v(t), 2(t)),

where H, G satisfy (2.12) for all v(-) € Q(¢™)E®, z(-) € (I — Q(c™))E*. Also, for some
positive M,w > 0, because of analycity of semigroup, i.e. the property w(A) = 6(A), and
splitting the space into E* = Q(c")E* @ (I — Q(c™))E*?, one has

(2.13)

|| exp(tA)z]|ge < Me™!||2||ga, t >0,
(2.14) | exp(tA)z]|ge < Mt=%e~!||2||g, t >0,
|| exp(tB)v||ge < Me“t||v||g, t<0.

We have to noted that || exp(tA)z||ge = ||A® exp(tA)z|| = ||A*A-*A%exp(tA)z|| and since
A® A~ is bounded we get inequalities (2.14). Here we note also that Q(c*)E* and Q(¢c*)E
are the same finite dimensional subspace of E and that in this sense the £®-norm is equivalent
to the E-norm in it; that is,

1 _
1Q(e*)AQ( s = l5- /a ooy AOT = 47| < consiant,
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where U(co™) is an open connected neighborhood of o™ which has a closed rectifiable curve,
dU(ot), as boundary.
Now we will show that for a suitably small p > 0, there exists local unstable manifold for
u* €€
W = {(v(-),2(") : 2() € (I = Q(oF))E*, v() € Q(0™)E"}.
The solution (v(t), z(t)) must go to zero as t — —oo and in particular it must stay bounded.
Since

2(t) = exp((t — o) A)z(to) +/ exp((t — s)A) G(v(s), z(s))ds,

to
making ty — —oo, we have that

ot = /_ e[t — ) A Cils), 2(a))de.

oo

t
The mild solution of (2.13) is a vector-function ((¢) = <U( )) , which satisfies equation

z(t)
exp((t — T)A)’I] - / exp((t — 3)/1) H(v(s),2(s))ds

T

/_ exp((t — s)A) G(v(s), z(s))ds

o

(2.15)  ¢(t) =©(n,¢(1))

Now, let us consider (2.15) in the space T = Cy((—o0,7); Q(c1)E*) x Cy((—o0,7]; (I —
Q(c*))E®) with sup norms and condition v(—o0) = z(—00) = 0. Let us show that ©(n, ) :
T—T7T.

Take ((-) € T, then according to (2.12), for any € > 0 there exists a number —oo < ¢, < 0
such that [|G(¢(5))lr—aterym: IH(C(3)) lawne < € a5 s < b

From (2.14) it follows that et="8yn € Cy((—o0, 7); Q(0cT)E®) for any n € Q(oc*)E* and
that, for ¢t < ¢,

t
P / te(“s)BH(g(s))ds £C / e("s)BtH(((s))ds |
= O e(‘_“)A/ e(t‘_s)BH(((s))ds+/ e =IBH(¢(s))ds
; i t

T [(
< CM?e(t) / e/t K ds + Me / (=) ds
b ¢

< C'./\/[ze“’(t—“)—f£ + CM.
w w

Hence, given € > 0,

] M
0 < limsup < e;.

t——o0

a | "exp((t — 5)B) H(((s))ds
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This shows that the first coordinate of ©(n, {(t)) is in Cy((—o00,7]; Q(ct)E®). It is easy to
see that the second coordinate of ©(n, ((t)) is in Cy((—o0, 7]; (I — Q(a))E®) too.

If we put n = o = 0 and ((t) = (o) = <ZOEZ;> = 0,t € (—o0,7], then ((t) =

©(0, ¢o(t)) and operator O(:, -) is continuous in both arguments. Moreover, Fréchet derivative
©¢ (10, Co) : T — T is given by

/ AL (¢o(s))h! (s)ds / e IAH! (Co(s))h2(s)ds

Oc(mo, Co)h = | 772 ) Tt ] =0
| g orisis [ eIAG Gl s)ds
—00 —00
ht(t) . : N
for any h = R (1) € T, since functions G, H have derivatives equal to 0 at zero. Therefore

continuous operator (I —©% (1o, o))" exists. By Theorem 54.2 from [53] it follows that there
are 9, p > 0 such that for ||n — mo||go+)ge < J equation (2.15) has in the ball ||( — (ollxr < p
unique solution ((-), which depends on 7 continuously.

From this it follows that the unstable manifold is the graph of the function

S:{n€ Qe")E": ||nllg- <6} = (I — Q(cT))E

defined by S(n) = z(7) where z(7) if the second coordinate of the unique solution to (2.15).
It is clear from the above reasoning that S is a continuous function.

2.4. Characterization of the Attractors.
Next we assume that the problem (1.2) has the property (1.11). In case of systems such
that all equilibrium points are isolated one can prove the following

Lemma 2.8. For any u’ € E®, w(u®) = {u*} for some u* € £. As a consequence of that
we conclude that T(t)u® — u* ast — oo.

Proof: First note that if v € w(u®) then there is a sequence ¢, — oo such that T'(¢,)u’ — v.
Since V(T'(t)u®) is decreasing and bounded below we have that there is an ¢ € R such that
V(T(t)u®) — € as t — oco. It is easy to see that V(T(t)v) = £ for all t € R. From this it
follows that v € £. Since the set £ consist only of a finite number of points and since w(u°)
is connected we have that w(u®) = {u*} for some u* € £

The next result implies that if there is a negative orbit through «° which is bounded, then
uY is in the unstable manifold of some u* € €.
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Lemma 2.9. Suppose that u® € E® is such that there is a negative orbit ¢ : (—oo,0] = E*
through v and such that ¢((—o0,0]) is compact. Define

ay(u’) = {v e E*: 3 t, — oo such that ¢(—t,) — v}.

Then, there is a u* € € such that ay(u’) = {u*}. As a consequence of that we conclude that
P(t) = u* ast = —oo.

Proof. First note that if v € a(u®), then there is a sequence t,, — oo such that ¢(—t,) — v.
Since V(¢(—t)) is increasing and bounded above we have that there is an 7 € R such that
V(p(—t)) = r as t — oo. It is easy to see that V(T'(t)v) = r for all £ € R. From this it
follows that v € £. Since the set £ consist only of a finite number of points and since ay(u®)
is connected we have that ay(u’) = {u*} for some u* € £. Furthermore, for any sequence
tn, — 00, {#(—t,)} has a subsequence which converges to u* and therefore ¢(t) — u* as
b= =0

Lemma 2.10. Let S be a relatively compact invariant subset of E* under {T'(t) : t > 0}. If
v(:) € S such that (1.11) is satisfied, then there are v*,v™ € € such that v(-) € W*(v*) and
() € W(v).

Proof: Let v(-) € S. Since S is invariant, there is a complete orbit R 3 ¢ — T'(t)v(7) € S
through v(-). Since S is compact this complete orbit is compact. The result now follows
from the previous lemmas.p

From this lemma one gets the following result.
Theorem 2.3. Assume that A has compact resolvent and let A be the attractor for the
semi-flow {T'(t) : t > 0}. If (1.11) is satisfied then, A = Uy-ceW*(u*).

3. APPROXIMATION OF SPECTRUM OF LINEAR OPERATORS

The most important role in approximations of equation Bx = y and approximations of
spectrum of an operator B is played by the notions of stable and regular convergence. These
notions are used in different areas of numerical analysis (see [2, 20, 25, 26, 72, 75]).

