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Resumo

Neste artigo provamos varios resultados sobre conjugacao topoldgica para dois sistemas
semidinamicos impulsivos. Também apresentamos os conceitos de atragdo e estabilidade
assintética, e mostramos varios resultados.
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Abstract

We prove several results concerning topologic conjugation of two impulsive semi-
dynamical systems. We also present the concepts of attraction and asymptotic
stability in this setting and prove some related results.

1 Introduction

Impulsive differential equations (IDE) are an important tool to describe the evolution of
systems where the continuous development of a process is interrupted by abrupt changes
of state. These equations are modelled by differential equations which describe the period
of continuous variation of state and conditions which describe the discontinuities of first
kind of the solution or of its derivatives at the moments of impulse.

The theory of IDE is an important area of investigation. In the present work we apply
this theory to semidynamical systems. We start by presenting a summary of the basis
of semidynamical systems with impulse effect. For detais, see [3], [4], [6], [7], [8] and [9].
Then we define the concept of topologic conjugation between two semidynamical systems
with impulse and give some results on the structure of the phase space. We also deal with
the concept of asymptotic stability for these systems.

*Supported by CNPq (132558/2003-3).
tSupported by FAPESP(03/10823-2).



2 Impulsive Semidynamical Systems

2.1 Basic definitions and terminology

Let X be a metric space and Ry be the set of non-negative real numbers. The triple
(X, m, Ry) is called a semidynamical system, if the function

m: XxRy — X
fulfills the conditions:
a) m(z,0) =z, for all z € X,
b) n(w(z,t),s) = n(z,t +s), for all z € X and £,5 € Ry,
c) m is continuous.

We denote such system by (X, 7, Ry) or simply (X, 7). Under the above conditions, when
R, is replaced by R, the triple (X, 7, R) is a dynamical system. For every z € X, we
consider the continuous function 7, : Ry —» X given by m,(t) = m(z,t) and called the
trajectory of z.
Let (X, 7) be a semidynamical system. Given z € X, the positive orbit of = is given
by
C*(z) = {n(z,t) : t € Ry}

Given z € X and r € R}, we define
Ct(z,r) = {n(z,t) : 0 <t <r}

For t > 0 and z € X, we define

F(z,t)={y:m(y,t) = T}
and, for A C [0, +00) and D C X, we define
F(D, A)=U{F(z, t):z € Dand t € A}.

Then a point z € X is called an initial point, if F(z,t) =0 for t > 0.

Now we define semidynamical systems with impulse action. An impulsive semidynami-
cal system (X, m; M, I) consists of a semidynamical system, (X, 7), a non-empty closed
subset M of X and a continuous function I : M — X such that for every z € M, there
exists e; > 0 such that

F(z, (0,e:)NM =10 and m(z, (0, &5)) N M = 0.

Notice that the points of M are isolated in every trajectory of the system (X, ). The
set M is called the impulsive set, the function I is called impulse function and we write
N = I(M). We also define

M*(z) = (7*(z) " M) \ {z}.



Lemma 2.1 Let (X, m; M, I) be an impulsive semidynamical system. Then for every
T € X, there is a positive number s, 0 < s; < +oo, such that n(z,t) ¢ M, whenever
0 <t< sy, and m(z, s1) € M if M"(z) # 0.

Proof. When M*(z) = (), we can consider s; = +0o and we have 7(z, t) ¢ M, for all
t > 0. Now we suppose that M*(z) # 0. Then there is ¢; € R, such that 7(z, ¢;) € M.
Since 7, : Ry — X is continuous and M is a non-empty closed set, then the compact

subset [0, 2,] N7, (M) of R} admits a smallest element, s; < 400, satisfying the lemma.
O

Let (X, m; M, I) be an impulsive semidynamical system and z € X. By means of
Lemma 2.1, it is possible to define a function ¢ : X — (0, +o00] in the following manner:
if M¥(z) = 0, then ¢(z) = +oo, and if M¥(z) # 0, then ¢(z) is the smallest, denoted by
s, such that =(z,t) ¢ M, for ¢ € (0, s), and 7(z, s) € M. This means that ¢(z) is the
least positive time for which the trajectory of z meets M. Then for each z € X, we call
m(z, ¢(z)) the impulsive point of z.

