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Consider deterministic random walks F': I XZ — I XZ, defined by F(z,n) =
(f(z),¥(x) + n), where f is an expanding Markov map on the interval I and
¥: I — Z. We study the universality (stability) of ergodic (for instance,
recurrence and transience), geometric and multifractal properties in the class of
perturbations of the type F'(z,n) = (fn(z), ¥ (z,n)+n) which are topologically
conjugate with F' and fn are expanding maps exponentially close to f when
|n| — oo. We give applications of these results in the study of the regularity of
conjugacies between (generalized) infinitely renormalizable maps of the interval
and the existence of wild attractors for one-dimensional maps.

1. INTRODUCTION

1.1. Metric stability for random walks

In the study of a dynamical system, some of the most important questions concerns to
the stability of their dynamical properties under (most of the) perturbations: how much
robust are they?

Here we are most interested in the stability of metric (measure-theoretical) properties of
dynamical systems. A well-known example is given by (C?) Markov expanding maps on the
circle: this is a class stable by perturbations and all of them have an absolutely continuous
and ergodic invariant probability satisfying certain decay of correlations estimative. In
particular, in the measure theoretical sense, most of the orbits are dense in the phase
space.

Now let’s study a slightly more complicated situation: consider a C? Markov almost
onto expanding map of the interval f: I — I with bounded distortion control and large
images (see Section 2 for details) and let ¥: I — Z be a function which is constant in each
interval of the Markov partition of f. We can define F': I X Z — I X Z as
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FIG. 1. A deterministic random walk

F(zv n) = (f(.’L'),‘d)(.‘E) +n).

The second entry of (z,n) will be called its state. We also assume that

inf¢ > —o0 (1)

and that F' is topologically mixing.

The map F' is refereed in literature in many ways: as a ”skew-product between f and
the translation on the group Z”, a ”group extension of f”, or even a ” deterministic random
walk generated by f”, and its metric behavior is very well studied: for instance, are most
the orbits recurrent? Everything depends on the mean drift

M=/wdu,

where p is the absolutely continuous invariant probability of f (the function 3 will be
called drift function). Indeed, note that

n—1
FM(z,i) = (f*(2), i+ ) $(f () ).
k=0

By the Birkhoff Ergodic Theorem

n N 5 n—1
Tim. malf (“2 Ta(&,9) = lim ng(fk(m))=M

for almost every z € I (here ma(z,n) := n). In particular if M # 0 then almost every point
(z,1) € I x Z is transient: in other words we have

lim |me(F™(z,1))| = oo.
n—oo

So most of the points are not recurrent.

On the other hand, if M = 0, most of points are going to be recurrent (see Guivarc’h
[G]): by the Central Limit Theorem for expanding maps (here we need to assume that v
in no constant and f € aO: see Section 2) of the interval

o W(f* 1 ¢ _y e
SUPeeRW(-TGI:ZE?b\/%—@))SC——E/ G_Tdu|5%
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where § is a positive constant, so we can easily obtain, taking ¢ = n~'/% and applying
Borel-Cantelli Lemma, that

w(Ay):=pu(zel: limsup—zMM = 00) > %,

n—o00 2+\6/ﬁ
Yo ¥(f5(2))
2+\5/7_l

Clearly A; and A_ are invariant sets: the ergodicity of f implies that

u(A-) :=p(x € I: liminf = —00) > %

n—oo

Now by the conditions on % in Eq. (1), expansion, distortion control usual tricks and
the fact that F' is transitive, we can conclude that almost every point in (A4 N A_) x Z
is a F-recurrent point.

Note that the random walk F' is a dynamical system quite similar to expanding circle
maps: F' is an expanding map, with good bounded distortion properties; but the lack
of compactness of the phase space allows the non-existence of an absolutely continuous
probability. Moreover, in general the random walk is not even recurrent and the recurrence
property lost its stability: given a recurrent random walk (f,), it is possible to obtain a
transient random walk just changing a little bit f and .

Since the non compactness of the phase space seems to be the origin of the lack of stability
of recurrence and transience properties, a natural question is to ask if such properties are
stable by compact perturbations. The answer is yes. Indeed, as we are going to see
in Theorems 3.1-3.4, the transience and recurrence are preserved even by non-compact
perturbations which decreases fast away from state 0. For instance, perturbations like

F(z,n) = (fa(2),¥(z) +n),
where, for some ) € [0, 1),
|fa = flos < Al (2)

The notations and conventions are more or less obvious: we postponed the rigorous defi-
nitions to the next section.

With respect to the stability of transience and recurrence, there is a previous quite
elegant result by R. L. Tweedie [T]: if p;; are the transition probabilities of a Markov
chain on Z, then any perturbation p;; so that

(1+e&)'pij <hij <pij(L+ &), j#4,

and
[o o]

[[1+e) <o

i=0
preserves the recurrence or transience of the original Markov chain. But Tweedie argument
does not seem to work in our setting. Our result coincides with T'weedie result in the very
special case where f and f, are linear Markov maps and €; ~ CAlil,

In the transient case we can tell a little more: there will be a conjugacy between the

original random walk f and its perturbation which is a martingale strongly quasisymmetric
map (for short, mSQS-map) with respect to certain dynamically defined set of partitions.
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Opposite to the usual class of one-dimensional quasisymmetric functions, which does not
share many of most interesting properties of higher dimensional quasisymmetric maps,
the one-dimensional mSQS-maps are much closer to their high-dimensional cousins, as
quasiconformal maps in dimension 2: for instance, they are absolutely continuous.

