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The orbits O; and O,

L. KUSHNER

Summary
In this paper we study the orbits of 3, 2%y and z(z? —y?) in the space of homogeneous

polynomials of degree 3 in two variables.

Resumo

Neste artigo estudamos o espago dos polinomios homogéneos de grau 3 em duas
variaveis.

Descrevem-se as érbitas de: 2%, 2%y e z(z? — y?).

Sendo g e h as parametrizagées de z?y e z(2? — y?) respectivamente, obtém-se
para g os resultados de [BKL] e para h a descrigao das érbitas z(z? — y?) e 23, sendo esta
ultima pontos de cuspide para h.

E interessante observar que no caso da fungao g, trabalhamos num toro e no caso de

h em uma 3-esfera e num toro contido nela, que resultam os pontos de cispide.

1 Introduction

Consider the real vector space V' of homogeneous polynomials of degree 3 in two
variables and G' = GL(2), the Group of isomorphisms in two variables. G acts on the right
on V by composition and we have the orbits of 0, 2, 2y, z(2* —y?) and z(z% +y?) which
will be denoted by; Og, Oy, Oz, O3, O 2, and correspond to the factorization on irreducible
terms: zero, one linear factor raised to the third power; two linearly independent linear
factors, one raised to the second power; three linear factors, linearly independent any two
of them and one linear factor times a quadratic irreducible factor.

Now, if we consider the diffeomorphism ¢ : R* — {0} — S? x (0, 00) given by ¢(z) =
(Z/)3, ||), it is clear that we only have to study the orbits on the sphere. On Zeeman’s

work [Z], it is shown that (O; U O2) N S® is a umbilic brazalet with edges being simple



cusps and corresponding to O, .

Another way of proving this result [BKL] is considering the parametrization of O, :
g(a,b,c,d) = (a*c, a*d 4 2abc, b*c+ 2abd , b*d). Its divided for the points (a, b, ¢, d) such
that ad — bc # 0 and ad — bc = 0 but (a,b,¢,d) ¢ (R* x {0}) U ({0} x R?).

2 The new orbit O;

We consider the parametrization of O3 given by h(a,b, ¢, d) = (a® — ac?, 3a®b—2acd —
bc?, 3ab® — 2bed — ad? , b® — bd?). Its jabobian is —12(ad — bc)*, then A is a local diffeo-
morphism on U = {(a,b,c,d) | ad — be # 0} and in fact we get

Theorem 1. If we consider h : R* — R* given by h(a,b,c,d) = (a® — ac?, 3a?b —
bc? , 3ab? — 2bed — ad? | b — bd?), we get that

a) h| :U — R* is a fibration siz to one over the orbit O.

b) rank Dh(%) is two for ad — be = 0 but (a, b,c,d) # 0.

Proof
a) It can be shown that A™'(a, 3,7,0) is

i) For ad # 0, the points of A~!(a, 8,7, 6) are

br b b33 + « B -9
(‘m 55 N et R )

where dr3 4+ yr? + fr + a = 0, and

L (9ér?+(y* = By)r+3
4 yr2 +2Br+3 )

b =

ii) For a = 0 we get the six points (§ = 1) (0, —B/[arss , £AVE, = Al/s) where A =

;{;—f;—ﬁ,(a,ar, a,a\/“'"z—r”) and (a,ar, —a, ——a\/‘":—r_l) with r = % (7:i:\/72—4ﬁ)

ri32

3 _
and a® = =7 °

iii) The case 6 = 0 is similar.
: 13521 o
iv) Fora =6 =0andife = 5273%,—3 and n = 21731[,3: > we get the six points (0, —e, 7, +¢),

(2,0, +1, +2), (29, €, £2n, +¢).
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Hence h| : Y — O3 is a six to one local diffeomorphism, hence a six to one fibration.
b) It is easy to prove. O

Consider the map ¢ defined above.

For a # 0 its clear that the kernel Dg is generated by v, = (1,0, _TQC,O) and vy =
(0, 1,0, _T%) A linear combination v3 = awv; + Bv, is tangent to the sphere if a? —2¢? = 0
or aa+ bB = 0. For the first case we get P = (a,b, %, —\bﬁ—) and v3 = (—b,a,/2b, —v2a).
The curve v(t) = g(p + tvs) is of the form:

(V2B — Jpabtt? + 55, 3Vl + 3v/3(a — ) + Jy ah, 3VAab® +
+3v2(ab® — @®) + J5a’b, —v2a%° — - abi? + \"/—5) :

In matrix notation

/ V2b? — 25 ab™t % \ 5
—3v2ab®>  3v/2(a% — b%) 73-2— a’b 42
3v2a%  3v/2(ab® — a®) ) 55 ab? 0
g 5

Where ¢; is the canonical vector in R* with 1 in the i-th place and zero in the others. We

now consider:
i) for b # 0, the determinant for e, is /2 a?b(3a* + 2a?),
ii) for b = 0, the determinant for e3 is also different of zero.

