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Continuation of the connection matrix in singular perturbation problems

M. C. Carbinatto e K. P. Rybakowski

Resumo

Nesse artigo, o qual é uma seqiiéncia de nosso trabalho anterior (On a general Conley index continuation
principle for singular perturbation problems, Ergodic Theory and Dynamical Systems 22 (2002), 729-755),
estabelecemos um principio singular para filtragoes encaizantes. Este resultado implica um principio de
continuagao singular dos diagramas de trangas homoldgicos os quais implicam um principio de continuacao
singular para as matrizes de conexao em problemas singularmente perturbados.



CONTINUATION OF THE CONNECTION MATRIX
IN SINGULAR PERTURBATION PROBLEMS

MARIA C. CARBINATTO! — KRzYSZTOF P. RYBAKOWSKI

ABSTRACT. In this paper, which is a sequel to our previous work (On a general Con-
ley index continuation principle for singular perturbation problems, Ergodic Theory
and Dynamical Systems 22 (2002), 729-755) we establish a singular nested index fil-
tration principle. This result implies a singular continuation principle for homology
index braids which, in turn, implies a continuation principle for connection matrices
in singular perturbation problems.

1. INTRODUCTION

In singular perturbation problems, like those arising from evolution equations
on thin domains or evolution equations with a small coefficient in the highest order
term, one is usually given a family (7.).¢jo,1) of semiflows on the space X, a family
(Pe)ee)o,1) of metrics on X and a “singular limit semifiow” 7o which is defined only
on a subspace Xy of X. Moreover, 7. converges to 7y only in some restricted sense
with respect to the above family of metrics. For such problems, under an additional
asymptotic compactness assumption, we have recently established a general singu-
lar Conley index continuation principle, which roughly states that every compact
isolated invariant set Sp of the limit semiflow 7y continues to a family S. of isolated
invariant sets of ¢, € > 0 small, having the same Conley index as Sy. See [3, The-
orem 4.1] and also [1] for some applications. This result like its usual counterpart
for ‘regular’ perturbations is useful in applications in that it permits, e.g. to prove
existence of nonempty invariant sets for the perturbed semiflows from the existence
of invariant sets of the limit flow with nonzero Conley index.

The main step in the proof of [3, Theorem 4.1] actually establishes a more general
result, namely a construction of families (NV; ¢, N2 ) and (ﬁ1,s, ﬁg,s) of index pairs
for S¢, € > 0 small, enjoying the following singular nesting property:

Ni,e C Ni,o C Ni,s - Ni,o, 2=12,

where (Nj 9, N2g) and (N0, N2,0) are properly ‘inflated’ index pairs for Sy. Once
the singular nesting property is proved, the singular Conley continuation principle
easily follows.

Morse decompositions (see e.g. [6, 27, 25, 7]) are a useful tool in the analysis
of flows or semiflows. Through the use of homology index braids and the ensuing
Conley connection matrix theory, which is a refinement of the (homological) Conley
index, Morse decompositions can be used to detect connections, i.e. heteroclinic
orbits in dynamical systems.

1The research of the first author was partially supported by the grant CNPq—Brazil 302854/2002-9.
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The connection matrix theory for flows defined on locally compact spaces was
developed by Franzosa in his thesis [7] and in subsequent papers [8,9,10]. Important
contributions to the theory and applications were made in [16,21,22]. (cf. also the
recent volume [17] for various articles on connection and transition matrices and
the references contained therein.) In [11] Franzosa and Mischaikow extended part
of the theory of partially ordered Morse decompositions and connection matrices
to the setting of Conley index theory developed in [23, 24] for admissible local
semiflows on (not necessarily locally compact) metric spaces.

The purpose of this paper is to show that a singular continuation principle is
also valid for homology index braids and the connection matrices.

Our main result (Theorem 3.10) says that whenever Sy is a (compact) isolated
invariant set, (P, <) is a finite, partially ordered set and (M 0)pep is a Morse de-
composition of Sy, relative to the limit semiflow 7o, then (So, (Mp,0)pep) continues
to a family (Se, (Mp,e)pep), € > 0 small, where S, is an isolated invariant set and
(Mp.e)pep is a Morse decomposition of S, (relative to the semiflow 7.), where the
homology index braids of (Se, (Mp,c)pep) and (So, (Mp,0)pep) are isomorphic and
hence, in particular, they determine the same set of connection matrices.

Again we will establish a more general result (Theorem 3.9), constructing, for
all € > 0 small, special indez filtrations N, and /\7E for (S:, (Mp,e)pep) relative to
me and properly ‘inflated’ index filtrations Ay and N for (So, (Mp0)pep) relative
to mp enjoying the following singular nesting property:

NECNoC./VEC/\?o.

This result immediately implies Theorem 3.10.

This paper is organized as follows. In the Section 2 we recall some basic concepts
from Conley index and homology index braid theory and establish some preliminary
results. In particular, we state (in Theorem 2.10 below) an extension of an existence
result for index filtrations proved in [11]. In Section 3 we state the main results
of this paper (Theorems 3.9 and 3.10 below). We also briefly illustrate the results
by applying them to a thin domain problem. More extensive applications will be
given in a subsequent publication.

The last three sections of the paper are devoted to the proof of Theorem 3.9. In
Section 4 we use Theorem 2.10 to prove an abstract existence result (Theorem 4.1)
for a family of index filtrations N, for for (Se, (Mpc)pep), relative to 7. (with
€ > 0 small), such that Az, in some singular sense, is ‘asymptotically’ included in a
properly inflated index filtration Ny for for (So, (Mp,0)pep) relative to mp. In Sec-
tion 5 we construct families of index triples having special properties required for
the application of Theorem 4.1 (see Theorems 5.3 and 5.8 below). In Section 6 we
make two very specific applications of Theorems 5.3, 5.8 and 4.1 to obtain families
of index filtrations which ‘almost’ satisfy the singular nesting property. By appro-
priately modifying these index filtrations (using Proposition 2.9 from Section 2) we
finally achieve the full nesting property and thus complete the proof of Theorem 3.9.

2. PRELIMINARIES

The purpose of this section is to recall a few concepts from Conley index theory
and to establish some preliminary results needed later in this paper. We assume
the reader’s familiarity with the (infinite-dimensional) Conley index theory, as ex-
pounded in [25], and with the papers [8] and [11].
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In this section, unless otherwise specified, X is a metric space, 7 is a local
semiflow on X and all concepts are defined relative to .

Suppose that Y is a subset of X. By Inv; (Y), resp. Inv; (Y), resp. Inv,(Y) we
denote the largest positively invariant, resp. negatively invariant, resp. invariant
subset of Y. Moreover, let the function py = py,z:Y — RU { oo} be given by

py (z) := sup{t > 0| znt is defined and z=[0,t] C Y }.

Y is called m-admissible if Y is closed and whenever (z,), and (t,), are such that
tn — oo and z,7(0,t,] C Y for all n € N, then the sequence (z,7t,), has a
convergent subsequence. We say that m does not ezplode in Y if whenever z € X
and zwt € Y as long as znt is defined, then zwt is defined for all ¢ € [0,00[. Y is
called strongly m-admissible if Y is m-admissible and m does not explode in Y.

Let N and Y be subsets of X. The set Y is called N-positively invariant if
whenever z € Y, t > 0 are such that z7 [0,t] C N, then 27 [0,t] C Y.

Let N, Y7 and Y, be subsets of X. The set Y5 is called an ezit ramp for N
within Y7 if whenever z € Y] and znt’ ¢ N for some t’ € [0, 0o[, then there exists a
to € [0,¢'] such that z7 (0, ¢0] C N and z7tg € Ya.

If Y7 and Y, are subsets of X then Y3 is called an exit ramp for Y; if Y; is an
exit ramp for N within Y7, where N = Y;.

Definition 2.1. Let B C X be a closed set and x € dB. The point z is called a
strict egress (respectively strict ingress, respectively bounce-off ) point of B, if for
every solution o:[—dy,d2] — X through z, with ; > 0 and d» > 0, the following
properties hold:
(1) There exists an €3 € ]0,d2[ such that o(t) ¢ B (respectively o(t) € Int(B),
respectively o(t) € B), for t € ]0,¢&5].
(2) If 61 > 0, then there exists an €, € ]0,d;[ such that o(t) € Int(B) (respec-
tively o(t) € B, respectively o(t) & B), for t € [—&1,0[.

The set of all strict egress (respectively strict ingress, respectively bounce-off)
points of B is denoted by B¢ (respectively B, respectively B®). Moreover, we call
B~ := B®U B" the exit set of B and Bt := B* U B® the entrance set of B. B
is called an isolating block, if 8B = B® U B* U B® and B~ is closed. If B is also
an isolating neighborhood of an invariant set S, then we say that B is an isolating
block for S.

If B is an isolating block then (B, B™) is an example of an index pair in B. More
generally, we have the following definition.

Definition 2.2. Let N be closed in X. A pair (N1, N) is called an indez pair in
N if:
(1) N; and N, are closed and N-positively invariant subsets of N;

(2) Nj is an exit ramp for N within Ny;
(3) Inv,(N) is closed and Inv,(N) C Int(N; \ Ny).

The next definition introduces a more general concept.

Definition 2.3. A pair (N1, Na) is called a Franzosa-Mischaikow-index pair (or
FM-index pair) for S if:
(1) N1 and N; are closed subsets of X with No C Ny and N is N;-positively
invariant;
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(2) N, is an exit ramp for Ny;
(3) Sisclosed, S C Int(N,\N2) and S is the largest invariant set in CI(N1\ Ny);

Proposition 2.4. (cf. [11]) Let (N1, N3) be a pair of closed subsets of X with
Ny C N;.
(1) If S is an isolated invariant set, Ny is an isolating neighborhood of S and
(N1, N3) is an index pair in Ny, then (Ny, Na) is an FM-index pair for S.
(2) If (N1, N2) is an FM-indez pair for S and N is an isolating neighborhood
of S with Ny \ N2 C N, then Ny N N is an isolating neighborhood of S and
(N1 N N,Na;N N) is an indez pair in Ny N N.

Proposition 2.5. Let (N1, N2) be an FM-index pair for S. Let Y be a closed set
such that S C Int(Y) and such that Ny is an exit ramp for Y. Then (YNN;, Y NN3)
1s an FM-index pair for S.

Proof. 1t is clear that YN N} and Y NN, are closed. If z € YN N3 and z7[0,t) C YN
N; for some ¢t > 0, then, since N, is Ni-positively invariant, we obtain z7[0,t] C N,
and so z7[0,¢] C Y N Ny. This proves that ¥’ N Ny is (Y N Ny )-positively invariant.

There exist open sets V and W such that S C W Cc Ny \ N and SCV CY.
Thus SCVNWcCcYnN(Ni\N) C(YNN)\(YNNz) and so S C Int((Y N
N1)\ (Y N N3)) Thus S C Inv,Cl((Y NNy) \ (Y NN2)) = Inv,CI(Y N (N \ N2)) C
Inv,CI(N; \ N2) = S.

To complete the proof, let € Y N N; and assume that there exists a t’ > 0 such
that zmt’ ¢ Y N N;. Suppose first that py (z) > pn, (z). Then py, (z) < co and so
z7(0, pn, ()] C Y NNy and zmpn, (z) € N2 since (Ny, N») is an FM-index pair for
S. Thus, zmpn, (z) € Y NNy, Now assume that py (z) < pn,(z). Then py(z) < co
and so z7[0, py (z)] C Y N N;. Moreover, since N» is an exit ramp for Y, we have
zmpy (z) € Ny and so zmpy (z) € Y N Na. The proof is complete. [

Definition 2.6. Let S be an isolated invariant set and (A, A*) be an attractor-
repeller pair in S. A pair (By, Bz) is called a block pair (for (w, S, A, A*)) if By is
an isolating block for A*, B is an isolating block for A, B := B;UBj is an isolating
block for S and By N B2 C By N B .

If (B, B2) is a block pair then (B, Bo U B~, B~) is an example of an FM-index
triple:

Definition 2.7. Let S be an isolated invariant set and (A, A*) be an attractor-
repeller pair in S. A triple (N, Na, N3) with N3 C No C N; is called an FM-indez
triple (for (m, S, A, A*)) if (N1, N3) is an FM-index pair for S and (N, N3) is an
FM-index pair for A.

Proposition 2.8. (cf. [11]) If (N1, N2, N3) is an FM-index triple for (m, S, A, A*)
then (N1, N3) is an FM-indez pair for A*.

Given an isolated invariant set K having a strongly m-admissible isolating neigh-
borhood we denote by h(K) = h(w, K) the Conley-index of K and by H(K) =
H(m,K) = H(h(K)) the homology Conley index, where H is the singular homol-
ogy functor (with coefficients in some fixed module G over a PID).

If (A, A*) is an attractor-repeller pair in S and (N1, N2, N3) is an FM-index triple
for (m, S, A, A*) with N; strongly m-admissible, then the inclusion induced sequence
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N, /Nj iy N1/Nj . N1/N» induces a long exact homology sequence

—"Hq(Nz/Ns)—i>Hq(Nl/Na)—p>Hq(N1/N2)—a>Hq—1(N2/N3)—>-

This sequence is independent of the choice of (N1, N2, N3) and so there is a well-
defined long exact sequence

Hy(A)—>H,y(S)—" Hy(A*)—">Hy 1 (A)—>

called the homology index sequence of (m, S, A, A*).

Recall that a strict partial order on a set P is a relation < C P x P which is
irreflexive and transitive. As usual, we write z < y instead of (z,y) € <. The
symbol < will be reserved for the less-than-relation on R.

For the rest of this paper, unless specified otherwise, let P be a fixed finite set
and < be a fixed strict partial order on P.

A set I C P is called a <-interval if whenever 7, j, k € P,i,k€ [ andi < j < k,
then j € I. By Z(<) we denote the set of all <-intervals in P. A set I is called a
<-attracting interval if whenever i, j € P, j € I and i < j, then i € I. By A(<)
we denote the set of all <-attracting intervals in P. Of course, A(<) C Z(<).

An adjacent n-tuple of <-intervals is a sequence (I;)7_; of pairwise disjoint <-
intervals whose union is a <-interval and such that, whenever j < k, p € I; and
p' € Iy, then p’ A p (i.e. p <p' or else p and p’ are not related by <). By Z, (<)
we denote the set of all adjacent n-tuples of <-intervals.

Let S be a compact invariant set. A family (M;);cp of subsets of S is called a
<-ordered Morse decomposition of S if the following properties hold:

(1) The sets M;, i € P, are closed, m-invariant and pairwise disjoint.

(2) For every full solution ¢ of 7 lying in S either ¢(R) C M}, for some k € P

or else there are k, | € P with k < [, a(¢) C M; and w(g) C M.

Let S be a compact invariant set and (M;);ep be a <-ordered Morse decomp-
osition of S. If A, B C X then the (w, S)-connection set CS, s(A, B) from A to
B is the set of all points z € X for which there is a solution o:R — S of 7 with
(0) =z, a(c) C A and w(o) C B.

