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Abstract

We establish the existence of mild solutions for a class of abstract second-order
partial neutral functional integro-differential equations with finite delay in a Banach
space using the theory of cosine families of bounded linear operators and Schaefer’s
fixed point theorem.

1 Introduction

The purpose of this paper is to establish the existence of mild solutions for a class of
abstract second-order partial neutral functional integro-differential equations with finite
delay of the abstract form

t

4 [Z'(t) — g(t,2:)] = Az(t)+ /F(t,s,zs,x’(s),/osf(s,v', z., &' (7))dr)ds,

dt /
tel=|0,a], (1)

z(0) = peB, (2)

Z(0) = ze€X, (3)

in a Banach space X. Here, A is the infinitesimal generator of a strongly continuous cosine
family of bounded linear operators (C(t)):er on X; the history z; : [-r,0] — X, z:(0) =
z(t + 0), belongs to some abstract phase space B defined axiomatically, and F, f, and g
are appropriate functions.

The initial-value problem (1)-(3) was addressed in [1], but the proof of the existence
result contains a significant limitation. Precisely, the authors impose the condition that
the cosine function (C(t)):cr is such that C(t) is compact for ¢ > 0. In such case, it follows
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from Travis and Webb [2, p.557] that the underlying space must be finite dimensional,
thereby severely weakening the applicability of the existence result Theorem 3.1 to the
case of ordinary differential equations. As such, the example provided in [1] cannot be
recovered as a special case. Motivated by this remark, in this paper we establish the
existence of a mild solution to (1)-(3) without assuming the compactness of the operators
C(t).

Neutral differential equations arise in many areas of applied mathematics and for this
reason, this type of equation has received much attention in recent years. The literature
regarding first and second-order ordinary neutral functional differential equations is very
extensive. We refer the reader to Hale & Lunel (3], Lakshmikantham, Wen & Zhang [4],
Kolmanovskii & Myshkis [5], and the references therein. Furthermore, first-order partial
neutral functional differential equations are studied in different works, see for example
Adimy [6, 7, 8, 9], Datko [10], Hale [11], Wu [12, 13], Hernéndez & Henriquez [14, 15] and
Hernandez [16].

More recently, some abstract second-order neutral functional differential similar to
(1)-(3) have been considered in the literature, see [1, 17, 18]. However, the results in
these papers possess the same technical limitation observed in [1].

The current manuscript has four sections. In Section 2 we mention notation and a few
results regarding cosine function theory and phase spaces needed to establish our results.
We discuss the existence of mild solutions for the neutral system (1)-(3) in Section 3.
Finally, Section 4 is reserved for the discussion of some examples.

2 Preliminaries

In this section, we review some fundamental facts needed to establish our results. Re-
garding the theory of cosine functions of operators we refer the reader to [2, 19, 20]. Next,
we only mention a few concepts and properties related to second-order abstract Cauchy
problems. Throughout this paper, A is the infinitesimal generator of a strongly contin-
uous cosine function, (C(t))cr, of bounded linear operators on a Banach space X. We
denote by (S(t))ser the sine function associated to (C(t)):er which is defined by

t
5tz = / C(s)zds, z € X, t eR.
0

Moreover, we denote by N and N a pair of positive constants such that ||C(¢)|| < N and
IS(®)|| < N, for every t € I.

In this paper, [D(A)] represents the domain of operator A endowed with the graph
norm || z ||4=|| = || + || Az ||, € D(A). The notation E stands for the space formed by
the vectors z € X for which C(-)z is of class C! on R. We know from Kisinisky [21] that

E, endowed with the norm

lzllz = llzll + sup [[AS(®)z]l, = € E, (4)
0<t<1
. C(t S(t) | .
is a Banach space. The operator-valued function H(t) = [ Ag’gt) CE tg ] is a strongly

continuous group of bounded linear operators on the space E x X generated by the
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bounded linear operator and that AS(t)z — 0 ast — 0, for each z € E. Furthermore, if
t

operator A = defined on D(A) x E. It follows that AS(t) : E — X is a

z : [0,00) — X is locally integrable, then y(t) = / S(t — s)z(s)ds defines an E-valued

0
continuous function, which is a consequence of the fact that

t 'S(t - s)a(s)d
[e-0] 8]~ f e

defines an F x X-valued continuous function.
The existence of solutions of the second-order abstract Cauchy problem

