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Resumo

Neste artigo consideramos uma classe de problemas semilineares criticos com
um termo sublinear na origem. Usando métodos variacionais provamos a
existéncia de pelo menos duas solugoes positivas sob certas condigoes que
permitem que a primitiva do termo sublinear assuma valores negativos e
nao necessite ser convexa. Esses problemas sao considerados em dominios
limitados em RY, N > 2.



Positive solutions of critical semilinear problems
involving a sublinear term at the origin

Joao C. N. Padua, Elves A. B. Silva & Sérgio H. M. Soares

Abstract

By using variational methods we prove that a class of critical semilinear
problems with a sublinear term at the origin possesses at least two positive
solutions under conditions which allow the primitive of the sublinear term
to assume negative values and it does not need to be convex. These
problems are treated on bounded domains in RY, N > 2.

1 Introduction

In this paper we first prove the existence of two positive solutions for the problem

—Au = |u|P"'u+ Af(z,u) in Q, uw=0on 9N, (1.1)

where Q is a smooth bounded domain in RY, N > 3, p = % is the critical

Sobolev exponent, A > 0 is a real parameter, and the nonlinearity f € C(€ x
R, R) satisfies f(z,0) = 0 and the conditions:

(f1) there are constants a;,as > 0 and 0 < o < p such that

|f(z,s)] <ails|” +az, Y2 EQ, s >0,

= 00, uniformly on Q,

(f2) lim

s—0+t

f(z,s)
S

F(x,s —
(f3) there is a constant a > 0 such that lim inf o 5) > a, uniformly on Q,

§—00 S
where F(z,s) = [J f(z,t) dt,

(f4) there is a constant p > 0 such that f : Q x [0,p] — R is nondecreasing
with respect to the second variable.

Our first result is:

Theorem 1.1 Suppose f satisfies f(z,0) =0 and (f1)—(f1). Then there exists
A* > 0 such that problem (1.1) possesses at least two positive solutions for every
A€ (0,0%).



We recall that the conditions (f) — (f1) allow f(z,s) to have an oscillatory
behavior with respect to the variable s, the primitive F(z,s) may assume nega-
tive values and does not need to be convex on the interval (0, 00). Theorem 1.1
establishes, in particular, the existence of two positive solutions for the following
model problem

—Au = |ulP" u+ Ae +sinu)u? in Q, w=0on0dQ, (1.2)

where 0 < e and 0 < ¢ < 1.

In the seminal work [3], Ambrosetti-Brezis-Cerami considered problem (1.1)
when f(z,s) = s%, 0 < ¢ < 1, and proved that there is A > 0 such that (1.1)
has at least two positive solutions for every A € (0, A), one positive solution for
A = A and no one for A > A. Since then related results have been obtained, most
of them for the p-Laplacian operator, as can be seen in [5, 6, 8, 12, 15, 16, 23],
and references therein.

When Q is a bounded domain in R? with smooth boundary 9, we consider
the class of problems

—Au = h(z,u) + A\f(z,u) inQ, wu=0on0adN, (1.3)

where A > 0 is a real parameter. The natural growth restriction on the functions
f and h is given by the inequality of Trudinger and Moser [18, 22]. More pre-
cisely (see [1, 14, 21]), we say that a function g has a critical growth (subcritical
growth) if there is ag > 0 (ap = 0) such that

{€) s lim

lg(, s)| _J0 Ya > ag, unif. on Q,
s—oo exp(as?)

+00 Va < ag, unif. on Q.

For problem (1.3) we assume that h € C(Q x R, R) has critical growth and f €
C(Q x R,R) a subcritical one; h(z,0) = 0, f(z,0) = 0. Moreover, considering
H(z,s) = fos h(z,t)dt and denoting by A; > 0 the first eigenvalue of —A on
H} (), we assume

H(z,s)

2 -
(h1) limsup — < A1, uniformly on €,

s—0t

(he) for any 6 > 2, there exists R(#) > 0 such that

0< 0H(z,s) < sh(z,s) Yz € Q, s> R(6),

_sh(z,s) _ oo, uniformly on 0,

s—o0 exp(aos?)

(hg) there is a constant p > 0 such that h : Q x [0,p] = R is nondecreasing
with respect to the second variable.

Now we are ready to state our existence result for the case N = 2.
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Theorem 1.2 Suppose h satisfies (hy) — (hs) and (¢)a,, with ag > 0, and f
satisfies (f2), (f3), (f1) and (¢)ay, with ag = 0. Then there exists \* > 0 such
that (1.3) possesses at least two positive solutions for every A € (0, \*).