We also study the behavior of the Hausdorff dimension of dynamically defined sets:
Denote by Q4 (F) the set of points which have non-negative states along the positive orbit
by F. We prove that . (F') has Hausdorff dimension strictly smaller than one if and only
if 4 (F) has dimension less than one for all perturbation satisfying Eq. (2). Furthermore
we give a variational characterization for the Hausdorff dimension HD(2(F)) as the
minimum of HD(2(F)), where F runs on the set of such perturbations. For these results
we study of the stability of the multifractal spectrum of the random walk F under those

perturbations.

1.2. Applications to (generalized) renormalization theory

An unimodal map is a map with an unique critical point. Under fair conditions (non
renormalizable real-analytic maps with negative Schwartzian derivative and non-flat critical
point) two unimodal maps with the same topological entropy are indeed topologically
conjugated. A key question in one-dimensional dynamics is about the regularity of the
conjugacy: is it Holder? Absolutely continuous? Since Dennis Sullivan work in the 80’s
the quasisymmetry of the conjugacy became a very useful tool to obtain deep results in
one-dimensional dynamics. In particular, Lyubich proved that under the fair condition
above the conjugacy is quasisymmetric and he used this result to prove the rigidity of
the non-renormalizable maps in the real quadratic family. Later on, the density of the
hyperbolic maps in the real quadratic family was proved verifying the quasisymmetry of
the conjugacies for all combinatorics, including infinitely renormalizable ones.

Note that quasisymmetric maps are not, in general, absolutely continuous. Are the con-
jugacy between unimodal maps absolutely continuous? The answer is no: M. Martens and
W. de Melo [MdM] proved that under the fair conditions above an absolutely continuous
conjugacy is actually C*, provided the unimodal maps

i. do not have a periodic attractor,

1. are not infinitely renormalizable,

iii. do not have a wild attractor (the topological and measure-theoretical attractor must
coincide).

Since we can change the eigenvalues of the periodic points of maps preserving its topo-
logical class, and the eigenvalues are preserved by C! conjugacies, we conclude that in
general a conjugacy between unimodal maps is not absolutely continuous.

The first condition is clearly necessary. This work shows that the second condition is
necessary proving that the conjugacy between two arbitrary Feigenbaum unimodal maps
with same critical order is always absolutely continuous (Theorem 3.8). Actually the con-
jugacy is martingale strongly quasisymmetric with respect to a set of dynamically defined
partitions.

Condition iii is never violated when the critical point is quadratic. But for certain
topological classes of unimodal maps wild attractor appears when the order of the critical
point increases: Fibonacci maps are the simplest kind of such maps. We are going to prove
(Theorem 3.11) that a Fibonacci map with even order has a wild attractor if and only if
all Fibonacci maps with same even order are conjugated to each other by an absolutely
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continuous mapping (in particular all these Fibonacci maps have a wild attractor). So
Condition iii is necessary.

In both examples above the previous study about perturbations of transient and recur-
rent random walks are going to be crucial, as the (generalized) renormalization theory for
unimodal maps: for these maps it is possible to construct an induced maps which is essen-
tially a perturbation of a deterministic random walk. In the Fibonacci case the transience
of this random walk is equivalent to the existence of a wild attractor. The random walk
associated to the Feigenbaum map will be always transient.

For both Feigenbaum and Fibonacci maps there are infinitely many periodic points
(indeed in the Fibonacci case the periodic points are also dense in the maximal invariant
set). It is well known that the conjugacy between critical circle maps with same irrational
rotation number and satisfying certain Diophantine condition is absolutely continuous, but
we think that these are the first interesting examples of a similar phenomena for maps with
many periodic points.

2. EXPANDING MARKOV MAPS, RANDOM WALKS AND ITS
PERTURBATIONS

In this article we will deal with maps
F:IXZ—-IXZ

which are piecewise C? diffeomorphisms, which means that there is a partition P° of I x Z
so that each element J € PP is an open interval where Flyisa C? diffeomorphism.

If A; denotes the unique affine which maps the interval J to [0, 1] and preserves orien-
tation, then define, for each J € P9,

Tf‘ :=AjyjoF 1o A;b).

Along this article we will assume that F' satisfies some of the following properties:

- Markovian (Mk): For each J € PO, F(J) is a connected union of elements in P°. In
particular we can write F(z,n) = (fa(z),n + %(z,n)), where f,: I — I is a piecewise C?
diffeomorphism relative to the partition P := {J € P%: J C I,} and ¥: I x Z — Z,
called the drift function, is constant on each element of P°.

- Lower Bounded Drift (LBD) F is Markovian and min > —oo.

- Large Image (LI): F is Markovian and there exists § > 0 so that for each J € P? we
have |F(J)| > 4.

- Onto (On): F is Markovian and for each J € PY we have F(J) = I", for some n € Z.

- Bounded Distortion (BD): There exists C > 0 so that every J € P2 and map 7 is a
C? function satisfying
D27‘J }
sup |[—| <
rd ‘ (D172
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- Strong Bounded Distortion (sBD): There exists C' > 0 so that every J € P2 and map
77 is a C? function satisfying

D2TJ
g | (DT,)21 < oVl

- Ezpansivity (Ez): If J € P) := {J € P%: J C I,.}, denote ¢y := f;'|;.(s)- Then
either ¢ can be extended to a function in a d-neighborhood of J so that

S¢s >0,
where S¢; denotes the Schwartzian derivative of ¢, or there exists € (0,1) so that

651 <6

on I.