2'(t) = Az(t) +h(), t €1,
z(0) = o,
B0 = %,

where h : I — X is an integrable function, has been discussed in [2]. Similarly, the exis-
tence of solutions of semilinear second-order abstract Cauchy problems has been treated
in [20]. We only mention here that the function z(-) given by

z(t) = C(t)o + St)st + / S(t — s)h(s)ds, t € I, (5)
0

is called a mild solution of (5)-(5), and that when ¢; € E, z(+) is continuously differentiable
and

z'(t) = AS(t)s + C(t)s1 +/C’(t —8)h(s)ds, t € I. (6)

For additional material related to the properties and application of cosine function theory,
we refer the reader to [2, 19, 20].

In this work, we employ an axiomatic definition of the phase space B similar to the
one used in [22]. Specifically, here B stands for a linear space of functions mapping [—, 0]
into X endowed with a seminorm ||-||; satisfying the following axioms:

(A) If z: [-r,0 +b) — X, b> 0, is continuous on [0,0 +b) and z, € B, then for every
t € [0,0 +b), the following conditions hold:

(i) z;isin B,
(i) | =) 1< H [l |5
(iii) || @ ls< K(t — o) sup{|| z(s) l: 0 < s <t} + M(t - o) || o ||,
where H > 0 is a constant; K, M : [0,00) — [1,00), K(-) is continuous, M(-) is
locally bounded and H, K, M are independent of z(-).
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(A-1) For the function z(-) in (A), & is a B-valued continuous function on [0, o + b).

(B) The space B is complete.

The terminologies and notations used in this paper coincide with those generally used
in functional analysis. In particular, if (Z,|-||;) and (Y,|-|ly) are Banach spaces, we
indicate by £(Z;Y) the Banach space of bounded linear operators from Z into Y endowed
with the uniform operator topology; we abbreviate this notation to £(Z) whenever Z =Y.
Next, C (I; Z) is the space of continuous functions from I into Z endowed with the norm
of uniform convergence and B,(z : Z) denotes the closed ball with center at z of radius 7
in Z. Additionally, for a bounded function £ : I — Z and 0 <t < a, we will employ the
notation £z to mean

€z =sup {[I§(s)llz : s € [0,2]}, (7)

and we will write more simply & when no confusion about the space Z arises.
To conclude this section, we recall the following well-known result (due to Schaeffer)
for convenience.

Theorem 1 [23, Theorem 6.5.4] Let D be a closed conver subset of a Banach space Z
and assume that 0 € D. Let G : D — D be a completely continuous map. Then, either the
map G has a fized point in D or the set {z € D : z = AG(2), 0 < X < 1} is unbounded.

3 Main Result

We begin with the following lemma which plays a crucial role in establishing the com-
pactness of the solution operator.

Lemma 1 Let (Z;,]| - |li), ¢ = 1,2,3, be Banach spaces, L : J X Zy — Zy, J = [0,0],
be a function, {R(t) : t € J} C L(Z2,Z3), and assume that the following conditions are
satisfied:

(a) The function L(-) satisfies the following conditions:

(i) For every r > 0, the set L(J x B.(0, Z1)) is relatively compact in Zs.

(ii) The function L(t,-) : Z1 — Z is continuous a.e. t € J, and for each z € Z4,
the function L(-,2) : J — Zy is strongly measurable.

(iii) There ezist an integrable function my, : J — [0,00) and a continuous function
Wy : [0,00) — (0,00) such that || L(t,2) [2< mp(E)Wr(|| z |l1), for every
(t, Z) € Jx Z1.

(b) The operator family (R(t))iwes is strongly continuous ( this means that t — R(t)z is
continuous on J, for every z € Zy ).

LetT': C(J; Z,) — C(J; Z3) be the map defined by
t
Ta(t) = / R(t — s)L(s, u(s)).
0

Then, T'(+) is completely continuous.



Proof. It is clear that I'(-) is well defined, continuous and from the compactness of
L(J x B.(0,2;)), r > 0, and condition (b), it follows that the set { R(s)L(6, 2) : 5,0 €
J,z € B,(0, Z;) } is relatively compact in Zs. For any u € B,.(0; C(J; Z1)), it follows from
the Mean Value Theorem for the Bochner integral, see [24, Lemma 2.1.3], that

Z3

Tu(t) € tco({ R(s)L(0,2): s € J,0 € J, z € B.(0,21)})

where co(-) denote the convex hull, which shows that {T'u(t) : u € B,(0;C(J;Z;))} is
relatively compact in Z3, for every t € J.