3.1. Stable and Regular convergences.

Definition 3.1. A sequence of operators {B,}, B, € B(E,),n € N, is said to be stably
convergent to an operator B € B(E) iff B, 25 B and |B: |8,y = O(1),n — oo. We will
write this as: Bn]z)B stably.
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Definition 3.2. A sequence of operators {B,}, B, € B(E,), is called regularly convergent
to the operator B € B(E) iff Bo 25 B and the following implication holds:

|znll&, = O(1) & {Bnzn} is P-compact = {z,} is P-compact.
We write this as: Bp,—2B regularly.

Let A C C be some open connected set, and let B € B(E). For an isolated point A € o(B),
the corresponding maximal invariant space (or generalized eigenspace) will be denoted by

W(X; B) = P(\)E, where P()\) = 5% [ (¢I — B)~'d¢ and § is small enough so that
I(=A1=s

there are no points of o(B) in the disc {¢ : |( — A\| < ¢} different from \. The isolated point
A € 0(B) is a Riesz point of B if A\I — B is a Fredholm operator of index zero and P()) is
of finite rank. Denote by

WA GB) = | W, Bn).

An€o(Bn),
[An—=Al<é
It is clear that W(), 6; B,,) = P,(A\)E,, where
1
- — B,) ¢,
PO =5m [ (1= B)
[C=Al=4

The following theorems state the complete picture of the approximation of the spectrum.

Theorem 3.1. [21, 73, 74] Assume that L,(\) = A — B, and L(\) = A\I — B are Fredholm
operators of index zero for any A € A and L,()\) — L(\) stably for any A € p(B) N A # 0.
Then

(i) for any Ao € o(B) N A, there ezists a sequence {\,}, Ay € o(By), n € N, such that
An — Ao as n — 00;

(ii) if for some sequence {A\.}, \n € 0(Bn), n € N, one has A, = Ao € A as n — 0o, then
Ao € 0(B);

(iii) for any x € W(\y, B), there exists a sequence {z,}, , € W(Xo,d; Bp), n € N, such
that z, = T as n — oo,

(iv) there exists ng € N such that dim W (X, 6; Bn) = dim W(Ag, B) for any n > ny.

Remark 3.1. The inequality in (i) can be strict for all n € N as is shown in [72].

Theorem 3.2. [72] Assume that Ln(\) and L()\) are Fredholm operators of index zero for
all A € A. Suppose that L,(\) — L(\) regularly for any A € A and p(B) N A # (0. Then
statements (1)—(iii) of Theorem 3.1 hold and also

(iv) there ezists ng € N such that dim W(Xo, 6; B,) = dim W(Ag, B) for all n > ny;



APPROXIMATION OF ATTRACTORS 25

(v) any sequence {z,},n € W(\,8; By), n € N, with ||z,||g, =1 is P-compact and any
limit point of this sequence belongs to W(\q, B).

The Theorem 3.2 gives us necessary and sufficient conditions for the equality
dim W(\, 6; B,) = dimW(\y, B), VY n > ny,
which is needed in the approximation of unstable manifolds.

3.2. Regions of convergence.
Theorems 3.1 and 3.2 have been generalized to the case of closed operators in [77] by using
the following notions introduced by T. Kato [50].

Definition 3.3. The region of stability Ay = A;({An}), An € C(B,), is defined as the set of
all A € C such that A € p(A,) for almost all n and such that the sequence {||(An—A) ™| }nen
is bounded. The region of convergence A, = A({A,}), A, € C(E,), is defined as the set of
all A € C such that A € Ag({An}) and such that the sequence of operators { (M, — An) " }nen
is PP-convergent to some operator S(\) € B(E).

Definition 3.4. A sequence of operators {K,}, K, € C(E,), is called regularly compati-
ble with an operator K € C(FE) if (K,, K) are compatible and, for any bounded sequence
|znlle, = O(1) such that z, € D(K,) and {Knz,} is P-compact, it follows that {z,} is
P-compact, and the P-convergence of {z,} to some xz and that of {K,z,} to some y as
n — oo in N' C N imply that z € D(K) and Kz = y.

Definition 3.5. The region of reqularity A, = A ({An}, A), is defined as the set of all A € C
such that (K, K), where K, = A — A, and K = A\ — A are regularly compatible.

The relationships between these regions are given by the following statement.
Proposition 3.1. [77] Suppose that A. # 0 and N (S(\)) = {0} at least for one point
A € A, so that S(\) = (M — A)~'. Then (A,, A) are compatible and

A= AN p(A) = AN A, = A, N p(A).
It is shown in [77] that the conditions (A,, A) are compatible, A\I,, — A, and \I — A are
Fredholm operators with indezx zero for any A € A and p(A)NA # 0 imply (i)-(iv) of Theorem

3.1 when p(A) N A C A, and imply (i)-(iii) of Theorem 3.1 and (iv)—(v) of Theorem 3.2,
when A C A,.

Definition 3.6. A Riesz point \g € o(A) is said to be strongly stable in Kato’s sense if
dim W(\o, 0; B,) < dim W(Xg, B) for all n = ny.

Theorem 3.3. [77] The Riesz point Ao € o(A) is strongly stable in Kato’s sense iff Ao €
ANA,No(A).
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We consider now the important class of operators which have compact resolvents, this is
say our case of problem (1.2). In this case, it is natural to consider approximate operators
which “preserve” this property.

Definition 3.7. A sequence of operators {B,}, B, : E, — E,, n € N, converges compactly
to an operator B: E — E if BnZB and the following compactness condition holds:

|zn||lE, = O(1) => {Bnzs} is P-compact.

Definition 3.8. The region of compact convergence of resolvents, Aq = Aq(Ay, A), where
A, € C(E,) and A € C(E) is defined as the set of all N € AN p(A) such that (M, —

A) Y EB (M = A)~1 compactly.
Theorem 3.4. Assume that A.. # (. Then for any ¢ € A the following implication holds:

(31) H'Ln' En, = O(l) & “(Cln - An)xn”En — O(l) = {a’n} is P-compact.
Conversely, if for some ( € A. N p(A) implication (3.1) holds, then A # 0.

Proof. Let (ul,— A,) "' 25 (ul — A)~! compactly for some p1 € A. Then for ||za||z, = O(1)
and ||((I, — An)zy|| g, = O(1), from the Hilbert identity

(3'2) (Cln - A'n)_l - (/J'In = An)—l = (,LL - C)(C]n - An)—l(ﬂjn - An)—la

we obtain z, = (ul, — A,) "1 ((ln — An)zy — (¢ — p)(puln — An) "'z, and it follows that {z,}
is P-compact. Conversely, let implication (3.1) hold for some (; € A.N p(A). We show that
Co € A.. Taking a bounded sequence {y,}, n € N, we obtain ||({oln — An) '¥ulle, = O(1)
for n € N. Let us apply implication (3.1) to the sequence z,, = ((oI, — An) " 'yn. It is easy to
see that {z,} is P-compact. Hence (y € A. a
Corollary 3.1. Assume that A, # 0. Then A, = AN p(A).

Proof. It is clear that A,. € A.N p(A). To prove that A, 2 A. N p(A), let us consider
the Hilbert identity (3.2). Now let p € A. Then p € A, N AN p(A). Hence, for every
¢ € A.N p(A) and for any bounded sequence {z,}, n € N, the sequence {((I, — A,) 'z}
is P-compact. O
Theorem 3.5. Assume that A, # 0. Then A, = C.