The impulsive trajectory of = in (X, m; M, I) is a function 7, defined on the subset
[0,s) of Ry (s may be +00) in X. The description of such trajectory follows inductively
as described in the following lines.

If M*(z) = @, then 7.(t) = =(z,t), for all ¢ € Ry, and ¢(z) = +oo. However if
M*(z) # 0, it follows from Lemma 2.1 that there is a smallest positive number sy such
that 7(z, so) = 1 € M and 7(z, t) ¢ M, for 0 < ¢ < so. Then we define 7, on [0, so] by

#o(t) = { m(z,t), 0<t< s

+ —
zy, t = 3o,

where zf = I(z;) and ¢(z) = so.

Since sp < 400, the process now continues from z7 on. If M*(z]) = 0, then we define
7:(t) = m(zf,t), 0 < t < +oo, and ¢(z]) = +co. When M*(z]) # 0, it follows again
from Lemma 2.1 that there is a smallest positive number s; such that m(z7, s;) =z, € M
and m(z], t — s0) € M, for so <t < 89+ s1. Then we define 7, on [so, so + s1] by

+

L <
7o(t) = m(z1t, t — s0), ;0:_ t < sp+ 51
Tqg, So + S1,

where 7 = I(z3) and ¢(z7) = s;.

Now we suppose that 7, is defined on the interval [¢,_1, ¢,] and that 7;(¢,) = z},
n—1

where t, = Zs,—. If M*(z}) = 0, then 7,(¢t) = w(z}f,t), 0 < t < 400, and ¢(z}) =
1=0 '
+oo. If M (z}) # 0, then there exists s, € Ry such that n(z}, s,) = z,41 € M and
m(zt, t —t,) ¢ M, for t, <t < t,41. Besides
+ 4
T li) = { s b =1 Ta S t<iyy

+ -
Trt1s t= tn+1a

where z}, | = I(zn41) and ¢(z]) = s,. Notice that 7, is defined on each interval [tn, tni1],
n

where t,1; = Z s;. Hence 7, is defined on [0, ¢p41].

=0



The process above ends after a finite number of steps, whenever M* (z;) = () for some
n. Or it continues indefinitely, if M™(z}) £ 0, n =1, 2, 3, ..., and if 7, is defined on the

interval [0, T'(z)), where T'(z) = Z 8§

=0
It worths noticing that given z € X, one of the three properties hold:

i) M*(z) = 0 and hence the trajectory of z has no discontinuities.

ii) For some n > 1, each zjf, k =1, 2,..., n, is defined and M*(z}) = 0. In this case,
the trajectory of z has a finite number of discontinuities.

iii) For all £ > 1, z} is defined and M*(z}) # 0. In this case, the trajectory of = has
infinite discontinuities.

Let (X, m;M, I) be an impulsive semidynamical system. Given & € X, the positive
impulsive orbit of z is defined by the set

CT () = {F(a, 1) : t e Ry},

and we denote its closure in X by R+(x)
Analogously to the non-impulsive case, we have the following properties.

Proposition 2.1 Let (X, m; M, I) be an impulsive semidynamical system. If z € X, then
i Tz, 0) =a,
i) T(7(x, t), s) =7(z, t+s), with t,s € [0, T(z)) such that t + s € [0, T(z)).

2.2 Semicontinuity and continuity of ¢

In [6], the continuity of ¢ is discussed and the author assumes that ¢ is lower semiconti-
nuous. But Ciesielski showed in [3] that this does not always hold.

The results of this section are borrowed from [3]. They are applied intrinsically in the
proofs of the main theorems in the next section.

Let (X, m) be a semidynamical system. Any closed set S C X containing z (z € X) is
called a section or a A—section through z, with A > 0, if there exists a closed set L. C X
such that

a) F(L, \) =S§;
b) F(L, [0, 2)]) is a neighborhood of z;
c) F(L, )) NF(L, v) =0, for 0 < p <v <2\

The set F(L, [0, 2)]) is called a tube or a A-tube and the set L is called a bar.
We include the complete proof of the next lemma.

