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Resumo

Neste artigo estudamos a existéncia de solucoes quase periddicas e assintoti-
camente quase periddicas para equagoes diferenciais do tipo neutro modeladas na
forma

d

(@) +g(t,z)) = Az(t)+ f(t,2), tel=[0,q], (1)
g = @€ DB, (2)

sendo A o gerador infinitesimal de um Cp-semigrupo de operadores lineares limitados

definido sobre um espago de Banach X, B um espaco de fase definido de maneira
axiomadtica e f, g funcoes apropriadas.
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Resumo

In this paper we study the existence of almost periodic and asymptotically al-
most periodic solutions for partial neutral functional differential equations with
unbounded delay.

1 Introduction

The existence of asymptotically almost periodic and almost periodic solutions for partial
abstract functional differential equations with delay has been treated in several works, see
for instance [1, 3, 4]. In this work we study the existence of asymptotically almost periodic
and almost periodic solutions for a class of neutral functional differential equation with
unbounded delay modelled in the form

%(z(t) + f(t,z)) = Ax(t) +g(t, ), (1)
where A is the infinitesimal generator of an uniformly exponentially stable analytic semi-
group of linear operators, (T'(¢)):>0, on a Banach space X; the history z; : (—o0,0] — X,
z4(#) = z(t + ), belongs to some abstract phase space B defined axiomatically and
f(+), g(+) are appropriate functions.

Neutral differential equations arise in many areas of applied mathematics and for this
reason these equations have received great attention in the last decades. The literature
relative to ordinary neutral functional differential equations is very extensive and we refer
the reader to [5] concerning this matter. Partial neutral functional differential equations
have been studied in [6, 7, 8].

Throughout this paper, A : D(A) C X — X is the infinitesimal generator of an
analytic semigroup of linear operators (7'(t)):;>o on a Banach space X such that 0 € p(A4),
and M, § are positive constants such that || 7(¢) ||< Me™® for every t > 0. Under these
conditions, it is possible to define the fractional power (—A)% 0 < a < 1, as a closed
linear operator on its domain D((—A)%). If X, is the space D((—A)®) endowed with the
norm || z ||o=|| (—A)%z ||, then the following properties hold, see [9] for details.



Lemma 1 Let0 <y <17 <1. Then X, is a Banach space and Xy, = X,. Moreover, the

Junction s — (—A)"T(s) is continuous in the uniform operator topology on (0,00) and
-t

there exists Cp, > 0 such that || (=A)"T'(t) ||I< Onf for every t > 0.

n
In this work, B will be a linear space of functions mapping (—o0,0] into X endowed
with a seminorm || - ||z and verifying the following axioms:

(A) If: (~o00,0 +a) = X, a > 0,0 € R, is continuous on [o,0 + a) and z, € B, then
for every t € [0,0 + a) the following conditions hold:

(i) z; is in B.
(ii) [ z() I< H || z¢ |-
(iif) || z¢ ls< K(t — o) sup{|| 2(s) [|: 0 < s <t} + M(t - 0) || z, ||,

where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is locally
bounded and H, K, M are independent of z(-).

(A1) For the function z(-) in (A), z; is a B-valued continuous function on [0, o + a).
(B) The space B is complete.

(C2) Let (¢™)nen be a uniformly bounded sequence in C'((—oo, 0]; X) formed by functions
with compact support. If ¢ — ¢ in the compact-open topology, then ¢ € B and
™ — ¢lls = 0, as n — oco.

Definition 1 Let S(t) : B — B be the Cy-semigroup defined by S(t)p(0) = ¢(0) on [—t,0]
and S(t)p(8) = ¢(t + 0) on (—oo, —t]. The phase space B is called a fading memory if
| S(t)p |l5— 0 as t — oo for every p € B such that ©(0) = 0.

Remark 1 In this paper, £ > 0 is such that || ¢ ||5< Lsupy< || ©(8) || for each ¢ € B
continuous and bounded, see [10, Proposition 7.1.1] for details. Moreover, for the case in
which B s a fading memory, we will assume that max{K(t), M(t)} < K fort > 0, see
[10, Proposition 7.1.5].

In the next results and definitions, (Z,]| - ||z), (W,|| - |lw) are Banach spaces and
Co([0,00); Z) is the subspace of C([0,00); Z) formed by the functions that vanishes at

infinite.