Hence a? = 2¢* in S3N {ad — bc = 0} are simple cusps for g|. In this case our curve is
a* = 2¢, b* = 2d? since d = % We now curve study carefully Dg on the tangent space
of S3 N {ad — bc = 0}, that is to say in the 2-dimensional vector space generated by the

vectors vy = (—¢, —d, a,b) and vy = (—b,a,—d,c).

Proposition 2. Consider g as before, hence Dg(a, b, c,d)(vy) is parallel to Dg(a, b, c,d)(vs)
if and only if (a,b,c,d) is of the form i) (cosf,sin6,0,0), ii) (:l:lg cos @, :i:% sind,
%coso, %sinﬂ), i) (0,0, cos@,sinf).
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S,

Proof
We get a 2 X 4 matrix

a® —2ac*  3a’b—6bc?  3ab® — 6bed  b® — 2bd?
—3abce 3ac® — 6b%c  6abc — 3b%d 3b%¢

It is clear that the minor M4 is zero if and only if a = 0, b= 0, ¢ = 0 or 2¢® — a? +

QW2 +0%= 0

i) a =0, from ad = bc we get b = 0 or ¢ = 0. The case a = b = 0 is case iii) and
a = ¢ = 0 the matrix has rank 1 if and only if 5= 0 or d = 0 or b? = 2d?. These are

included in our list.
ii) b=0, hence a =0 or ¢ = 0. The case b = ¢ =0 is included in our list.
iii) ¢ =0, hence a =0 or d = 0. The case ¢ = d = 0 is included in our list.
iv) From 2¢® —a® +2d*> + b =0, we get a®> + 0> = 2 and > + d&* = ;.

Hence we only have to study the singularities S* x {0}. These under the equivalence

(a,b,c,d) ~ (—a,—b,c,d) they are no longer singularities. O

Theorem 3. Consider the torus Tp = S® N {ad —bc = 0} and the map g|: Ty —
{(0,0,cos8,sin8)} — O;. Hence g is a one to one immersion except at the points of

the form: (@ cosf, 53é sinf, 5§ cos @, 3@ sin 9) which are simple cusps.

Proof

The proof its already done in the previous proposition. We just have to notice that
the two curves of simple cusps become one where g| is one to one.

For the case S' x {0}, which under our equivalence relation is RP! x {0}, we get that
ker Dg is generated by (es, e4). For a # 0, let v3 = e3 and ¢((a,b,0,0) + ¢(0,0,1,0)) is of
the form: (0, at,2abt,b’t). O

We now return to the map h and we have the following

Proposition 4. Consider h| restricted to our torus, hence for the vector vy = (—c, —d, a, b)
and vy = (=b,a,—d, c) we get that Dh|(a,b,c,d)(v,) is parallel to Dh(a,b,c,d)(vs) if and
only if (a,b,c,d) is a point of the form

i) <\/gcos0, \/gsinG, :t\/écosﬂ, :i:\/gsiHG).
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i) (\/gCOSG, \/gsinﬁ, :i:\/gcosﬂ, \/gsina).
iii) S* x {0}.
i) {0} x §*.

Remark The images of ii) and iv) are Oy.

Proof
For a = 0 we get that bc = 0 hence

i) a=0, b= 0and DAh(0,0,c,d)(v,) is parallel to Dh(0,0,c,d)(v2) always since
Dh(0,0,c¢,d)(vy) =0, this is (iv).

ii) a=0, ¢ =0 then DA(0,b,0,d)(v;) = (0,0,0,d(d* — b*)) and Dh(0,b,0,d)(vy) =
(0,0, —b(b* — d?),0) hence they are parallel if and only if b6 =0, d = 0 or b* = d2,
equivalently a=b=c=0,a=c=d=0o0r a = c= 0 and b = d? which they are

included in our list

Forcz;EOandd:ba—C

We get that Dh(a,b,c,d)(vy) is parallel to Dh(a,b,c,d)(v;) if and only if (—5a® +
?)(ac, 3abe, 3ab’c, bc) is parallel to (a® — ¢?)(—3ab, 3(u® — 2ab?), 3ab(2a® — b?), 3a%b?), this
is equivalent to

a) c? = 5a?, which is case i).