Proof. Take any point A\, € C. We have to show that (A1, — A, \I — A) are regularly
compatible. Assume that ||z,||z, = O(1) and that {(A\f, — An)z,} is P-compact. To
show that {z,} is P-compact, we take p € A.. Assume now that [|z,|| < constant and
(Ml — An):cn—?i—w, as n — oo in N' C N. Applying operator (ul, — A,)~!
that {z,} is P-compact and then assuming Zn—-z as n € N” C N one obtains

one gets first

(uln — Ap) iy = An)zn = (M1 — ) (el = An) ™ 20 + Ta—
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Lo(ul = Ay = (M~ p)(ul ~ A) e+ o
asn — oo in N' C N. Then it follows that z € D(A) and (A ] — A)z = y. O

From the Theorem 3.5 it follows that in case A, # () all the assumptions of Theorem 3.2
are satisfied and a complete picture of approximation of spectrum is valid.

4. DISCRETIZATION OF SEMIGROUPS

As the matter of fact most of the results on approximation of attractors as we will see
later follow from convergence of linear operators and families of operators.

The general approximation scheme is described in the Introduction. We just mention that
from (1.13) and the Uniform Boundedness Principle (see [49]) one has

Lemma 4.1. There is a constant C > 1 such that ||p,||Le,e,) < C, Yn € N.

Let us recall that each mild solution of problem (1.2) satisfies the equation
t
(4.1)  u(t) = (Ku)(t) = exp(tA)u’ —I—/ exp((t — s)A) f(u(s))ds, te€[0,T], T < co.
0

4.1. Compact convergence of some operator families.

According to Theorem 1.4 assume that operators A,, generate (see (1.1)) analytic Cp-
semigroups with estimate |e!"|| < Me™, t > 0, where @ > 0, resolvents (A, — A,)~}
are compact for some A € p(4,), converge compactly (Af, — A,)~! — (A — A)~! for some
A €N p(A,) Np(A), functions f,(-) : ES — E, are globally Lipschitz, bounded, i.e. there
is a constant K > 0, such that || f,(w,)||g, < K for all w, € E, and they are continuously
Fréchet differentiable functions. Assume also that f,(z,) Ly f(z) and f,’l(xn)ﬂf’(a:)
whenever mnﬂm.

Let t — T, (t)u® be the solution of (1.14). We know that all solutions of (1.14) are globally
defined, hence t — T,,(¢)(-) is a continuous nonlinear semigroup for each n € N. Consider

the operator equations
t
(4.2) un(t) = (Kpun)(t) = exp(tAn)ug+/ exp((t—s)An) fa(un(s))ds, te€[0,T], T < oco.
0

Consider the operators K : F — F and K, : F,, — F, defined by (4.1) and (4.2) where

F=C([0,T]; E%) = {u(?) : [lullr = Lgf%llﬂ(t)llfso < oo}
and

F,=C([0,T); E7) = {un(t) : |unllr, = trerf(?%] ”un(t)HE,‘: < oo}

Theorem 4.1. Assume that the operator A generates analytic and compact Cy-semigroup.
Assume that the function f(-) is sufficiently smooth. Then operator K 1is compact.
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Proof: The operator K defined by (4.1) is compact in F. Indeed, we obtain that the operator

t—e€

F(uF)(t) = exp(eA) / A%exp ((t—s—€)A) f(u*(s))ds
0
maps any bounded set of functions {u*(-)}, ||u*(-)||r < C, into a compact set in £* for any
e L
Since interval [0, 77 is finite and [ < Ce we see that || F.(u*)(¢) — F(u*)(t)|| < Ce for any
t € (0,7, where

F(ub)(2) = /0 A%exp ((t — 5)A) f (u*(5))ds

and 0 < € < t. Then it follows that the operator F(-)(t) : F' — E® is compact for the
same t > 0. For ¢t = 0, the operator F(-)(0) is also compact. Moreover, the set of functions
{F:(\)}, Fi.(t) = F(ub)(¢),t € [0,T], is an equibounded and equicontinuous family, since for
0 < t, < ty, we obtain

| F(t2) — Fic(t1)]| ge < C(/O 1 || exp ((t2 — s)A) — exp ((tr — 5)A)||gads + [t2 — tlll_a),

and exp(-A) is uniformly continuous in ¢ > 0. By the generalized Arzela—Ascoli theorem, the
same way as in Theorem 4.2, it follows that operator K is compact.g
Theorem 4.2. Let the condition [Al] be satisfied. Then the operators ;LY 4 compactly.

Proof: To show that K, —>K compactly, we assume that |un|lm, = O(1). We know from
Proposition 6.1 that condition A.. # () implies that exp(tA,) — exp(tA) compactly. Now
{K,u,} is P-compact by the generalized Arzela-Ascoli theorem. To show this, we verify
the vanishing of the noncompactness measure p({(K,u,)(t)}) = 0 for all ¢ € [0,7]. Let us

consider the relation
(Kn”n)(t) = (—A)* exP(tAn)u?L + "/);(t) + ‘Prrz(t);

where

Pr(t) = exp(TAy) /0 _T(—A)o‘ exp ((t — 85— T)An)fn (un(s))ds,

pn(t) = /t_ (—A)*exp ((t = 5)An) fa(un(s))ds.

By virtue of the boundedness of || fn (ua("))||F,, We can choose the term ||} (-)|| s, sufficiently
small with 7 small enough and p({¥7}) = 0. The sequence {(—A4)%e***u2} is also P-compact.
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It is clear that {K,u,} is uniformly bounded in n. To show equicontinuity one can write
for tl < t'z

|4c /0 " oxp ((t2 = 5)An) fo (un(s)) ds — A2 /O " exp ({81 — 8)An) fa (un(s))ds]l,

to *t)
£ “ Age(tz—S)Anfn (un(s))d3|]En + ”/ A (e(tz—s)/l — elti—s An)fn(un( ))dSHEn-
The first term tends to zero as |t, —¢;| — 0, since ft W = —(t2—8)172 = (ta —t1)' 7
To estimate the second term for any ¢ > 0 and some 0 < § < €T consider the cases L £9
and t; > 4. If t; < 6 and |ty —t;| < 6, then as for the first term || f cds|| € 67 < Ce. If
t, > 6, then one can divide the second term into fo cds = 0“ + ftil—a' So, if |ta —t1] < 6,
then ft“ ~ ¢6'"* < Ce as before. Since t; — s,t, — s € [4,t] for s € [0,¢; — 6], then
iy A"‘( (t2=5)An e(t‘“s)"")fn (un(s))ds tends to zero as |t, —t;| — 0 because of convergence

| A2 (e (t2=8)An _ glt1=s A") llz, — 0 as |to —t1| — 0, i.e. arguments ty — s, ¢, — s are separated
from zero for more than §.

Let M,w > 0 and QM = {(v(-),2(:)) € Co((=00,0};Q(c)E*) x Cy((—~00,0]; (I —
Qo) E) : ||v(t)]|ga, |2(t)||ze < Me*t, t < 0}. Using Gronwall’s inequality one can show
right from (2.15) that solution of (2.15) belongs to QM.

Theorem 4.3. Assume that resolvent (A — A)~! is compact for some X € p(A). Then the
operator O(n, ) : Q¥ C T — T is compact.