Now, we prove that I'(B,(0; C(J; Z1)) = {Tu: u € B.(0;C(J; Z1))} is equicontinuous
on J. Let ¢ >0 and r > 0. From the strong continuity of (R(t)):cs and the compactness
of L(J x B,(0;Z)), we can choose d > 0 such that

| R(t)L(s,z) — R(t')L(s, 2) ||3< €, t't,s € J, z € B,(0,2),

when | t — ' |< §. Under these conditions, for v € B,(0,C(J;Z;)), t € J and | h |< 0
such that ¢t + h € J, we see that

| Tu(t + ) = Tu(®) s < / | (Rt +h — s) — R(t — ))L(s, u(s)) ||s ds
t+h
aup || RO lleczazs / | L(s,u(s)) [l2 ds
feJ i
t+h
< b sup | R6) llcaman Wilr) [ mu(e)ds,
€ A

which shows the equicontinuity at ¢ € J.
The assertion is now a consequence of the Azcoli-Arzela Theorem. This completes the

proof. m

Remark 1 Ifu(:) is a solution of (1)-(3) and t — g(t,u:) is smooth enough, then from
(5) we obtain

u’(t) = C(t)p(0) + S(t)z + /S(t - s)—aa—sg(s, ug)ds

/S(t—s/ (8T, @, @ (T /fT9$9, z'(6))d0)drds, t € I,

which implies that
t

w(t) = CH)p(0)+St) [z - 9(0,0)] + / Ot — 5)g(s, us)ds

0
>

+O/S(t—s)o/F(s,r,mr,m’('r),o/f(T,H,xg,x’(Q)dQ)des, tel. (8)



This expression motivates the following definition.

Definition 1 A function u : [-r,a] — X is a mild solution of (1)-(3) if wo = @, ul; €
C(I; X) and (8) is satisfied.

Remark 2 In what follows, it is convenient to introduce the function y : [—r,a] — X
defined by yo = ¢ and y(t) = C(t)p(0) + S(t) [z — g(0,9)], for t € I. Also, we let
IGSp IAS(O)| 2,6 -

We study system (1)-(3) under the following assumptions:

(H1) A is the infinitesimal generator of a strongly continuous cosine family(C(t)):er of
bounded linear operators on X.

(H2) The function g(-) is E-valued, g : I x B — X is continuous, and the following
conditions hold:

(1) The function g : I x B — E is completely continuous;

(2) There exist positive constants ¢, cs, an integrable function m, : [0,00) —
[0,00), and a continuous nondecreasing function W, : [0,00) — (0, 00) such
that

lg(t, )z < ma(O)We ([¢ll5) (t,9) € I x B,
“g(ta w)” S C1 kus + Co, (taw) €l X By

(3) Let F = {z: [-r,a] » X : o =0 and z|; € C(I; X)} endowed with the norm
of uniform convergence. Then, for every r > 0, the set of functions

{t — g(t,zt +y) : x € B.(0,F)}
is equicontinuous on I.

(H3) The function f: I x I x B x X — X satisfies the following conditions:

(1) f(t,s,-,-): Bx X — X is continuous a.e. (¢,s) € I X I;
(2) f(,-,¥,z): I x I — X is strongly measurable, for every (¢,z) € B x X;

(3) There exist a continuous function my : [0,00) x [0,00) — [0,00) and a contin-
uous nondecreasing function Wy : [0,00) — (0, 00) such that

1f s, %, @)l < my(t, )Wy (1915 + llll)
for all (t,s,%,2) € I xI xBx X.
(H4) The function F : I x I x B x X x X — X satisfies the following conditions:

(1) F(t,s,-+): BxX xX — X is continuous a.e. (t,s) €[ x I;

(2) F(-,-,%,z,y) : I x I — X is strongly measurable, for every (¢,z,y) € B x
X x X, '



(3) There exist an integrable function mp : [0, 00) X [0, 00) — [0, 00) and a contin-
uous nondecreasing function Wg : [0,00) — (0, 00) such that

IE(E, s,%, z,9)| <mp(t, )W (1915 + Izl + Iyl ,
for every (t,s,%,z,y) € I x I x Bx X x X;

(4) F(I xIx B.(0,B) x B.(0,X) x B.(0,X)) is relatively compact in X, for all
r > 0.