- Regularity a (Ra): There exists N € N, § > 0 and C > 0 with the following properties:
the intervals in P2 are positioned in I,, in such way that the complement of

U int J
JePy
contains at most N accumulation points
g <cg<--<ep,

with i, < N, which is in the interior of I,. Furthermore |c}’,; — ¢}'| > §. Moreover, given

P and Q € P so that PN Q # ¢ then

1 _|P|
= <= <C.
C~Ql

- Regularity b (Rb): Assume Ra. There exists C > 0, A € (0,1), § > 0 so that for each
1 < i < i, we can find a point

d} € (c}', i),

which does not belong to any P € P2, and
min{|c}, — di|,|d} — |} 2 6
with the following property: If J is a connected component of
In \ {d?vcg‘l}i,j
then we can enumerate the set
{P}pepo, pcy = {Ji}ien

in such way that 8J; N 8J;+1 # ¢ for each 7 and

| i+ ;
<CMN
| J;]

for i >0, j > 0.



METRIC STABILITY FOR RANDOM WALKS 7

- Good Drift (GD): , if 9 is its drift function then there exists v € (0,1) and C > 0 so
that

m({(z,n) s.t. ¥(z,n) > k}) < Cy*.

- Transitive (T): F has a dense orbit.

For convenience of the notation if for instance F' is Markovian and it has Bounded
Distortion, we will write F' € Mk + BD.
A deterministic random walk (or simply random walk) is a map

Fe Mk+LBD+ LI+ Exz+ BD + GD.
It is generated by the pair ({fn},¥) if
F(z,n) := (fa(z),¥(z,n) +n).

When f, = f € Mk and ¥(z,n) = ¥(z), we say that F is the spatially homogeneous
deterministic random walk generated by the pair (f,%). There is a large literature
about such random walks. We will sometimes assume the following property:

- Almost Onto (aQ): For every i, j € A there exists a finite sequence i = ig,%1,%2,...,%n—1,in =
j € A so that

f(Iik) N f(IiH-l) 7é ¢
for each k < j.

Denote 7(z, n) := ma(z,n) := n. A random walk is called transient if for almost every
(z,n) €I XZ

lim |mo(F*(z,n))| = oo,
k—o0
and it is recurrent if for almost every (z,n) € I x Z
#{k: m(F*(z,n)) = n} = 0.

Making use of usual bounded distortion tricks it is easy to show that every F' € Mk+ LI+

Ez + BD + T is either recurrent or transient. 3
A (topological) perturbation of a random walk is a random walk F, generated by a
pair ({fi}, ), so that F o H = H o F for some homeomorphism

H:IXZ—IX7Z

which preserves states: mo(H(z,1)) = 1. )
Define P*(F) := F~"PO(F). If F and F are random walks and % is a topological
conjugacy that preserves states between F' and F, then for each interval L such that

L Cc J € P*(F), define

. DF"(z)
dist,(L) :=sup|In ’
n( ) 162 DF"(y) 1
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Similarly, if x € J € P*(F) define
distn(z) 1= distp(J)
and
distoo () := supdist,(z).
n

Another kind of random walk which will have a central role in our results are those
which are asymptotically small perturbations: these are perturbations ({f;},v¥) of a
homogeneous random walk ({f:}, %) such that there exists A € (0,1) and C > 0 satisfying
either

llog 2EEHP), _ oyimaoll 3)
DF(p)
if 9 is bounded, or
| 1og 2ZEE®), ¢ gxmo, (4)
DF(p)

for m3(p) > 0 and DF(H(p)) = DF(p) otherwise, if ¥ has only a lower bound.

It is easy to see that properties Ra, Rb and GD are invariant by asymptotically small
perturbations (if we allow to change the constants described in these properties).

Let F' = ({fi}i,¢) be a random walk, where 1 is Lebesgue integrable on compact subsets
of I x Z. We say that F is strongly transient if there exists K > 0 so that

E(Y o F"|Pp-1) > K

for every n > 1. As the notation suggest, every strongly transient random walk is transient.
Moreover we have the following large deviations result:

PROPOSITION 2.2.1.  Every strongly transient random walk F' € Ra + Rb is transient.
Furthermore there exist A € [0,1) and C > 0 so that for each P € P2 we have

w(p € P: mo(F™(p)) — ma(p) < (K —€)n) < CA"|P|.

We will postpone the proof of this result to Section 5.

REMARK 2.2.2. By the Birkhoff Ergodic Theorem it is easy to see that a sufficiently
high iteration of a homogeneous random walk with positive mean drift is strongly transient
(see the proof of Proposition 5.5.1 for details).

3. STATEMENTS OF RESULTS
3.1. Stability of transience
THEOREM 3.1 (Stability of Transience I). Assume that the random walk F' defined by
the pair ({fi}i,¥) is strongly transient. Then every asymptotically small perturbation G of

F is also transient. Indeed there is a topological conjugacy between F and G which is an
absolutely continuous map and preserves the states.

We have a similar theorem for all transient homogeneous random walks:



METRIC STABILITY FOR RANDOM WALKS 9

THEOREM 3.2 (Stability of Transience II).  Suppose that the homogeneous random walk
F defined by the pair (f,v) is transient. Then every asymptotically small perturbation of
F is topologically conjugated to F by an absolutely continuous map which preserves the
states.

We can be more precise regarding the regularity of the conjugacy if the drift is non-
negative:

Let Ao, A1, -+, An, An+1,- - be succession of finer and finer partitions by intervals of
I x Z whose union generates the Borelian algebra of U, I,,. We say that h: U, I,, — U,I, is
a martingale strongly quasisymmetric (mSQS) map with respect to the stochastic
basis UpA, if there exist C > 0 and a € (0,1] so that

m(h(B)) _ ., (m(B)\°
()] SC( ] )

for all Borelian B C J € UpAp, and the same inequality holds replacing h by A~! and
UnAp by Uph(Ap).