Proof. Let us take the sequence of bounded functions {v*(:)}, {z*()}, v, 2F € QMw k ¢
N. Then the operators ’

t
A / = NAS WD Q (o) H (v (s), 2 (s))ds,

0
and

40 / = ALF W (] — Q(o*))G (e (s), 24(5))ds

o
map this sequences into compact sequence. Indeed, one can very easy to check uniform

boundedness and compactness for any fixed ¢ < 0. To check equicontinuity note that
||A“/ =) A+ WNQ(o+)H (v¥(s), 2%(s))ds|| < €, whenever |[v*(s)]|, [|z*(s)|| < & for t < ¢
0

So on the interval [t., 0] we have to apply Arzela-Ascoli Theorem and check equicontinuity
like in Theorem 4.2.

The same way as we introduced operator ©(n,u) in (2.15) we can introduce the operator
©n(7n, un). Normally we assume that nn—m or even 7, = pn. Rewriting (1.14) for w,(t) =
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Un(t) — ), to deal with the neighborhood of u} we arrive at

(4.3) W (t) = Anwn(t) + fo(un)wn(t) + fo(wa(t) + tg) — falup(t)) — falup)wn(t).

If Qn(o;}) is as in Proposition 5.5 and W, (0;") = Qn(0;7)ES, then W, (o) is isomorphic to
W = Q(o")E® through an isomorphism 3, = Q,(o;")p%, which is bounded with bounded
inverse 7! and the norms of J, and J;! are uniformly bounded in n > nq. Recall that
Qn(o;) are projectors such that Q,(o;" )E)Q(O'+) compactly for @Q(¢™) from Section 2.3.
We identify all spaces W,,(o;") and Q,(0;") E,, through these isomorphisms to the fixed space
w.

Now we decompose the equation (4.3) in the following way. If w, is a solution to (4.3) we

write

Wn(t) = vn(t) + za(t), where vy(t) = Qu(o ) wn(t), 24(t) = (In — Qulo]))wn(t).

Hence, if we denote by B, the bounded linear operator given by the restriction of A, to
Qn(o;)E,, we have

v, = Butn() + Qn(07) (fa(vn + 20 +u3) = falu2) = Fa(u3)(on(t) + 2a()))
and
Zy = Az + falur)zn + (In — Qn(oy)) (fn(vn + 2n +up) = faluy) = fr(un)(vn + Zn))'

Here we denoted by A, = (A, + f(u We write

|(1n —Qn(on))Eg”
Hu(tn, ) = Qu(0) (Fa(vn + 20 + 03) = falu) = £u(ur) (00 + 20)
and

Gn(vnazn) (In — @nlo ))(fn(vn+zn+u ) — falu i ( )(Un+zn))

Hence, we have that, H,(0,0) = 0,G,(0,0) = 0. From the continuous differentiability of
H, and G, and estimates (5.4), which valid uniformly in n we obtain that given p > 0 there
exist ng > 0 and d > 0 such that if ||v, ||y, ,+) + [|2a]lee < and n > ng we have

| Hn(vns 20w, (o) S
(4 4) HG ('Un,Zn_)“En < ,0,
. ”H ('Unazn) (vnvzn)”Wn(a,,) < p(||vn — 671”\Vn(a'n 4 o = énllE,‘%)7
( } =

”G Un, Zn ('Un,Zn)”En < ,()(H'Un UTL”VV,,(U ) ok ”Zn én”E,“‘)
The fact that we can choose p and § uniformly for n > ng satisfying the inequalities above

is the key point to obtain that the local unstable manifolds are defined in a small “neigh-
borhood” of the equilibrium point u, uniformly for n > ny. Then, equation (4.3) can be
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rewritten in the following form

(4.5) Un(t) = (An + f1(u}))@n(07 )vn(t) + Ha(v ()zn(t))
2(t) = (An + F1(u2) In = Qu(0)) 20 (t) + Gr(vn(?), za(t)),

where H,, G, satisfy (4.4) for all v,(-) € W, (o), za(-) € (I — Qu(o;}))E2
Theorem 4.4. The operators O, (n,,-) : QM+ c T, — Y1,,0(n,-) : QM¥ ¢ T — T,
converge Opn(nn, ) = O(n, ) compactly.

Proof. We recall that

1

ui()
lun b, = | (()) v = s[4 Ollgutres +_Sup 10N, -outetnss

and u;,(—00) = u2(—o00) = 0. So the discrete convergence Y, 3 u,(-) = u(-) € T means
that sup_ocico llun(t) —phu (')“Qn(an)Eg +SUP_gocpo Il () — PRu(t Mr.-Guioitymg — 0 as
n — o0o. Let us check that condition ||u,(:)||y, = O(1) implies that sequence {O, (7, un(-))}
is compact. We have to apply Arzela-Ascoli Theorem to the sequences

t
{Ai/ elt=)Ant @ Q (o) H, (vE (5), 25(s))ds),
0

(A2 / =N AH SR (I, — @ (07)) G (v (s), 2K (5))ds}.

(o9}

One has ||A2 fot ett=9)4n [ (vE(s), 2k(s))ds|| < € as t < ¢, because of (4.4). So we have to
apply Arzela-Ascoli Theorem for sequences of functions

{42 / =N An+ WD Q, (o) Ho (v (), 2 (5))ds)

and { A% fioo e(t=8)An+ L0 ()(I, — Q. (07F)) G (vE(s), 25 (s))ds} just on [t, 0]. This can be done

n

as in Theorem 4.2.

4.2. Approximation of semiflows.
We will need the following result
Theorem 4.5. [28] Let A be generator of analytic Cy-semigroup, the resolvent (\[ — A)™!
be compact for a certain A € p(A), and let the operator K be given by formula (4.1). If u*(-)

is a unique mild solution of problem (1.2), then ind(u*(-); I — K) =
Theorem 4.6. Let A # 0. Assume also that conditions (A), (B1) and condition fn(acn)i)

f(z), whenever Tn—z are satisfied. Then T (t)ul ——>T( )u® uniformly int € [0,T), T < oo,

pa
whenever ud —u?.
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Proof. We know (see Theorem 4.5) that ind(u*,I — K) = 1. By Theorem 4.2 operators
K, 25K compactly, so according to Theorem 3 from [75] one has y(I,, — K,,9%,) = 1 for
n 2 ng. This means that there is a sequence {u}},n € N, which is a solution of problems (4.2)
and {u}},u’ € F,, is compact; that is one can write u?(t)——u*(¢) uniformly in ¢ € [0, T] as
n — 00,

5. APPROXIMATION OF ATTRACTORS

Next we intend to obtain that the attractors behave continuously with respect to param-
eters under rather general conditions.
To prove upper or lower semicontinuity of attractors we use the following result

Lemma 5.1. Let A C E* and A, C ES, n e N.

(1) If any sequence {u,} with u, € A, has a P*—convergent subsequence with limit
belonging to A, then {A,} is P*—upper semicontinuous at infinity.

(2) If A is compact and for any u € A there is a sequence {u,} with u, € A,, which
Pe—converges to u, then {A,} is P*—lower semicontinuous at infinity.

The proof of this lemma is straight forward from the definitions of upper and lower semi-
continuity.

5.1. Upper Semicontinuity of Attractors.

In this subsection we obtain that the family of attractors {.A,} is upper-semicontinuous.
In order to do that we use the results on continuity of nonlinear semiflows (Subsection 4.2)
and the following lemma.