We observe that this last result guarantees the existence of two positive
solutions for the problem

—Au = puexp(u?) + A€ + sinu)u? exp(u) in Q, u =0 on dNQ,

with0<e, 0<pu<Adand0<g<1.

Related results about problems with exponential growth can be seen in [1,
2, 7, 14, 21] and the references therein.

In [21], Silva and Soares showed that problem (1.3) with critical growth
possesses at least two nontrivial solutions provided the nonlinearity H + \F'
satisfies a condition of convexity with respect to variable s. We observe that
Theorem 1.2 improves this result when N = 2, since (hy) — (h3) and (f2) — (f4)
allow g(z,s) = h(z,s)+ Af(z,s) to have an oscillatory behavior on the variable
S.

In order to prove Theorems 1.1 and 1.2, we first establish the existence
of a nontrivial local minimum for the associated functional. Then we use an
argument of Brezis and Nirenberg [10] to verify that the associated functional
satisfies the Palais-Smale condition on a given interval of the real line, under
the assumption that the functional has only the zero and the local minimum
as critical points. Since now the primitive F'(z,s) may not be convex on the
interval (0, c0), we first get an estimate from below for the term F(z,s + t) —
F(z,s) — g(z,s)t, when s and t are small (see Lemma 2.3). Then this estimate
is used to prove that the level associated with the Mountain Pass Theorem
belongs to that interval; then we use the celebrated Theorem of Ambrosetti and
Rabinowitz [4] to find the second nontrivial solution.

2 Proof of Theorem 1.1

Here we consider the Sobolev space HJ(2) with its usual norm. We assume
that f(z,s) =0 when s < 0 without changing the symbols f and F. I order to
prove Theorem 1.1 it suffices to show that there is A* such that the problem

—Au= (u")? + Af(z,u) in N, u=0ondQ, (2.1)

possesses at least two nontrivial solutions for each A € (0,A*). The critical
points of the associated C* functional Iy : H}(Q) — R, given by

, 1
I\(u) =%/Q|Vu|“ dz — Im/n(u’")’”+l d:c—/\/QF(a;,u) dz,

are precisely the solutions of problem (2.1). If u denotes one of these solutions,
then I} (u)(u™) = 0; thus u > 0. To see that u > 0 in 2 by the strong maximum



principle, we observe that u is also a solution of the problem
—Au+tcu= (ut)? + \f(z,u) +cut in Q, wu=0o0ndN, (2.2)

where ¢ > 0 is such that the term on the right is nonnegative for z in €; the
existence of this ¢ follows from (f1) — (f2), p > max (1, 0) and the continuity of
(s + Af(z,s))/s on a compact subset of Q x (0, 0).

The next result gives the first solution for problem (2.1).

Proposition 2.1 Suppose f € C(Q x R, R) satisfies (f1) and (f>) . Then there
exists \* > 0 such that problem (2.1) possesses at least one positive solution uy
for every A € (0, \*). Moreover, uy is a local minimum of I and I (uy) < 0.

Proof: By (f1), the functional J : Hj(Q) — R, given by J(u) = [, F(z,u) dz is
continuous. Thus, given € > 0, there is p; > 0 such that |J(u)| < € if ||u|| < p1.

Then,
1 1 _ ’
(5 - p—+—1-S(”+”/2Hu||” Dllull* = A,
where S denotes the best Sobolev constant.
Let p € (0, p1) be such that

Iy (u)

v

1 .
Ix(u) 2 ZIIUII2 = e if Jul] < p.

Setting A\* = p?/8¢ we obtain
In(u) > p*/8 if ||ull = p and Ix(u) > —p°/8 if |lul| < p (2.3)

for every 0 < A < A*. Let ¢y stands for the infimum of I, on A = B,(0). From
(f2), given ¢ € H}(Q), ¢ # 0,¢ > 0, there exists t = t(¢) > 0 sufficiently small
such that Iy (t¢) < 0. Then,

Jgg Iy(u) <0< ule%fA Iy (u). (2.4)

Therefore, by Ekeland’s variational principle [13], there is a sequence (u,) C
int (A) such that