a® = ¢*, which is case i1).
b) a? 2. which

ac 3abc 3ab’c bic
c) rank <1
—3ab 3(a® — 2ab*) 3ab(2a® —b*) 3a®b?
This is equivalent to (a,b,c,d) of the form S* x {0} or one in our list. O

Theorem 5. Consider h restricted to our torus S® N {ad — bc = 0}. Hence we get that

i) The points of the form (\/ECOSO, \/gsinﬂ, :l:\/gcosﬂ, :t\/gsiHH) are simple

cusps.

i) h| sends the points of the form <\[c030 \/>s1n9 :I:\/>c059 i\/751n0> and

{0} x S! to the origin.




1) When we make the identification (a,b,c,d) ~ (—a,—b,c,d), S* x {0} are no longer

singularities.

Proof

We only have to prove 1) and iii). For 1) consider the points of the form p =
(a,b,£v5a, £/5b) with a®4b* = 1/6. It is clear that ker Dk in these points is generated
by = (—\/5,0, 1,0) and v, = (0,—/5,0,1). For any a, 8 real av, + Bv, are tangent to
S?, hence consider vz = —bvy + av, which is transversal to {ad — bc = 0} and h(p + tvs)

will be of the form (mod constants)

(1 ab? 1)

t3

—3 b —2a2 3 P
&

3 a3 — 2qb? 3 0

1

\ -1 a%b 1)

The determinant of this matrix will be 6b(5a? — b?) for 1 = 1, 2a(a® — 5b?) for i = 2,
2b(b%* — 5a?) for © = 3 and 6a(5b* — a?) for 1 = 4, hence since a? + b?> = 1/6 one has to be
non zero.

Consider the points of the form p = (a,b,0,0) it is clear that ker h is generated by e3
and e4. If we consider vz = —bes + aey, vs is transversal to ad — be = 0 and h((a,b,0,0) +
t(0,0,—b,a)) = h(a,b,—bt,at) = (a®>—ab*t?, 3a®bH2a’b—b%)t?, 3ab®+(2ab*—a?)t?, b°>—a?bt?).

After the identification (a,b,c,d) ~ (a,b, —c, —d) we see that S* x {0} are no longer

singularities. O

We give the following notation for our special curves for h:

LG =8 x{0} , C= {(\/ECOSQ, \@sinG, \/gcosﬂ,\/gsinﬂ)} and
05:{(\/%cos0,ﬁsinO,—ﬁcos@,—ﬁsin@)}.

2 G =1x8§ , = {(\/gcosﬂ,\/gsin(),\/gcosﬁ,\/gsinﬁ)} and
CG:{(\/gcosﬂ,\/%siHG,—\/gcosa,—\/%sin@}.

Proposition 6. With the above notation and R—q = {ad — bc = 0} we get
1. The set R—g — C is path-connected in S .
2. The curves C;, 1 <1 <6 inside R =0 are homotopic in S*.
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Proof
For i), pick a point p = (a,b,¢,d) in R—o — C and consider 7 : [0,1] — R—o — C;

defined by y(t) = (ta, tb, 1;—:?(&21—%2 c, % d) , since a?+b% < 1, ad—be = 0 and

a?+b*+c*+d* =11t is well defined. We get v(1) = (a, b, ¢, d) and 7(0) € {0} x S'. Hence
any point p in R—o—C), is connected to a point in {0} x S*, which itself is path-connected.

For 2), consider the homotopy H : [0,v/6] x S' — Ry defined by H(t,0) =
(ﬁ cos 0, ﬁ sin 0, g—“gﬁ cos 0, \/é;_ﬁjsin 0) . H is clear that: H(0,0) = (,,
H(1,0) = Cs, H(+/3,0) = C4 and H(V/6,0) = C;. Hence the curves C;, C,, Cs, Cj
are homotopic in R—g. O

For Cs and Cg the proof is similar. We can join the above theorem and proposition to

get
Theorem 7. Consider the map h| : R—o N S® — R*, hence
1. The images of C,, C4 and Cg are the origin.
2. The curves C;, 1 <1 < 6 are homotopic and not contractible in R—o N S3 .
3. The points of the curves C3 and Cs are simple cusps.
We will denote by
i) Rso = {(a,b,c,d) | ad — bc > 0}
ii) R=o = {(a,b,¢,d) | ad — bc = 0}
iii) Reo = {(a,b,¢,d) | ad — bc < 0}

If we see a point (a,b,c,d) € R* as a 2 by 2 matrix, this regions mean where the
determinant is positive, zero and negative respectively.