We assume (see Lemma 6.4) that operators A, generate analytic Cy-semigroups with
estimate ||e*4"|| < Me %, t > 0, where & > 0, resolvents (A, — A,)~! are compact for some
A € p(A,), converges compactly (A, — A,)~' — (M — A)~! for some A € NS, p(A,) Np(A),
functions f,(+) : E¢ — E, are globally Lipschitz, bounded, i.e. there is a constant K >0,
such that || f,(ws)||pe < K for all w, € ES, and they are continuously Fréchet differentiable

functions.
Lemma 5.2. Given a < v < 1, there is a constant N, independent of n such that

sup sup ||un|lgr < Nj.
neN un, €A,

Furthermore, any sequence {u,}, u, € A,, is P*—compact.

Proof. The first part of the lemma follows immediately from the invariance of the attractor
and of the variation of constants formula. For the second part we only need to apply

Lemma 6.5.
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Remark 5.1. We know by definition that any attractor A, is a compact set. The above
lemma s stating that the set of the attractors A, is collectively P*—compact.

Theorem 5.1. Let A, A, be the attractors for (1.2) and (1.14), respectively. If {z%}, z} €
A, P*—converges to some point *, then z* € A and the { A} is P*—upper semicontinuous
at infinity.

Proof. Assume that z} € &,. In such case by Proposition 5.1 the point z* € A. Assume
now that z; does not belong to &,. In this case z; can converge to some point in £ and
it is nothing to prove. Let us consider the case, when the limit point z} — z* is not
in £. In this situation consider the trajectories back in time starting from this points as
un(0) = 2z, and «(0) = z*. On interval (—oo, 0] the complete trajectories u,(t), t € (—o0, 0],
has to be uniformly bounded in n and ¢, since functions f,(-) are uniformly bounded in
n and all attractors A, are uniformly bounded in n. From Lemma 5.2, any sequence {y,}
with vy, € A,, n € N, is discretely compact in EY. Now taking bounded trajectories
un(-) through y, and considering the sequence {u,(—1)} one can find that {u,(—1)} is also
discretely compact. Taking a subsequence n € N' € N we can find un(—l)ﬁrfb(—l) as
n — oo, n € N'. It follows that T),(t)u,(—1) — T'(¢t)a(—1) for any ¢ > 0 and in particular
To(Du,(—1) = 2 — T(1)a(—1) = z*. Now taking the sequence u,(—2) one can find that
trajectory T'(t)u(—2) is bounded for ¢ > 0 and coincide with trajectory 7'(¢)a(—1) for ¢t > 0
for common ¢. In this way one can construct trajectory u(t), t € R, which is bounded and
contains the point z*. So z* € A.

5.2. Approximation of the Set of Equilibria.
Let us consider in Banach spaces ES the following family of nonlinear problems

(5.1) Aty = T es) = 1.

Proposition 5.1. Assume that A.. # () and that the problems (5.1) have solutions {ut}, n €
N. Then, taking subsequences if necessary, there is a solution u* of (2.4) such that ||luk —

pSu*||ga = 0 as n — oo.

Proof. It is clear that

u; + Ar_zlfn(u:z) = 0.
Since A;l—P—&A*l compactly by Lemma 6.5 and f,(-) are bounded uniformly in n € N, we
have that there is a subsequence, which we again denote by u) and a point u* such that
u;E—m*. It follows from the continuity properties of f,(-) and from convergence of resolvents
A1 P2 A1 that

u*+ A7 f*(u*) =0,

which is equivalent to say that u* is a solution of (2.4).g
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Proposition 5.2. Assume that A;I—P—P>A‘1 compactly and fn(xn)i)f(r) whenever xnia—m.
Assume that u* is hyperbolic solution of (2.4). Then there is ng such that for n > ngy the
equations (5.1) have at least one sequence of solutions {uk}. Any sequence {uX}, n € N, is
P-compact and P*-limit point of {ul}, n € N, is the solution u* of (2.4), i.e. uzzim* as
neN CN.

Proof: As in Theorem 2.1 there is a ball B(u*,d) such that there are no other fixed
points in it except u*, and we get |ind(u*, I + A~1f(-))] = 1. The compact convergence
A;lfn(.)ﬂgA—lf(.) follows from boundedness and continuity of f,(-) and compact conver-
gence A;‘-P—aA“l. Now compact convergence A ! f,(-) = A~ f(-) implies (see [75], Theorem
3) that ind(u*, I+ A7 f(1)) = v(In + A fu(), 8B(pnu*, 6)), n = ng, which means that there
is at least one fixed point u; exists in any ball B(p,u*,d), n > ng. This sequence {u}} is
Pe-compact and converge on subsequences to u*.

In case we have information on differentiability of corresponding functions the result could
be more sharp.

Proposition 5.3. Assume that problem (2.4) has a solution u*, which is hyperbolic point.
Assume also that the Fréchet derivatives of functions f,(-) at the balls of the points p®u*
ezist and f)(u,) are uniformly in n continuous in the balls B(pSu*,d) for some & > 0 and

A # 0.
Then, there ezists ng and 6 > 0 so that problems (5.1) have ezactly one solution, u}, in
{wy : |lwn — p2u*||ge < 0} for n = ng. Furthermore, ||u;, — pau*||gs — 0 asn — oo.

Proof. We want to prove that in a neighborhood of the solution u* of (2.4) there is a unique
solution u} of (5.1). Furthermore, since f(-) is continuous uniformly in n, there is a 6 > 0
such that |lu, — p2u*||ge < & implies M||f.(un) — fo(p2u")||B(E2,Em) < 56-

From Lemma 6.6, o(A, + f}(p%u*)) is disjoint from the imaginary axis and there is a
constant M > 0 such that

Q, * —1
| (An + fa(P3u")) " || B(EaE5) < M.
If u, is a solution to (5.1), then

0 = Anun =+ f;l(p%u*)un 4 fn(un) - fﬁ(qu*)un
= (A + £ (0507) (n + (An + £2(0507) ™ (falun) = Fa(p5uJun)).

Since (A, + f!(p®u*)) is invertible, to show that u, is a solution to (5.1) is equivalent to
show that it is a fixed point of mapping

(I)n(un) = —(An + fé(PgU*))_l(fn(Un) - frlz(pgu*)un)'
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It is clear from the convergence of the resolvent and the continuity properties of f,() and
fa(pru*) that

(52) q)n(pgu*) ! -—(A & f'(u*))”l(f(u*) _ f'(u*)u*) - u*.

Next we show that, for suitably small 6 > 0 and n > ny, ®, is a contraction in the from
the closed ball B(p,u*,d) into itself. First, we show that ®, is a contraction (uniformly in
n € N); that is,

[@n(un) = @a(v0) sz = (A + Fa(pu)) ™ ((faun) = fa(vn) = Fo(p50") (tn = v2))) Il
< lI(An + frlz(ng*))—l“B(En,E%)”fn(un) = f(vn) — fa(pau®) (un — va)llE,
< M| (falsun + (1= 5)on) = fo(pav”) ) (tn = va) 5,
< M| fa(stn + (1= 5)vn) = fa(p5u")l|nsg ooy lltn — vallsg
< Q%“un - Un”E%’

for some 0 < s < 1 and n > ny. To show that &, maps B(p,u*,d) into itself we observe that
if u, € B(pnu*,d), then

“(I)n(“n) - an*, E2 ”(I)n(un) - (I)n(an*)”EE{ .5 ”cbn(an*) - an*”E,‘}
|

<
< % 2 |(I)n(an'*) - an*”Eﬁ-
It follows from (5.2) that there is a ng such that

. 30
[ @n(un) — pnu’|lEe < T as n = ny.