THEOREM 3.3 (Strongly quasisymmetric rigidity). Let F be either a strongly transient
random walk or a transient homogeneous random walk with positive mean drift. Moreover
assume in both cases that 1 > 0. Then every asymptotically small perturbation G of F is
topologically conjugated to F' by an absolutely continuous map h which preserves the states.
Furthermore h on U;>ol; is a martingale strongly quasisymmetric mapping with respect to
the stochastic basis U; Pt

3.2. Stability of recurrence
In the recurrent case, we are going to restrict ourselves to the stability of the metric
properties of homogeneous random walks under asymptotically small perturbations: it is
easy to see that the recurrence is not stable by perturbations which are not asymptotically
small. Nevertheless

THEOREM 3.4 (Stability of Recurrence).  Suppose that F € aO + T is a recurrent ho-
mogeneous random walk generated by the pair (f,v). Then every asymptotically small
perturbation of F' is also recurrent.

Note that we can not expect, as in the transient case, an absolutely continuous conjugacy
which preserves states between F' and G, once asymptotic small perturbations do not
preserve (in general) the spectrum of the periodic points and:

ProposiTION 3.3.1 (Rigidity). Suppose that the random walk F' € On generated by a
pair ({fi}i, V) is recurrent. If there is an absolutely continuous conjugacy which preserves
states H between F and a random walk G, then H is C' in each state. In particular the
spectrum of the corresponding periodic points of F' and G are the same.

3.3. Stability of the multifractal spectrum
Let F be a random walk and denote

Q. (F) :={p: m(FIp) >0, forj >0},
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Q% (F) == {(z,k): m(Fi(z,k)) >0, forj>0}
and

) > 6}

Ok (F) :={(z,k) € Q% st lim , ﬂ_n(xi

THEOREM 3.5. Let F' € Ra+ Rb+ On be a random walk. Then, for allk € Z and 3 > 0
the Hausdorff dimension H D(Qiﬁ) is tnvariant by asymptotically small perturbations.
Besides its inner interest, the previous result will be useful by other reason:

ProOPOSITION 3.3.2. Let F € Ra+ Rb+ On be a homogeneous random walk. Then

HD(Q(F)) = lim HD(Q}4(F)).

and as a consequence of Theorem 3.5 and Proposition 3.3.2:

THEOREM 3.6. Let F € Ra + Rb+ On be a homogeneous random walk. If G is an
asymptotically small perturbation of F then

HD(Q%(G)) > HD(Q4.(F)). (5)

We can not replace the inequality in Eq. (5) by an equality. Indeed, even if HD(QX (F)) <
1, we have that sup HD(Q% (G)) = 1, where the supremum is taken on all asymptotically
small perturbations G of F. Nevertheless:

THEOREM 3.7. Let F € Ra+ Rb+On be the homogeneous random walk generated by the
pair (f,v). Consider M = [du, where p is the unique absolutely continuous invariant
measure of f.

-If M > 0 then for all asymptotically small perturbations G of F we have m(24+(G)) > 0.

-If M = 0 then for all asymptotically small perturbations G of F we have HD(Q4(G)) =
1 but m(Q24(G)) = 0.

-If M < 0 then for all asymptotically small perturbations G of F we have HD(24(G)) <
1.

REMARK 3.3.3. Since the authors are more familiar with deterministic rather than
stochastic terminology, we stated and proved Theorems 1-7 for determinist random walks.
However Theorems 1-7 could be easilly translated to the theory of chains of complete con-
nections (g-measures, chains of infinite order) and one-side shifts on an infinite alphabet.

3.4. Applications to renormalization theory of one-dimensional maps
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THEOREM 3.8. Let f and g be unimodal maps which are infinitely renormalizable with
the same bounded combinatorial type and even critical order. Then the continuous con-
Jugacy h between f and g is a strongly quasisymmetric mapping with respect to a certain
nested sequence of partitions P.

The set of intervals P is defined using a map induced by f. See the details in Section
8.1.

Let Fq be the class of analytic maps with Schwartzian negative derivative which are
infinitely renormalizable in the Fibonacci sense with even critical order d (see Section 8.2
for definitions). If f is a Fibonacci map, denote by Jr(f) the maximal invariant set of f.
Let F§™ be the class of Fibonacci unimodal maps with negative Schwartzian derivative.

THEOREM 3.9 (Metric Universality). For each even critical order d, one of the follow-
ing statements holds:

eHD(Jr(f)) <1, for all f € Fq.
eHD(Jr(f)) =1 and m(Jr) =0 for all f € Fy.
eHD(Jr(f)) =1 and f has a wild attractor (in particular, m(Jg(f)) > 0) for all f € Fy

THEOREM 3.10 (Measurable Deep Point). Let f € Fy, and assume that 0 is its critical
point. If Jr(f) has positive Lebesgue measure then there ezists o > 0 and C > 0 so that

m(z € (=6,0): z & Jr(f)) < Cés'te.

REMARK 3.3.4. Indeed a can be taken depending only on d.

THEOREM 3.11. For each even critical order d, the following statements are equivalent:

1.There exists f € Fy4 such that m(Jr(F)) > 0.

2.There exists f € Fq with a wild attractor.

3. There exist maps f,g € F3™ which are conjugated by a continuous absolutely continu-
ous maps h, but f has a periodic point p whose eigenvalue is different from the eigenvalue
of the periodic point h(p) of g.

4.All maps in Fq have wild attractors.

5.All maps in Fy™ can be conjugated with each other by an absolutely continuous con-

Jjugacy.

4. PRELIMINARIES
4.1. Probabilistic tools.

We are going to collect here a handful of probabilistic tools which are going to be useful
along the article. A good reference for these results is [B].