Definition 2 A function F' € C(R; Z) is almost periodic ( a.p. ) if for every € > 0 there
erists a relatively dense subset of R, denoted by H(e, F', Z), such that ||F(t+&)—F(t)||z < €
for everyt € R and all € € H(e, F, Z).

Definition 3 A function F' € C([0,00); Z) is asymptotically almost periodic ( a.a.p. ) if
there exists an almost periodic function g and w € Cy([0,00); Z) such that F = g + w.

In this paper, AP(Z) and AAP(Z) are the spaces AP(Z) = {F € C([0,00);2) :
Fisap.} and AAP(Z) ={F € C(R; Z) : F is a.a.p.} endowed with the norms ||| u |||z=
sup,eg || u(s) || and || u ||z= sup,sq || u(s) || respectively. We know from [11] that AP(Z)
and AAP(Z) are Banach spaces.



Lemma 2 [11, Theorem 5] A function F € C([0, 00); Z) is asymptotically almost periodic
if and only if, for every e > 0 there exists L(e, F,Z) > 0 and a relatively dense subset of
[0,00), denoted by T (e, F, Z), such that |F(t +€) — F(t)||z < € for every t > L, F, Z)
and every £ € T (e, F, Z).

Definition 4 Let Q be an open subset of W.

(a) A continuous function F : RxQ — Z (resp. F :[0,00)xQ — Z ) is called pointwise

almost periodic (p.a.p.), ( resp. pointwise asymptotically almost periodic ( p.a.a. p.)
) if F(-,x) € AP(Z) ( resp. F(-,z) € AAP(Z) ) for every z € Q.

(b) A continuous function F : R x Q — Z is called uniformly almost periodic (u.a.p. ),
if for every € > 0 and every compact K C Q there ezists a relatively dense subset
of R, denoted by H(e, F, K, Z), such that |F(t + &,y) — F(t,y)||lz < € for every
(t,&,y) e Rx H(e, F, K, Z) x K.

(c) A continuous function F' : [0,00) x Q — Z s called uniformly asymptotically almost
periodic  (w.a.a.p. ), if for every e > 0 and every compact K C Q there exists
a relatively dense subset of [0,00), denoted by T (¢, F,K,Z), and L(e, F, K, Z)>0
such that |F'(t+&,y) — F(t,y)llz < € for every t > L(e, F, K, Z) and every (€,y) €
T F,K,Z) x K.

Lemma 3 [12, Theorem 1.2.7] Let Q C W be an open set. Then the following properties
hold.

(@) fFeCRxQ;Z) (resp. FeC([0,00) xQ;2) )isp.ap. (resp. p.a.ap. ) and
satisfies a local Lipschitz condition at x € Q, uniformly at t, then F is u.a.p ( resp.
u.a.a.p )

(b) Ifx € AP(X), then t = x, € AP(B). Moreover, if B is a fading memory space and
z € C(R; X) is such that zg € B and z € AAP(X), thent — z € AAP(B).

(c) fFeCRxQ2Z) (resp. FeC([0,00) xQ2Z) )isuap. (resp. isu.a.ap. )
————
and y € AP(W) (resp. y € AAP(W) ) is such that {y(t):t € R} C Q, then
F(t,y(t)) € AP(Z) (resp. F(t,y(t)) € AAP(Z) ).
2  Existence Results
To establish our results of existence we need the next technical lemma.
Lemma 4 Let p € (0,1] and v € AAP(X,). Ifu(:) : [0,00) = X 1is the function defined
by u(t) /ATt—s s)ds, t > 0, then u(-) € AAP(X).

Proof: To prove this result we use Lemma 2. Let ¢ > 0 be given and 7 (e,v, X,),
L= L(e,v,X,) be as in Lemma 2. If t > L = L(¢,v,X,) + 1 and € € T (e,v, X,,), we get

lut+€) — u(t) /|| A)PT (4 € — ) (— A)(s) | ds



" / [(=A)#T (¢ — 5) ((~A)u(s + &) — (~A)*v(s)) [|ds

$C_ e )
—6t 1-p€
e v ——ds
Iell. /0 (§— )t

L+1
+ [ NPT = ) (- Apuls + €) ~ (—4a() ds

IN

T / I(=A)Tt = 5) [ (~A)#u(s +€) — (~A)*u(s)||ds

+1
L+1 C,_ e—J(L-}—l—s)
< die™ 42w Xue_m_kl)/ (2:1 Jiuds
0 -
0 C —0s
+e —l—lu_Lds
Si—H

0

where d; > 0 is independent of ¢ and £. Thus, there exist positive constants do, d3
independents of ¢ and £ such that

lu(t + &) — u(t)|| < dpef@lEn Xl e=0t | g, ¢ > L(e,v, X))+ 1, £ € T(e,v,X,.).