A (un)l| =0 and  Ix(un) = e

As (up) is bounded and A is a closed convex set, we can suppose that there
exist uy € A C H}() and a subsequence of (uy), still denoted by (u,), such

that
u, = uy weakly in H}(Q),

un, — uy strongly in L™(Q), for every 1 <r < p+1,
U, = uy a.e. in (),

Moreover, the sequence (f(z,u,(z))) converges to f(z,ux(z)) a.e. in  and by
1
(f1) one deduces it is bounded in L% . Hence this sequence converges weakly
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to f(z,uy); similarly, (u;f)? — (uf)P. Consequently, passing to the limit in
I§ (un)v, as n = oo, we have

/Vu,\Vvdx—/(uj)pvdw—/\/ flz,uy)vdz =0, Yo € Hy(Q),
Q Q Q

and thus uy is a critical point of the functional Iy. On the other hand, from
(f1) and Fatou’s Lemma, we have

ex 2 lilfr_l)igf[fl\(un)—m(ﬂ\(un)ﬂn)]
1

e

I S ‘
= liminf[ [l +/\/Q( £, un)un ~ F(z, un)) da

1 1

> J 2 _ e

> lhalP +3 [ (g fo i - Fau)ds
1

= I\(ux) - m(fﬁ(ux),m) = I\(ux) 2 cx.

Thus, In(uy) = cx < 0. Therefore, by (2.4), the function u, is a nontrivial
solution of (2.1) and is in the interior of B,. This completes the proof of the
proposition. ]

Now we prove that I satisfies (PS), below a given level, whenever we sup-
pose that zero and u) are the unique critical points (see (3, 10]).

Lemma 2.2 Suppose f satisfies (f1) — (fa). If zero and uy are the unique
critical points of Iy, then Iy satisfies (PS). condition for every ¢ < ¢ = I(uy)+
#S% and 0 < A < A*.
Proof: Let (u,) be a sequence in H} () such that
I(up) wc<c¢ and I'y\(up)— 0. (2.5)

We observe that g(z,s) = (s7)? + \f(z, s) satisfies Ambrosetti-Rabinowitz con-
dition

0 < uG(z,s) < sg(z,s) forall [s| > M, (2.6)
and for some p > 2. Therefore, the sequence (u,) is bounded in H}(Q) (see
[4, 20]). Thus, just as in Proposition 2.1, there exists a subsequence of (u,),
still denoted by (u,), which converges to a weak solution of problem (2.1). Next
we use an argument due to Brezis-Nirenberg [10] to show the convergence of a
subsequence of (u,) in H(Q). We set v, = u, — u, then apply a result of

Brezis-Lieb [9] to the sequence (u;)?*! and use the condition (f;) and the fact
that u is a solution of (2.1) to obtain

1 ’
/|V1)n|2 = /(vj)"+1 +0o(1) and I)(u)+ N / |Vua)? = c+o(1).
Hence, for a subsequence of (v,,) one gets

/|an|2 —+ k>0 and /(U:)pﬂ bk



It follows from Sobolev imbedding that k > Sk*/(P*1) which imply either k = 0
or k> SN/2_ If either w = 0 or u = u, then k = 0, since otherwise we would
have either

F SN2 < oor Iy(uy) + £SV? <,

respectively. Hence the condition (PS), holds for each ¢ < ¢. ]

In order to find the appropriate level to the use of Mountain Pass Theorem
we follow the method of [10] (see also [3]). However, under our assumptions
the lower order perturbation need not be increasing, so we start by proving an
elementary estimate which will play a significant role in the sequel.

Lemma 2.3 Suppose f € C(Q x R,R) satisfies f(z,0) = 0, (f3) and (f4).
Then, given v > 0 there exist constants C > 0 and r > 0 such that

F(z,s+t)— F(z,s) — f(z,s)t > —-Ct", (2.7)
for every x € Q,0< s <r,t>0.
Proof: By (f3), we have so > p such that
F(z,8) >as >0, Vz € Q, s > sq. (2.8)
Now, invoking f(z,0) =0 and f € C(Q x R, R), we find r € (0, p/2) such that

f(z,s)gg, Ve eQ,0<s<r. (2.9)