Most of the probabilistic results in dynamical systems (large deviation, central limit
theorem) assumes the the observable 1 is quite regular: usual regularity assumptions are
either Holder continuity or bounded variation. Fix f € Mk+ BD. We are interested in Po-
measurable observables with integer values which does not have such properties. Fortunally
this is almost true: Denote by O(f) the class of Py-measurable functions v: I — Z so that
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- U) € L2(u‘)1

- If P denotes the Perron-Frobenius-Ruelle operator of f, then P have bounded varia-
tion.

For instance, if (f,%) € Mk + sBD + Ra + Rb+ GD then ¢ € O(f). Let u be the
absolutely continuous invariant measure of a Markov map f and 1: I — R a measurable
function.

PropPoSITION 4.4.1 (Large Deviations Theorem [B]).  For every ¢ € O(f) and e > 0
there exists v € (0,1) so that

1 n—1 '
u{z € I+ 17 Y 07 @) ~ [ vdul 2 ) <"

=0

Up to simple modifications in the proofs in [B], we have

PROPOSITION 4.4.2 (Proposition 6.1 of [B]).  For every ¥ € O(f) the limit

2
1 n—1
2 e =l k
0= lim (\/7—1 ’;)w(f (Z))) dp
exists. Furthermore o® = 0 if and only if there ezists a function a € L?(u) so that
Yp=aof—a.

and

PROPOSITION 4.4.3 (Central Limit Theorem: Theorem 8.1 in [B]). For every ¢ € O(f)
so that 0% # 0 we have

D)) 1 [ w2 C
SUPeeRW(IEL%—"S 6)—\/77/_006 Tdu|§ﬁ, (6)

Indeed we are going to see that the assumption o2 # 0 is very weak: to this end we need
the following result: Let f: U; I; — I be a map in Mk + BD + Ex + Ra + Rb.

PROPOSITION 4.4.4 (Theorem 3.1 in [AD]). Let v: U; I; — S be a Po-measurable
function. If
aof

1/} = )

a
where o is measurable, then o is P*-measurable, where P* is the finest partition of I so
that f(I;) is included in an atom of P* for each i € A.

PROPOSITION 4.4.5. Let : U; I; — Z be a P°-measurable function. If Y = ao f —a,
where o is measurable, then o is constant on f(I;), for each i € A.
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Proof. Note that we can assume that a(z) € Z, for every z. Indeed, the relation 1) =
ao f —a implies that the function 8(z) = a(z) mod 1 is f-invariant, so we can replace o
by a — 3, if necessary. Fix an irrational number . Then
e2mva(f(z))

) =
e2mya(z)

so by Proposition 4.4.4 we have that e?™7*() is a P§-measurable function. Since j € Z —
e?™J ¢ S is one-to-one, we get that o is P§-measurable. |
A Markov map f is almost onto if and only if P = {I}, so

COROLLARY 4.4.6. On the conditions of Proposition 4.4.5, if f is almost onto then « is
constant.

COROLLARY 4.4.7. For every non constant ¢ € O(f) we have that a® # 0. In particular
the Central Limit Theorem as given in Eq. (6) holds for every non-constant 1.

Let Ap C A; C Ay C ... be an increasing sequence of o-subalgebras of a probability
space (2, 4, ). A martingale difference sequence is a sequence of functions ¥, : Q —
R, where 1, is A,,-measurable for n > 1, so that

]E(T/’nIAn—l) =0

for every n. Here E(3|B) denotes de conditional expectation of ¢ relative to the sub-algebra
B. When B is generated by atoms {J;}; then E(¢|B) is the function defined as

BWB)&) = -5 [ v

for every z € J;.
The following Proposition is the classic Azuma-Hoeffding inequality: see, for instance
Exercise E14.2 in [W]:

PROPOSITION 4.4.8 (Azuma-Hoeffding inequality). Let ¥, as above and furthermore
assume that

[|¥nlloo = ¢i < 00.
Define

Y= Z V.
=1
Then

2

HeeQ: [¥-E@) > 1) < 200(~ ger—s)
i=1 “i

4.2. How to construct asymptotically small perturbations.

As we are going to see in the next Proposition, it is easy to construct asymptotically
small perturbations of a random walk:
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PROPOSITION 4.4.9. Let F' and G be random walks satisfying the properties sBD, Ra
and Rb, where G is a topological perturbation of F. Assume that there exist C > 0 and
A € (0,1) with the following properties: if IT' is as in properties Ra and Rb, then

5 n 0
i.For every IT' in Py, we have

[l 1HIF)]

< CNInItHl,
1] TH@ )] S

log—+==

it. For every J € Po,n we have

75 = 6 nlo < CAIML

i If I = [al, b}] then

max max{|a} — H(a}")|, b} — H(b}")[} < CAI".

iv. Either 1 is a bounded funtion or v has a lower bound and F = G on Up<oly.
Then G 1is an asymptotically small perturbation of F. Furthermore there ezist 5 € [0,1)
and C > 0 so that
|H(p) — p| < CA¥®.