For an arbitrary <-interval I set

M(I) =My s(I)= | CSrs(M;,M;).
(i,j)eIxI

An index filtration for (m, S, (Mp)pep) is a family N' = (N(I));e.a(<) of closed
subsets of X such that
(1) for each I € A(<), the pair (N(I), N(@)) is an FM-index pair for M (1),
(2) for each I, I, € A(<), N(Il N Iz) = N(Il) n N(Ig) and N([] U [2) =
N(I1) U N(I2).
N is called strongly m-admissible if N (P) is strongly m-admissible.
The following result is an immediate consequence of Proposition 2.5.

Proposition 2.9. Let Y be a closed set such that S C Int(Y) and such that
N(0) is an exit ramp for Y. Let N = (N(I))ica(<) be an indez filtration for
(m,S, (Myp)pep). Then (Y NN(I))rea(<) is an indez filtration for (m,S, (Mp)pep).

A special version of the following basic result was established in [11].
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Theorem 2.10. (cf. Theorem 3.5 in [11]) Let Ni, N3, Nj, i =2, 4, I € A(<),
be sets such that, for each I € A(<), (N{, N}, N3), i =2, 4, is an FM-indez triple
for (x, 8, M(I), M(P\I)). Suppose N2 C N{, N C N§ and N} C Nf, I € A(=).
For each p € P define the following sets:

Dy = ([") Int(N7 \ N3)) 0 ([") Int(NF \ N7))
ves ver
and
E,:= {z € N} | there exists a t > 0 such that xm(0,t] C N and zmt € Dy }.

For each I € A(=), define N(I) := NZ\ Upervs Bp- Then (N(I))1ea(<) s an
indez filtration for (m, S, (Mp)pep). Moreover, N3 C N(0) and N? C N(I) for all
I e A(<).

Proof. For N2 = N}, N? = Nj and N} = N}, I € A(=), this is just Theorem 3.5
in [11], whose proof carries over almost verbatim to the present, more general case.
Details are left to the reader. 0O

Let AV be a strongly m-admissible index filtration for (m, S, (Mp)pep). For J €
(=) the set M(J) is an isolated invariant set and we write H(J) = H(w,J) :=
H(m,M(J)). If (I,J) € To(<), then (M (I), M (J)) is an attractor-repeller filtration
in M(IJ), where IJ := I U J. Hence there is the corresponding homology index
sequence

i1, PI,J 01,4

H,(IJ)—=Hy(J)—>H;_1(I)—

Hq(T)
of (m, M(1J), M(I),M(J)). Using the filtration N one proves that for every triple

(I,J,K) € I3(<) the following diagram, made up of the four homology index
sequences defined by (I, J, K'), commutes:

Pl S,

H(I) 4 s, _ H(K)
TR 77) T Jo
H(IJK) W S H(J)
\ /

P2 ( ‘Pa/ H(JK) 94 )31
H(K) _ 5, o H()
93 P H(IJ) \12~ ),1l

H(J) — H(IJK)

The collection of all the homology indices H(m, M(J)), J € I(<), and all the
maps i1y, pr,y and Oy, (I,J) € Iy(=), is called the homology index braid of
(m, S, (Mp)pep) and is denoted by H(m, S, (Mp)pep)-

For the rest of this section assume that, for 7 = 1, 2, m; is a local semiflow on the
metric space X;, S; is an isolated invariant set and (M, ;),cp is a <-ordered Morse
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decomposition of S;, relative to m;. Write M;(I) = My, s, (1), Hi(I) = H(mi, M;(I))
and H; := H(mi, Si,(Mp,i)pep), for i =1, 2 and I € Z(<).

Suppose [0] := ([0])(J))sez(<) is a family [0](J): H1(J) — Ha(J), J € Z(=), of
maps such that, for all (I, J) € Zo(<), the diagram

i 5
> Hy (1)~ Hy g (17) 2225 Hy g (J)—> Hy g1 (1) ——

(2.1) (e1r) (el [e1() (el
——>Ha4(I) oy Hz,q(”)—m’qu(J)TJ*HM—I(I)——*

commutes. Then we say that [©] is a morphism from H; to Hy and we write
[©]): H1 — Ha. If each [©](J) is an isomorphism, then we say that [©] is an isomor-
phism and that H; and Hs are isomorphic homology index braids.

Remark 2.11. If H; and Hy are isomorphic homology index braids, then, by Propo-
sition 1.5 in [10], H; and Hs determine the same collection of connection matrices
and the same collection of C-connection matrices.

3. SINGULAR CONTINUATION OF HOMOLOGY INDEX BRAIDS

In this section we will state the main results of this paper: the Singular nested
index filtration theorem and the Singular continuation principle for homology index
braids and connection matrices. We shall also briefly discuss an application to a
thin domain problem.

Let (Xo, dp) be a metric space. Let gg € |0, o[ and for each € € 0, £o] let (Yz,d,)
be a metric space and §. € Y. be a distinguished point of Y.. The open ball in Y,
of center in v and radius 8 > 0 is denoted by B.(v,3). Analogously, B.[v, 3] is the
closed ball in Y; of center in v € Y, and radius 8 > 0.

For each € € )0, &0] define the set Z. := X x Y. Endow Z. with the metric

Le((u,v), (v, v")) := max{ do(u,u’), de(v,v") } for (u,v), (v',v') € Z..

Given a subset V' of Xo, 3 > 0 and € € |0, | define the ‘inflated’ subsets |V[. s
and [V]. g of Z, as follows:

]V[Eyﬂ e {('U., 'U) e ZE I u E V and v e Be(emﬁ)},
[Vle,s :={(u,v) € Zc | u € V and v € Cly, (B:(6,)) }.

Note the following simple result:

Lemma 3.1. IfV is open in Xo, a € |0,00[, ug € V, g, — 0, and
L., (wn, (uo,0:,)) — 0 as n — oo,

then w, € |V, o for alln € N large enough.

We recall the following result proved in (3].
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Lemma 3.2. [3, Lemma 4.10] Let € € ]0,&0] be arbitrary and n € ]0,00[ be such
that the set Cly, (Be(0c,n)) is contractible to 0. Let Ny and N be closed subsets
in Xo such that Ny C Ny. Let te: Ny/Na — [Nie,n / [No)en be the map induced
by the inclusion u — (u,0;) and Tt : [N1]e, / [N2]e,y = N1/N2 be the map induced
by the projection onto the first factor.

Then the maps te,, and Te , are homotopy inverses to each other in the category
of pointed spaces. In particular, the pointed spaces Ni/Na and [N1c . [ [N2len have
the same homotopy type.

Let ¢ € ]0,&0), m- (resp. mp) be a local semiflow on Z, (resp. on Xp), S¢
(resp. So) be an isolated invariant set relative to 7, (resp. mo) and (Mpc)pep)
(resp. (Mpp)pep) be a Morse decomposition of S (resp. Sp) relative to =
(resp. m). Let Ne = (Ne(I))rea(<) be a strongly me-admissible index filtration
for (me, Se, (Mp,e)pep) and Ny = (No(1))rea() be a strongly mo-admissible index
filtration for (mo, So, (Mp,0)peP)-

Let n € ]0, 00| and suppose that the following singular nesting property holds:

N(I) C [No(1))e,q for all T € A(=).

For J € Z(<) choose I, K € A(<) with (/,J) € Zo(<) and K = IJ. Then
(Ne(K), No(I)) is an FM-index pair for M, (J), relative to 7. and (No(K), No(I))
is an FM-index pair for My(J), relative to mp. The composition of the inclusion
induced map from N.(K)/N:(I) to [No(K)le,n/[No(I)]e,, followed by the map
from [No(K)]e,n / [No(I)]e,n to No(K)/No(I) induced by the projection onto the
first factor induce a homomorphism

[e]evﬂ,Nc,No(‘]): H(ﬂ'sa A/Iz('])) = H(ﬂ'o, Mo(-.]))

Of course, this homomorphism depends on the choice of € € ]0,¢&), 7 € ]0, 0o[, M.
and Ny, but we claim that it is independent of the choice of I and K. In fact, if
I' and K’ € A(<) are such that (I, J) € Z5(<) and K’ = I'J then property (2) of
index filtrations implies that N (K)\ N (I) = N.(K')\ N.(I') and No(K)\ No(I) =
No(K')\ No(I').

Notice also that if (u,v) € [No(K)]e, \ [Vo(1)]e,n, then u € No(K) \ No(I) and
so u € No(K’) \ No(I'). Hence (u,v) € [No(K")]e;n \ [No(I")]e,n and so there is an
inclusion induced, hence commutative, diagram of pointed spaces

Ne(K)/Ne() Ne(K')/Ne(I')

| |

[NO(K)]s,n / [NO(I)]s.n e [NO(KI)]E,n / [NO(II)]s,n .

Moreover, the diagram

[No(K))e,n / [No(I)]e,n — [No(K")lesn / [No(I")]en

l |

No(K)/No(1) No(K")/No(I")
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commutes, where the horizontal maps are inclusion induced and the vertical maps
are projection induced. Composing these two diagrams we obtain a commutative
diagram

Ne(K)/Ne(I) — Ne(K')[Ne(I')

l 1

No(K)/No(I) —— No(K")/No(I')

with inclusion induced rows. Thus the two vertical maps represent the same map
from the (Categorial) homology Morse index of (m¢, M (J)) to the homology Morse
index of (mg, Mo(J)). This proves our claim. We write

(OlenNeNo = ({ele,n.Ne,No(J))JeIH)-

We also claim that [©]¢ , . Ao He — Ho. In fact, let (I, J) € Zp(<) and let B be
the set of all p € P\ (/J) for which thereisap’ € IJ with p < p. It follows that B,
BI, BIJ € A(=). Setting Ny, = N.(BI1J), Na. = N.(BI) and N3, = N.(B) and
Nig = No(BIJ), N3 = No(BI) and N3 = No(B) we see that (Nl,sx Na ., Na’e) is
an FM-index triple for (me, M (IJ), Mc(I), Mc(J)) and (N0, Na,0, N3 0) is an FM-
index triple for (mo, Mo(IJ), Mo(I), Mo(J)). Moreover, composing the inclusion
induced commutative diagram

N2,5/N3,5 Nl,e/N3,s = Nl,E/NZ,s

| | |

[N2,0le,n / [V3,0le;n —— [N1,0le.n / [N3,0)e.n ——> [N1,0)e.n / [N2.oen

with the inclusion and projection induced commutative diagram

[N2,0)en / [N3,0)e.s —— [N1,0le,n / [N3,00e.s —2= [N1,0)e,n / [Na,0)en

R

N3,0/N3o - Ni,0/N3o Ny 0/Nao

yields a commutative diagram which implies the commutativity of diagram (2.1).
We call [O]c na. Ao & singular inclusion induced morphism from H. to Hy. Un-
der certain conditions, [©]¢ n A, A, Is an isomorphism:

Proposition 3.3. Let ¢, (7, Se, (Mpc)pep) and (mo, So, (Mp,0)pep) be as above.
Suppose there are p, 7 € ]0, oo are such that Cly, (B¢ (e, p)) and Cly, (B.(0.,7)) are
contractible to Oc. Let No = (No(I))rea(<) and No = (No(I))1e.a(<) be strongly mo-
admissible index filtrations for (mo, So, (Mp0)pep), Ne = (Ne(I))rea(<) and N =

(Ne(l))IE.A(<) be strongly m.-admissible indez filtrations for (w., Se, (Mp,)pep) and
such that the following singular nesting property holds:

(81)  NeD) C [No(D)]es C Nol) € [No(D)]ey for all T € A(<).

Then H(mo, So, (Mp)pep) and H(me, Se, (Mp,e)pep)) are isomorphic.
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Proof. Formula (3.1) implies that
(3.2) No(I) € No(I), I € A(<)

Let J € Z(<) and choose I, K € A(<) with (I,J) € Z5(<) and K = IJ. Hence
there are inclusion induced maps

a: Ne(K)/Ne(I) = [No(K)le,5 / [No(D]e 5

b: [No(K)le/ [No()e,5 — Ne(K)/Ne(I),

and
c: Ne(K)/Ne(I) = [No(K))e5 / [INo(D)e.7

in the homotopy category of pointed spaces. Moreover, there is a commutative
diagram

(No(K)]e,5 / [No(D)e,s — [No(K)le5 / [INo())e,5

l |

No(K)/No(I) ————— No(K)/No(I)

in the homotopy category of pointed spaces, with inclusion induced horizontal maps
and projection induced vertical maps. By Lemma 3.2 the vertical maps are iso-
morphisms. The lower horizontal map is an isomorphism, lying in the Catego-
rial Morse index of (mg, Mo(J)). (See Theorem 1.9.4 in (25].) This implies that
the upper horizontal map is an isomorphism. In other words, c o b is an isomor-
phism. Since the inclusion induced map b o a lies the Categorial Morse index of
(me, Mc(J)), it follows that bo a is an isomorphism. Altogether we obtain that a,
b and c are isomorphisms. Thus the map 7 ; o a is an isomorphism, where T, 5
is as in Lemma 3.2 with (N1, Na) := (No(K), No(I)). This shows that the map
(O)e,s N No (J) + H(me, M(J)) — H(mo, Mo(J)) induced by T¢ 5 o a is an isomor-
phism. The proposition is proved. [J

In the next two definitions, introduced in (3], (7¢)cgjo,e,) is a family such that,
for every € € ]0,¢&q), 7. is a local semiflow on Z.. Moreover, 7 is a local semiflow
on Xp.

Definition 3.4. With the notation introduced above, we say that the family
(7e)eejo,e0) cOnverges singularly to mo if whenever (en)n and (tn)n are sequences
of positive numbers such that e, — 0, t, — to as n — oo, for some tg € [0, co[ and
whenever ug € Xo and w,, € Z., are such that I, (wn, (uo,0c,)) — 0 as n — oo
and ugmoto is defined, then there exists an ng € N such that for all n > ng, wpm t,
is defined and

Le, (Wnme, tn, (uomoto, 0, )) — 0 as n — oo.
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Definition 3.5. Let [ be a positive number and N be a closed subset of X,. We
say that N is a singularly strongly admissible set with respect to 3 and the family
(7e)eeqo,eq) if the following conditions are satisfied:

(1) N is a strongly mp-admissible set;

(2) for each € € ]0,¢&¢] the set [N]. g is strongly m.-admissible;

(3) whenever (e,)n and (t,)n are sequences of positive numbers such that
en — 0, tn — o0 as n — oo and whenever w, € Z., is such that
wne, [0,tn] C [N]e, 8, then there exist a up € N and a subsequence of
the sequence (wnme, tn)n of endpoints, denoted again by (wne,tn)n, such
that T'¢,, (wnme, tn, (u0,0e,)) — 0 as n — oo.