Hence, for every z € (0, s < r, we get
S0 P
[ 15w - f@oldr <[5+ Klso =, (2.10)

where K denotes the maximum of |f(z,s)| for z in Q and 0 < s < so. Conse-
quently, by (2.8)-(2.10), we have

t+s a
F(a,5+0)—F(@,9)~f@ o)t = [ [f@n)=f(os)]dr 2 =t G-l s0)llo

whenever z € Q2,0 < s < 1,59 < t. Therefore, there exists R > 0 such that
F(z,s+t) — F(z,s) — f(z,s)t >0, Yz€Q, 0<s<r, R<t (2.11)
On the other hand, given z € Q and 0 < s, ¢t < 7, we find 6 € (0,1) such that
F(z,s +t) — F(z,s) — f(z,s)t = [f(z,s + 0t) — f(z,s)]t.
Thus, by r < p/2 and (f2), we get

F(z,s+t)— F(z,s) — f(z,s)t >0,Vz € Q,0<s t<r. (2.12)
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Next, we use f € C(Q x R,R) to obtain M > 0 such that
F(z,s+1t)— F(z,s) — f(z,s)t > -M,Vz e Q,0<s<rr<t<R. (2.13)

Finally, choosing C' > 0 such that Cr” > M, we invoke (2.11)-(2.13) to conclude
that (2.7) holds. The lemma is proved. ]

The next auxiliary lemma is in [16].

Lemma 2.4 Ifr > 2, then for any o € (1,7 — 1), there exists a constant C > 0
such that
L+t)" > 1+t +rt+rt"" 1 = Ct, Vt>0.

In order to use the Mountain Pass Theorem we need the following estimate.

Lemma 2.5 Suppose f satisfies (fi) — (f4). Then, for every A € (0,\*), there
exists € > 0 such that

vz

1
max{l)(ux +tve) |t > 0} < Ix(uy) + NS

Proof Let r > 0 be given by Lemma 2.3 for v = (N + 1)/(N — 2). Since
ux > 0 and uy € C*(Q) N H (), we obtain x5 € Q and R,79 > 0 such that
B-ZR(.’ZJ()) c Q and

0< 7o <wup(z) <r, Vo € Bag(zyp). (2.14)

Without loss of generality we may assume that zp = 0 and we take ¢ €
D(B3r(0)) such that 0 < ¢(z) <1in Bsg(0) and ¢(z) =1 on Bgr(0). Set

i) =Bl il 3
(e+|z)?)= lluellp+1
Then, v. satisfies as € — 0 (see [10, 12])
IVuel} = S+0(") (2.15)
lellm = Ke™ a2 ifr> A (2.16)
We first apply Lemma 2.4 to the term |uy + tve[P*! of Iy(uy + tv:), with
0= %ﬁ—é, then we use I} (uy)(tv:) = 0, to obtain
t* " ki
Iy(uy +tv.) < Iy(ux) + 5 /Q |Vve|* dz — —

N-—1 N+1

Ntl Mol N
t"’/vfmalrc+C’t'*'—2/u/{v o dx
Q Q

- )\/(F(z,u,\ + tve) — F(z,u)) — f(z,ur)tv:) dz.
Q



Using Lemma 2.3 with v = —x—j_% and (2.14) in the last term, one has

t2 ) tp+1
In(uy +tve) < 1,\(u,\)+—/ |V, |? dz — —7'0t”/ vP dz
2 Q p+1 Q
. N1
+ C(1+ A)rkétx_i_é v T dx.
Q

By (2.15)-(2.16), there exist €9 > 0 and positive constants C; and C5 such that

In(uy +tu:) < In(uy) + P (t), Ve € (0,g),

S tp+1 = N-— =2
Te(t) = St - et Cil2e™ T + (1 + Nt F32e"T) — CotPe ™.

Since W.(t) — 0, as t = 0%, and ¥.(t) = —o0, as t — +oo, there exists t. > 0
such that ¥, (t.) = max{W.(¢);¢ > 0}. It follows from (2.3) that
o2

0< T < Ig&g([,\(u,\ +tve) < In(uy) + e(te) < Ue(te). (2.17)

Now, we claim that there are Ty, 7> > 0 such that ¢, € [T},T5] for every
€ € (0,&0). In fact, the lower estimate for ¢. follows from (2.17) since ¥ (¢) — 0
as t — 07. For the upper estimate, we assume by contradiction that there is a
sequence (g,), with €, — 0, such that t., — +o00, as n = co. By ¥.(¢.,) =0,
it follows that

N+1

i L D=2
2011:5",’“2 - Coptl en®

N-2
t? =ta(S+2C1en* )+ (1+ ’\)N——-

which can not happen for ¢, sufficiently large. This proves the claim.
iP+1

pr1’
fi= S%, with maximum value ﬁS%, by (2.17) and the lower and upper estimates
for t., we have C3,C4 > 0 such that