From this inequality we infer that u(-) verifies the conditions of Lemma 2. The proof is
complete. ®
To prove our results we always assume that the next condition is satisfied.

H, The functions f,g : R x B — X are continuous and there exist 8 € (0, 1) and
continuous functions Ly, Ly : [0, 00) — [0, c0) such that f(-) is Xs-valued, (—A)?f :
R x B — X is continuous and

I (=AY £t 1) = (A (¢, 42) || Li(r) | ¥y — o ||,
” g(tad)l) - g(t’ ¢2) H LQ(T) ” ¢1 - 1/12 “B,

for every t € R and every 1); € B such that || ¢; ||5< 7.

<
<

From Herndndez & Henriquez [7] we adopt the next concept of mild solution of (1).

Definition 5 A function u: (—o00,0 +a) = X, a > 0, is a mild solution of system (1)
on 0,0 +a), if us € B, U |gora) is continuous; the function s — AT(t — s)f(s,u,) is
integrable on [0,t) for every o <t < o+ a and

w(t) = T()(elo) + f(o0)) — F(tue) - / ATt — 5)f(s, u,)ds
—f—/tT(t —5)g(s,us)ds, t€[o,0+a).

Theorem 1 Assume that B is a fading memory space and that (—A)Pf(-) and g(-) are
p.a.a.p. If Ly(0) = L,(0) = 0 and (—A)Pf(t,0) = g(¢,0) = 0 for every t € R, then there
exists € > 0 such that for each ¢ € B,(0, B) there exists a mild solution, u(-, ¢), of (1) on
[0,00) such that u(-,p) € AAP(X) and uo(-, @) = .



Proof: Let r >0 and 0 < )\ < 1 be such that
© = MAH+| (=A) || Ls(Ar)]

: 1)>+—ML9(T*) A+1)R <1,

#2100 (1 A2 1 +0rsG +3)) + 2

where R is the number in Remark 1 and 7* = (A + 1)&7. We affirm that the assertion
holds for € = Ar. Let ¢ € B(0, B). On the space

D = {z € AAP(X) : z(0) = ¢(0), || z(¢) |< r, ¢ > 0}

endowed with the metric d(u,v) =|| u—v ||x, we define the operator I : © — C([0, 00); X)
by

Tu) = T +50,0) - 167 - [ AT (t = 5)f (s, ) ds

t
-I—/ T(t—s)g(s,us)ds, t>0,
0

where u : R — X is such that (u)o = ¢ and ¥ = u on [0,00). From the continuity
of s = AT(t — s) and s = T'(t — s) in the uniform operator topology on [0,t) and the
estimate
~ - . Ci_pLg(r*)r*
I AT (= 9)f(s,7) =1 (~4)'PT (e = ) (=AY 75, ) 1< S22,
it follows that s — AT'(t — s) f(s,us) and s — T'(t — s)g(s, us) are integrable on [0,¢) for
every t > 0 and so that I'u € C([0,00); X). Moreover, from Lemmas 3 and 4 we infer that

Tu € AAP(X).
In the sequel, we prove that I'(-) is a contraction from © into D. If u € D we get

ITu@) | < MHX+M || (=A) || Ly Ar+ || (=A) 7 || Ly(r*) (A + 1) &r
+C’1_5/ (L—%Lf(r*)()\ + 1)Rrds -+-/ Me"é(t“s)Lg(r*)(A + 1)Rrds

t—s)
< MHMN+M || (=4A)77 || Ly | (—A) P || Ly(r*) (A + 1) &r
+C’1_5Lf(r*)(% + %)(/\ + 1)&Rr + %Lg(r*)(/\ + 1)Rr
S @'I",

which implies that I'(®) C ®. Moreover, for u,v € D we get
|| Tu(t) = To(?) ||
. ~ [C1_sLs(r*)  ~. o1 sty i~
< 1) - s+ [ [FLEEEL W) e 5 - s s
0

{Lm*) (n (~4) || +Ci_p(5 + %>) 3 HE)

R”u_U“X:

IN

which shows that ['(:) is a contraction and completes the proof of this result. m
The next result is proved using the steps in the proof of the previous result. We will

omit details.