Remark 3 In comparison to the hypotheses used in [1], note that condition (H1) is as-
sumed in both papers; the compactness of the cosine family is no longer imposed in the
current manuscript; and the groups of hypotheses (Hs)-(H,), (Hs)-(Hz), and (Hg)-(Hi1)
from [1] are replaced in the current work by (H2), (H3), and (H4), respectively.

We now state and prove our main result.

Theorem 2 Assume that (H1)-(H4) are satisfied and ¢(0) € E. If u=1—¢; >0
and

r . o ds
/ M(s)ds < /u_L W,(s) + Wi(s) + Wr(s)’
0 »

(9)

where

N+ N VK, +N |
M*(s) = max {%ﬂ-mg(s), ]—v———ut——/mp(sm)d'r, mf(S,s)} (10)
0

and ¢z = ||Ysllgo + 1¥'ll, ( cf (7) for notation ), then there exists a mild solution of
(1)-(3) on I.

Proof Let Y = C(I;X), F be defined as in (H2)(3) and the space Z = F x Y endowed
with the norm || (u,v) ||=|| w ||a + || v ||a- On the space Z we define the mapI': Z — Z

by I'(u,v) = (T1(u,v),a(u,v)) where

Ti(u,v)(t) = /C(t—s)g(s,ﬂs)ds

t s T (11)
+/S(t—s)/F(s,T,ET,T)(T),/f(T,G,ﬂg,ﬁ(ﬁ))d@)des, tel,
Co(u,v)(t) =g(t, @)+ / AS(t —8)g(s, us)ds
° (12)

S

+ O/ Clt —s) O/ F(s, 7,1, 5(r), 0/ £(r.0, 70, 5(0))d6)drds, t €I,

where @, = u; + ys and 9(s) = v(s) + y'(s). The well-definedness and continuity of
I'; and I’y follow directly from the properties of the cosine family and the associated
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mappings ¢(-), f(-) and F(-). In preparation for applying Theorem 1, we first obtain a
priori estimates of the solutions to the integral equation z = AI'z, A € (0,1). To this end,
let (u*(-),v*(")) be a solution of z = AT'z. Using (H2)-(H4), together with the axioms
of the phase space B, we obtain, for all ¢ € I,

Hu’\(t)“ < N/mg(s)Wg(a,\(s))ds
0

T

N / / 57 W (a,\(r)+ / m (7, )W, (a,\(é?))dﬁ) drds,  (13)

0

where
ax(s) = Kallv s+ lysllsa+ 10 s+ 119 lla- (14)

Similarly, we obtain that (with the additional help of (H2)(2)), for all ¢t € I,

H'v’\(t)“ < cla,\(t)+02+N1/mg(s)Wg(a,\(s))ds

+N / / A / my (1, 0)W; (ax(9)) d8)drds. (15)

Using (13)-(15), along with the fact that p =1 — ¢; > 0, yields after some simplification
and a rearrangement of terms

t

[ mats)Waten(s)ds

0

CQ+03+KQN+N1

=l H H

T

+NKZ+NO/O/mF(S’T)WF(aA(T)+0/mf(T,g)Wf(aA(e))de)des. (16)

t
Now, add the term [ my(t, s)W (ax(s)) ds to both sides of (16) and let
0

Bu(t) = an(t) + / trie 8 W css)) 25 (17)

Using (17) in (16) yields



< CQ+63+NKa+N1

fi) <22 L2 i), (6r(s) ds
+E—KLLNO/O/mF(s,T)Wp (Ba(7)) drds (18)

- / my(t, &)W (Ba(s)) ds, ¢ € I.