We get the following
Lemma 8. Consider the 3-sphere S® in R, then
i) RyoNS® and ReoNS® are diffeomorphic.

ii) If we consider the orthogonal linear map £(a,b,c,d) = \/g(a—d, b+c,a+d,b—c)

hence £ maps R—oq N S® to S\/I/—ZXS\/E.



Proof
For i) consider the map which takes (a,b, ¢, d) to (a,b, —c, —d).

For ii) is an easy calculation. O

The topology of Rso N S® and Ry N S? comes from the following

Theorem 9. Let ¢ : Ryo N S® — S* defined by ¢(a,b,c,d) =
fiber-bundle with fiber an open disc.

\/W (a,b), hence ¢ is a

Proof
Let U = ¢7'{(a,b) € S' | a >0} and ¥ : U — {(a,b) € S* | a > 0} x {(7,6,¢) €
S% |4 > 0,e >0} given by

(a,b,c,d) = ((% g) , (5, %(ac+bd), %(ad——bc)))

where £ = v/a? 4+ b2. H is clear that 1 is well defined since £ > 0 and ad — bc > 0, also

2 ac o l(Z C - a A (& 2
£+ 52( +bd)+52(d be)* = €2 + 5( +b%)( +d%) = (5(1 £ =1
and
v~ ((a,8),(7,6,€)) = (ay, 87,2 — Be, pd + ae). O

3 An algebraic viewpoint

Consider our parametrization h and the following system for 6,a:

a3 = (I.C2 = CYS

3a?b — 2acd — bd*> = 3a*p
3ab? — 2bcd — ad? = 3af3?
b® — bd? = B®

We solve it in 5% N {ad — bc = 0}.

If we consider a # 0, d = = and b* = a (1——(1(—2‘1_:—;2)> hence

3t b8
@ 30"+ —+ )

(a2 - cz)zaz (**)

((12 + c2)3

(02 4 ﬂ2)3

Il
—
)
LS
|
Q
nN
\./
7N



Also for @ # 0, 8 # 0, a has to satisfy a3—7(32“_i—ﬁz) a—%a =0 and A =
ﬁ (2 —27(a® 4 £?)°) hence for A = 0 we get from (+): 27a%(a®—c?)? = 2(a?+ c2)3
and solutions of the form a® + b* = 1/6 and a® + b? = 2/3.

Ifa=0then @« =0and > +d* = 1.

Ifb=0then 8=0and a®+c% =1.

In the previous cases we get {(0.cos#,0,sin )} and {(cos,0,sin6,0)} respectively.

The cases { <\/§cos 0, \/gsinﬂ , :i:\/gcos g, :t\/gsin 0) } and {(0,0,sinf,cosf)}
represent the cubic zero . In the case S' x {0} = (sin 6, cos 0,0,0) we get A = —25.

We then have the following

Theorem 10. Consider the system (x) then

i) The discriminant A vanishes in the curves

a) C;, 2<i<6

b) C7 = {(\/gsin(), \/gcos& \/gsinO, %cosﬁ)}
C’gz{(\/gsinH, ﬁcos&,—\/gsinﬂ,—\/gcosﬂ)}
c) Cog={(sin@,0, cosf,0)}
Cro={(0,sinf,0, cosf)}

and they are all homotopic in S® N {ad — bec = 0}.

ii) The curves Cy and C\o intersect orthogonally each curve C;, 2 < ¢ < 8 in two

points.

wi) With the orthogonal isomorphism £(a,b,c,d) =
image of the curves C;, 1 <1< 8 and C;, 9

(a—d,b+c,a+d, b—c), the

S

2

VAN

1 < 10 in the rectangle [—m, ] x

[—m, 7] have slope 1 and -1 respectively.

iv) In the above rectangle, the discriminant changes of sign when we cross the corre-
sponding segments of C7 and Cs and does not change crossing Cs and Cs. The

discriminant is not defined at the segments corresponding to Cy, Cy and Cg.

Proof
For i) consider the map H : [0, 2] x [0,1] — 5% N {ad — bc = 0} given by H(0,t) =
(tcos@, (1 — t)cosf, tsinf, (1 — t)sinf). Then H(#,0) = (0,cosh,0,sinb)

1
t24(1—1)2
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and H(0,1) = (cos9,0,sin6,0).  Using our isomorphism £ we get £(Cy) =
%(cos@,sin f,cosf,—sinf) and {(C,) = (cos() sin §, cos 0, sin 6)
Define

1
—— (cos #,sin 0, cos 2t0 cos 0 + sin 2t0 sin § , — sin 2t6 cos § + cos 2t6 sind).