Lemma 2.2 Let (X, w) be a semidynamical system. If S is a A—section through z,
z €X, and it < A, then S ts a pu—section through z.
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Proof. Consider the bar L, = F(Ly, A — p), where Ly is a bar of the A~tube. Notice

that L, is closed, since 7 is continuous. Hence
a) F(Ly, p) =5;
b) F(L,, [0, 2u]) is a neighborhood of =;
c¢) F(Ly, o) NF(L,, v) =0, for 0 <o <v < 2p.

Indeed. We will prove each of these items.
a) We have

z € F(L,, p) &= n(z,p) €L, =F(Lx, A —p) <=

= n(n(z, 1), A —p) € Ly <= n(z, X) € Ly <=z € F(L), A) =S.

b) Since F(Ly, [0, 21]) is a neighborhood of z, there is an open subset U, of X such that
z € Uy C F(Ly, [0, 2)]). Let T = F(Ly, [0, A = g] U [X + g, 2)]) . Notice that T is closed
since given a sequence yy in T, ¥, — y, there is a sequence ¢, € [0, A—pu]U[A+x, 2A] such
that 7 (yn, tn) € L. Since [0, A — p] U [A 4+ p, 2A] is compact, we can assume, without loss
of generality, that t, — 7, 7 € [0, A — u] U [A + 1, 2A]. Then the continuity of 7 implies
(Y, tn) = 7(y, 7). Because Ly is closed, we have 7 (y, 7) € L. Therefore y € T. On the
other hand, since S C T¢, where T is the complement of T in X, then there is an open
set Uy C X containing « and such that T N U, = 0. Thus z € U; N Uz C F(Ly, [0, 2u]).

¢) Suppose y € F(L,, o) N F(Ly, v), for 0 <o < v < 2u. Hence

w(y,0) €Ly =F(Ly, A—p) and  w(y,v) € Ly =F(L, A = p).

Therefore
m(y, o+ A —p) € Ly and m(y, v+ X —p) € Ly,

which is a contradiction, since 0 < o+ A —p <v+ A —p <2) and S is a A—section. [

Let (X, ) be a semidynamical system. We now present the conditions TC and STC
for a tube. Any tube F(L, [0, 2A]) given by the section S through z € X such that

S c MNF(L, [0, 2\)

is called TC-tube on z. We say that a point z € M fulfills the Tube Condition, we write
(TC), if there exists a TC-tube F(L, [0, 2)]) through z. In particular, if

S = M N F(L, [0, 2)])

we have a STC-tube on z and we say that a point z € M fulfills the Strong Tube Condition,
we write (STC), if there exists a STC-tube F(L, [0, 2A]) through z.

The following lemma is a consequence of these definitions.

Lemma 2.3 Let (X, m; M, I) be an impulsive semidynamical system. Suppose there is a
point z € X satisfying (TC) (respectively (STC)) with a A—section 5. Then given 1 < A,
the set S is an n—section with a TC—tube (respectively a STC—tube).




The next result establishes a condition on a point of M so that the function ¢ is upper
semicontinuous at it.

Theorem 2.1 Let (X, m; M, ) be an impulsive semidynamical system. Suppose each
point of the impulsive set M fulfills (TC). Then ¢ ts upper semicontinuous.

The following theorem states that if z ¢ M, then ¢ is lower semicontinuous at z.

Theorem 2.2 Let (X, m; M, I) be an impulsive semidynamical system. For each =z ¢ M,
the function ¢ is lower semicontinuous at .

The next result says that ¢ is not lower semicontinuous at &, whenever z € M and z
is not an initial point. '

Theorem 2.3 Let (X, m; M, I) be an impulsive semidynamical system. Suppose r € M
and z is not an initial point. Then ¢ is not lower semicontinuous at x.

The next result concerns the continuity of ¢.

Theorem 2.4 Consider the impulsive semidynamical system (X, m; M, I). Assume that
no initial point belongs to the impulsive set M and that each element of M satisfies (TC).
Then ¢ is continuous at z if and only if z ¢ M.