From that we obtain that if u, € B(p®u*,d), then
| (un) — p?le*”Eg <0

and therefore @, : B(p,u*,d) — B(pnu*,d) is a contraction for all n > ny. This shows that
there is a unique fixed point of (5.1) in the ball B(pSu*,J).
To show that u;ﬂm* we proceed in the following manner

Ip5u” = unlleg = 1®n(uy) — poulleg < 1|@n(un) — Pn(pat’)llBg + [|Pn(Pav”) — pou’||sg.
From the fact that ®, is a uniform contraction in ES we have that
lpau” = unlleg < 2[Pn(phu’) — pou’)les-
From (5.2) we have the desired convergence and the result follows.

As an immediate consequence of proposition 5.3, we have
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Theorem 5.2. Assume moreover that problem (2.4) has ezactly m solutions u',...,u™ and
that all of them are hyperbolic. Assume that for any point u' and any € > 0 there exists
6 > 0 such that || f,, (un) — f1(p5u')||E, < €, whenever |Ju, — p2u’||ga < 6. Then, there eists
ng such that for all n > ng problems (5.1) has ezactly m solutions u), ... ,u™. Moreover, we
have

|ut — p2u*||pa — 0 as n — oo for any k=1,...,m.

Proof: By Proposition 5.1 we have that for any solution uf of (5.1) for n — oo lies in a
neighborhood of the set of equilibria (2.4). But by Proposition 5.3, in a neighborhood of u*
there is only one solution of (5.1) which converges to u*. This proves the result.

5.3. Approximation of Unstable Manifolds.

Recall that we are assuming that all equilibrium solutions of (1.2) are hyperbolic; that
is, assume that each solution u* of (2.4) is such that the operator A + f'(u*) has spectrum
o(A+ f'(u*)) disjoint from the imaginary axis.

Proposition 5.4. Let A be a sectorial operator with compact resolvent and let f'(u*) € L(E®,
E). Then the operator (A + f'(u*)) is sectorial with compact resolvent.

Proof: The result follows immediately from Theorems 1.3.2 and 1.4.8 in [48] or [79].q

From the above proposition, 6™ = o((A + f'(u*))) N {A :€ C : ReA > 0} consists of a
finite number (possibly zero) of eigenvalues with finite multiplicity and there is a 8 > 0 and
a finite rank projection @ (o) such that (2.10) holds.

Proposition 5.5. Let uzﬁm* with u}, be solution of (5.1) and u* be solution of (2.4).
Assume that (M, — An)’lﬂ(/\l — A)7! compactly. Then there is a n > ngy such that
o(An+ fi(uk)) does not intersect the imaginary azis for n = ng and ||(An + fi(u*))7Y| < C
with C independent of n. Furthermore, if Q,(o;) denotes the projection defined by the
spectral set of = {\ € o(An + fL(ur)) : ReX > 0}, then Qn(o;) converges compactly to
Q(c*) as n — oo (hence, dim(Qn(0;})) = dim(Q(o™)) for n = ng) and the family of sets
o} — ot in the sense of (i) — (1i4) of Theorem 3.1 and (iv) — (v) of Theorem 3.2.

Proof. It follows from Lemma 6.6 and Theorem 3.2.

Proposition 5.6. Assume that (A, — An)‘lﬂ(/\l — A)~! compactly. Then for n large
enough the equilibrium u’, of (5.1) is hyperbolic and there is a f > 0 such that if Qn(o;) is
the projection determined by o7, then

lexp (#An + () Qulot)ln(n) < Me®, ¢ <0,

(5.3) o
lexp ((An + £2(u))) (I = Qu(0)) a8 5y < ME™%e™, £20, a >0,
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Proof. It is exactly Theorem 6.5.
Theorem 5.3. Let A, # 0 and u* be hyperbolic point of equilibrium of (1.2). Then for
sufficiently small 6 > 0 equations (2.15) has a solution (*(-) such that equation (,(t) =
On (1, Ca(t)) have solutions Ci(-) for n > ng and () — ¢*(t) uniformly in t € (—o0,0] as
n — oo.

Proof. We know that |ind({p,/ — ©)| = 1 for {; = 0. According to Theorem 54.1 [53]
there exist p, d > 0 such that |ind({, 7/ —©)| =1 for ||[n—0|| < 4, ||¢ —0]|| < p. By Theorem 4.4
operators ©, — © compactly, so y(I,, — ©,,0M*) = ind(¢,I — ©) and therefore equation
Ca(t) = ©5(Mn, Cu(t)) has at least one solution ¢ at any set QM for n > ng. This sequence
{¢;} is discretely compact and (& — ¢* as n — co.

Proposition 5.7. Assume also that u* is a hyperbolic equilibrium for (1.2) and that zero
is not in the spectrum of the operator A+ f'(u*) : D(A) C E — E. Assume that A # 0,
[ fi(un) — fr(pSu*)|| uniformly in n vanished, i.e. converge to zero as ||u, — pu*|| — 0.
Then, there exist §, ng > 0 such that u) has a local unstable manifold W (uy) C ES for
n > ng and if we denote by

#,J(U*) = {wn € Wige(uy) : [lwn — U:L”Eg <6}, n=ng,

then W s(uy,) converges to Wi'(u*) as n — oo, that is

sup inf ||lw, —w||g- + sup inf  ||w, — w||ga — 0, as n — oco.
wa EWE 5 (up) WEWS (u?) weWp (ur) Wn€WZ 5(uz) "
Proof: Notice that by Proposition 5.3, equations (5.1) have a unique solutions, u}, near u*
such that [lu} — pSu*||ga — 0 as n — co. This implies by Proposition 5.5 that the spectra
of A, + f!(u}) behaves continuously as n — oo.
Also, for some positive M, 3, independent of n according to Proposition 5.6 one has

I eXp({lnt)zn”E% < Me—m”Zn”Ega t >0,
(5-4) “ exP(Ant)zn”Eﬂ < ]V[t—ae_m“zn“Em t2 0>
| exp(Bnt)vnllw, @) < /V[em”Un”wn(a,T): t< 0.

Now we will show that for a suitably small p > 0, there is an unstable manifold for

Wy = {(vn(')vzn(')) t2n(0) € (In — Qn(“:))Ero:v un() € I/Vn(arj)}

Introducing the same way as in Theorem 2.2 operators ©, and vector (,(t) = ) ,

one can see from (4.4) the following. There is a positive § such that operators ©,(7,, ) are
Fréchet differentiable in the balls B(p%(*,d) and for any € > 0 there is ¢ > 0 such that
10, (M, Cn) = ©% (1, P2CH)|| < €, whenever [[Ga(-) — pRC*()lly. < e It is clear also that
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conditions [Ip3¢"(:) = O, 15" (llx = 0, (T — 84 (9, 25¢°())) Il < constant as
n — oo are satisfied. Then by Theorem 2 from [75] it follows that there exist ny € N and
0 < do < 0 such that the equations (4.5) have for n > ny a unique solution () in the ball
B(p2¢*,dy) and ¢ — ¢* as n — oo.
As an immediate consequence of this proposition, we have

Theorem 5.4. Assume the conditions of Proposition 5.7 hold, that problem (2.4) has ezactly
m solutions u',...,u™ and that all of them are hyperbolic. Then there exist 6 > 0 small
enough such that problem (5.1) has exactly m solutions and their local unstable manifolds
Wi(uk), k=1,...,m, behave continuously in E* as n — co.