Now, observing that the maximum of p(t) = gtz - t > 0, occurs in

1 = -2
In(uy + tve) < I(uy) + NS% + {C:;[E¥ +(1+ /\)6%] = C4}EN—“_,
for every t > 0. Since the expression inside the braces is negative for ¢ > 0
sufficiently small, one has

N
2

1
max{I(ux + tve) |t > 0} < In(uy) + NS ’

provided ¢ is sufficiently small. This concludes the proof of Lemma 2.5. |

Now we are ready to complete the proof of Theorem 1.1. In fact, if I
possesses two nontrivial critical points there is nothing to prove. Otherwise, we
use (2.6) to choose u; such that I (u;) < 0 and ||u1]| > p , then we consider the
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family T of all continuous paths 7 joining uy to u; (see (2.3) and the proof of
Proposition 2.1), and define

2
= . p
= inf max I > —.
A ;2“6[53?1(] A(r(®) 2 8

By Lemmas 2.2 and 2.5, one can apply the Mountain Pass Theorem [4] to obtain
a second nontrivial critical point of I, at the level ¢\. The proof of Theorem
1.1 is complete. =

3 Proof of Theorem 1.2

In order to treat problem (1.3) variationally in Hj(f2), we use the inequalities
of Trudinger and Moser (see [18], [22]), which provide

exp(au?) € L}(Q), Yu € H} (), Va >0 (3.1)
and
sup / exp(au?)dz < C, Ya < 47, u € H} (Q). (3.2)
llul|<1J/Q

Under condition (¢)q,, given B > ap, there exists C = C () > 0 such that
max{|f(z,s)|,|F(z,s)|, |k(z,s)|,|H(z,s)|} < Cexp(Bs°), (3.3)

for every z € Q and s > 0. Using these estimates, it can be proved that the
critical points of the C! functional I, : H}(Q2) — R, given by

I,\(u):%/Q]Vupdz—/QH(:I:,u)da;—/\/QF(z,u)dz,

are the solutions of (1.3). Actually, by regularity argument it can be proved
that u € C'(Q) (see [11, 17]). We assume f(z,s) = h(z,s) = 0, for every
z € ,s < 0. We also observe that conditions (hy), (f1), and the argument
described in Section 2 imply that © > 0 in Q.

The next auxiliary lemma is a result due to Lions [19], which will be essential
to verify, via contradiction, that functional I, satisfies (PS),, for ¢ below a given
level.

Lemma 3.1 Let {u, € H}(Q);||lun|| = 1} be a sequence converging weakly to a
nonzero function u. Then, for every 0 < p < (1 — ||u||*)~!, we have

sup/ exp(pdru?) dr < .
neNJQ

In our first result in this section, we establish the existence of a solution for
(1.3) when A\ is sufficiently small.
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Proposition 3.2 Suppose h € C(Q x R,R) satisfies (h1), (¢)ay, with ag > 0,
and f € C(Q2 x R, R) satisfies (f2) and (¢)a,, with ag = 0. Then, there exists
A* > 0 such that (1.8) possesses at least one positive solution uy for each \ €
(0, A%).

Proof: Taking f > ag, by (3.3), given ¢ > 2, there exist sy > 0 and a positive
constant C' such that

|H(z,s)] < Cs"exp(Bs®), Vs > so.

Now using that h is continuous and satisfies (hy), we can choose 0 < p < A
such that "
[H(z,s5)] < 5s* + Cs”exp(Bs®), Vo € Q, s €R,

where C' is a positive constant. Combining this with Holder’s inequality we get
M 2 2, 1ul 1o . q
|H(z,u)|dz < s—Ijull” + C | [ exp(Br|lul*(7—)"dz|  lulll, (3.4)
Q 2\ Q [J|

where 7 and s are positive and 1/r + 1/s = 1. Moreover, the functional

J(u) = /QF(:E,u)d:c

is continuous at v = 0, thus for € > 0 there exists § > 0 such that |J(u)| < €
for ||u|| < §. Taking o > 0 sufficiently small so that ro? < 47w, o < 6, by (3.2),
(3.4) and Sobolev embedding we have