The following singular continuation result for Morse decompositions was estab-
lished in [5].
Theorem 3.6. [cf. Corollaries 4.14 and 4.15 in [5]] Assume (7¢)ceo,e0) @5 @ family
of local semiflows that converges singularly to the local semiflow mg, 8 € |0, 00| and
N is a singularly strongly admissible set with respect to 8 and (e )ee(o,e0)- Moreover,
suppose that So := Invg, (N) relative to mo and (Mp,0)pep is a <-ordered Morse
decomposition of So relative to mo. For eachp € P, let Z, C N be closed in Xo and
such that My o = Invy, (Ep) C Intx, (Ep). (Such sets E,, p € P, always exist.)

Let n € ]0,8]. For e € ]0,e0) and p € P set S := Invy, ([N].,,) and My, =
Invy, ([Eple,n). Then there is an € € |0, 0] such that for every € € ]0,£] and p € P,

Se € Intzt([ﬁ]g_n) and the family (Mpe)pep 15 a <-ordered Morse decomposition
of Se relative to ..

Remark 3.7. The family (S, (M, c)pep) is, asymptotically for e — 0, independent
of the choice of 8 € ]0,00[, n € 0, 00], N and Zp, p € P in the sense that if the
hypotheses of Theorem 3.6 are also satisfied with respect to some ', ', N’ and B
p € P, then, for some ¢; € ]0, o] and all € € ]0,&1), Invy, ([N]z,,) = Invy, ((N']c.)
and Inve, ([E)e,n) = Inva_([E']c,n), p € P. This is a consequence of following result
whose proof follows from Corollary 4.7 in [5] and the proof of Lemma 4.5 in [3].

Proposition 3.8. Suppose that (7¢).¢)o,e,) s @ family of local semiflows that con-
verges singularly to the local semifiow my, B € |0,00[, and Y7 and Y, are two (not
necessarily distinct) closed sets which are singularly strongly admissible set with
respect to B and (7c)ee(o,e0)- Suppose that Invy, (Y1) = Invg,(Y2) C Intx, (Y1) N
Intx,(Y2). Let 0 < a < 1 < B. Then there exists an € € |0,&0] such that for all
£ €10,2], Invr, ([Yi]e,n) = Inva, ([Y2]e,a) C Intz, ([Yi]e,n) N Intz, ([Yz)e,q)-

We will use Proposition 3.8 tacitly in the sequel.
We can now state the first main result of the paper, the Singular nested index
filtration principle.

Theorem 3.9. Assume the hypotheses (and thus also the conclusions) of Theo-
rem 3.6 and let € > 0 be as in that theorem. Let By € |0, [ be fized. Then there are
p, 71 €10, 050] and an €. € |0,&] such that for every € € [0,&.] there exist strongly

me-admissible index filtrations N. = (Ne(I))rea(<) and N, = (Ne(I)1ea(<) for
(e, Se, (Mp,e)pep) such that the following singular nesting property holds:

(3.3) N.(I) C [No(I))e.5 € Ne(I) C [No(I))e5 for all I € A(<) and € € ]0, ).
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Theorem 3.9, Proposition 3.3 and Remark 2.11 immediately imply the following
Singular continuation principle for homology index braids and connection matrices.

Theorem 3.10. Assume the hypotheses of Theorem 3.9. Suppose that there exists
an Bo > 0 such that for all € € ]0,e0] and all n € )0, Bo] the set Cly, (B:(0e,7)) is
contractible. Then there exists an €. € |0,€] such that the homology index braids
H(mo, So, (Mp)pep) and H(me, Se, (Mp,c)pep)), € € |0,&c], are isomorphic and de-
termine the same collection of connection matrices and the same collection of C-
connection matrices.

Proof. Let fBo < min{ o, B }. Theorem 3.9 implies that there are p, 7 € ]O,Eo] and
an . € |0, €] such that for every € € [0, &] there exist strongly m.-admissible index
filtrations Ns = (Ns(l))IEA(<) and Ns = (NE(]))IE.A(<) for (7!'5, Se, (NIP,E)PEP) such
that the singular nesting property (3.3) holds. Since 7, p € ]0, Bo[, Proposition 3.3
and Remark 2.11 imply the result. O

Theorem 3.10 refines the corresponding singular Conley index continuation prin-
ciple established in [3].

We will now briefly illustrate Theorem 3.10 by applying it to the thin domain
problem considered in [19] and [1]. More extensive applications will appear in a
subsequent publication. We assume the reader’s familiarity with [19] and [1] and
only recall some of the relevant notations and definitions.

Let M and N be positive integers. Write (z,y) for a generic point of RM x RY.
Let Q be an arbitrary nonempty bounded domain in R™ x RM with Lipschitz
boundary and let € > 0 be arbitrary. Define the symmetric bilinear form a.: H* () x
HY(©) — R by

1
ae(u,v) := / (V,,u - Vv + 6—2Vyu : Vy'u> dz dy
Q

and let b be the scalar product (-,);2(q). Let A.: D(A:) € HY(Q) — L3(Q) be
the linear operator generated by the pair (ac,b). We define on H(Q) the scalar
product

(u,v)e := ac(u,v) + b(u,v), u,ve H(Q)

and the corresponding norm
2 M 1
fule = (ac(w,w) + ullaq)  ue HY(Q)

which is equivalent to the usual norm on H!(Q).
We also define the “limit” space H!(Q2) by

H}(Q)={ueH(Q)|Vyu=0}.

Note that H}(f) is a closed linear subspace of H!(2) so H.(Q) is a Hilbert space
under the usual scalar product of H!(Q).

Furthermore, define the space L2(€2) to be the closure of the set H!(Q) in L(1).
It follows that L2() is a Hilbert space under the scalar product of L2(Q).

Now let ag: H}(Q) x H(Q) — R be the “limit” bilinear form defined by

ap(u,v) :=/Vu-Vvdmdy=/VIu-Vzvda:dy.
Q Q
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Finally, let by be the restriction of the scalar product b to L2(Q) x L(Q). Denote
by Ao the operator generated by the pair (ao, bo).

Now let o € ]0,1] be arbitrary and (f:):¢[0,eo) be a family satisfying hypoth-
esis (A1) introduced in Definition 2.6 in [1]. For € € ]0,&0] let 7. be the local
semiflow on H!(Q) generated by the solutions of the evolution equation

u= AE’U. + fs(u).

Moreover, let mp be the local semiflow on H](Q) generated by the solutions of the

evolution equation
u= Aou + fo(u).

We will need the following singular convergence result proved in [1].

Proposition 3.11. (Cf. Corollary 2.15 in [1] and its proof) Let (e,)n be an arbi-
trary sequence of positive numbers convergent to zero. Moreover let t € [0, 00[ and
(tn)n be a sequence in [0,c0[ converging to t. Finally, let ug € H(Q) and (un)n
be a sequence in H'(Q) such that |u, — ugle, — 0 n — oco. Assume that ugmot is
defined. Then, for all n € N large enough, upmnt, is defined and

|un7l'5" th — uoﬁotlsn —0 asn — oo.

For all € € ]0,&0] set 6. := 0 € HY(Q) and let Q.: H(Q) — H'(Q) be the
orthogonal projector onto H!(Q) with respect to the scalar product (-,-).. Let
Xo := H!(Q) be endowed with the usual norm of H*(f2) and dy be the correspond-
ing metric on Xo. Moreover, let Y := (I — Q.)(H'(92)) be endowed with the norm
||c and let d. be the corresponding metric on Y. Set Z. := X x Y: = H}(Q2) and
note that the norm

I (w, v)[le := max{[ulrr(q), [v]e}, (u,v) € Xo x Ye,

is equivalent to the norm |- |, on H'(Q) with constants independent of € € 0, o).
Let I'; be the metric on Z, generated by the norm | - ..

The remarks just made imply that, for every ¢ € ]0, &), 7 is a local semiflow on
Ze and 7o is a local semiflow on X, while Proposition 3.11 just says that (Te)e€)o,e0)
singularly converges to .

Now an application of Lemma 2.21 in [1] shows that whenever 8 > 0 and N is
closed and bounded in Xy then N is singularly admissible with respect to 8 and
the family (7¢).¢(o,e0)-

It is clear that for all € € ]0,e0] and all 5 € ]0,00[ the set Cly, (B: (0., 3)) is
contractible to 6.

We thus obtain the following corollary of Theorems 3.6 and 3.9.

Theorem 3.12. Let 3 be a positive number and N C H(R) be closed and bounded.
Suppose that (My)pep is a <-ordered Morse decomposition of Sy := Inv,,(N)
relative to mo. For each p € P, let 2, C N be closed in Xy and such that
M, = Invy(Ep) C Intx,(Z,). Moreover, for every I € I(<), let Zf C N be
closed in Xo and such that Mz, s,(I) = Inv(Z1) C Intx,(E;). For e € ]0,&0)
and p € P set Mp(e) := Invy, ([Eple,5). Then there is an € € ]0,&q] such that
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for every e € )0,2] the family (Mp(€))pep is a <-ordered Morse decomposition of
Se := Inv, ([N]c,g) relative to m.. Moreover,

M](E) = ch,SE = Il’lV,,z ([E[]E,g) C Intzz ([E[]Eﬁ), I e I(~<)

Finally, the homology index braids H(mo, So, (Mp)pep) and H(me, Se, (Mp.c)pepr))
are isomorphic and determine the same collection of connection matrices and the
same collection of C-connection matrices.

4. SEQUENCES OF INDEX FILTRATIONS

This and the next two sections of this paper are devoted to the proof of Theo-
rem 3.9. Therefore, for the rest of the paper, assume the hypotheses of Theorem 3.6
with 77 := 3 and let £ > 0 be as in that theorem. For I € Z(<) and € € [0,€], let
M.(I) = My, s, (D).

For each € € ]0,&¢), given w € Z, and ¢t > 0 such that wm.t is defined, the
components of wr.t are denoted by (w¢.t, wict), where wo.t € Xo and wip.t € Y.

If So = 0, then, by Proposition 4.4 in [3], Sc = 0 for all £ small enough, so we
may choose N¢(I) := N.(I):=0,1 € A(<), e € [0,€]. Hence Theorem 3.9 holds in
this case.

Therefore we may assume that Sy # (). Taking the sets N and Ep, p € P, smaller
if necessary, we may assume from now on that N is an isolating block relative to
mo (cf. [23] or [25]). Let U = Int x, (N).

In this section, starting with sequences of FM-index triples satisfying certain
inclusions, we will construct index filtrations with a “singular asymptotic” nesting
property. This is the crucial abstract step in the proof of Theorem 3.9.

Theorem 4.1. Let Ni, Ni, Ni,i=2,4, I € A(=<), be sets such that, for each I €
A(=), (N, N}, N3) is an FM-indexz triple for (mo, So, Mo(I), Mo(P\ 1)), i=2, 4.
Moreover let &y € ]0,€] and for each € € ]0,&)], let Ny, Noe, Nro, I € A(=),
be sets such that, for each I € A(<), (N1,e, N1,c, Na2) is an FM-index triple for
(e, Se, M (I), M. (P\I)). For eachp € P and ¢ € |0,&] define the following sets:

Dpe:= ([ Intz,(Nre \ Na,e)) N ([ Intz, (N1,e \ Nr,e)),
ser v
Dy, = (1) Inbxo (N7 \ N3)) N ([ Intx, (N \ NY)),
st vir
Epe={w € Ny | there is at > 0 such that wn[0,t] C Ny, and wr.t € D, .}

and
Epo = {u € N} | there exists a t > 0 such that umg|0,t] C N} and umpt € Dsio. )}

Let p, a and n be positive numbers with p < o < n and Vy and V;,;, i = 3, 4,
I € A(<), be open sets in Xo such that for all € € ]0,&] and I € A(<) the
following inclusions hold:

Nf C (7, [lele,u C ]Vl{s,a C N C [Nf]s,n: N22 C Né» N12 C N;l»
CIZ:([NIZ]e,u \ [Né]e,n) c ]VI.S[e,a c I“tZz (NI,E \ N2,z)v
CIZE([lels,u \ [N?]e.n) C Vi4le,a CIntz, (N1, \ Nie).
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For each I € A(=<) define

No(D):=Ni\ | Epo,
peEP\I

Ne(I) =Ny \ |J Epe for all €]0,&).
peEP\I

Then (Ne(I))rea(<) is an indez filtration for (me, Se, (Mp.e)pep) for all € € [0,&).
Moreover,

(4.1) N2 € No(0) and N C No(I) C N} for all I € A(<),

and
(4.2)
Ny C Nc(0) and Ny C Ne(I) C Ny for all € € ]0,&) and for all I € A(<).

Furthermore, whenever I € A(<), (én)n s a sequence such that e, — 0 asn — oo
and (wn)n, with wn = (Un,vn) for n € N, is a sequence such that w, € [NZ]e, . N
Ne, (I) for all n € N and T'¢, (wn, (uo,0c,)) — 0 as n — oo, for some ug € X,
then there exists an ng € N such that u, € No(I) for alln > ny.

Proof. Theorem 2.10 immediately implies that (No(/))7e.4(<) is an index filtration
for (7o, So, (Mp,0)pep) satisfying (4.1). Moreover, the same theorem with N} = Nje
and Nj = Ny fori=2,4and j = 1, 2 implies that for all € € ]0,&], (Nc(1))ea(<)
is an index filtration for (¢, Sc, (Mp.)pep) satisfying (4.2).

Suppose the second part of the theorem does not hold. Then there exist a
J € A(<), a sequence (), such that e, — 0 as n — oo and a sequence (wy)n,
with wn, = (un,vn) for n € N, such that wy, € [Nf]e,,x N Ne, (J) for all n € N,
I, (wn, (uo,0e,)) — 0 as n — oo, for some ug € Xo and u, ¢ No(J) for all n € N.

The definitions of the sets N¢, (J) and Np(J) imply that

wn € Ny, \ U Epe, and u, ¢ NZ\ U E, for all n € N.
pEP\J pEP\J

Since wy, € [N?]e, nNNe, (I) for all n € N, it follows that u, € N for alln € N and
SO U, € UpeP\J Ep o for all n € N. Thus, taking further subsequences if necessary,
we may assume that there exists a ¢ € P\ J such that for all n € N, u, € E; . So,
for each n € N, there exists a t, > 0 such that u,m|0, t,] C N? and up,mot, € Dy .

Set
Vo= (Vi) N ([ ) Via) pEP.
I'é’ pél
We claim that
(4.3) [Clxo (Dp,0)lesu C 1Vple,a € Dpe, P E P, e€]0,5).