2.3 Additional definitions

Let us consider the metric space X with metric p. By B(z, §) we mean the open ball
with center at z € X and ratio 8. Let B(A, 6) = {z € X : pa(z) < &}, where ps(z) =

inf{p(z, y) : y € A}.
In what follows, (X, m; M, I) is an impulsive semidynamical system and z € X.
We define the limit set of « in (X, m; M, I) by

fl+(:c) ={ye X:7(z, t,) =y, for some ¢, - +oo}.

The prolongation limit set of z in (X, m; M, I) is given by

j+(:1:) ={y € X: 7(xn, tn) = y, for z, =z and t, = +oo};

and the prolongation set of z in (X, m; M, I) is defined by

]3+(z) ={y € X:7(Tn, tn) 2 y, for z, = z and t, € [0, +00)}.
We say that C C X is minimal in (X, m; M, I), whenever C = R+(w) for each z € C\M.
A point z € X is called stationary with respect to 7, if 7(z, t) = z for all t > 0, and it
is called periodic with respect to 7, if 7(z, t) = z for some ¢ > 0 and z is not stationary.
Let A C X. If #+(A) C A, we say that A is positively T—invariant. If for every e > 0
and every = € A, there is § > 0 such that

7(B(z, 6), [0, +00)) C B(4, ¢),
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then A is called m—stable. The set A is T—orbitally stable if for every neighborhood U
of A, there is a positively T—invariant neighborhood V of A, V C U. If forall z € A
and all y ¢ A, there exists a neighborhood V' of  and a neighborhood W of y such that
W Nnw(V, [0, +o0)) = 0, we say that A is T—stable according to Bhatia-Hajek. Finally,
the set A is [—invariant in (X, m; M, I), whenever I(z) € Afor allz € M N A, and A is
I—stable if for every € > 0, there is § > 0 such that

I(M N B(A, §)) C B(A, ¢).

3 The Main Results

3.1 Topologic conjugation

The qualitative study of an impulsive differential equation consists of the geometric des-
cription of its phase space. It is natural to ask when two phase spaces have the same
description. This depends on a equivalence relation between impulsive equations. An
equivalence relation that expresses the geometric structure of the orbits is a topologic
conjugation.

Let X and Y be metric spaces with metrics px and py respectively. Let (X, m; Mx, Ix)
and (Y, ¥; My, Iy) be impulsive semidynamical systems. We say that X and Y are
topologically conjugate, if there exists a homeomorphism A : X — Y which takes orbits of X

to orbits of Y and preserves orientation, that is, hx(6+(p)) = ai(h(p)), with h(7(p, t)) =
¥(h(p), t) for every t € Tx(p) = Ty (h(p)).

From Proposition 3.1 below, it follows that the homeomorphism A takes impulsive
points to impulsive points.

Proposition 3.1 Let (X, m; Mx, Ix) and (Y, ¥; My, Iy) be impulsive semidynamical sys-
tems. Let X and Y be topologic conjugate by the homeomorphism h. Then

¢x(p) = ¢v(h(p)),  forall peX.

Proof. Given p € X, we have

0= 0 254500
Then Lo o = | R ), <t < dx(p)
(7(p, £)) = k(pT), t = ¢x(p)-
Hence
o), 1) = (h(p), ), 0<t< dx(p)
LA =Y kef), 2= duxlp).

If px(m(p, t), pf) > 0, since h is a homeomorphism, it follows that




py($(h(p), £), h(p1)) > 0.
Therefore ¢y (h(p)) = #x(p) and we consider h(p{) = h(p)T. O

In what follows, we assume that (X, m; Mx, Ix) and (Y, ¥; My, Iy) are impulsive
semidynamical systems which are topologically conjugate by the homeomorphism .

Proposition 3.2 The following properties hold:

i) (L (p)) = L' (h(p)), for all p € X;

i) h(7"(p)) = 7" (h(p)), for all p € X;

iii) (D' (p)) = D' (h(p)), for allp € X.

+

Proof. We prove i). The proofs of ii) and iii) follow analogously.