1
L) 25 (15 ) el = Cllull? - Ae,
2 AL
for every u € H} () with ||u|]| < 0. Since ¢ > 2, we can diminish o if necessary

and then choose a > 0 and A* > 0 such that

it full=0, (35

I,\(u)z—gaz if |ul|<o and IA(1L)2§

for every 0 < A < A\*. Let ¢y be the infimum of Iy on A = B,(0). Since
g(z,s) = h(z,s) + Af(z,s) satisfies (f2), given ¢ € D(Q), ¢ # 0, » > 0, there
exists ¢t = t(¢) such that I)(t¢) < 0. Then

cy = 11r€1f4 I(u) <0< ulenafA I\ (u). (3.6)

Applying the Ekeland’s variational principle, as in the proof of Proposition 2.1,
there is a sequence (u,) C int (A) such that )

I\ (un)|| = 0 and I(u,) — ca. (3.7)

Since (u,) is bounded and A is a closed convex set, we can assume that there
exist u € A and a subsequence of (u,), still denoted by (u,), converging weakly
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in H} () to a solution uy of (1.3). Moreover, we may assume that u,(z) —
ux(z), for almost every x € , and that there exists a function M = M (z) in
L?(9) such that |u(z)| < M(r) for all z in Q and p > 1. Now we will show that
[[un|| = ||u|| as n = oco. By condition (c)4,, the inequality

|h(z, 5)s| < Cls| exp(Bs®)

holds for = in  and s in R. As in (3.4), we use (3.2) and Holder’s inequality to

obtain
/ Vil i) < 6 / M(2)’ d
E E

where E is any measurable subset of 2. Thus, the set {h(z,u,)u,} is uniformly
integrable and Vitali’s theorem imply that the sequence (h(z,u,)u,) converges
to h(z,uy)uy in L}(Q); similarly, f(z,un)un, = f(z,u))uy in L'(Q) as n — oco.
Now we use (3.7) and the fact that u, is a critical point of I, to conclude that
[[un]] = |lua|l as n — oo; hence, the sequence (u,) converges to uy in H{ ()
and Iy (uy) = cx. Therefore, from (3.6), I, possesses a nontrivial local minimum
uy € int (A). This completes the proof of Proposition 3.2. jal

Considering the solution u) given by Proposition 3.2, we shall verify that
I, satisfies (PS). condition below the level Iy (uy) + Z—’;, whenever we suppose
that zero and u) are the unique critical points of I.

Lemma 3.3 Suppose h satisfies (ha) and (¢)a,, with ag > 0, and f satisfies
(€)ag, with ag = 0. Assume that zero and uy are the unique critical points of
I. Then Iy satisfies (PS)., for every ¢ < In(uy) + Z—’;

Proof: Let (u,) C H}(Q) be a sequence such that
I\(up) = ¢ < I\(up) + 22 and I3 (un) = 0. (3.8)

We observe that g(z,s) = h(z,s) + Af(z,s) satisfies the conditions (h;) and
(€)ao- Thus, we may apply Lemma 6.1 from [21] to obtain a subsequence (u,)
converging weakly in Hg () to a solution u of (1.3) such that

/G(z,unj)dz%/G(z,u)d:c, as n — 0o, (3.9)
Q Q

where G(z,s) = fos g(x,t)dt. Moreover, we may assume that u,;(z) — u(z),
for almost every = € Q. Then, either u = 0 or u = uy. If u = 0, using that
I, (uy) < 0, by (3.9) and (3.8) we have
. o 47 4w
lim |jup|l® =2(c+ [ [H(z,u)+ AF(z,u)]dx) = 2¢ < 2I)(up) + — < —-
n— oo Q ao ao
Thus, we can choose g > 1 such that gao||un, ||* < 47, for every j > jo, for some
jo € N. Consequently, from (3.3) and Trudinger-Moser inequality, we find

Un;

llwn, I

/ |h(z, un;)|? dz < C/ exp(gao || un, |1 ¥)dz < C. (3.10)
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Since un;(z) — u(z), for almost every z € Q, by Egoroff’s Theorem, given
€ > 0 there exists £ C Q such that |E| < € and uy,,(z) = u(z), uniformly on
z € 0\ E. Observing that

h(Z,Un; )un; — h(z, u)u = h(Z,Un; ) (un; — u) + (h(z,un;) — h(z,u))u,

by Hélder’s inequality and (3.10), we get

| / (h(, in, Ytim; — (e, us) d] < Cllun, — ull asta-vy gy +
Q

+| (M@, un;) — h(z,u))uds| + Celr=1/9,
Q\E

As € > 0 can be chosen arbitrarily small and h(z,u,;) — h(z,u) uniformly on
Q\ E, we have

/ h(Z, tn; Ytin; dz — / h(z,u)udz = 0.
Q Q
Since f has subcritical growth, a similar and more direct argument implies that

/ f(z,un;)un; dz — / f(z,w)udz = 0.