In fact, fix p € P and € € |0,&p). It follows that

Clx,(Dp0) € ([ Clxo (N7 \ N3)) N ([ Clxo (N2 \ N7)).
) § b

pel pér
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Let w = (u,v) € [Clxy(Dp,0)]e,u- Then, u € Clx,(Dpo) and v € Cly, (B(6e, 1))
Let I € A(<). Ifp € I, then u € Clx,(N?\N4) and so there exists a sequence (iin)n
in N2\ N# such that do(in,u) — 0 as n — co. Hence (iin,v) € [N7]e,u \ [N3]en,
for all n € N and T¢((@in,v), (v,v)) — 0 as n — oo. This implies that w €
Clz, ([N¥eu \ [N3]e,n). Similar arguments prove that w € Olz ([Nleu \ [V ]sa)
for all p ¢ I. Hence

[ClXo(DP,O)]E,u C (n ClZe([NIZJE.u \ [Ngls,n)) n (m Clz, ([Nf?]E.# \ [N?]s,r/))
I I

pel pEl
C (m ]Vl,s[s,a) n (ﬂ WVialea) = ](m Viz)n (ﬂ Via)lea = ]Vp[s,a
1 I I I
pel pel pel pél
c ([ Intz, (N1 \ N2,e)) N ([ ) Intz, (N1 \ Ni,e)) = Dpee.
I I
pel pel

This proves (4.3). From (4.3) obtain that
(4.4) Clxon,o c Vp, p € P.

In fact, if u € Clx, Dpo then (u,6;) € [Clx,(Dpo)len C [Vple,a 50 u € V.

To complete the proof of the theorem we will consider two cases.

Case 1. Suppose that (tn)n is a bounded sequence. We can assume, taking
subsequences if necessary, that there exists a ¢ € [0, co[ such that ¢, — ¢t as n — co.
Since N? C U C N, it follows that 7 does not explode in NE and so

(4.5) upmo[0,t] C NZ C V.

Recall that (7;)cejo,eo) converges singularly to the local semiflow o, €, — 0 and
Te, (wn, (u0,0e,)) — 0 as n — oo, thus, it follows that

(4.6) Le, (WnTe, tn, (uomot, be,)) — 0 as n — co.

Moreover, since upmot, € Dg 0, n € N, it follows that ugmet € Clx,Dy,0, so, by (4.4),
uomot € V,. Formulas (4.5) and (4.6) together with Lemma 3.1 imply that there is
an n; € N such that w,me, tn € |Vy[e,.a C Dy, for all n > ny. Thus w, € Eqe.
for all n > ny with ¢ € P\ J. However, this is a contradiction to our choice of the
sequence (wn)n-

Case 2. Suppose that (t,), is an unbounded sequence. We can assume, taking
subsequences if necessary, that t, — oo as n — co. Since u,m[0,t,] C N for all
n € N, and do(un, o) — 0 as n — o0, it follows that ugmg [0, 00[ C N?.

Note that if n € N and 0 < ¢ < t,,, since u,mo[0, t,] C N? and u,mot,, € Dg 0, it
follows that (unmot)mo[0,tn —t] C N? and (unmot)mo(tn — t) = Unmotn € Dgpo. In
other words, unmot € Eg 0. Thus, for every t € [0, 00 and for all n > n;, for some
ny € N, we have u,mot € Eg 0. Since Eqo C Xo \ No(J), we conclude that

(4.7) uomot € Clx,(Eq,0) C Xo \ Intx,(No(J)) for all t > 0.

Let (sx)r be a sequence of positive numbers such that s — oo as k — co. By
admissibility, there exist a subsequence of (ugmosk)r which will be denoted again
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by (uomosk)x and a u € Sp such that ugmosg — u as k — co. Formula (4.7) implies
that umg [0, 00[ C Xo\Intx,(No(J)). The properties of Morse decompositions imply
that the w-limit set w(u) of u relative to m is included in Mg, for some r € P.
Since M,o C Mo(J) C Intx,(No(J)) for all 7 € J, it follows that 7 € P\ J.
Since M, o C Dy and D,g is an open set, we have that there exists a ¢t > 0

such that umet € D, and so, for some k € N, ugmo(sx +t) € Dyo C V,. Since
L., (wn, (vo,0e,)) — 0 as n — oo, it follows that

(4.8) Te, (wnme, (sk + t), (womo(sk +t),0c,) — 0 as n — oo.
Lemma 3.1 now implies that
(4.9) WnTe, S € Dy, for all n large enough,

where s := 53, + t. Moreover, the fact that uom[0,s] C N C Vi, the definition of
singular convergence and Lemma 3.1 imply that w7, [0,s] C |Vi[c,,a C Ny, for
all n large enough. This, together with (4.9), shows that w, € E, ., for all n large
enough, a contradiction as r € P\ J. The theorem is proved. O

5. INDEX TRIPLE CONSTRUCTIONS

In this section we will prove the existence of index triples (relative to the approx-
imating semiflows m.) with special properties. We use some arguments from the
proof of existence of isolating blocks from [25]. Define the function F: X — [0, 1]

by F(u) := min{1,do(u,Inv (N))}. Furthermore, let

: + .
50 "= PN o> tg = P o

and
t:u = p]l-l[, e ENE ]O,Eo], v>0.

Define the function g~: N>R by
9~ (u) := sup{ a(t)F(umot) | t € [0, sg (u)], if sg (u) < co and
t € (0,00, if s (u) =00},

where a: [0, c0[ — [1,2[ is a monotone increasing C*°-diffeomorphism. Given § > 0
and b > 0, define

Bsp:=Clx,({veU| g (v) <6 and ta(u) > b}).

We require the following result.

Lemma~5.1. There exist 8o, b € )0, 00[ such that for all § € 10,80] and b € [5,00[,
Bsy C U and Bsp is an isolating block for So relative to my with exit set ng =
{u€dBsp| g (u) <4 and tf(u) =b}.

Proof. Suppose there exist sequences (0, ), and (by ), of positive numbers and (uy),
such that é, — 0, b, — o0 and u, € Bs, b, N (Xo \ (7) for all n € N. Hence, for
each n € N, there exists a @, € U with 9™ (tn) < 6, and tf(@n) > b, such
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that d(un,@n) < 27". By admissibility, we may assume, taking subsequences if
necessary, that there exists an up € Sp such that @, — up and so u, — wuo.
Therefore, uo € So N (Xo \ U) which is a contradiction to the definition of the
open set U. Thus, there exist a § € ]0,00[ and a b € ]0, oo such that Bsp C U
for all & € ]0,80] and b € [b,o0[. Moreover, Inv,(Bsp) C Inv.r, (Clx, (U)) C
Invy,(N) = Sp. On the other hand, if u € Sp, then u € U, g~(u) = 0 and
tg(u) = 00 80 u € Bsyp. Thus Sy C Invy,(Bsp). Therefore, So = Invy,(Bsp) C
{ue U|g(u) <6 and td(u) > b} C Intx,(Bsp). The remaining assertions follow
immediately since the functions g~ and t§ decrease along solutions of my and ¢~ is
upper-semicontinuous while t3 is lower-semicontinuous. O

Given 6, b € ]0,00[ and G C X define the sets
(5.1) Bisbc = Bsp NG, Baspc = Clx,(Bss\G).

Given I € A(<) with Mo(P\ I) # 0 let Up\; C N be an arbitrary open
neighborhood of Mo(P \ I) with Clx,(Up\r) N Mo(I) = (. Let g;v: Up\r — [0, o0
be the map given by

g;\l(u) = inf{ (1+t)"'G(umt) |0 < t < PUpy 1m0 (1) }

where G(u) := do(u, Mo(P \ 1))/ (do(u, Mo(P \ I)) + do(u, Xo \ Clx,(Up\1))), u €

UP\I.
Choose open sets Vp\; and Wpy\; such that Mo(P \ I) C Vp\; C Clx,(Vey\1) C

Wpyr C Clxo(Wpy\r) C Up\r and gf, ;|cix, (Wp,,) is continuous. This is possible
by Proposition I.5.2 in [25].
Now, for arbitrary I € A(<) and v € ]0, co[ define

a | Clx,({u € Vp\r | gp\,(w) <v}) if Mo(P\T)#0
P\I,y i=
Y 0 otherwise

and set
Bp\1,66,y = B1,6,6,Gp\1,4+ Bl,oby = B2,6b,Gp\;.» I € A(<), 7 €]0,00[.

The next lemma is fundamental for what follows.

Lemma 5.2. Let & € |0,00[ and b € ]0,00( as in Lemma 5.1. Then there ezist a
0 €]0,d0] and a7 € )0, 00 such that the following properties hold:
(1) Forallé €]0,3], v €]0,7), b € [b,00[ and for all I € A(<) with Mo(P\I) #
0, Br\1,56y = Bsp NGp\1,y C Vp\s-
(2) For all § € ]0,6], v € 10,7], b € E,oo[ and for all I € A(=<) the pair
(BP\],J,b’-’, BI,J,b,'y) s a block pair for (ﬂ'o, So, NIO(I), ]\/fo(P \ [))
(3) Let I € A(<) and ba, b3, v2, v3, 0 and &, be positive numbers such that b<
by < b3, 72 <v3 <7 and§ <dy <6. Then Brabs € Intxo(B“;Q'b?‘-m).

Proof. If part (1) is not true, then there exist an I € A(<) with My(P \ I) # 0,
sequences (0n)n and (yn)n converging to zero, a sequence (b, ), in @, oo[ and (un)n
such that

Un € Bs, b, N Gp\1,4, N (X0 \ Vpyr) for all n € N.
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Since un, € Bs, p,, it follows that g~ (u,) < 6, — 0 as n — co. By admissi-
bility, there exist a subsequence of (un)n, denoted again by (un)n, and an ug €
Inv;o(f\}) such that u, — up as n — oo. The definition of the set Gpy\s -, Im-
plies that ug € Clx,(Vp\1) C Clx,(Wp\r). The continuity of gf,\llmxo(w,,\,)
implies that g;\llmxo(wl,\,)(uo) = 0. It follows from Proposition 1.5.2 in [25] that
ug € Invy} (Clx,(Up\1)) C Inv,fu(]V) and so ug € Sp. Since Np\; N My(I) = 0 and
(Mo(I), Mo(P \ I)) is an attractor-repeller pair in Sp, relative to mp, we see that
the w-limit set w(ug) of ug relative to mg is a subset of Mo(P \ I). Theorem III.1.4
in [25] implies that ug € Mo(P \ I) and so ug € Mo(P \ I) N (Xo \ Vp\s) which
contradicts our choice of the open set Vpy;. This proves part (1).

Part (2) follows from part (1) and the proof of Theorem III.2.4 in [25].

To prove part (3) let I € A(<) be arbitrary. If Mo(P \ I) = @ then the result
is clear. Therefore, let Mo(P \ I) # 0. We claim that By s+, C Intx,(Bs,5,) \
Gp\1.- Let u € Brgspyy, be arbitrary. Then, there exists a sequence (un)n
such that un, € Bsp, \ Gp\1,y, for all n and u, — wu. In particular, u € U
and g~ (u) < 8 < &2 and t3(u) > by > by. Thusu € {ue U | g-(u) <
82 and t§ (u) > bz } C Intx,(Bs,p,). Suppose u € Gpy\r,. It follows from part
(1) that w € Bs, b, N Gp\1,y, € Vp\1. So u € Vpy; and g;\l(u) < 72 < 7v3. Then
for all n large enough, u, € Vp\; and g;\l(un) < 3. Thus up, € Gpy\r4, for all
n large enough which is a contradiction. This proves the claim and completes the
proof. [

We now can state and prove the main result of this section.

Theorem 5.3. Let b be as in Lemma 5.1 and_S and 7 be as in Lemma 5.2. Fiz
positwe numbers b, bz, b3, 2, v3 and dy with b < by < b3 < b, 73 < 12 < ¥ and
02 < 0. For all T € A(<) and § €0,82], let A; s be a closed subset of Xo with

]VIO(I) C Intxo(/\l,(s) C Al,6 C BI,J.b:;,“/a

and such that whenever I € A(<) and d < &', A;5 C A1 g

Assume also that whenever I € A(<) and (6,),, is a decreasing sequence converg-
ing to zero and u, € Ay s, for alln € N, then the sequence (un)n has a convergent
subsequence.

Fora>0,v>0,7>0,7">0,8>0 wthy <pf' <n<v<p, forall
I'e A(<), 6 €]0,62) and € €]0,2], define
Nye(e, 0) := [Bs, by)e,n N Clz, ({w | there exist a W € [Bspy)e,a and a t >0

such that W, (0,t) C JU[cp and w = Wt }),

Nae(a,d) := Ny (o, 0) N{we Ul | t;"u(w) <b}
and
Nre(a,0) :=([Br1,63,b2,72)e, N Clz, ({w | there ezist a W € [Afg)e.a and a 't >0
such that Wr.[0,t) C |U[.p and w = Wn.t})) U Ny (e, 6).

Letv>0,7>0,7>0,0 >0, withy < <n<v<p, befirzed. Under
these assumptions, there exist a d3 € ]0,02] and an ag € )0,n'] such that for all
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§ €0,83] and for all o € )0, ), there exists an € = go(a, 0) €]0,€] such that for
all € €10,8) and for all I € A(<) the triple (N1 .(a, 8), Nie(a,6), Ny, 0)) s
an FM-indez triple for (mc, Se, Mc(I), Mc(P\ I)).
Proof. It is clear that for all I € A(<), € €]0,&], @ € ]0,7] and J € 10, d2], the sets
Ni,e(a,6), Nie(a,d) and Noc(a,d) are closed in Z, and Ng,g(g,é) C N1£(a,6).
Since B/ < B and 7' < 7, we have By s, b4 C Bsybes JUle,pr € |U[e,p and
[Br,63,52,7v2)e;n C [Béa,ba]em for all € € ]0,€]. Moreover, since A5 C By,g,b5,7a C
Bés by, it follows that [A;,s]e o C [Bsbsle,a for all € €]0,€], @ € ]0,7'] and 6 € ]0, 63).
This proves that for all € € ]0,&], @ €]0,7'] and 4 € ]0, d2,
(5.2) Ni.(a,6) C Nye(a,b).
Lemmas 5.6 and 5.7 below complete the proof of Theorem 5.3. O

Remark 5.4. Notice that if « > 0, v > 0, 7 > 0, ' > 0 and #/ > 0 are such
that « < ' < B/ < n < v < f3, then for all § € |0,d5], € € ]0,€] and for all
I € A(=), we have [Bs,b,]e,a C Ni,e(e,8) C [Bsy ps]en and [Afsle,a € Nre(a,6) C

[31,52,02,72]5,71’ U NZ,E (a: 5)
To prove Lemmas 5.6 and 5.7 we will need the following result that follows from

the proof of Proposition 4.9 in [3].

Lemma 5.5. Let b > 0. Let ((n)n, (@n)n and (en)n be sequences in |0, c0[ con-
verging to zero. For eachn € N, let Wy, = (Tn,Tn) € [Be, blen,an and tn > 0 such
that Wy, [0,tn] C [N)e, 3. Then there is a subsequence of (Wne, tn)n which we
will denote again by (Wpme, tn)n and there is a Ug € Inv;o(ﬁ) such that

Le, (Wnme, tn, (o, 0e,)) — 0 as n — .