V2

It is clear that F(t,0) € S,/ 5 x S5 and that F(¢,0) comes from an orthogo-

F(t,0) =

nal 4 x 4 matrix applied to (cosf,sinf,cosf,sinf) for each ¢ fixed. Also F(0,0) =

% (cos@,sinf,cosf,sinf) and F(1,0) = % (cosf,sinf,cos @, —sinf). Hence £(Cy) is
homotopic to £(C) in S, ;.5 X S),,/5 and so are C; and Cy in $° N {ad — bc = 0}.

To prove (ii) — (iv) we note that
1) £(cos0,0,5in0,0) = /3(cos 6, 5in 0, cos 0, —sin0) = (=, 2)

IT) £(0,sin®,0,cos ) = \/;( cosf,sin,cos b,sinf) = (z,—2)

I11) €(%cos€,—}sin9 \/gcos0 \/Esinﬂ) =
\/—(\/—(cosﬂ \/5s1n0)),\/-(51n0+\/50050) \/-(cosﬁ-h/gsmﬂ) \/—(s1n9 —/5 cos 0)

hence we get that if z = (cosf,sin ) and A is the orthogonal linear transformation

given by the first two entries, this set is of the form the graph of B, where B = (A*)?

IV) ¢ (C\"/sgo,s\‘}‘g, fcos&— 2s1n0) )Z(\/gcos(),\/gsin&\/gcosﬁ,\/gsinH)

and VI) ¢ (\/;cosé?, \/;smﬂ , —\/gcos 0, —4/3sin 0) are similar to the case

II), for a suitable B.

For  VII)  £0,0,cosf,sin0), VI g, sl et sing)  apg

IX) ¢ (f" sing | cosd —7;1) we get the graphs of z = —z, z — iz and z — —iz

respectively.

The cases I) — IX) correspond to the graphs in [—7, 7| X [—7, 7] (in (6, ¢)).
) 0— 0, T0) 00+, III) 0 6+6 with tanfp= /5 and 6o € (~7/2, ),
IV) 6 — 0+ 6y with tanfy = — % and 0 € (7/2, ),
V) 6 = 0+ 0, with tanf = —2v2 and 6, € (-7/2, 0),
VI) 6 = 0+ 6y with tanfy = 2v/2 and 6, € (0, 7/2),
VII) 6 5 0+m, VII)0—0+n/2 and IX) 0 = 0 —7/2.

10



Finally for iv) we have the following

Lemma 11. Considering the 2¢ quadrant of the rectangle [—m, 7] x [—m, ] in coordinates
(0,¢), the change of sign od A in (0,¢) occurs when ¢ = 2tan~! % and in o = T —
2tan " (ﬁ) and we do not have change of sign in p = m —2tan"' /5 and in 2tan~' /5.

Proof
In the case # = 0 our discriminant becomes A, = (2 —270f) from the cubic a® — g

2. = 0, which has double root for a = i31/z , we get:

i) for a® — & — nga‘ we get a local maximum equal to zero at —\/% and a local

minimum at \/5 and the value zero at \/-, that is to say, the graph non-positive in
(—o0, %) and positive in (%, 00)

.. 3 a 1 v . 1 . . 1
ii) for a” — 5 t iz we get a local maximum at \/; and a local minimum at \/;

equal to zero and the value zero at _726' , that is to say, the graph non-negative in

(—oo, \/g) and positive in (\/g, oo)

Hence we have change of sign in the case i) at T but we do not have it in —% In

the case ii) we have change of sign in —ﬁ. In the case ii) we have change of sign in

—% lent we don’t have it in %.

For the case i) we have

i-1) The point p

S
(w=]
S
\_/
o
B
ol
=
=
I
S
TN
S
S
5
[
S
SN——

il
i-2) The point p=(Z,0, - %,o) and £p) = 5 (%, -%. % &)
= (%

i-3) The point p

i-4) The point p=<—ﬁ,0,—\/§,0) and £(p) = 35 (—/2, /5. /5. /2
For the case ii) we have

ii-1) The point p=(—%,0,%,0) and £p) =5 (-%. & ~%, —%)

ii-2) The point p= (~Z,0,—2,0) and (=% (-%, -5 -% -%)

ii-3) The point p:<—}g,o,\/§,o) and {(p) = L ﬁ\/g\/g_\/g)

ii-4) The point p= (g0, —/2,0) and )= % (& —/3 /5. /i

Its clear that in cases i) and ii), the first and the third are not in the 2*-quadrant, also

the second of each case changes of sign and the fourth does not. O
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