Denote the right-hand side of (18) by v (¢). Computing 7} (t) and observing that 8y (t) <
Y (t), for t € I, we arrive at

KO € SR OW(n(0) + . [ me(t, )W (o)) ds

+mf(tvt)Wf (m(2))
< M) Wy () + Wr (n(8) + Wy (n(®)], tel, (19)

where M*(t) is defined in (10). Integrating (19) over (0,¢) then yields (using (9))

a(t) ds %) J
S
M*(s)ds < d
W,(5) + W (s) + Wr(s / s / W,(s) + W;(s) + Wr(s)
72(0) (epteg)

m

where 7,(0) = 2t Consequently, both ”u’\“ , and ||'u’\|| , are bounded independent of A

and ¢, so that ||u’\(t)“ and Hv’\(t)“ are as well. Hence, {2* = (u*,v) : 2* = \['2}, )\ €
(0,1)} is a bounded subset of Z, as desired.

It remains to show that I';(-) and I'y(-) are completely continuous operators. To this
end, we introduce the decompositions I'y = I'} + I'? and T’y = I'} + I'Z, where

Il (w,0)(t) = / C(t — 5)g(s, @s)ds,

Ti(wv)(t) = g(ta)+ / AS(t - 5)g(s, 8.)ds.

0

Since the operator family (AS(t)):>0 is strongly continuity in £, from Lemma 1, the
properties of g(-) and the Azcoli-Arzela theorem, we can conclude that the maps I'},
i = 1,2, are completely continuous. To prove that the maps I'?, i = 1,2, are completely
continuous, we need to show that the map L : I x Z — X defined by

8

L(s,u,v) = / S, Ty, U /f T,0,1g,9(0))do)dr,

0



is completely continuous. It is easy to see from the assumptions that the map L(-) is
continuous. Next, we prove that the set {L(s,u,v) : s € I, (u,v) € B,(0,Z)} is relatively
compact in X, for every r > 0. Let (u,v) € B-(0,Z). From the phase space axioms and
the assumptions on f and F', we infer that

lus+ys | < Ko+ || s l|Bai= 11, sel,
”'U'f'y/ ”a < P ” yl ”a:=7"2) s€l,

and hence
| /f 7,0,1,0(0))d6 || < / my(1, )Wy (ry +r2)df <|| my oo Wy(ri +12) := 13,
0
for every 7 € I. From these estimates, it follows that

U = {F(s,7,1,,7 /f’rOue, (0))dé) : (s,7,u,v) € I* x B.(0,2)}

L {F(S,T,w,l‘,y) 18, T € I, “ 1/1 “BS Tl:“ z ”S T27” Y IIST3}7

which enables us to conclude that the set U is relatively compact in X since F(-) is

completely continuous. Now, from the Mean Value Theorem for the Bochner integral, (see
—_—

[24, Lemma 2.1.3]), we infer that L(s, u,v) € sco(U) , for every (s,u,v) € I x B,(0,2),

and hence

{L(s,u,v) : (s,u,v) € I x B.(0,2)} C Utm

tel

This proves that the set L(I x B, (0, Z)) is relatively compact in X and so, L is completely

continuous.

An appropriate application of Lemma 1 enables us to infer that I'? and I' are com-
pletely continuous which, in turn, shows that I'y and I's are also completely continuous.

Finally, we can apply Theorem 1 to conclude that I'(-) has a fixed point (u,v) € Z.
Clearly, u(-) is differentiable on I, v/(-) = v(-) and the function u(-)+y(-) is a mild solution
of (1)-(3), as desired. This completes the proof. m

By using the Banach contraction mapping principle, we can also establish the existence
of mild solutions for system (1)-(3).

Theorem 3 Assume that F(-), f(-) and g(-) are continuous functions and that there exist
constants Lp, Ly and L, such that

I 9(t,¥1) — g(t, ¥2) |
” f(t1 S, wly ) (t § 1/)271—3)
“ F(tvsawhx:y) - F<t S u%x y)

e < Lyl ¥1— 42 ls,

< Lo(ll =¥ lls + | 2 =2 ),

I < Lellr =l +lz—2l+1ly—7l).
Ife=K, [Lg(l +a(N + Ny)) +a?(N 4+ N)Lp(1 + Lfa)] < 1, then there ezists a unique
mild solution of (1)-(3).
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Proof. Let Z = F x C(I; X) ( as in Theorem 3.1 ) and define I' : Z — Z by I'(u,v) =
(T'1(w,v), Ta(u, v)), where T'y(u, v) and T'y(u,v) are given by (3.4) and (3.5), respectively.
The continuity and well-definedness of I" follow directly from the conditions on f, g and F.
It remains to show that I' is a strict contraction on Z. To this end, let (uy,v1), (uz,v3) € Z
and observe that standard computations involving the phase space axioms and growth
conditions yield