Proof. For each n € N, Wy, = (Tn,Tn) € (B¢, blen,an- 1t follows that g~ (@) < ¢,
and d¢, (Upn,0:,) < a,. Since (, — 0 as n — oo, there exists a subsequence of
(Tn)n, denoted again by (Tn)n, and a ug € Inv; (N) such that @, — ug as n — oo
and so
(5.3) L., (Wn, (uo,0e,)) — 0 as n — oo.
To complete the proof of the lemma, we will need to consider two cases.

First assume that the sequence (t,), is bounded. By taking subsequence, if
necessary, we may assume that there exists a ¢ € [0, oo[ such that t,, — ¢t as n — oo.
Since (7e)eejo,eo) converges singularly to mo, formula (5.3) implies that

Le, (Wnme, tn, (vomot,be,)) — 0 as n — co.
Since Inv;o(ﬁ) is an f\?-positively invariant set relative to mp, it follows that
g := UgTot € Inv;o(ﬁ).

Suppose that (t,), is an unbounded sequence. Then we may assume that ¢, —
00 as n — 00. Since Wne, [0,t,] C [N)., s and N is singularly strongly admissible
with respect to 8 and (7:)ceo,¢,), condition (3) of Definition 3.5 implies that there
exist a subsequence of (Wpme, tn)n, denoted again by (Wnme, tn)n, and there is a
Uy € N such that

Le, (Wnme, tn, (U0,0c,)) — 0 as n — oo.

Lemma 3.5.(1) in [3] implies that @ € Inv_ (N). The proof is concluded. O
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Lemma 5.6. There ezist a &' € ]0, 2] and an o’ € )0,7'] such that for all § € ]0,4’)
and for all a € ]0,'], there exist an £, = £1(a, 6) € ]0,&] such that for all € € ]0,¢1]
the pair (N1 (e, 8), Nae(e, 6)) is an FM-index pair for S..

Proof. We claim that for all € € ]0,€], a € ]0,7'] and § € ]0, &3], the set Na(a,d)
is Ni ¢ (c, §)-positively invariant relative to ..

In fact, let € € ]0,€], @ € ]0,7'] and 6 € |0, d2] be fixed. Let w € Nac(a,d) and
t > 0 such that wm[0,t] C Ny (e, ). Hence, wre[0,t] C Ny(a,0) C [Bs,,by)en-
Let s € [0,t]. Then

wepes € Bs, b, C U and de(wes,0:) <y <w.

Hence, wr.s € |U[.,, for all s € [0,¢]. Since tF, (wres) < tF, (w) < b, it follows
that wr.s € {2 € |U[cv | tf,(z) < b} and so wm.s € Nac(a,9) for all s € [0,¢].
This concludes the proof of our claim.

The condition (1) of the Definition 2.3 is verified for all € € ]0,€], a € ]0,7'] and
b€ ]0, 52]

Let § € ]0,62] and o € ]0,7']. Lemma 5.1 implies that Bs, s, and Bsp, are
isolating blocks for Sp. Proposition 3.8 implies that there exists an &; = &1 (a, ) €
]0,€] such that for all ¢ € ]0,&;] the sets [Bs, b,)e,n and [Bsp,le,a are isolating
neighborhoods for S.. Hence

Se C Nye(a,0) for all € € ]0,&].

Moreover, if w € Se, € € )0,1], then w € [Bs, py)e.n C JU[c,, and t¥,(w) = oo and
sow ¢ Na(a,d). Thus

Se € Ny e(@,0) \ Nae(e, 0) for all € €]0,2;].

We claim that there exist a 63 € ]0,d2] and an af € ]0,7’] such that for all
d € ]0,03] and for all a € ]0, ag], there exists an €] = £{(a,d) € ]0,2,(a, )] such
that JIntx,(Bs,bs)[e,a € N1,e(,0) \ Nae(a,6) for all € € ]0,¢}].

Notice that Remark 5.4 implies that JIntx,(Bss;)[c,a € Nie(e,6) for all € €
]0,€], @ € ]0,7'] and 6 € ]0,82]. Suppose that our claim is not true. Then there
are sequences ((n)n, With ¢, < 62 for all n € N, (an)n, (n)n and (wy), such that
Cn—0,a, —0,e, - 0asn — oo and

Wn = (Un,Vn) € |Intx, (B¢, b3)[en,an N Ny, (@n,Cn) for all n € N.

Thus up € Intx, (B, 55); Vn € B(fe,,an), wn € U], and tf ,(wn) < b for all
n € N.

Since u, € Intx,(Bc, b,), it follows that g~ (u,) < (,. Hence, there exists a
subsequence of (u,)n, denoted again by (u,)n, and a ug € N such that Up — Ug
as n — oo. Moreover, since for all n € N, Intx,(Bc, b5) C Bsy,bs, it follows that
o € Bs, 5, C U. The continuity of ¢ implies that t} (ug) > bg > b.

Since v, € B(0:,,an), we have d., (vn,0:,) < 0 and so d.,(vn,0:,) — 0 as
n — oo. Hence

I, (wn, (uo,0:,)) — 0 as n — co
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and Lemma 4.6 in (3] implies that t}, ,(wy) — t§ (uo) asn — co and so t} , (wn) >
b for all n large enough. However, this is a contradiction to our choice of the
sequence (wp)n. The claim is proved which, in turn, implies that for all § € ]0, d3]
and for all a € ]0, )], there exists an &} = €} (a,d) € ]0,&1(a, )] such that

S, C |Intx,(Bsps)le,a € N1,e(a,8) \ Naoe(a,8) for all € € ]0, 7).

Therefore Se C Intz, (N1,c(e,d) \ Nae(a,8)) so Se C Invg, (Nye(e,6) \ Nae(e,6))
for all € € ]0,¢]. Since Ny (e, 8) C [Bsy,bale,n C [N]e,p and Se = Inv_ ([N]:,6), it
follows that S = Inv,, Clz, (N1,e(e,6) \ N2e(e,)) for all € € )0,€}]. Hence, the
condition (3) of Definition 2.3 is verified for all € € |0, €/].

The next claim is that there exist a ¢’ € ]0,d%] and an o’ € 0, o] such that for
all 6 €]0,4'] and for all @ € ]0, /], there exists an €; = €1(a,d) € ]0,€’ (e, )] such
that for all € € )0, &1], the set Na c(c,d) is an exit ramp for Ny ((a, ).

First notice that for all € € ]0,€], @ € ]0,a’] and 6 € ]0,4'], the set Ny o(c, d) is
(Bsg,bs)e,n-positively invariant relative to m.. In fact, let € € ]0,£], a € ]0,¢’] and
0 €]0,0] be fixed. Let w € Ny c(a,d) and s > 0 such that wr, [0,s] C [Bs,,b,]e,n-
Hence there exist a sequence (wy )y, in [Bg py]e,o and a sequence (t,,), of nonnegative
numbers such that

(5.4) wne [0,t,] C ]ﬁ[syﬂ

and W, := WnTely is such that I'; (W,,w) — 0 as n — co. We will show that
Wy e [0,8] C JU[e,p for all n large enough. Since wr, [0,s] C [Bs, b, ey, it follows
that for all 7 € [0, 5

weeT € Bsyp, C U and wip, 7 € Cly, (Be(0e,m)).

Since n < B, it follows that wieT € Bc(0¢,8). Thus wr.[0,s] C ]0[5,5. Since T,
is continuous, there exists an ng € N such that for all n > ng, W, 7. [0,s] C ](7[5,;3.
Therefore

(5.5) wn e [0,t, + 5] C ]ﬁ[g,ﬁ for all n > ng.

Let 7 € [0, s] be arbitrary. Then

(5.6) Lo (Wnme(tn + 7), wneT) = Lo (WpmeT, wm.7) — 0 as n — oo.
It follows from (5.5) and (5.6) that

wmeT € Clz, ({ Z | there exist a z € [Bspy]e,a and a t > 0 such that
27[0,t) C |U. 5 and zm.t =2 }).

Therefore w, [0,s] C Ny (e, d).

Suppose that our claim is not true. Since for all ¢ € ]0,€], a € ]0,] and
6 € ]0,0'], the set Ny.(c,0) is [Bs,,b,]e,n-positively invariant relative to w,, it
follows that there are sequences ((n)n, (@n)n, (€n)n and (wn)n such that ¢, — 0,
ap — 0, e, — 0 as n — co and

W = (Un,Un) € (N1,e, (an;Cn) N [Bsy,balenn) \ Noye,(@n, ¢n) for all n € N,
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For each n € N, there exists a Wy, = (Un,Un) € [B¢, bslen,an and a t, > 0 such that
Wye, [0,tn] C |U[e,,5 and Te, (Wn, BnTe, tn) < 27"

Since |U|e, g C [N]e. s, the hypotheses of Lemma 5.5 are verified and so there
exists a subsequence of (W,7e, tn)n, denoted again by (Wnme, tn)n, and there is a

o € Invy (N) such that T, (Wnme,tn, (%0,0e,)) — 0 as n — oo which, in turn,
implies that

(5.7) e, (wn, (i9,0,)) — 0 as n — oo.

Therefore, there exists an ng € N such that d¢, (vn,0c,) < 7 for all n > ng. Since
(Un,Vn) € 0 [Bsy,b)en,n for all n € N, we have u, € dBs,p, for all n > ng and so

il € dBs, b, C U. This fact, formula (5.7) and Lemma 4.6 in [3] imply that
(5.8) t¥ ,(wn) — tg (o) as n — oo.

Since Bs, b, is an isolating block for Sy relative to mo, g~ (@o) = 0 and g € 0B, p,,
it follows that tg (iig) = bo.

On the other hand, since w, ¢ Na, (an, () for all n € N, we have t;“mu(wn) >b
for all n € N. This fact, together with formula (5.8), implies that by = ¢ (o) > b
which is a contradiction. Hence there exist a §’ € ]0, %] and an o’ € ]0, ap] such
that for all 6 € ]0,4’] and for all a € ]0, /], there exists an €1 = €;(,d) € ]0,¢1]
such that for all € € ]0,&1], the set Ny (e, §) is an exit ramp for Ny («,d) and the
proof of the lemma is complete. 0O

Lemma 5.7. Let ¢’ and o as in Lemma 5.6. Given § € ]0,4'] and o € |0,a/],
let e1(a,6) € ]0,€] as in that lemma. Then there exist a §" € ]0,4'] and an o €
10,a’] such that for all § € )0,6"] and for all o € ]0,a"], there exist an ey =
e2(e, 0) € ]0,e1(a,0)] such that for all € € |0,e3] and for all I € A(<), the pair
(N1e(a,6), Nae(e,0)) is an FM-index pair for M. (I).

Proof. 1t is clear that for all € € ]0,&], a € ]0,¢’] and 6 € ]0,¢’], the set Na(a,d)
is N; (o, 6)-positively invariant relative to m.. Indeed, let w € Na.(,6) and t > 0
such that wm[0,t] C Nre(a,d). Formula (5.2) implies that wm[0,¢] C Ny (a,d).
It follows from the proof of Lemma 5.6 that N .(a,d) is Ny (o, d)-positively in-
variant relative to m¢ and so wm[0,t] C N3 .(c,d). Hence, the condition (1) of the
Definition 2.3 is verified for all € € ]0,£], a € ]0,’] and § € 0, ¢'].

We claim that given a € ]0,o/] and 6 € ]0,4’] there exists an &, = &(a,d) €
10, 1(c, 8)] such that for all € € ]0, 23],

M (I) = Inve, (Clgz, (N1,c(,8) \ N2e(e,6))) C Intz, (N1e(,8) \ Nac(a,6)).

Indeed, let o € ]0,0’] and § € ]0,6’]. Lemma 5.2.(2), Theorem 3.6 and Propo-
sition 3.8 imply that there exists an & = &(a,d) € ]0,e1(e, d)] such that for
all € € ]0,8), Mc(I) = Invg, ([Br,6s,60,12)e,n7) and Me(I) = Inve, ([Ass)ea) C
Intz, ([Ar,s)e,a)-

Let € € ]0,&2). Since a < ', Remark 5.4 implies that [A;s]ca C Nyc(a,0).
’Ilhus Mc(I) C Nre(a,d) C Nye(a,6) and Mc(I) C [Arsle,a C [Br,s,bs,vslen C
JUle,v- On the other hand, if w € M.(I), then tf (w) = co and so w ¢ Nz (e, 6).
Hence
(5.9)

M.(I) C Intz, ([Ar,sle,a) N{w €U | t;,,(w) >b} C Nye(a,d)\ Nae(a, 6).
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This also implies that
(5.10) M_(I) C Invy, (Clz, (N1 e(e,0) \ Noe(a,6))).

Since Ny (a, )\ Nae(c,8) C [B1,63,b2,7v2)e,n» it follows that Invy, (Clz, (N7e(c,d)\
Ny c(e,0))) C Inve, ([Bl,62,60,72)e,n7) = Me(I). This and inclusions (5.9) and (5.10)
imply the claim.

Our next claim it that for all € € ]0,€], @ €]0,¢/] and ¢ € |0, '], the set

Nf (a,8) :=[Br1,53,bz,72 e N Clz,({w| there exist an W € [Afge,o and

a t > 0 such that wn.[0,{] C ](7[5,;;: and w = Wret })

is [B1,63,b2,72)e,n’-POsitively invariant relative to .

Let ¢ € ]0,&], @ € ]0,a'] and § € ]0,0'] be fixed. Let w € Nf_(a,d) and
s > 0 such that wm, [0, ] C [Br,65,b5,72)e,n’- Hence there exist a sequence (W), in
[Ass]e,a and a sequence (t,)n of positive numbers such that

(5.11) Wpme [0, tn] C 1U[e,pr
and wy, = Wymet, is such that I (w,,w) — 0 as n — oco. We will show that

wne [0,5] C JUep for all n large enough. Since wr, [0,s] C [Br s bionlsnis B
follows that for all 7 € [0, s]

WeT € Bl sy bs7s C U and wipe € Cly, (Be(0e,7')).
Since n’ < ', it follows that w7 € B (0., 3'). Thus wr, [0, s] C ][7[5,[3/. Since 7,
is continuous, there exists an ng € N such that for all n > ng, w,m. [0, s] C ]5[5,51.
Therefore
(5.12) Wnme [0, + 8] C ](7[5,31 for all n > ny.
Let 7 € [0, s] be arbitrary. Then
(5.13) Fe (@nme(tn + 7),wmeT) = Te (WpmeT, wmeT) — 0 as n — oo.

It follows from (5.12) and (5.13) that

wmeT € Clgz, ({ z | there exist a Z € [A7 5]c.o and a t > 0 such that
z7e[0,t] C JUle.pr and Zmot = z }).

Therefore wre [0, s] C Nf (e, ). The proof of our claim is complete.