Let z € h(i+(p)). Then there is y € i+(p) such that A(y) = z. Thus there exists a
sequence {t,} C Ry such that

m(p, ta) = y, as i, = +oo.
Since h is continuous, we have
h(7(p, tn)) = h(y), as t, — +oo.
But A(F(p, tn)) = %(h(p), tn), tn € Ry. Therefore
D(h(p), tn) = z, as b, = 400

and hence z € E+(h(p)).
Now we suppose = € E+(h(p)). Then there is a sequence {¢,} C R, such that

J(h(p), tn) = T, as t, = +o00.
Since h(7(p, ts)) = B(h(p), tn), tn € Ry, we have
h(7(p, tn)) — =, as t, = 4oo.
But h is a homeomorphism. Therefore there exists A™' continuous and
7(p, tn) = h™'(z), as t, = +oo.

Thus h~!(z) € i+(p) and hence z € h(i+(p)). The proof is then complete. O

Propositions 3.3 and 3.4 below show that the invariance is preserved by the homeo-
morphism h.




Proposition 3.3 If A C X is T—invariant, then h(A) is i—invariant.

Proof. For each z € A, we have 7(z, 1) C A, for all # € Ry. Consider p € h(A). Then
there exists y € A such that h(y) = p. Thus 77(th) C A, for all t € R} and hence,
h(%(y, t)) C h(A), for all t € Ry. But A(7(y, t)) = ¥ (h(y), t). Therefore

P(h(y), t) C h(A)
and the result follows. O

Proposition 3.4 Let A C X be such that A N Mx is Ix—invariant. Then h(A) N My is
Iy —1invariant.

Proof. Let y € h(A) N My. Thus there exists 2 € A N Mx such that h(z) = y. By the
hypothesis, I(z) € A N Mx. But I(z) = z¥ =7(z}, 0). Hence

I(y) = J(h(z)) = P(h(zT), 0) = h(7(zT, 0)) = h(I(z)) € A(A) N My
and the result follows. O

The next proposition says that the stability is also preserved by the homeomorphism
h.

Proposition 3.5 Let A C X. We have
i) If A is 7—stable, then h(A) is —stable.
i) If A is orbitally T—stable, then h(A) s orbitally —stable.

iii) If A is T—stable according to Bhatia-Hajek, then h(A) is —stable according to
Bhatia-Hajek.

Proof.

i) Suppose there exists € > 0 such that for every 6 > 0, z,Z(B(h(m), §)) is not contained
in B(h(A), €). Then there exists h(Z) € B(h(z), §) such that B(h(T), T) ¢ B(h(A), €),
for some T > 0, that is, h(7(Z, T)) ¢ B(h(A), €). Hence 7(z, T) ¢ h=1(B(h(A), €)).
Besides, h=!(B(h(A), €)) is a neighborhood of A. Therefore there exists n > 0 such that
A C B(A, n) C "} (B(h(A), €)). By the T—stability of A, there exists 8 > 0 such that
#(B(z, B)) C B(A, n), which is a contradiction, since 7(Z, T) ¢ h~*(B(h(A), €)). Hence
the result follows.

ii) For every neighborhood U of A, there is a T—invariant neighborhood V' of A such
that V C U. Then h(A) C h(V)) C h(U). Since h is a homeomorphism, h(U) and h(V)
are neighborhoods of h(A). Therefore, by Proposition 3.3, h(V) is z’;——invariant.

iii) For every z € A and every y ¢ A, there are neighborhoods V of z and W of y such
that W N#(V, [0, +00)) = 0. Since h is injective, we have h(W) N A(7(V, [0, +00))) = 0,
that is, h(W) N $(h(V), [0, +00)) = B, where h(z) € h(A), h(y) ¢ h(A), and h(V) and
h(W) are neighborhoods of h(z) and h(y) respectively. O



Proposition 3.6 If b;(p) is minimal, then bt(h(p)) is also minimal.

Proof. We need to prove that éi(h(p)) = I’Z;(y), for every y € éi(h(p)) \ My. Suppose
w € C:,l;(h(p)). Then w = ¥ (h(p), T), for some T > 0. Hence w = h(7(p, T')). Since

6;(17) is minimal, we have h™!(w) € R;(z), for all z € ai(p) \ Mx. Thus there exists a
sequence {t,} C Ry such that

7(z, tn) = T(p, T), forall z € 6;(])) \ Mx.