Q Q
Thus, from (3.8), we have
||un].||2 = I} (un, Jun; + / h(z, un; )tn; dz + /\/ J(z,un;)un; dz — 0.
Q Q

Hence un; — u = 0 strongly in Hj(Q).
Now, we suppose that u = uy. In this case, by (3.9),

l|un, |I> = 2(c + /Q(H(a:,u)\) + AF(z,u,)) dz, as j = oo.

Taking v; = “—Z:‘T’T and defining d = [, (H(z,uy) + AF(z,uy)) dz, we get

U\

2(c+a)/?

vy v =
Consider # > ag such that

2
< I,\(U,\) + Fﬂ

From (c)a,, we find ¢ > 1 and a constant C' > 0 so that

max{|f(z,s)|?, |h(z,s)|?} < Cexp(Bs?), Vz € Q,s € R.
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Thus, for every j,

max{/Q If(-’v,un,-)l"dx,/gIh(fv,un,»)l"d-’v} < C/QGXD(ﬂllun,-Ilzlvj(Z)lz)d37~

(3.11)
On the other hand,
dm
1| " —
Il < se+a
Consequently, there exists p > 0 such that
B 2 1
— T <P — .
47r”'un_,“ p - ”’U”2

Hence, by Lemma 3.1 and (3.11), there exists M > 0 such that

max{/ [f(z,un;)|? dw,/ |h(z,un;)|"dz} < M, Vj.
Q Q

Applying Egoroff’s Theorem one more time, the above inequality and the argu-
ment employed in the previous case, we obtain

J 0.t Y + A 0t Juns iz = [ [, u)us + A (5w )] d
Q Q
as j — oo. Therefore, by (3.9) and using that u, is a critical point of Iy, we get
il = [ [z ux)un + AFCe, nJun] o = P
Q

The lemma is proved. =

In order to find the appropriate level to the use of Mountain Pass Theorem we
follow the method used in [1, 2, 14, 21]. Before to state our estimate, we define
the Moser functions (see [18]). Let o €  and R > 0 such that Br(zo) C Q.
The Moser functions are defined for 0 < r < R by

(log £)% if0<|z—=o| <7

1 log |I_Rzo|
var | (log £)3
0 if |t —zo| > R

M, (z) = if 7 < |o— ol <R

Then, M, € H}(Q), ||M,|| = 1 and supp(M,) C Br(zo). i
Let » > 0 be given by Lemma 2.3 for v = 3. Since u) > 0 and uy € C'(9),
we obtain z¢g € Q and R,rg > 0 such that Bgr(z¢) C Q and

0< 1o <ux(z) <r, Yz € Br(zo). (3.12)

We Consider the Moser sequence M,, = M r, for every n € N.
Taking A* > 0 and u,, for 0 < A < A*, given in the proof of Proposition 2.1,
we have
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Proposition 3.4 Suppose h € C(Qx R,R) satisfies (h1) — (ha) and (¢)a,, with
ap >0, and f € C(Q xR, R) satisfies (f3) — (fa) and (¢)ay, with ap = 0. Then,
for every A € (0,\*), there ezists n € N satisfying

max{\(ux + tMy,); t > 0} < Iy (uy) + Z—ﬂ.
0

The proof of Proposition 3.4 will be carried out through the verification of
several steps. First, we suppose by contradiction that, for every n € N, we have

2
max{Iy(uy + tM); t > 0} > In(uy) + a—“ (3.13)
0
From (h)q, and (h2),
Ll_l)n;l() I(uy + tM,) = —oco. (3.14)
Thus, there exists ¢, > 0 such that
I\(uy + to My) = max{I\(uy + tM,); t > 0}. (3.15)

Lemma 3.5 There are ng € N and a positive constant C = C(A\,ng) such that
4 Cct3

L R PR >

"= G (logn)? ' E

Proof: From (3.13) and (3.15),

ng.