Since Nf (@, d) is [B1,65,b,72e,n-POsitively invariant relative to 7, to prove that
N3¢ (a, ) is an exit ramp for Ny .(a, §) we need to show that there exist a §” € |0, ¢’
and an o €0, o] such that for all § € ]0,6”] and for all @ € ]0, @], there exist an
g2 = £2(, 0) € ]0,2(ax, 8)] such that for all € € |0,¢&;] and for all I € A(<)

O(Br,62,b2,v2)e, N N1e(@,0) C N2 (e, d).
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Suppose this does not hold. Then there exist an I € A(<) and sequences (cn )n,
(¢a)n, (En)n and (wyn)n such that ((,)n is decreasing, with , < d2 for all n € N,
an —0,¢(, —0,e, = 0asn— oo and
(5.14)

W, = (Un,Un) € O[Br1,63,b2,72)en,m’ N Nie,(nyCn) \ Noe,, (@n, Cn), forallm € N.

Hence for all n € N, w,, € Ny ¢, (@n,n) C [Bsa,bs)en,n C JUlen,v and so tF ,(wn) >
b. Moreover, for each n € N, there exist a Wy, = (Un,Un) € [Ar,¢n)en,an and aty, >0
such that W,me, [0, tn] C JU[e, g, and T¢, (wn, Wpme, tn) < 27"

Since (Tn,Dn) € [Al,(,.]s,.,a,.» it follows that @, € Are¢, C Br¢, bs,va C Ben,bas
and so g~ (Un) < (n, and de,, (Tn, be,) < on. Since ¢, — 0 as n — ooLthere exists
a subsequence of (Un)n, denoted again by (@n),, and a up € Inv, (N) such that
Up — Ug as n — 0o and so

(5.15) L., (Wn, (uo,0c,)) — 0 as n — co.
For all n € N, we have {, < {; < d3. Hence Lemma 5.2 implies that
Un € A1, C Bigabavs C Bro¢ibays C Intxo (Br,6z,62,72)

which, in turn, implies that ug € Br ¢, b5,vs € Intx (B1,65,b2,72)-

Notice that Wy € [Arc,)eman C [Benbslen,an a0d Tne, [0,80] C JUe, g0 C
[N)e, 5. Hence, Lemma 5.5 implies that there is a subsequence of (WnTe, tn)n
which we will denote again by (W,7., tn)n and there is a i € Inv;o(ﬁ) such that

(5.16) L., (Wnme, tn, (U0,0:,)) — 0 asn — oo

and so I'c, (wn, (110,652)) — 0 as n — oco. Thus do(un, %) — 0 as n — co. Since
Wn € [Bsyba)enn’ C [Ulenw, it follows that u, € Bg, s, and so i € Bs,p, C U.
Formula (5.16) and Lemma 4.6 in [3] imply that

(5.17) td (Wnme,tn) — tg (i) as n — oco.

Let ' > 0 be such that by < b < b. Since ¢} ,(w,) > b for all n € N,
formula (5.17) implies that ¢ (o) > b > b’ and, again, by formula (5.17) we have

(5.18) td (Wnme,ta) > b’ for all n large enough.
We claim that
(5.19) Wne, [0, tn] C [B1,63,b2,v2)en,n’ for all n € N.
Suppose this claim is not true. Then for each n € N, there exists a 7, € [0, t,]
such that Wnme, [0, 7] C [Br,5,,b0,v2)en,n’ a0d WnTe, Tn € 8 [Br,55,65,72)en,n'-
We will show that there exists a subsequence of (7,,),, denoted again by (7,,)n,

and an » > 0 such that 7, > r for all n € N. In fact, suppose that 7,, — 0 as
n — oo. Since (¢ )c¢o,,) cOnverges singularly to mo, formula (5.15) implies that

L., (Wnme, T, (u0,0:,)) — 0 as n — co.
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Thus, there exists an ng € N such that L., (Wn7e, T, (u0,0e,)) < 7' for all n >
no which implies that de, (Wn¥e, Tn,06,) < 7’ for all n > ng. Since Wpme, Tn €
O [B1,63,b3,72)en,y for all n € N, we have Wn@e,Tn € 0BI,5,,b0,4, for all n > no.
Therefore, ugp € 0BJ,6;,b3,42 N Intx,(Br,55,65,4,) Which is a contradiction. Thus,
there exists a subsequence of (7, ), denoted again by (), and an 7 > 0 such that
7, > 1 for all n € N.

For each n € N, define 2, := W, 7, (T, — 7). Lemma 5.5 implies that there exists
a subsequence of (z,), which will be denoted again by (z,), and a 2z € N such
that

(5.20) Ce, (zn, (20,60r)) — 0 as n — oo.
Notice that z,me, [0,7] = Wnme, [Tn — 7, Tn] C [B1,62,b2,v2)en,n’ a0d sO
(5.21) ZnPe, S € Br,6,,b,4, for all s € [0,7].

Since (7e)ee)o,e,) converges singularly to mo, formula (5.20) implies that for all
s€[0,7]

(5.22) Le, (znme, s, (z0m0S,07)) — 0 as n — oo.

This fact, together with formula (5.21), implies that zomo[0,7] C By s,,b,~,- and
de,, (znte,1,0c,) < 7' for all n large enough. Thus, 2,¢c, 7 = Wne, Tn € B[ 5, 65,72
and formula (5.22) implies that zomor € OBy s,,b,,~,- Hence, zomor ¢ B}tézybz,"/z'
Since (Br,64,b2,721 BP\1,62,b2,7.) 18 a block pair for (Mo(I), Mo(P \ I)), it follows
that 2omor & Bp\1,6,,b2,7.- Indeed, otherwise, 20mo7 € By 5,652 N BP\1,65,69,42 C

B;r,ézy N B3 which is a contradiction. Hence

ba2,72 P\I,62,b2,72

ZomoT € 831,52,62.72 \BP\1,52,b2,’Yn - aBJz,bz'

Moreover, 2zomo[0,7] C Bs,,. Hence zomor € Bé_z,bz and so, by Lemma 5.1,
t*(zomor) = ba. On the other hand, since 7, < t, for all n € N, it follows that

tf (@Wnme, ™) > tF (Wnme,tn) > b for all n large enough, by (5.18). Since
tf (Bnme, ™) — td (zomor), we have t (zomor) > b’ > by which is a contradiction.
Hence, our claim (5.19) holds.

Suppose that t,, — 0 as n — oco. Since (775)56)0,50] converges singularly to mg and

FE,‘ (w‘n) (u0!05n)) —0asn— o0, we have an (Wnﬂ's" tny ('U.o, 05.-.)) — 0 and
Ie, (wn, (uo,0¢,)) — 0 as n — oo.

This implies that de, (vn,0:,) < 71’ for all n large enough. Recall that w, €
9 (B1,55,b2,v2)en,n- Thus, un € 9Bj s, 6,4, for all n large enough and so uy €
0B 5,,b2,4, but this is a contradiction. Hence there exists a subsequence of (t,)n,
denoted again by (tn)n, and an s > 0 such that 7,, > s for all n € N.

For each n € N, define z,, := W, 7., (t, —s). Lemma 5.5 implies that there exists
a subsequence of (Z,), which will be denoted again by (2,),, and a z € N such
that

(5.23) T., (Zn, (20,0c,)) — 0 as n — co.
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Notice that Z,m, [0, s] = Wne, [tn — S, tn] C [BI,65,62,72)en,n’ and so, by (5.19)
(5.24) Zn®Pe, T € By 5,y for all 7 € [0, 5].

Since (e)eejo,e,) converges singularly to mp, formula (5.23) implies that for each
7 €[0,s]

(5.25) Le, (Znme, T, (20m0T, 0c,)) — 0 as n — oo

and so, for each 7 € [0,s], do(Zn¢e, 7, Z0m07) — 0 as n — oo. This and for-
mula (5.24) imply that Zomo[0, 5] C Br,6;,b0,y2- SiNCe Z,Te, 8 = Wne, tp, it follows
that

I, (wn, (Z0m0s, 0n)) — 0 as n — co.

Thus de(vn,0,) < n' for all n large enough. This, together with (5.14), implies
that u, € 0By s,,b,,4, for all n large enough and so Zgmgs € 9By s,,b,,4,- Thus,
Zomos ¢ B;:Jz,b'z,“lz and so Zomos € OBI,6,b5,72 \ BP\1,62,65,va C 0Bsyb,. This,
together with Zomo[0, s] C Bs,,b,, implies that Zpmps € B, b,- By Lemma 5.1, we
have tg (zomor) = ba. On the other hand, since t:mu(mnﬂ's,.tn) > ' for all n large
enough, by formula (5.18), and ¢}, (Wame,tn) — t§ (Z0m0s), we have td (Zomos) >
b’ > ba which is a contradiction. The proof of the lemma is complete. O

Theorem 5.8. Letb be as in Lemma 5.1 and § be as in Lemma 5.2. Let the positive
numbers b, bz, b3, by, by, 62, v, m, B’ be such that b < by < by < by < b < bf,
d2 €]0,8[ and B/ < <v < B. Then the following holds:

(1) there ezist a 0) € ]0,02] and an po € |0, 8'] such that for all § € ]0,8)) and
for all p € 10, po), there exists an ey = e5(u,6) € ]0,&] such that for all
€ €]0,¢€5],

[Bspa N {w €U | £ (u) < b5 Y C [Bopaleu N {w € 10[e | tF,(w) < b}

(2) there exist a §f € ]0,82) and an of € ]0,3'] such that for all § €10, 5] and
for all o € ]0,aY], there exists an ¢y = e4(a,d) € ]0,&] such that for all
€ €]0,e5],

Na,e(@,6) € [Bay,pp N {w € U [ 15 (u) b Yoy
Proof. Suppose the conclusion of (1) does not hold. Then there exist sequences
(¢n)n> (Bn)n, (En)n and (wp)n such that ¢, — 0, up — 0, &, — 0 and
(5.26)  wn = (un,vn) € [Bepps N{u €U |td(u) <by}e,u, forallneN

and

(5.27) wn = (tn,vn) & [Benbalenun N {w € )Ue, 0 |87 ,(w) < b} forall n € N.

(5.26) implies that w, € Bg¢, by C Bss,bs C Bsabs C U and v, € Cly,, (B0, in))
for all n € N. Hence, w, € [B¢, bslen,un for all n € N. Since p, — 0 as n — oo,
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it follows that u, < v for all n large enough and so w, € 117 [en,v for all n large
enough. Hence, formula (5.27) implies that

(5.28) t¥ ,(wy) > b for all n large enough.

Since u, € B¢, b, and (, — 0 as n — oo, admissibility implies that there exist a
up € N and a subsequence of (un)n, denoted again by (un)n, such that u, — ug as
n — oo. Hence, ug € U and so &7 (un) — t3 (uo) as n — co. Formula (5.26) implies
that tg (ug) < b < b.

Since vy, € Cly,, (B(fe,,1n)) for all n € N and p1, — 0 as n — oo, it follows
that d. (vn,0c,) — 0 as n — oo and so I'e, (wn, (vo,0,)) — 0 as n — co. Hence,
Lemma 4.6 in [3] implies that ¢} ,(wn) — tg (uo) as n — oo and so t ,(wn) < b
for all n large enough. But this contradicts formula (5.28).

Suppose the conclusion of (2) does not hold. Then there exist sequences (¢p)n,
(cn)n, (En)n and (wy), such that ¢, — 0, @, — 0, €, — 0 and

(5.29) Wn = (uUn, Vn) € Nae, (an,(n) \ [Bsy 0, N {u € U | t;(u) < bll’ }]emn g

Since wy, € Na ¢, (an, (n), it follows that w, € ](7[5",,, and t} ,(wn) < bforallne
N. Moreover, for each n € N, w,, € [Bs, b, ]e,.,n and there exist an Wy, € [B¢, by]e,,an
and a t, > 0 such that Wy, [0, t,] C |U[., 5 and Tc, (wn, Wpme, tn) < 27™.

Hence, u, € U and vy, € Cly,, (B(0e,,n)) for all n € N and so, by formula (5.29),
we have t§ (u,) > bY for all n € N.

Lemma 5.5 implies that there exist a subsequence of (W, 7, tn), which we will
denote again by (W, ¢, tn)n and a ug € N such that Le, (Wnme, tn, (vo,0¢,)) — 0 as
n — oo. Hence, T'¢, (wn, (uo,0e,)) — 0 as n — co. Since u, € Bs, , for all n € N,
it follows that ug € Bs, s, C U and so tF (un) — t& (o). Thus, tg (ug) > bY. On
the other hand, Lemma 4.6 in (3] implies that ¢}, (wn) — t (ug) — 0 as n — oo
and so t§ (up) < b < b} which is a contradiction. [J

6. THE PROOF OF THE SINGULAR NESTED INDEX FILTRATION THEOREM

Let b be as in Lemma 5.1 and § and ¥ be as in Lemma 5.2. Fix real numbers 7,

bi,i=1,...,5,8,1=1,2,b0b,0b!,i=1, 2 such that

(6.1) 0<N<1<713<Y1<75<7% 0<d<6, <8
and

(6.2) b<by <by<by<by<bs<by<by<b<bl<bl.

For all § € ]0,d;) and I € A(<) define Aj s := By 55,45 It is immediately checked
that the family A s of sets satisfies the hypotheses of Theorem 5.3.

Let v >0,7>0,8 >0, with 8/ <n<v< B <, be fixed.

Let 64 € ]0,d2] and po € ]0,4'] be as in Theorem 5.8.(1). For all § € ]0,64] and
for all 1 € 0, po), let €5 (u, 6) € 10, €] be such that the conclusions of Theorem 5.8.(1)
hold for all € € ]0, e5(u, 6)].

Fix 1o € ]0, uo[- Hence, o < ' <n<v < Bo < B.
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For all I € A(<), 6 € ]0,d2), @ € ]0,7m0), and € € ]0,&], let the sets Ny (e, 0),
Nye(a,6) and Np(a,d) be as in Theorem 5.3 with respect to the set A;s =
Bi,5,b3,vs and 1’ = 1no. More explicitly,

Ny e(@,6) := [Bs,,by)e,n N Clz, ({ w | there exist a W € [Bspyle,a and a t >0
such that W, [0,t] C |U[. s and w = Wt }),

Nae(a,0) := Nyo(a,8) N {w e U, | 5, (w) < b}
and

Nie(a,8) :=[Br,6;,b2,72)e;no N Clz, ({w | there exist a W € [By,5,b3,75]e,« and

a t > 0 such that Wr[0,] C |U[.5 and w = Wt }) U Na(a,d).

An application of Theorem 5.3 shows that there exist a d3 € ]0,d2[ and an ag €
]0,7m0] such that for all § € ]0,d3] and for all a € 0, ap], there exists an &(a,d) €
]0,€] such that for all € € ]0,p(c, d)] and for all I € A(<) the triple

(Nl,E(al 6)7 NI.E(a:é)l N2,E(a’ 6))

is an FM-index triple for (., Se, Mc (1), M (P \ I)).

Moreover, let 8] € ]0,62] and of € ]0,3] be as in Theorem 5.8.(2). For each
4 €]0,64] and for each a € )0, af], let €§(a,d) € 0, £o] be such that the conclusions
of Theorem 5.8.(2) hold for all € € |0, &% (e, 6)].