Ty (s, 1) = Tuuz,w)ll, S Ko [aN L + a*NLp(L+ Lya)] [ — ],

+ &’ NLp(1 + Lya) |51 — s, (20)
IT2(u1, v1) = Ta(uz, va)ll, < Ka[Lg(l+ Nia)+a’NLp(1+ Lya)] @y — @,
+ CLQNLF(1+Lfa) ||’(_)1 —’l_JQHa. (21)

Consequently, using (20) and (21) together yields

IT (w1, v1) = T'(uz, v2) |l
= [Ty (u1,v1) = Ti(ug, va)ll, + |IT2(u1,v1) — Taug, v2)]|,

< K, [Lg(1+a(N+N1)) - a2(N+N)LF(1+Lfa)] @ — @,

+ CLQ(N + N)Lp(l + Lfa) ”1—21 o ’172||a
< Ofllu -, + |t = B2l ] -

Hence, we conclude that I' is a strict contraction and hence, by the Banach contraction
mapping principle, has a unique fixed point (u,v) € Z. Now, as in the conclusion of the
proof of Theorem 2, it is clear that u(-) is differentiable on I, w'(-) = v(-), and that the
function u(-) + y(-) ( cf. Remark 2 ) is a mild solution of (1)-(3), as desired. m

4 Example

In this section we apply the results established in this paper to partial differential equa-
tions. We have already introduced the required technical framework in Section 3.

Let X = L?([0, 7], || - ||) and A : D(A) C X — X be defined by Af(§) = f" (&), where
D(A) = {f € H%(0,7) : f(0) = f(r) = 0}. It is well known that A is the infinitesimal
generator of a strongly continuous cosine function, (C(t)):er, on X. Furthermore, A has
a discrete spectrum and the eigenvalues are —n?, n € IV, with corresponding normalized

eigenvectors z,(§) := (-2-)1/ 2 sin(ng). The following hold:

™

(a) {zn :n € N} is an orthonormal basis of X.

(b) If ¢ € D(A), then Ap = —=>22  n? < 9,2, > 2,. It follows from this expression
that i, : [D(A)] — X is compact.

(c) For p € X, C(t)p = Y oo cos(nt) < ¢,z, > 2,. It then follows that S(t)p =
D oo smr(l—m) < @, 2 > 2, S(t) is a compact operator for ¢ € R, and that ||C(¢)|| =

|S(t)|| = 1, for all t € R. Additionally we observe that the operators C'(27k), k € N
are not compact.

11



(d) If @ is the group of translations on X defined by ®(t)z(§) = #(€ + t), where Z(-)
is the extension of z(-) with period 2, then C(t) = 3(®(t) + ®(—t)) and A = B?,
where B is the generator of ® and E = {z € H'(0,7) : z(0) = z(r) = 0}, ( see [19]
for details ). In particular, we observe that i, : E — X is compact.

To treat our example, we choose the phase space B := C([-r,0]; X). Clearly, B is
a phase space which satisfies the axioms (A), (A-1), (B) given in Section 2. Moreover,
H=land K=M=1onlI.

Consider the partial neutral differential equation

8 out,&)  [° [T 0%u(t, €)
[0S 0 -
Sl + [ [ o e+ o,myinde) = 5
t s
+/ (al(t, s)(u(s —r,€) +u'(s,€)) +/ as(s, 7)(u(r — 1, §) + U'(Tyf))d7> ds,
0 0
tel=[0,a],6 €J=1]0,7], (22)
subject to the initial conditions
u(t,0) = wu(t,7) =0, tel, (23)
up = @, (24)
where ¢ € B, z € X, the functions a;, ¢ = 1, 2, are continuous and
2
(i) The functions b(6,7,§), 8—a£b(6’,n,§), %b(e,n,f) are continuous on [—r,0] x J?,

b(8,n,7) = b(8,n, 0) =0, for every (6,n) € [-r,0] x J. We introduce the notation,