Theorem 2 If B is a fading memory space; (—A)? f(-) and 9(") are p.a.a.p; L(t) = L;
and Ly(t) = L, for every t > 0 and [Lf (H (=A)" || +Cip(3 + %)) + MJL‘"J R <1, then
Jor every p € B there ezists a unique mild solution, u(-,¢), of (1) on [0,00) such that
u(-, ) € AAP(X) and uo(-, ) = o.

In the next result we establish the existence of an almost periodic solution.

Theorem 3 Assume that (—A)Pf(-) and g(-) are p.a.p. If L§(0) = Ly(0) = 0 and
(—A)P f(t,0) = g(t,0) = 0 for every t > 0, then there ezists u € AP(X) such that u(-) is
a mild solution of (1) on every interval [0, 0 + a).

Proof: Let I' : AP(X) — C(R; X) be the map defined by

t

Tu(t) = —f(t,uw) — /_ AT (t — s)f(s,us)ds +/ T(t — s)g(s,us)ds, teR.

oo —00

From the proof of Theorem 1, it follows that ['u(-) is a continuous function. From Lemma
3 and Zaidman [11, pp. 30] we infer that v(t) = ((—A)? f(t,w), 9(t,w)) € AP(X x X).
IfteRand £ € H(e,v, X x X) we get '

| Tu(t + &) — Tu(t)

| < I fE+& ure) — ftw) ||

t —d(t—s)
+ [ %%%%ﬁﬁrﬂ(—Aﬁf@+§ﬂ%ﬂ)—(—AWf@ﬂ%)““

t
+/‘Ah4wwng@+auHa—gmunuw

< eIl (A7 I +Cs(5 + 5)

which proves that T'u € AP(X). Thus, I'(:) is well defined and with values in AP(X).
On the other hand, for u,v € B, = {u € AP(X) :||| u [||x< r} we find that

1 +E)
6 )

[ Tu(t) — To() ||
< N EAPNLpLr) | we—vells

t —6(t—
Cj_ge %)
+-/;oo (t_—s)l_ﬁ—Lf(g'f') H Us — Vs HB ds

t —~—
+/ Me =)L (£r) || us — vs ||5 ds

< ¢ 1 1)>+MLg(£T)

Lyten) (1 (=47 | +Cia(G + 3 : ]WU—UMM

o B
where £ is the constant in Remark 1. This inequality and the fact that I'0 = 0 allows us
to infer that I'(-) is a contraction from B, into B, for 7 > 0 small enough, which proves
the assertion. m
Using similar arguments we can prove the next result.




Theorem 4 Assume that (—A)’f(-) and g(-) are p.a.p. functions. If L;(t) = Ly and
Ly(t) = Ly for all t > 0 and £ [Lf (u (—=A)~* | +cl_ﬂ(§+%)) +%Li} < 1, then there
exists a unique u € AP(X) such that u(-) is a mild solution of (1) on every interval

0,0 + a).

2.1 Example

Consider the first order neutral equation with unbounded delay

2

s+ [ o= s utsndnas) = Zout8) + @it )

+/_ a(t — s)u(s,&)ds + ay (¢, €),

OZEI:[O,W], (2)
w(t,0) = 4t x) =0, (3)
uwr+o0,8) = ¢(r,§), 7<0, £€0,7) (4)

To study this system, we adopt the notations and technical conditions in [7, Example
4.1). In particular, X = L?([0,n]), B = L%*(h; X) and h(-) is a continuous function
satisfying the conditions (g-5)-(g-7) of [10, Theorem 1.3.8]. Under these conditions, B is
a fading memory space, see [10, Example 7.1.8] for details. Next, A : R — X, ( resp.
A :[0,00) = X ) is the map defined by A(t)(¢) = a(t,€). The followings result is a
consequence of Theorems 2 and 4.

Proposition 1 If A(:) is asymptotically almost periodic ( resp. almost periodic ) then
there exists a mild solution u(-) € AAP(X) (resp. u(-) € AP(X) ) of (2)-(3).
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