Choose positive numbers d4 and «; such that d4 < min{ds,d},d} } and oy <
min{ ag, &}, 7m0 }-

Define €1 := min{ &y (a1, d4),5(n0, 04), €5 (1, 64) }. Choose

(6.3) 1 €10,a1[ and &5 € )0, d4].
For € € ]0,&1] and I € A(<), define the following sets:

N?:= Bs b,y N2:=Bs s, N{uecl|tFw) <},
N{:= Bs, by, Ni:=Bsp,N{uecl|tFu) <t}
Nie = Nie(a1,04), Nae:= Na(ap,dy),
N} := Brs5,607 UN2, Np:=Brg 4y UNS, Nre:= Np.(ou,64),
Vi :=Intx, (Bsyba)s V1,3 := Intxo(Brsabsvs) N{u€ U |td(u) > 6!},
Vi,4 1= Intxo (Bsg,bs) 0 (Xo \ Bl,sabane) N{w €U | tF(u) > b}
It is clear that for each I € A(<) the triple (N}, N}, Ni) is an FM-index triple for

(7o, So, Mo(I), Mo(P \ I)), i = 2, 4. We need to show that these sets satisfy the
inclusions of Theorem 4.1. It is easy to prove that

(6.4) N?cU, NZc NS

and
N? C Nt for all I € A(<).
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Lemma 6.1. For all € €]0,¢&1], the following inclusions hold

[le]e,u C Vileoy CN1e C [N)em -

Proof. Let € € ]0,¢;] be fixed. It is straightforward to prove that NZ C V. Since
p < ay, it follows that [Nf]eu C JVile,a,-
Since 04 < 02 < 0, bg > by > b and a; < n < B, it follows that [Bs, by)e,ar C

(Bsa,ba)e.n and [Bsybsle,ar C Ule,p and 50 [Bs, bale,ar € Ni,e(01,64) C [Bsy,balem
(see also Remark 5.4). Hence |Vi[c.a; C [Bsbsle,ar € Ni,e(@1,04) C [Bsy,bylesn =
[N{]e,n as 02 < 81 and by > by. The lemma is proved. O

Lemma 6.2. For all e € ]0,&1] and for all I € A(<), the following inclusions hold

ClZ;([le]E,u \ [Nélem) - ]VI,B[s,al - IntZz(NI.s \ N2,s)-

Proof. Let € € ]0,¢1] and I € A(<) be fixed. Let w = (u,v) € [NF)e,u \ [V3)e -
Hence u € N? = By s;,b4,vs U NZ and v € Cly, (B(0:,p)) C Cly,(B(9:,n)). Thus,
u ¢ N3 and so u € By s, by~ U N2\ N5. The second inclusion in (6.4) implies that
U € Br 55,6474 \ N3. Hence

Clz, ([lelsu \ [N;]E.n) C Clz. ([Br,65,bs,7vs \ N24]6.u) = [Clxo (B1,65,ba,7 \ N24)]5,u
= [Bl,tssvbm’h]&# :
Itis clef.r that Br,ss,64,v¢ C Bss,bs C Bsy by C U and so Bl.és,b4,v4\Né C B baaD
{u e U |t$(u) > by}. Moreover, the inequality b5 > b} and Lemma 5.2 imply

that B[,65,b4,'y4 n {‘LL € ﬁ | tg(u) 2 bl2’} - IntXO(BI,54,bz,’Ys) n {u € (7 ' t;(u) >
b{} = Vi 3. Hence

(6~5) ClZz ([N?]E,u \ [N;]E.n) C ]V1,3[s,m )

as 4 < aj;. It follows from Remark 5.4 that [Bj s, bsvsle,ar C Nre(a1,64) C
[Br1,62,b2,72)emo U Na,e(@1,04) C [Bay bale,no U Na,e(eu1, 64) and so

WVislear € Nrelen,60) NJ{ue U | td(uw) >b) Yea, = T

If (u,v) € T then t§ (u) > b} so, by Theorem 5.8, (u,v) ¢ Ny e(ay,04). It follows
that T C Nj(ai1,04) \ Nae(a1,d4) and this, together with (6.5), concludes the
proof of the lemma. [

Lemma 6.3. For alle € ]0,e1] and for all I € A(=), the following inclusions hold

Clz, ([Nfle,u \ [Nf)e,n) C 1Viale,n € Intz, (Nye \ Npe).

Proof. Let € € ]0,e;1] and I € A(<) be fixed. Let w = (u,v) € [NZ]e,u \ [Ni]en-
Hence u € N = Bg, b, and v € Cly, (B(6:, 1)) C Cly,(B(0,n)). Thus, u ¢ N}
and so u € Bs, b, \ (B1,6,,61,v, UN3). Hence
Clz, ([le]s,u \ [N;I]E.n) C ClZ;([Bés,m \ (Bl,éx,bnm U Né)]e,u)
= [Clx, (Bss,ba \ (31,51,111,‘71 U Né))]s.#
c [Bds,ba \ IntXO(B[vélybh"/l U N24)]5.# £
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A simple computation shows that B, p, \ Intx, (B1,5,,61,7 YU Ng) C Intx,(Bsy,bs) N
(X0 \ Brsybave) N{u€U | td(u) >b)} = Vr4. Since p < ay, it follows that

Clz, ([Nf]e.u \ [NT)ein) C Vi ale,on -

We claim that |V7 4[c,a; € N1,e\Ni,e. First notice that [V; 4[e,a, C [Bsy,bs)e,ar C
N (a1,d4). Suppose that there exists a (u,v) € |Viale,a; N Nre(1,d4). Hence
(u, U) (S [Bl,éz,bz,’yz]E.Tlo U Ngys(al, 54).

If (w,v) € [BI,5,,b2,72)em0, then u € By s, p,~,, but this contradicts the def-
inition of Vyg4. If (u,v) € Npe(oq,d4), Theorem 5.8.(2) implies that (u,v) €
(Bsy,p, N{u € U| td(u) < b }ep and so u € Bs, 5, N {u € U | ta (u) < bY } which
is a contradiction to the definition of the set Vj 4. Therefore our claim is proved
and this concludes the proof of the lemma. 0O

The above results mean that all assumptions of Theorem 4.1 are satisfied. That
theorem, therefore, implies the following.
Theorem 6.4. With the notation introduced above, there exists an €, € ]0,é]

such that for every € € (0,e)] there exists an index filtration (Nc(I))1ea(<) for
(7, Se, (Mp,e)pep) such that for all I € A(<) the following inclusions hold:

(1) Bl,65,b4,'y4 U N22 = IVI2 - NO(‘[) - N12 = Bés,bu

(2) N3 C No(0),

(8) Nie C Nc(I) C Ny fore €]0,e1] and

(4) Nae C Nc(0) fore €]0,e1].
Furthermore, whenever I € A(<), (en)n is a sequence such that e, — 0 as n — oo
and (wn)n, with wy, = (un,vn) for n € N, is a sequence such that w, € [NZ]¢, . N
Ne, (I) for alln € N and T, (wn, (uo,6c,)) — 0 as n — oo for some ug € Xo, then
there exists an ng € N such that u, € No(I) for all n > ng.

Let €1 > 0 and (No(1))e4(<) be as in Theorem 6.4. For I € A(<) we will now

define a new family 51:\1,7, 7 € ]0, 00|, of neighborhoods of Mq(P\ I) to which the
results of the preceding section, in particular Theorems 5.3 and 5.8, can be applied.
Given I € A(=<) with Mu(P\ I) # 0 let

(6.6) Upys := Intx, (No(P) \ No(1)).
Up\; is an open neighborhood of Mo(P \ I) with Clx,(Up\;) N Mo(I) = 0. Let
5;\,: Up\; — [0, 00[ be the map given by

§,+,\,(u) = inf{ (1 + )" G(umet) |0 < t < ng\lm(u) H

where G(u) := do(u, Mo(P \ 1))/(do(u, Mo(P \ I)) + do(u, Xo \ Clxs(Up\1))), u €
Up\].

Choose open sets ‘7})\[ and WP\[ such that My(P\ I) C Vp\l C CIXO(VP\I) a
WP\] C CIXO(WP\I) C (7p\1 and g;\1|Clx0(Wp\,) is continuous. This is possible
by Proposition 1.5.2 in [25].

Now, for arbitrary I € A(<) and « € ]0, oo[ define

& ] Clx,({ue VP\I | 575\1(“) <7v}) if Mo(P\I)#0
o 1] otherwise
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and set

BP\I’J'b'7 = Bl.‘snb:él’\l,‘y’ Bl'é'b"y = B2.6,b,5p\l.q’ I'e A(*): 7€ ]0)00['

cf. (5.1).

( Le(amrlzi 5.2 implies that there exist a 8 € ]0,d5[ (with ds as in (6.3)) and a
Yo € ]0,7[ such that for all se ]0,30], 3 €10,%), b € [b,c0 and for all I € A(<),
the pair (Ep\,,a,,,m El,&,b,-y) is a block pair for (g, So, Mo(I), Mo(P\I)). Moreover,
if 0 <73 <o Sﬁo,O(S’;; <5:2Sgo andgg <g3 ST), then

(6-7) Bl,ga.saﬁa C Inth (Bl,gz,zzﬁz)'
Formula (6.6) implies that
(6.8) No([)NBj, C B, 5, 0€]0,00],7€]0,7],be [b,00[, € A=).

Let b;, i =1,...,5,b, b}, b/, i =1, 2 be the positive numbers fixed as in (6.2).
Let 53 € ]0,70[. It follows easily that for every s € 10, go] and I € A(<) the
set A;z = No(I)Nn Bj ,, is a closed subset of X and satisfies the conditions on
Theorem 4.1, i.e.

Mo(I) C Intxo(A;3) C A 5C By, =

whenever § < &, then A,’g C A, 5 and whenever (gn)n is a decreasing sequence
converging to zero and u, € Al,;i-‘,. for all n € N, then the sequence (uy), has a
convergent subsequence. N _ B B

Foralla>0,v>0,7>0,7">0,4 >0,8>0withyy <f' <7<V <}, for
all I € A(<), 6 €10,8,) and € € ]0,&,], define

Ny (@, 6) := (B3, 4,]e,i N Clz, ({w | there exist a W € (B, |,z andat >0

such that wnm,[0,t] C ](7[5"5 and w = Wt }),

N2 (@,0) := N1£(,0) N{w €Ul | t7;(w) < b}
and

N1.(&,0) = ([El,gz.bzﬁzlsvﬁ' NClz, ({w| there exist a W € [No(I) N Bz, ],a

and a t > 0 such that wn.[0,t] C ](7[5’5, and w = Wt }) U Ny (&, 6).
Let 4> 0 beasin (6.3). Let 7>0,7>0,5 >0,3>0, withf' <7 <¥<
,E < p, be fixed.
Let &4 € ]0,8,] and Jig € ]0, 3] such that for all 6 € ]0,8}] and for all 7 € 10, fo],
there exists an &(fi,8) € ]0,2) such that the conclusions of Theorem 5.8.(1) hold
for all € € )0,5(j, )], i.e.

(6.9) [Bsp, N{u el |t5(w) < }ess C [Bsplen N {w €Ul | 75 (w) <b}.
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Fix 7o € ]0, o[- Hence, 7o < B <i<v< B. Foral I € A(=), 5e ]0,32],
a > 0 and € € ]0,€], consider the set 1\71,5(&, g) with 7’ := 7jp.

An application of Theorem 5.3 shows that there exist a s 10, 52] and an
&o € 0,7o] such that for all § € 10,83 and for all & € 0, @], there exists an
&(a, 9) € ]0,€] such that for all & € ]0,&(a, 8)] and for all I € A(<) the triple
(N, (@, 5, Ny (&, 8), Ny (@, 8)) is an FM-index triple for (m.,Se, Mc(I), Mc(P \
1)).

Moreover, let &8/ €10,05) and &} € )0, /'] be as in Theorem 5.8.(2). For all § €
]0,64] and for all & € ]0, @], let € ’(a 8) € ]0, ] be such that for all & € ]0,&%(&, 4)),

(6.10) N2 (@,08) C [Bg,,, N{ueU|tg(u) <b)}.7.
Choose positive numbers 54 and &; such that &y < min{ gg,gfl,gft’} and a; <

min{ &o, &y, 7o }.
Define €1 := min{ &j(cu,d4),5(70, 04), €5 (a1, d4) }. Choose

ﬁe ]O;al[
Fix positive numbers 7;, i =1, ... 4, 31 and (5~5 such that
(6.11) 0<F1 <72 <73 <74 <70 and 0 <05 <84 <d3 <da <1 < dp.

For € € ]0,&;] and I € A(<), define the following sets:

N%:=Bj,, N3:=B;, n{uel|tf(u)<b]},
N} = Bj b, N e thbln{ueU|t§(u)5b£~,’},

Nie = N1e(G1,01), Nae:= Npe(@,04),

N? .= B 5. bs.vs Y N2, 1\7}1 = El.gx.bn,:n U N, NI,E = 1‘\71,5(&1,34),
Vi o= Intx,(Bj, 4,) Viai=Intxo(B;3,,,..)N{uel|tg(u)>0b},
Vi = Intx,(Bg, ,,) N (Xo\ B3, ,, =) N{ueU|tg(u) > b}

Note that there is no tilde over the letter ‘B’ in the definitions of IV,Z and 171,3.

It is clear that for each I € A(<) the triple (N}, N}, Ni) is an FM-index triple for
(w0, So, Mo(I), Mo(P\I)), i =2, 4. It is easy to prove that the following inclusions
hold:

N2cU, NZcNi
and
N? c N} for all T € A(<).

The next lemmas complete the proof that all assumptions of Theorem 4.1 are
satisfied for this new choice of FM-index triples.
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Lemma 6.5. For all € €]0,&;], the following inclusions hold

[Nf]s,ii c ]‘71[5,&1 C Nl,z C [ﬁf]s,?] ?

Proof. Let € € ]0,&1] be fixed. It is straightforward to prove that 1\712 c V4. Since
i < @y, it follows that [N2]e s C [Vile,a,-

Since 84 < 02 < 8, b3 > by > b and @, < 7 < 3, it follows that [B&.,baleyax C
[ng,bg]fﬂ.l and [354,b3]€,51 C ]U[E'E and so [334'173]5,51 C~N1,5(a‘1v, d4) C [B‘gz'bz]gy'ﬁ
(s:ee also RfmarAIf 5.4). Hence, |Vi[e,a, C [Bj, 4,)ea C N1e(@1,04) C [Bj, 4 Jes =
[N{]e,7 as 62 < 01 and by > by. The lemma is proved. [

Lemma 6.6. For all e € ]0,&;] and for all I € A(<), the following inclusions hold

Clz. ((N7)ea \ [N3)e.5) CWVialea, C Intz, (Nre \ Nape).