5.4. Lower Semicontinuity of Attractros.

Theorem 5.5. Let A, A, be the attractors for (1.2) and (1.14), respectively. Assume that
the attractor A of (1.2) can be written in the form (1.12) and that all points in & are
hyperbolic equilibrium. If x* € A, then there is a sequence of points {z,}, with z¥ € A,,

such that z¥ P2 2% and the {A,} is P*—lower semicontinuous at infinity.

Proof. Assume that z* € £. By Proposition 5.2 the statement of Theorem follows. Assume
now that z* is on the unstable manifold. Then follow back in time by some trajectory from
the point z* one can come to the point y from the neighborhood of some equilibrium point,
which as we know by Theorem 5.3 is approximated by points y,, € A,. Starting now from
the points y, according to Theorem 4.6 we obtain the statement of Theorem.

6. APPENDIX

In this section we present some basic results on compact convergence and its consequences

6.1. Basic Results on Compact Convergence.

Recall that B € B(E) is called a Fredholm operator if R(B) is closed, dimN(B) < oo
and codimR(B) < oo, the index of B is defined as ind B = dim N/ (B) — codim R(B).
Theorem 6.1. [75] For B, € B(E,) and B € B(E) the following conditions are equivalent:

(i) B, 25 B regularly, B, are Fredholm operators of indez 0 and N (B) = {0};

(ii) B, — B stably and R(B) = E;

(i) B, — B stably and regularly;

(iv) if one of conditions (i)-(iil) holds, then there exist B;' € B(E,),B~' € B(E), and
B;lrﬂB‘l reqularly and stably.

This theorem admits an extension to the case of closed operators B € C(E), B, € C(E,)
[77).
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Lemma 6.1. Assume that BnﬂB compactly and operators B, B,, are compact. Assume
also that N'(I + B) = {0}. Then there exist an ny > 0 and M > 0 such that

(61) ”(In -+ Bn)_lllB(En) < 1\4'7 fOT' n 2 Nng.

Proof: Since the compact convergence BnﬂB implies that I, + Bnﬂl + B regularly, the
result follows from Theorem 6.1.

Lemma 6.2. Let Ay # (0. Then for any A € p(A), there is a ny > 0 such that A € p(A,)
for all m > ny and there is a constant My > 0 such that

H()\In - An)—lu < M,\, fOT' n Z na.
Furthermore, (M, — An) "' 25 (A — A)~! compactly.

Proof. The result follows from Lemma 6.1 and Corollary 3.1.
Theorem 6.2. [72| Let B € B(FE), B, € B(E,). The following conditions are equivalent:
(i) operators B, 25 B asn — oo;
(ii) || Bn|| < constant,n € N, and ||Bppnz — p,Bz|| = 0 for any z € E as n — oo;
(iii) ||Bnl| < constant,n € N, and ||Bpz, — poBz|| = 0 for any z € E as n — oo,
whenever x, — x € F.

Lemma 6.3. Assume that A # 0 and resolvents (A — A)~', (A, — A,)~! are compact.
Let A be a compact subset of p(A). Then there is a constant ny > 0 such that A C p(Ay)
for all n 2 np and
(6.2) sup [|(Mn = An) 7| < co.

n2np
Furthermore, for any u € E
(6.3) Sl |(Aln = An)™'pat — pa(A — A)7lul| = 0.

€
Proof. Let us first prove that there is a ny > 0 such that A C p(A,) for all n > n,. Suppose
that this is not the case, then there are sequences k, — oo, {);,} € A such that A, is
an eigenvalue of Ay . Since A is compact we may assume that there is a A € A such that
Ak, = A. It follows form Theorem 3.1 (ii), that A € o(A4) which is a contradiction.
To prove (6.2), it is enough to prove that

sup ||(I — MA;N) 7| < oo.

n3nA
Assuming in contradiction that this is not the case; that is, assume that there are sequences
kn, — 00, Ak, € A (which we may assume convergent to A € A) such that

I = Ae, Ap) 7 = oo
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Since /\knA,jn1 converges compactly to AA~! this is in contradiction with Lemma 6.1.
It remains to prove (6.3). Once again, we prove it by contradiction. Assume that there
are sequences k, — 00, A 3 A\, — A € A and € > 0 such that

(6.4) IAkn Tk = Aka) ™ Pt = iy (AL — A) ] 2 €

But this contradicts according to Theorem 6.2 to ||(AM,, — Ay) " 'pau — pu(A — A)"1u|| = 0
for A = ) and estimate (6.2).

Next we show that the compact convergence of A;' to A~! ensures that the resolvent of
A, contains a fixed sector for almost all n. We observe that no information about bounds
on the resolvent are provided. Let us denote X455 = {A € C: |arg(A — @)| < 7 — ¢}.

Lemma 6.4. Assume that A.. # 0 and conditions (1.1), (B;) are satisfied. Then there are
a sector Xy _,, ¢ < ¢ <72, 0<w<q, aconstant n, >0 and a constant M,, such that
M,
(6.5) | — An)7Y| < gy VA€ Xz _, asn 2 n,.
Proof. Let w < w; < @ and consider the region A = {A € C: Rel > —w; and A ¢ Y45}
Then A (see Figure 2) is a compact set and A C p(A). It follows from Lemma 6.3 that there
is a constant n, > 0 such that A C p(A,) for all n > n, and
(6.6) sup [|(AM, — An) 7' < oo,

A€EA
n2na

Figure 2
If we take ¢ < m/2 such that 5, N{\ € Ty : Red < w1} = 0 we have that I, C p(A,)
for all n > ns. The estimate (6.5) follows easily from (6.6) and from estimate (B,). g
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Proposition 6.1. Let conditions (A) and (B;) be satisfied. Then the compact convergence
of resolvents (A, — A,)! Lt — (A — A)~! is equivalent to the compact convergence of analytic
Cy-semigroups exp(tAn)—> exp(tA) for any t > 0.

Proof: First, let us show that the compact convergence of resolvents (A, — An)‘lﬂ

(M — A)~! is equivalent to the compact convergence of Co-semigroups exp(tA,) — exp(tA)
for any ¢ > 0. Let ||lz,|| = O(1). Then from the estimate ||A, exp(t4,)|| < ¥e“!, we obtain
the boundedness of the sequence {(A, — \I,) exp(tA,)z,}. Because of Theorem 3.4 and the
compact convergence of resolvents, we obtain the compactness of the sequence {exp(tA,)z,}.

The necessity will be proved if for the measure of noncompactness p(-) we establish that
p({(Mn — An)'z,}) = 0 for ||z, = O(1). We have

({(/\I — An)” ﬂ?n} =K {/ “exp(tAn) fEn} {/ “exp( tA,L)xndt})

{/ Mexp(tA )xndt}) + /,L({exp(eA )/qQ e Mexp ((t — e)An)wndt}).

Two first terms can be made less than e by the choice of ¢, Q. The last term is equal to zero
because of the compact convergence of semigroups exp(eAn)—?ﬂ exp(eA) for any 0 < € < ¢
and boundedness of the sequence {qu e Mexp ((t — €)A4n)zadt} g

6.2. Compact Convergence of Fractional Powers.

Here we obtain the compact convergence of negative fractional powers assuming compact
convergence of resolvents. Such results are essential to obtain the P*—compactness of the
union of the attractors in Lemma 5.2.