Proof.
We will assume that 1 is bounded: the other case is analogous. Consider (z,n) € Z x I

and (y,n) = H(z,n). Denote (zi,n;) := F'(z,n), (¥i,n) := G*(y,n).
Denote &; = |y; — z;| and §; = |Ag(H () (¥i) — AR,y (:)|. Here (z;,n;) € J; € PO It
is easy to conclude, using iii. and property LI, that
i

STFEOT e ")

6 <

and making use of ii. to get

di .
7§ ) (A W) — 75 (Ap@y ()] < Dy (zl)lF(J)I Ll

Here 2; € [0,1]. Since D7¥(z;)|F(J)|/|J| < X (property Ez), we get, using again ii.
0i—1 < A6; + C/\lnil. (8)

Because 1 is bounded, |ni+1 — n;| < B = max|¢|. So if i < n/2B then |n;| > |ng|/2.
Since djz;) < 1, Eq. (8) implies

|H(z,n) — (z,n)| = |yo — zo| < 5%
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In particular, by Eq. (7) and property ii., we have

D7) (Ac(araoy @) = D75 (Arqug) (@1))] < CN'F. 9)
By Ra + Rb there exists 6 € (0,1) so that
ol < |17|. (10)

Let ¢ so that J = I
Case A. |i| > |n/2|(log A/ log#): Due i. and iii. and property Ra, there exists C' > 0 so
that

| 1og HUD ll('"l)ll Lo,
Together with sBD+ LI and iii., this implies that for every p € I7*, with |i| > |n/2|(log A/ log ),
we have
DG(H(p))
DF(p)

Case B. |i| < |n/2|(log A/ log6): In this case, by iii. and Eq. (10) we have

| log |<C/\2"°57

[HIP)| o o[ HOF) — b1 + |H(a]) — of

< Co\F.
|77 |67 — a?|

log

Now using Eq. (9) we can easilly obtain

DG(H(p), _

lo
T

5. STABILITY OF TRANSIENCE

We will begin this section with the large deviations result to strongly transient random
walks:

Proof (Proof of Proposition 2.2.1). We intend to apply the Azuma-Hoeffding in-
equality, but since 1 is not necessarily bounded, we need made some adjustments first: Fix
P € P° and define Fo := {P} and F, := {Q}ocp, gep~. Since F € GD, by the usual
distortion control tricks for F', we can find M > 0 such that a(z) := min{y(z), M} satisfies

E(ao F*|Fp-1) > K —¢ (11)

for every n > 1.
Define the martingale difference sequence

U, :=aoF" —E(ao F"Fn_1).
Of course ||V, |0 < M, if M is large enough. By the Azuma-Hoeffding inequality we have

t2
m(p € P: |Zw )| > 1) < 2exp(—5—3)| P,
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Taking t = § n we obtain

n 2
m(p € P: | Wi(p)] > & n) < 2exp(~ 57| P (12)
=1
Since
Y W(Fi(p) > ZaF‘p))—Z‘I'(pHZlanFlR 1)(@)
§=1 i=1 i=1 =1

2 i U;(p) + (K — €)n.
=1

Due Eq. (12), this implies that

%n
m(p € Ij: Zw Fi(p)) < (K —€e—68)n) < 2exp(~5775)
i=0
This completes the proof. |

PROPOSITION 5.5.1. Let F be either strongly recurrent or a homogeneous random walk
with positive mean drift. Then any asymptotically small perturbation G of F has the
following property: there exists A € [0,1) and K > 0 so that for every P € P°

n-1

m(p € P: ) %(G'(p)) < (K —e)n) < CA"|P|.

i=0

In particular G is also transient.

Proof. We will carry out the proof assuming the strongly transience: the homogeneous
case is analogous: By Proposition 2.2.1 we have

m(p € P: Zzp(F‘(p)) < (K —€)n for some n > ng) < Cy exp(—Cang)|P)|.
i=0

Since G is an asymptotically small perturbation, Eq. (3) implies that

n—1
m(p € P: Z Y(G'(p)) < (K — €)n for some n > ng) < Czexp(—Cang)|P| (13)
i=0

provided that P € ’P_?, J 22 |miny| ng. In particular, for such P we have that
m(p € P: limmy(G'(p)) = +00) > (1-9)|P|, (14)
1

if ng is large enough.
Let E(p) € NU {0} be the first entry of p into

U

7>—2| miny|no
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An argument similar to the proof of Eq. (13) gives

n-1

m(p € P: Z@b(Gi(p)) < (K —¢€)n for some n € [, E(p)]) (15)
i=0
< Cs exp(~Ce)|P|

provided that P € ’P]Q, Jj < =2 | min| ng, with ny large enough. In particular, for such P
we have that

m(p € P: E(p) < o) = |P], (16)
if ng is large enough.
Denote
n—1
Gno(P) :={p€P: Y %(G'(p)) > (K —€)n for all n > no}
=0

then we have, for P € P_g, j =2 |min®y| ng and ng large enough

no—l

[ 3 w6y dm o
P =0

no—1 . Hio—1 |
= /g o, ):_3 Y(G'(p) dm + /P s g Y(G(p)) dm

> ((1 — C3 exp(—Cang))(K — €) — C3 exp(—Cang)| miny|) ng |P|

> (K - ) no |P].

Now fix ng large and denote N = 2 | min | ng. We claim that for almost every point in
Pe PJQ, with ¢ < N, its orbit converges to infinity. Otherwise, consider a Lebesgue density
point p of the complement of those transient points. Denote p € P; € P*, G'(B;) = Q;,
where |Q;| > C, due the Large Image (LI) property. Note that m2(Q;) can not be larger
than NN infinitely often, otherwise due the bounded distortion (BD) property a significant
portion of the points in @; are not transient, that contradicts Eq. (14). But a similar
argument using Eq. (16) implies that m2(Q;) € [—N, N] infinitely often. Then we can apply
once again BD+LI to conclude that there exists an interval R C I, for some £ € [-N, N|
where almost every point is not transient. But since the transient points are dense in R
(since F is transient and G is topologically conjugated to F'), this is in contradiction with
Eq. (14). This finishes the proof of the claim.