Because h is continuous, we have

h(F(z, 1)) = h(7(p, T)), forall z € Cx(p)\ Mx,
that is, B B B
B(h(2), tn) = B(h(p), T), forall h(z) € Cy(h(p)) \ My.

Therefore w € KY (y), for every y € CY(h(p)) \ My.
Now we suppose y E KY( ), for every z € Cy(h( ))\MY Since h is a homeornorphism

we have Ky(2) = h(Kx(h '()))- Thus h7(y) € Kx(h'(2)). But Rx(h7(2)) = Cx(p)-
Therefore y € h(CX( ), that is, y € Cy(h(p)) and the proof is complete. O

3.2 Asymptotic stability of compact sets

In [11], the asymptotic stability is studied for non-impulsive semidynamical systems. Here
we introduce this concept for the impulsive case and verify whether some properties still
hold.

In what follows, (X, 7; M, I) is an impulsive semidynamical system.

Let H C X. We define the sets

?;,(H) = {z € X: for every neighborhood U of H, there is a sequence

{tn} C Ry, t, — +oo such that 7(z, t,) € U}

§+(H) = {z € X : for every neighborhood U of H, thereis 7 € Ry
such that 7(z, [, +o0)) C U}

The set PW(H) is called region of weak attraction of H accordmg to 7 and the set

13+(H) is called regzon of attraction of H accordmg tow. Ifz € PW(H) orz €P (H)
then we say that z is T—weakly attracted or m— altracted to H respectively.

Lemma 3.1 For any set H C X, we have
o ot ~+
i) P"(H) C Py(H);
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i) ﬁ+(H) and F;V(H) are T—invariant.

Proof.
i) Follows immediately.

i) We will show that P (H) is #—invariant. The F—invariance of Py, (H) follows
analogously.

Consider y € §+(H) Let U be an arbitrary neighborhood of H. Thus there exists
r € Ry such that 7(y, [, +00)) C U.
Now, consider z = 7(y, A), A € Ry. Then for every ¢t € [, +00), we have
7z, 1) = 7(F(y, ), 1) = 7y, t+3) € U,

Hence 6+(y) C §+(H) O

Lemma 3.2 Given H C X and z € X, the following are equivalent:

i) z € Pyy(H).
ii) There is a sequence {t,} C Ry, with t, — 400, such that either 7(z, t,) € H or
HNI (z) #0.
Proof. -
i) = ii). Let ¢ € Py(H). Suppose there is no sequence {t,} in Ry, t, = 400, with

~+

#(z, tn) € H. Thus there exists 7 € Ry, with C (7(z, 7)) C X\ H. If HN i+(%) =0,
then

% (7(z, 7)) = O (7(z, 7)) UL (7w, 7)) = T 7z, ) UL (2) C X\ K,
for all z € X, R+(x) = 6+(z) u i+(m) (see [9], Lemma 2.10). Since RJF(?F(:E, 7)) is
closed, X \ K+(%'(:E, 7)) is a neighborhood of H. As a consequence, we do not have
m(z, T) € ﬂ:v (H) which implies z ¢ ﬁ;,(H) and we have a contradiction.
ii) = i). Suppose z ¢ f’;,FV(H) Thus there are an open neighborhood U of H and
7 € Ry such that 7(z, [r, +00)) C X\U. Since X\U is closed, then Iz+(’7?(:1:, 7)) C X\U.

Thus HN I~J+(m) — () and, for every t, — +o0, we have 7(z, t,) ¢ H which contradicts
the hypothesis. 0

A set H C X is called a weak T—attractor, if ﬁ:V(H) is a neighborhood of H, and it is
called a T—attractor, if §+(H) is a neighborhood of H.
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Proposition 3.7 If H C X is a T—attractor, then FL(H) = ]NJJ;V(H)

Proof. From Lemma 3.1, it is enough to prove that PW(H) ~+(H) Let z E ?;,(H)
Slnce P’ (H) is a neighborhood of H, there exists T € Ry such that 7(z, 7) € P’ (H). But
P (H) is 7—invariant. Hence z € P (H). O

A set H C X is called 7—asymptotically stable, if it is both a weak T—attractor and
m—orbitally stable.