Lemma 6.5. Let A,, A be such that conditions (1.1), (By) and A.. # 0 are satisfied. Then
for any 0 < 6 < 1 one has A;e—PgA‘o compactly.

Proof. Let 3 _, be as in Lemma 6.4 and 2 be the boundary of ¥5 _,. Since

1
—A,)7 = — [ (=N (AL, — An)tdA
(40)7" = 5 | (=N )
From Lemma 6.4, the above integral is absolutely convergent uniformly for n > n,. There-
fore, given € > 0, one can divide contour 2 = Qf U Q5 in such way that f is bounded and

the integral

H( N7, — An)7HldA < €, no2 ng,.
27rz

As for the integral over Qi we rewrlte it as
Al

27

n_:

/ (=N A, — Ap) 7N
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we observe that ||(—A)"?A(A],, — A,)7!|| is bounded uniformly for n > n,. From the fact
that A;' — A~! compactly it follows that B, — B compactly. Let p be a measure of
non-compactness. Now, taking any sequences n — oo and {u,}, u, € Ey, ||u,|| = 1, we
obtain that

M({(_An)—oun}) < M({Bnun}) + /’L({%ﬁ /Qe (_/\)—0()‘111 - An)_ld)‘ un}) % E
It follows that, given {u,}, with u, € E,, n — oo, ||us|| = 1, p({(=A,)°u,}) = 0 and that
(=4,)"% = (=A)~Y compactly.
To see that (—A,) "2 (—A)~0 we use that (M, — A,)~! 223 (AT — 4)~! for all A € Q
and the Dominated Convergence Theorem.q
Now we consider a relatively bounded perturbation of A,, and A in the following manner.
We consider perturbations satisfying

(L) D, € B(ES,E,), D € B(E*, E)) such that D,, D are consistent.
We assume the following hyperbolicity condition
(H) c(A+D)n{X € C:Rex =0} =0.

It is clear that if resolvent of A is compact, then A + D has compact resolvent.

Lemma 6.6. Assume that A, # 0 and conditions (1.1), (B,) are satisfied. Then, for any
0 < 0 <1 operators D, € B(ES, E,), such that D, — D in the sense of the spaces E2, E,
and E®, B, then one has (—An)°(Ay + Dp) 125 (= A)°(A + D)~ compactly.

Proof: To prove the result chose positive numbers r; and 75 such that 1 > a+r; > 6 and
r9 = 1 — a — r, and note that

(_An)B(An + Dn)_l — (_An)_(a+rl_0)("ln + (_An)_rzDn(_An)_a_Tl)_1(_/'171)—T2

Since {(—A,) "D, (—A,)"* "} converge compactly, the result now follows from Lemma 6.5
and from Lemma 6.1.q

6.3. Convergence of Linearized Semigroups.
The next result ensures a stability condition.

Lemma 6.7. Let A,, A be such that conditions (1.1), (B;), Ace # 0, (L) and (H) are
satisfied. Then, there is a sector Ly, u,, ¢a < T/2, wg € R, a constant ng > 0 and a constant
My such that

M,y

67) O = (An + F) 7 <
Wd

, for any A € Xy, ,, and for all n = ng.
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Proof. It follows from Lemma 6.4 and from the Moment Inequality that for \ € Y50

) _ M
I(=An)*(Mn = An) 7l < Timar "3 e

Since D, (—A,)™® is bounded uniformly in n and
(Mn — Ap — Dp) = (Iy = Da(—A4n)"%(=4,)* (M, — A) " H (ML — Ay)

we have that there is a R > 0 such that for [A\| > R, A € ¥3,, we have that the operator
(I, — Dp(—=Ap) (= An)*(AL, — Ay)) is invertible and

“(In - Dn(_An)_a(_An)a(/\In - An)_l)_lll < 2.

From that we obtain the desired result (see Figure 3) for any wy > R with 6, suitably chosen
such that $g, ., C {A € 554 : [A| > R} g

Im

g \ ) N
/ Re

Figure 3
Observing that, from Lemma 6.6, (A, + f.(u’))~" converges compactly to (4 + f'(u*)) ™"
and proceeding exactly as in Lemma 6.3 we obtain the following result

Lemma 6.8. Let A,, A be such that conditions (1.1), (By), A # 0, (L) and (H) are
satisfied. Let A be a compact subset of p((A + f'(u*))). Then, there is a constant ny > 0
such that A C p((A, + fl(uy))) for alln > ny and
(65) sup (M = (4n + Fo(u) " < oo

n2na
Furthermore, for any u € E

(6.9) iy I(Mn = (An + fr(us)) " pau — (M = (A + f'(u"))) " ull = 0.
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The following result can be proved exactly as Theorem 3.2 and Lemma 6.4.

Let Q(o*) be as in Definition 2.9 and denote by W (o, A+ f'(u*)) the subspace Q(ct)E®.
Similarly, if @, (o) is as in Proposition 5.5, we denote by W, (o;F, A, + f.(u%)) the subspace
@n (o) By,

Theorem 6.3. Let A,, A be such that conditions (1.1), (B1), Ae # 0, (L) and (H) are
satisfied. Then the following statements hold :

(i) there exists ng > 0 such that dimW, (o}, (A + f1(ur))) = dimW (o, (A + f'(u*)))

for all n > ny;

(ii) for any u € W(o™, (A + f'(u*))), there exists a sequence {u,}, u, € Wy(o], (A, +
fr(ur))), such that Un Lo u;

(iii) any sequence n — 0o, {un}, un € Wy(o)t, (An+ f1(ur))), n € N, with ||u,||g, = 1 has
a convergent subsequence and any limit point of this sequence belongs to W (o™, (A +
f'(u));

(iv) there is a B > 0 and ng > 0 such that o((An, + fi(u}))) N{N € C: |Re\| > 8} =0,
n 2 ngl;

(v) there are m/2 > ¢5 > 0, wg > 0 and ng > 0 such that Ty, ., C p(An), n = ng and

(610) A= (An + Foun)) (I = Qulof Au + ()] < Trimr, VA€ Doy

Figure 4

6.4. Some Uniform Estimates.
It is well known that, if condition (1.1) is satisfied, for each w < @ there is a constant

M, > 1 such that
|t* exp(tA) || p(e,pe) < Mue™", Vit > 0.
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From Lemma 6.4, the estimate in (1.1) holds uniformly for the semigroups generated by
Ay, for n large enough. From this we obtain the following result

Theorem 6.4. Assume that A.. # 0 and conditions (1.1), (B,), (L), (H) are satisfied.
Then, for each w < @, there are constants, ng and M, such that

[|1t* exp(tAn) || B(En,Ee) < Mye™, Vt>0, 0<a<l, n>ne
As a consequence of Theorem 6.3 we have that

Theorem 6.5. Assume that the conditions Assume that A, # O and conditions (1.1), (By),
(L), (H) are satisfied. Then, for each wg < B, there are constants, n,, and M, such that

e At i) (1, — Qu(oi, An + f1(62)) ) m(mn ) < Muge™%, V620, 0< @< 1,

¥4+ maiDQn (orr, An + fa(un))llEn) S Mupe®’, VELO,

T2 Ny
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