Proof. Let € € ]0,€1] and I € A(<) be fixed. Let w = (u,v) € (N?ez \ [Nf]e5-
Hence u € N, = B3, bovs U N2 and v € Cly,(B(6., 7)) C Cly,(B(6.,7)). Thus,
u¢ Nfandsou € B3, UN2\N{. Since N2 C N& we have u € B 5. bs 75\N2
Hence

\bs,7s

017 ([N ]s,u \ [N ]E n) C CIZ;([B1 3s,bs,vs \N ]5 u) = [ClXo(Bl ,05,bs,7s \ Nz )]su

c [ 1,65,55,“/515'“'

It is clear that B, 5 , _ C Bj, , C Bj , CUandsoB 5 , \N4 c B3 ps )
{(vel|t) > b3 }. Moreover, it follows from b3 > b} and formula (6.7), that
B b M {1 € U [65(0) 2 8} C Tntxy (B, 3,,.,) N {u € T | 15 () > b} =
Vi3. Since i < @1, we obtain

1,84,ba,74

(6.12) Clz. (IN71e.s \ [N3]e5) C Vi3l -

To complete the proof we need to show that ]VI 3lea C N1 &\ N2 . Note that
V13 € NO(I) ﬁBJ bs Indeed, V13 C Int;\o( I,64,b4,74) (@ B<$4,b4 c BS:;,ba and
V1,3 C Intxo(Bl,64,b4,~,4) C Br,65,b4va C B,65,64,74 U N2 = N? C No(I), where the

last inclusion follows from Theorem 6.4.
Moreover, it follows from Remark 5.4 that [No(Z) N B3, bslea C N; E(a1,64)

[ I 62’b2’72]g’7’0 U N2 5(01,54) ( [362 b2]5v’70 UN2 5(01,64) Hence
Wraleg © Nre@,6) N{ueU|tg(w) > b} Hea, = T
If (u,v) € T, then ta'(u) > b{ so, by (6.10), (u,v) ¢ NQ,E(&I,&;). Thus T C

N; 5(a1,64) \ N, (a1, 64) and this, together with (6.12), concludes the proof of the
lemma. O
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Lemma 6.7. Foralle € |0,&1] and for all I € A(<), the following inclusions hold

Clz, ((N%)ez \ [Nfle.7) € WVralea, € Intz, (N1e \ Nr,e).

Proof. Let € € ]0,£1] and I € A(<) be fixed. Let w = (u,v) € [NZez \ [ﬁ;‘]ej
Hence u € N{ = Bj , and v € Cly, (B(0., 1)) C Cly,(B(0,7)). Thus, u ¢ Nt
and so u € By, , '\ (EI,Sx,bIFn U N4). Hence

Clz, (N 5\ [Nf]e.) € Clz. ([Bg, 4, \ (B3, 4,5, Y Na)le.s)
= [Clx, (Bgs.bs \ (Bl,zhbly’_h L Né))]e,ﬁ
c [Bﬁs,bs \Intxo (Blyghbl.:(l U Ng)]s'ﬁ ’

l o L by U N;) (o I“th(B'54,b3) n
(Xo\ B; 3, 5,5,) N {ueU|t§(u)>b}=Via. Since i < ai, it follows that

A simple computation shows that BEs,bs \ Int x, (51,31,

Clz, ([N?)e5 \ [N#]es) € 1Vrale,a -

We claim that |V; 4[c.a, C Nic\ Nye. First notice that [V; 4[c.5, C (B3, pylean C
ﬁ1,5(61,54). Suppose that there exists a (u,v) € ]17;,4[5,31 n N,,E(&1,34). Hence
(4, v) € [By 3, 4, 55le0 U N2,e (@1, 0a).-

IE (u,v) € [By 3, 4,7, )e.70> then u€ Bl,gz;bz,ﬁa’ but this contradicts the definition
of V4. Suppose that (u,v) € Na.(@1,04). Then formula (6.10) implies that
(w,v) € [Bg, ,, N{ueU]| tg(u) < b) }esandsou € B;, p,M{uelU] ta (u) < b}
which is a contradiction to the definition of the set 171,4. Therefore our claim is
proved and this concludes the proof of the lemma. O

We have proved the following result.

Theorem 6.8. With the notation introduced above, there exists an &, € ]0,¢]
such that for every ¢ € [0,&1] there exists an indez filtration (N.(I))ea(<) for
(e, Se, (Mp.e)pep) such that for all I € A(<) the following inclusions hold:

(1) N? c No(I) c N} = B3,

(2) N2 c No(0), B B

(3) [No(1) N B, 4, )ea C Nie € No(I) C Ny for € €]0,8,] and

(4) Na. C N.(0) for e € ]0,5).
Furthermore, whenever I € A(<), (€n)n is a sequence such that e, — 0 as n — oo
(Lnd (Wn)n, with w, = (un,vn) for n € N, is a sequence such that w, € [ﬁf]emﬁ n
N¢, (I) for alln € N and ¢, (wn, (uo,0c,)) — 0 as n — oo for some ug € Xo, then
there exists an ng € N such that u, € IVO(I) for all n > ng.

The index filtrations that we have obtained from Theorem 6.4 and Theorem 6.8
do not as yet form a singular nested sequence as described in Theorem 3.9. However,
after intersecting these index filtrations with appropriate sets and using Proposi-
tion 2.9 we will obtain new index filtrations which do satisfy the singular nesting
property. This will complete the proof of Theorem 3.9.
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For ¢ €10,85[, p € ]0,i[ and ¢ € 0, 2] define the sets

Yie(p,€) =B 3o.bs)ei N Clz, ({ w | there exist an W € By )e,p and a t > 0
such that wm.[0,t] C ]U[Eﬁ and w = Wret }),

Yo (p,) = Yie(p, ) N {w €]0[es | 15(w) < b}

Then there exist a & € ]0,05] and po € ]0,7[ such that for all £ € ]0, &o)
and p € ]0,po], there exists an &;(p,€) € ]0,€] such that for all € € 10,&2(p, )],

S. C Intz, (Y1.(p,€)) and the pair (Y1.:(p, €), Ya.e(p, €)) is an FM-index pair for S,
relative to m.. (cf. Lemma 5.6). L

Given such an € € ]0,&3], since pg < 1 < @ < 17, & < 05 we see, using (6.2),
(6.11) and Theorem 6.8 that

Y1:(p,€) C (B3, s )ea C [B5, p,lean C Ny,e(G1,64)
and so
Ya,e(p,€) C N1e(@1,84) N {w € )U[e 5 | t75(w) <b} = Ny C Ne(9).

Since )72’5 (p,€) is an exit ramp for )71,E(p, £) relative to m, it thus follows that NE((Z))

is an exit ramp for }71,5(p, &) relative to ..
An application of Proposition 2.9 now implies the following result.

Lemma 6.9. For every § € 10,€0] and p € )0,750) and for all € € 10,&2(p, €)],
(Y1,e(p, §) N Ne(X)) rea(<) is an index filtration for (e, Se, (Mp.c)pep)-

We also have the following

Lemma 6.10. There exist a El €10, §o] and a py € 0, po] such that for all § € 10, §1]
and all p € 10,51, there exists an &3(p,€) € ]0,22(p, €)] such that Y1 < (p, €)NN.(I) C
[No(I)]e,5 for all e €]0,€3(p,€)] and all I € A(<).

Proof. Suppose the conclusion of the lemma is not true. Then for some I € A(<)

there exist sequences (£n)n, (Pn)n, (€n)n and (wy), such that &, — 0, p, — 0 and
en — 0asn — oo and

Wn = (Un,'Un,) € ()71,5,‘ (pn,fn) n Nen([)) \ [NO([)]e..,?] for all n € N.

Notice that for all n € N, (un,v,) € Y1 e (Pnién) © [Bés bs]em# [NI]E" zi- More-
over, for each n € N, there exist an w, € [Bé,.,b,]sn,pn and a t, > 0 such that
Wne, [0,ta) C U, 5 C [Nle,,p and e, (Wp, Wne, tn) < 27™.

Lemma 5.5 implies that there is a ug € N such that L., (Wnme, tn, (vo,0c,)) — 0
as n — oo and so ., (wpn, (uo,0c,)) — 0 as n — oco. In particular, there exists an
ng € N such that d. (vn,0,) <7 for all n > ng.

Since wn ¢ [No(I)]e 7 for all n € N, it follows that u, ¢ No(I) for all n > ne.
However, Theorem 6.8 implies that u, € ﬁo(I) for all n large enough, which is a
contradiction. O

Let & €]0,&,] and 7 € ]0, 51 be fixed. Hence, setting £3 = £3(7, £) we have the
following corollary.
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Corollary 6.11. There ezist af € ]0, 8], a p € ]0,7i] and an & € ]0,2] such
that, whenever € € 0, 53] then (Y1 (5, 6) NN, (I))rea(<) is an index filtration for
(e, Se, (My,e)pep) and Y1,£(5,€) N Ne(I) C [No(I)]e 5 for all I € A(<).

We claim that

(6.13) B;b, C N2 C Ny(0)

Here, BE .

bt 4 . _
In fact, the inequalities £ < d5 < &5 and b] > bs imply that Bz 7o, C B;, .
Zh then v € U and tJ(u) = b;. It follows that B; b C
Bs, b, N{u € U | t+(u) < by} = NZ. The last inclusion in (6.13) follows from
Theorem 6.4 and our claim is proved.

Since B~ is an exit ramp for Bg b, relative to g, it follows from (6.13) that
No(0) is an exit ramp for Bz b, relative to 7. The inclusion Sy C Intx,( £,b’,) and

Proposition 2.9 imply the followmg result.
Lemma 6.12. (No(I )ﬂBE,b'l)fGAH) is an index filtration for (mg, So, (Mp,0)pep)-

is the exit set of the isolating block Bg M relative to mp.

Moreover, if u € B>

I

Since E < %5 < 04 and by < b}, it follows that B: e C B; b and Bé W=
BE,b'l N Bj, ;,- Hence No(I) N BE,b', = No(I)N (B oy N Bé4,b3) Smce p<pu<a,
we have

[No(I) N Bg,b;]em [No(1) N (Bg bl 34,1,3)15,5 = [No(I) N 354,1,3]5,7) n [Bg,bfl]s,ﬁ
C [No(I) N B, p,lea N [Bg e
C [NO 1) n 354 bg}f ay N }71,5(5; g)
This fact, together with Corollary 6.11 and Theorem 6.8, implies that, setting
€y := min{&1, €3}, for all € € ]0,¢p] and for all I € A(<)
(6.14) [No(1) N B e5 © Ne(I) N Y1,6(5,€) C [No(D]eyz -
Let & := min{¢,d5} and u’ € ]0,5]. For £ €]0,00[, p €0, 4/[ and ¢ € 10, €] define
the sets
Y1,e(p,€) := [Bs b )er N Clz, ({w | there exist an W € [Bg e, and a t > 0 such that
W [0,t] C |U[.p and w = Wt }),
Yae(p:€) = Y1,e(,€) N {w €0 e | 7, (w) < ).

Then there exist a o € ]0,d5( and po € |0, p’[ such that for all £ € ]0, &)
and p € )0, po], there exists an e4(p,€) € |0,€] such that for all € € ]0,24(p, €)],
Se C Intz, (Y1,6(p,€)) and the pair (Y1 ,¢(p,€), Ya,c(p, €)) is an FM-index pair for S,
relative to m.. (cf. Lemma 5.6).

Given such an € € ]0,e4(p,€)], since pp < i/ < a1 <1, & < 65 < 64 we see,
using (6.2) and Theorem 6.4, that

Y1,6(p,€) C [Bst by )en’ C [Béabsle,ar C Nije(eu,da)

and so Y2 .(p,§) C Na. C N(@). Since Yz(p,€) is an exit ramp for Y] <(p, &)
relative to ., it thus follows that N () is an exit ramp for Y3 < (p, ) relative to .
An application of Proposition 2.9 now implies the following result.
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Lemma 6.13. For all £ € ]0,&] and p € ]0,po] and for all € € ]0,e4(p,&)],
(Y1,e(p, &) N Ne(I)) rea(<) s an index filtration for (me, Se, (Mp,e)pep)-

We also have the following

Lemma 6.14. There exist a&; € )0, &) and a py € ]0, po] such that for all € € 10, €]
and all p € ]0, p1], there ezists anes(p,€) € ]0,e4(p, €)] such that Y1 c(p, E)NN(I) C
[No(1) N BZ,b;]E,TJ for all € €10,e5(p, )] and all I € A(<).

Proof. Suppose the conclusion of the lemma is not true. Then for some I € A(<)

there exist sequences (&n)n, (Pn)n, (En)n and (wy), such that &, — 0, p, — 0 and
en — 0 as n — oo and

Wn = (Un,Vn) € N,e, (Pn,&n) NN, (1)) \ [No(I) N Bg,b,l]gm;,- for all n € N.

Notice that (un,vn) € Y1,e,(Pn,én) C [Bs bt lenur C [Bss,balens = [Nilen,u for all
n € N. Moreover, for each n € N, there exist an W, € [Be, le,,p. and a t, > 0
such that Wpme, [0,tn) C)U[e,..8 C [N)e,.p and Te, (wn, Wn7e, tn) < 27

Lemma 5.5 implies that there is a ug € N such that D¢, (Wnme, tn, (uo,0c,)) — 0
as n — oo and so ', (wn, (uo,0,)) — 0 as n — oco. In particular, there exists an
no € N such that ¢ (v, 0¢,) < p for all n > ng.

Since u, € BE,b’l and w, ¢ [NO(I)OBE,J,;]E“,E for all n € N, it follows that
un & No(I) for all n > ng. However, Theorem 6.4 implies that u, € No(I) for all
n large enough, which is a contradiction. O

Let € € ]0,&:1] and p € ]0, py] be fixed. Hence, setting 5 = £5(p, £) we have the
following corollary.

Corollary 6.15. There is a € €]0,d5], p € ]0, '] and an €5 € |0,&] such that, for
alle €10,¢e5], (Y1,6(p, )NNe(I))1e.a(<) 18 an index filtration for (m., Se, (Mp,e)pep)
and Y1,:(p, &) N N(I) C [No(I)N Bg'b,l]g,,y for all I € A(<).

Proof of Theorem 3.9. Let Ec = min{ej, 5} and € € ]0,e.] be arbitrary. Define
No := (No(1)NB51,) rea(<)s No := (No(I)) rea(<)» Ne 1= (Y1,e(p, )NNe(I)) rea(<)
and N: := (Y1,(p,€) N Ne(1))1ea(<)- Theorem 6.8, Lemma 6.12 and Corollar-

ies 6.11 and 6.15 imply that, for each ¢ € [0, ., Nz and N. are index filtrations for
(me, Se, (Mp,e)pep). Formula (6.14) and Corollary 6.15 imply that for all € € 0, ]
and for all I € A(<)

Yi,e(p,€) N Ne(I) C [No(1) N By )e.s € Ne(1) 0 V1,6 (5,€) € [No(1)]e 5

i.e. the singular nesting property (3.3) holds. Since IVO(P) cUc N and N is

singular strongly admissible, it also follows that for each € € ]0,e.], NV: and f\?s are
strongly m.-admissible. This completes the proof of Theorem 3.9. O
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