2
I,\(’U,,\) + _a_ﬂ' < I,\(u)‘ -+ tnA/[n)-
0

Using that uy is a solution of (1.3), we get

B & Bl )~ s o)
Qo
2
— %l - / (H(l’,U)\ + tn]\/[n) = H(.’L‘,’U,)\) . u h’(u)\)tn‘/‘/[”) dz
Q

- /\/(F(x,u,\ + toMy) — F(z,uy) — f(z,u))t, My,) dz
Q

From (f4), (h4), and (3.20), using Lemma 2.3, we have

LY. C/ £ M3 da. (3.16)
Qp 2 Q
On the other hand, from definition of M,,, we find

/Q Mg(z) dr < (Io_gi?ﬁ’ (3.17)

for some positive constant C'. Using (3.16) and (3.17), we conclude the proof of
the lemma. o

As consequence of Lemma 3.5 we conclude that the sequence (t,) does not
have any convergent subsequence to zero.
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Lemma 3.6 The sequence (t2) converges to 4w /ay.

Proof: Since %I,\(u,\ +tM,) =0 for t = t,,, we have
/ V(ur+tnMy)V(t, My) dx =/(h(:z:,u,\+tnMn)+/\f(:L',u,\-+-t,,l./\/[.,l)tnM,l dx.
Q Q

Since h and f are continuous and h satisfies (h3) and (ca,), with ap > 0, and
f satisfies (cq,), with g = 0, given K > 0 there exists a constant C' > 0 such
that

s[h(z,s) + Af(z,s)] > K exp(ags®) = C, Vs >0, z € Q.

Hence, from Hélder’s inequality, we have

ta My
tollus + ton My > K [exp (aplun + tn My |*) — C]— dz.

Br(zo) u) +tnMn

Using that 0 < rg < uy(z) < r, for every x € Br(zo), and the definition of M,
we find

logn, tn(XE2)1/2
tallun + oMyl > K exp (aot ) Ll
n niVin 35(10) L. T+tn(l—02£7r_n)l/2
ta M,
= € =N
Br(zo) UA + tnMn

Since (t,,) does not converge to zero and logn — oo, as n — oo, there is ng € N
such that

KnR? 5 logn i tn M,
> — t - —_— 3.18
tulfus +tnMall - 2 m2 P (aotn 2m ) C/Bn(zo)u,\+tnMn R
I(TI'.R2 Qg 9 / tnMn
> —t —1)21 -C —duz,
> Ko ey (52 2t 0 e

for every n > ng. Moreover, as 0 < 19 < uy(z), for every z € Bgr(zp), we can
write

2

R-
tollux + tn Myl > K7r7 exp [(E—

4°ti —1)2logn] — C7R?, ¥n>ng. (3.19)
™

This implies that (¢,) is a bounded sequence. Now, we observe

/ M / oM e / Tl
Br(zo) Ur T tnMn Bg (zo) UA T tnMn Br(z0)\B g (z0) Ur T tnMn
R
R2 tn(‘_%sﬂﬂ)l/? tnlog(m)

bl :
= n? g 4+ ,(1%E2)1/2  JBg(zo\Bg(0) (logn)t/?
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Thus, from Lebesgue’s dominated convergence theorem and using that (¢,) is
bounded, we have

taM,
— " gy — 0, as n — oo. (3.20)
Br(zo) UA + tn My

Combining (3.18) with (3.20), we obtain t2 — %—’ol. This concludes the proof of
the lemma. ]

Now, we are ready to conclude the proof of Proposition 3.4. By Lemma 3.5
and Lemma 3.6, there is a constant C' > 0 such that

47 C

t ==
ap  (logn)3/2’

> Vn > ny.

I

From (3.18),

R%7

K
trllux + to My|| > — exp (— e (O

27r\/logn /Bn(zo Uy +t 1\/[

for every n > ng. Then, taking n — oo and using (3.20) we obtain

KR2
QIIU/\”\/ + = > -

However, this gives us a contradiction, because K can be chosen arbitrarily
large. The proof of Proposition 3.4 is complete. u

Now, we may conclude the proof of Theorem 1.2. Arguing by contradiction,
we suppose that zero and u, are the only possible solutions of (1.3). By Lemma
3.3, I, satisfies (PS). for every ¢ < Ix(u)) + 27/ag. Furthermore, by (3.5)
and (3.14), I, satisfies the geometric hypotheses of the Mountain Pass Theorem
[4]. Invoking Proposition 3.4 and using that I)(uy) < 0, we conclude that Iy
possesses at least three critical points. However, this contradicts the fact that
zero and u) are the only possible critical points of I. Theorem 1.2 is proved. ®
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