Theorem 3.1 If H C X is @—asymptotically stable, then H is a 7—attractor.

Proof. From Lemma 3.1, it is enough to prove that ﬁ&(H) C §+(H) Letz € ﬁ:v(H) and
U be an arbitrary nelghborhood of H. By the m—stability of H we can find a positively

F—invariant neighborhood V of H such that V C U and V' C PW(H). Let 7 € Ry be such
that 7(z, 7) € V. Since V is positively T—invariant, we have 7(z, [1, +o0)) C V C U.

Thus z € 1~3+(H) and therefore §+(H) = ﬁ:,-v(H) is a neighborhood of H. O

The next corollary follows from Lemma 3.1 and Theorem 3.1.

Corollary 3.1 A set H C X is T-asymptotically stable if and only if it is both m—orbitally
stable and a T™—attractor.

Theorem 3.2 Suppose X is locally connected. Let H be a non- empty compact subset of

X and suppose every component of H is invariant by I, and that P (H) is open. Then
H is *—asymptotically stable if and only if H has a finite number of components each of
them T— asymptotically stable.

The proof of Theorem 3.2, follows from the lemmas below in the same manner as the
non-impulsive case. See, for instance, [11], page 61.

Lemma 3.3 Suppose X is locally connected, H C X is a T—altractor and P (H) s
open. If A; is an I—znvarzant component of P (H), then Hy := A; N H 1s a non-empty
T—attractor, with Ay = P (Hy).

Proof. Slnce X is locally connected, each component of P’ (H) is open and the sets A;

and A; = pt (H) \ A, are open and separated, that is, Ay N Ay = A1 N Ay = 0. Let
H, = Ay N H. Notice that H = H; U H,. We will show that H; #0.
If H, is non-empty, then A, is an open neighborhood of H. Let z € A;. We can

suppose, without loss of generality, that ¢(z) < -4oo. Since [0, ¢(z)) is connected, it
follows that 7(z, [0, ¢(z)) = =(z, [0, qS(:c))) C A, and z; = 7(z, ¢(z)) € A1 Because

A; is open and I—invariant, we have zj = I(z;) € A;. In this manner, K (z) C A
Therefore K ' (z) N Az = 0 which is a contradiction, since A, is a neighborhood of H and
zeP’ (H). Thus H; # 0. By the same argument Hp # 0.

12




. bt 5 B2 : . . .
Since P (H) is #—invariant, the same applies to A; and A;. Besides, each point of
A, is attracted by H;. However, if any point z € A; is attracted by Hj, then there exists
7 € R, such that 7(7(z, 7), R+) C Aj. But this contradicts the fact that A; is positively
#—invariant. Therefore A; C P (Hy).
Since A; is open, m—invariant and encompasses H; and also

§+(H1) C §+(H) = A1 U Ag,
it follows that A; D ﬁ+(H1).

<+ e
As a consequence, A; = P (H;) and H, is a m—attractor. O

Lemma 3.4 Let H; and H; be separated by neighborhoods. If HiUH; is T—asymptotically
stable, so are Hy and Hy. However P+(H1) and P+(H2) are disjoint.

Proof. It is enough to apply the proof of [11], Lemma 6.12 to the impulsive case with a
few changes. O

We say that the orbit 6+(m), z € X, uniformly approzimates its limit set E+(w), whe-

never for every € > 0, there exists 7' = T'(¢) > 0 such that E+(m) C B(7(z, [t, t+T)), €)
for all ¢ € Ry. This implies that the limit set of an orbit in an impulsive semidynamical
system is an attractor.

The next theorem says that if the orbit of a point in X has compact closure and
minimal limit set, then it is possible to uniformly approximate this orbit and its limit set.
The converse is also true. For the non-impulsive case, see [1].