As a consequence there exists n; satisfying

[ X vee) dm> 2@ (18)
=0

for every interval Q C I;, with |j| < N and |Q| > 4, where ¢ is as in property LI. Define
an induced random walk G in the following way:

5. JG(p)  if ma(p) € [-N, N,
G(p) = {qu (P) if 7r2(p) c [—'N, N]
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By Eq. (14) and Eq. (16) the random walk G is strongly transient. Now we can apply
Proposition 2.2.1 to obtain the wished estimative. |

Let n > 0 and j be integers and F' be a deterministic random walk. Then any connected
component C of F~™ int I; is called a cylinder. The lenght £(C) of the cylinder C
is n. If C is a cylinder of lenght n so that F*(C) C Ij,, for i < n, we will denote

C = C(jOajl) v 1jn)-

PROPOSITION 5.5.2. Let F' be a random walk induced by the pair ({fi},¢). Assume that
there exists € > 0 so that for K > 0, we have

m({p € Ini $(p) < ~K}) < Tz,

provided n > ng. Then

li’tcn m({p € I, : there ezists i < k? so that Y(F*(p)) < —k}) =0,

uniformly for all sequence satisfying ny > k® + no.

REMARK 5.5.3. For a homogeneous random walk, the condition on 1 is equivalent to
1, ¥ € L2+5(m).

Let F and G be random walks which are topologically conjugated by a homeomorphism
h that preserves states. For any p € I x Z define

dist;(p) := |log %‘;ﬁ

Define
Qno+(F) := {p: m2(F™(p)) > no, for all n > ng}.

PROPOSITION 5.5.4. Let F and G be random walks which are conjugated by a homeo-
morphism h which preserves states. Suppose that there exists a F-forward invariant set A
so that

-H1:sup; dist;(p) < Cp < 00, for eachp € A.

then h is absolutely continuous on U; F~*A and h™" is absolutely continuous on U;G~*h(A).
Furthermore, if

-H2:There exists C > 0, M > 0 and ng € Z U {—0o0} so that for every n > ng and
PePY,

m(pe PNA: Cp, <C)> M|P|.

then h is absolutely continuous on U; F~*(Qny+(F)) and h=! is absolutely continuous on

UiG™H(Qno+(G)).
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Proof. For each j € N denote

Aj:={p € A: sup disti(p) < j}.

Note that A; is forward invariant.

We claim that h is absolutely continuous on A; and h™! is absolutely continuous on h(A;).
Indeed, for each p € A; and k € N, denote Fip = (z;,n;). Denote by Ji(z) € P* the unique
interval which contains z so that F*¥ maps Ji(z) diffeomorphically onto Q) C I,,,. There
is some ambiguity here if z is in the boundary of Ji(z), but these points are countable, so
they are irrelevant for us.

If we use the analogous notation to h(z) and G, we have h(Ji(z)) = Ji(h(z)) and, due
the bounded distortion property of the random walks F' and G, there exist C;,Cs > 0 such
that

Cle—distk(p) < |h(Jk(x))| < CzediStk(p)_
= k@ T
So, if p € A; then

Cie 1 < M < Cyed, for all k € N. (19)

= k()]

Let A C A; be a set with positive Lebesgue measure. We claim that h(A) also has
positive Lebesgue measure. Indeed, choose a compact set K € A with positive Lebesgue
measure. Denote Uy := Uzex Ji(z). Since |Jx(z)| < AF, we have that lim; m(Uy) = m(K)
and limg m(h(Ux)) = m(h(K)). Since Uy is a countable disjoint union of intervals of the
type Ji(z), by Eq. (19)

Cie~? < —nglh(((Zk))) < Che?, so Cie™? < % < Chél, (20)

and we conclude that A(K) also has positive Lebesgue measure. A identical argument
shows that, if A € A; has positive Lebesgue measure, then h~1 A also has positive Lebesgue
measure. The proof of the claim is finished and so h and A~ are absolutely continuous on
A= UjAj and h(A) = Ujh(Aj).

Now it is easy to conclude that A and h~! are absolutely continuous on U;F~*A and
U;G7th(A).

Now assume H2. We claim that U; F~*A has full Lebesgue measure on Qy,,+(F). Indeed,
Assume that m(Qpy+(F) \ U; F7*A) > 0 and choose a Lebesgue density point p of this set.
Then

- m((p) O D (F) \ UF~A)
im
k |Jk(2)|

Due the bounded distortion of F, if F*(p) = (zx,nx) and F¥(Jx(z)) = Qk C In,, with
nk > ng, then

=1.

Tk () N gy (F) \ U FPA)

m(Qx N A)
|k ()]

| Qx|

which contradicts H2.
Since on the set {p € PN A: C, < C} the disti(z) is uniformly bounded with respect
to k and z, we can use an argument identical to the proof of Eq. (20) to conclude that

)=0,

lim sup < C(1 - limint 2
k

m(pe PNA: Cp, <C) <C
m(h(p) € R(P)Nh(A): C,<C) ~ "
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som(h(PNA: Cp, <C)) > CM, for all n > n, and using an argument as above, we con-
clude that U;G~*h(A) has full Lebesgue measure on Q,,+(G). Since h (h™!) is absolutely
continuous on U; F~*A (U;G~*h(A)) and

M(Qno+(F) \UiF *A) = m(h(Qno+ (F) \ UiF ~*A)) = m(Qno+(G) \ UiG*A(A)) = 0,

we have that h and h~! are absolutely continuous on Qn, 4 (F) and Qe+ (G). Now it is easy
to prove that h is absolutely continuous on U; F~'Q,, . (F') and h~! is absolutely continuous

on U;G™ ' Qe+ (G). 1
Proof (Proof of Theorem 8.1). By Proposition 5.5.1, G is transient. In particular for
all ng € Z the sets
iF Qo+ (F) and U; G~ Q0+ (G)

have full Lebesgue measure. So by Proposition 5.5.4, to prove that h and h~! are absolutelly
continuous, it is enough to find a forward invariant set satisfying the assumptions H1 and
H2. Indeed, fix § > 0 (we will choose § latter). Consider the F-forward invariant set