T 0 T aj 2
As :=max{ I (a—gb(f’,n,é)) dnd9d§:j=0,1,2}-

By defining the functions f : I?xBxX — X, g: IxB— Xand F: I?xBxX? - X
by

st = [ /Owb((?,n,{)w(@m)dnd&
Flt s, 29)(E) = a(t,s) (=€) +2(€)) +ylE),
f(3>77¢,$)(f) = az(S,T)(d)(—T,f) :E(f)),

the neutral system (22)-(25) can be written in the form of the abstract Cauchy problem
(1)-(3). It is easy to see that F(-), f(-) are continuous operators, F(t,s,-), f(t,s,-) are
bounded linear operators, and

_|_
+

I F@E s, ¢,2,9) | < max{llailles, 1} (I ¥ I8+ 11z Il + 1w D),
I £t sv2) | < llaxlle (1918 + 112 ),
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for all (t,s,%,2,y) € I* x B x X% Moreover, a straightforward estimation using (i)
shows that g(-) is a D(A)-valued, that Ag(-) is continuous and consequently that g(-) is
completely continuous since the inclusion . : [D(A)] — X is compact. Also, g(t,-) is

1

a bounded linear operator and max{|| g(t,-) |lzx,z), | Ag9(t, ") o0} < AZr3, for every
tel.

The next existence result is an immediate consequence of Theorem 3. We omit the

proof.
Proposition 1 Let (¢,2) € B x X be such that p(0) € E and assume that the above
conditions are satisfied. If

AZr (14 a(1+ M) + 20 max{{Jas oo, 1} (1 + allaslloe) < 1,
where Ny = sup ||AS(0) ;p.x), then there ezists a unique mild solution of the neutral
system (22)-(2?51)

To complete this section, we discuss briefly the existence of mild solutions for the
neutral system

2 oul Bult,
= “tg /~/ (6,7, €)ult + 6, 7)dnds) = 75(;25)
+ / / e(t, 5,7, €) [us<—r, 7) + 1 (s,) + / " aa(s, ) (e (=, 7m) + v (r,m))dr | dnds,
tel, e, (26)
w(t,0) = wultw) =0, tel, (27)
w = @, veB, (28)
) - s g (29)

where b(+), as(- ) satlsfy the assumptions of the previous example, the functions c(t, s, 7, ),
c(t 5,1, f) = c(t, 5,1,€) are continuous on I? x J?, c(t, s,n,7) = c(t,s,n, 0) = 0, for
every (t,s,m) € I 2 x J. We consider the notation

T T ¥ 2
Ay :=sup / / <a—.c(t, s,’r],f)) dod¢ : j=0,1,2,t,s €1 ;.
o Jo \0&

Let g(-), f(-) be defined as before and F : I? x B x X? — X be the function given by

Ft s, ¢,,y)(€) = / c(t, s,m,8) [W(=r,m) + z(n) +y(n)l dn
0
Using these identifications, we can describe system (26)-(29) as (1)-(3). It is easy to
see that AF(-) is well defined, continuous and that AF(t,s,-) is a bounded linear op-
erator with || AF(t,s,") |lzaxxxx)< A2, which in turn implies that F(-) is completely

13



continuous since . : [D(A)] — X is compact. Moreover, the functions f(-),g(-), F(-)

satisfy the assumptions of Theorem 2 with Wr(s) = Wy(s) = W,(s) = s, mp(t,s) =
™ ™ 1

fo Jo E(t,s,m,8)dndé, ms =|| as ||l and m, = AZr2. The next proposition is a conse-

quence of Theorem 2.

Proposition 2 Let (¢,2) € B x X be such that ¢(0) € E. Then, there exists a unique
mald solution of the neutral system (26)-(29).
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Alguns comentarios sobre o artigo:
Existence of solutions of abstract nonlinear
second-order neutral functional
integrodifferential equations.

Comput. Math. Appl. 46 (2003), no. 8-9, 1313-1324.

Eduardo Herndndez & Mark A. McKibben

Resumo

Neste paper mostramos a existéncia de solugoes fracas para uma classe de equagoes
integrodiferencias do tipo neutro descritas na forma

2 12(t) — g(t, )]

T Am(t)+/F(t,s,zs,m’(s),/os f(s,m,zr,2'(7))dr)ds, (1)
0

z(0) = p€B, (2)
2(0) = zeX, (3)

sendo A o gerador infinitesimal de uma fungao cosseno de operadores lineares sobre
um espago de Banach X, B um espago de fase definido de maneira axiomaética e

fy9,F :[0,a] x B— X fungoes apropriadas.
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