Theorem 3.3 Let (X, m; M, I) be an impulsive semzdynamzcal system. Suppose K (p)
is compact, p € X\M and il (p)NM = 0. Then ¥ (p) is minimal if and only if [0l (p)

+
uniformly approzimates, its limit set L (p).

Proof. Suppose ol (p) does not uniformly approximate its limit set iR (p). Then there are
e > 0, a sequence of intervals {(t., 7,)} and a sequence {yn} in T: ( ) such that ¢, — +o0,
(Tn — ta) = 00 and y, — y. Notice that y € L (p) and y, ¢ B(7(p, [ta, Tal), €)-

We can assume, without loss of generality, that p(yn, y) < %, for every n. Thus, for

arbitrary n, we have

52 ~ e 2
(Y, T(ps [tns Ta])) 2 P(Yn; TP, [tn, Tal)) = p(yn, y) > €= 3= 73
Now we consider the sequence of points {w,}, where w, = 7(p, t), with t, =

(tn + 7a)/2. It is clear that ¢, — +o0o. We can assume, without loss of generality, that
T(p, t,) =z € g (p), since K+(p) is compact.

Because L (p) is minimal and z ¢ M, we have




Besides, {y.} C E+(p) = R+(z). Therefore, given n, there exists a sequence {A\}} C Ry
such that A} — +oco as k — +o0, and

(2, A}) = Yn, as k— +oo,

Hence p(7(z, A}), yn) < €, for sufficiently large k. And since yn — y, there exists N such
that .
p(7(z, AF), y) < 3 for k> N.

~ €
Let M > N be such that p(7(z, M), y) < 3 and of ¢(z) < A\ < ¢(z},) for some i.
Then the continuity of I and 7 implies there exists o > 0 such that if p(z, w) < o, then

p(7 (2, M), F(w, M) < ;f;
—— R oo t__._
Taking N sufficiently large such that p(z, wy) < o and M < 1—2—]\{, we have
s - €
p(7(z, )‘%)7 ™ (wr, )‘%)) < 3
and then
- M < M ~ A e € 2t
p(y, Fww, M) < py, Tz, X)) + p(F(2, M), Tlwms Anr) < 34 3= 3
But , ,
’ﬁ(w—ﬁ’ ’\%) - %(%(P, tT\f)a )‘%) = %(pv t—]\7+ ’\%)7
Tk t~+ T tv+7m™v T —lw
tr< NN i+ M < N2 Ny N2 N = o,

2

Thus 7(wr, AM) € T(p, [tn, Ta]), which is a contradiction, since

p(y, T(p, [tn, ™)) > 276

= s . . s % =+
Therefore G (p) uniformly approximate, its limit set L (p).

Conversely, suppose L (p) is not minimal. Then

*(p) #K'(y), for some y €L (p) \ M.

Then there exists z € L (p) such that z ¢ K (y).
Let € = p(z, R+(y)) > 0. By the uniform approximation, there exists 7' > 0 such that

L (p) C B@(p, [t, t+11), ¢/2), for £20. 1)
Besides, there is § > 0 such that if p(y, w) < 4, then

p(7(y, t), T(w, t)) < 5, for t< T, and ¢(yf)<t< #(yh1), (2)

2| ™
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for some 1 € {0,1,2,3,...}.
Since y € L+(p), there is a sequence {t,} C Ry such that 7(p, t,) = y. Therefore
there is N > 0 sufficiently large such that

p(7(p, tn), y) < 6. (3)

Since (1) holds we have, in particular, that i+(p) c B(#(7(p, tn), [0, T1), €/2). And
because z € i+(p), it follows that

p(z, ) < %, for z =7(7(p, tn), 7), T € [0, T].
Taking 7 € [0, T'] such that

T4 (yF), forall i€{0,1,2,3,..}, (4)

it follows from (3) and (4), in view of (2), that

~ ~ €
p('n’(ﬂ'(p, tN)’ T)a W(y’ T)) < 5
Hence c .
P(Z, ,ﬁ(ya T)) < P(Z, ZE) + P(:L', :ﬁ(y, T)) = 5 + 5 =g,
which contradicts the fact that p(z, K" (y)) = €. Therefore i (p) is minimal and the
proof is complete. O
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