A=As:={p: liminf ”z(Fk(p)k) —mle) }

We claim that A satisfies H1. Indeed take z € A. Then, for £ > ko(z) we have
nk := ma(F*(p)) > ké/4. So

dist(z) < ;llog DG(h(F"“(P)))l (21)

0— k-1 i
;Zl,logw,@,bgw,

t=0 DG(h(F**+(p DG(h(Fi*(p)))
ko—1 DF(FH'I(p
<3 s gy + 32"
- DF(F
i5/4
sguog———————DG(th |+1Zko,\
< K, +C(5).

To prove that A satisfies H2, By Proposition 2.2.1 for each P € P? we have
m(p € P: m3(F*(p)) — ma(p) < 6k) < CA|P|, (22)
provided ¢ is small enough. From Eq. (22) we obtain
wu(p € P: mo(F™(p)) — m2(p) = dn for all n > ng) > (1 — CA™)|P]. (23)
In particular, we have that, for every n,

mo(F™(p)) > d(n — no) + m2(p) + no miny. (24)
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in the set in Eq. (23). Using the same argument as in Eq. (21) we can easily obtain H2 from
Eq. (24) and Eq. (23), choosing ng large enough. |
Proof (Proof of Theorem 8.2). Observe that using the argument in the proof of

Proposition 5.5.1, an induced map of a homogeneous random walk with positive drift
is strongly transient. From this the proof of Theorem 3.2 goes exactly as the Theorem

3.1. 1
Proof (Proof of Theorem 3.8). By Proposition 5.5.1, for every ¢ we have

772(Fk(p)) - 7!'2([)) < (5) < Cok

. <6) < -
and furthermore 6 := 0(J) tends to 0 when § tends to zero. Using an argument as in the
proof of Theorem 3.1 we can conclude that

m(p€el;:

m(p c Ii : 7r2(Fk(P)13 - 772(17) > P fOT k > kO) gy Coko (25)

In particular we can use the argument in the proof of Theorem 3.2 to conclude that the
conjugacy h is absolutely continuous. Indeed, Eq. (25) implies

m(p € I; : distg(z) > dn+ C for some k) < CO". (26)

where § = sup,, dist,(p). Firstly we will prove Theorem 3.3 when § is small.
Denote A; :={p€ I; : h'(z) <1} and, forn >1

An:={pel : &V < n(z)< e}

By Eq. (26) we have m(A,) < CO".
Let B C I; be an arbitrary Lebesgue measurable set. Let k; be so that

gk1+1 < |B| < 6+,

Since h is absolutely continuous we have

Ih(B)| = /B B dm

k1 oo
= h' dm + / h' dm

n=ki1+1 NA»

k1 )
<Y cehetm+ S o)
n=0 n=k1+1
< C(e°9)% < C|B| s,
Now if B C J € P™ and F™*(J) = Q C I;, with |Q| > C (due Property LI), then due the
bounded distortion of F
|h(B)|
Ih(J)]

<C

IRE™(B)] _ (IF"(B)\ it _ _(|Bl\+ids
mar <) oselm) T
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To prove a similar inequality to h~!, define
Ap:={pel: S0 < (h™Y)(z) < ).

of course
h1A, = {pel : e~ < h'(z) < e"s(""l)},
so by Eq. (26) we obtain
m(h—lf\n) <™.

In particular
i) = /  K(z) dm < (e~%0)"
h-1A,

Note that this argument gives us an exponential upper bound even if § is large.

Now we can switch the roles of F' and G to obtain the inequality to A~!, which shows
that h is a mSQS-homeomorphism relative to the stochastic basis U, P™.

To complete the proof when ¢ is not small do the following: find a continuous path of
random walks F; so that Fy = F' and F; = G, so that for every ¢t € [0, 1] we have that F} is
a asymptotically small perturbation of F'. By the argument above for every ¢ € [0, 1] there
exists €; so that F; is mSQS-conjugated to F;, provided |{—¢t| < €;. Using the compactness of
[0,1] we can find a finite sequence of random walks Fy, = F, Fy,, Fy,, ... F;, = G so that Fy,
and Fy,,, are conjugated by a map h; which is mSQS with respect some dynamically defined
stochastic basis. Composing these conjugacies we find a mSQS-conjugacy between F' and
G. 1

6. STABILITY OF RECURRENCE

To avoid a cumbersome notation, in this section we make the convention that all in-
equalities holds only for large n. moreover in this section we assume that 1) is unbounded.
Recall that in this case we assume that asymptotically small perturbations G coincides
with F' on negative states. The case where 9 is bounded is similar.

The following is a easy consequence of the Central Limit Theorem for Birkhoff sums
(Proposition 4.4.3)

COROLLARY 6.6.1. Let a,, be a positive increasing sequence. Then
1

Isn' —2
< -+
an) < Ce +C\/ﬁ

#(%> n

Proof. Use Proposition 4.4.3 and and note that the estimative

L o2 42
/ e 7 du<Ce 7T

—00

holds for v << 0. i
Given n € N, split [0,2n] NN in /logn blocks (called main blocks) , denoted B;, with

length
——g.—, J=1,::0;4/logn;
log™ n
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and between the main blocks we put little blocks Hj, called holes, of length log4 n. These
holes will warranty the independence between the events in distinct main blocks. Put these
blocks in the following order:

'-'<BJ'+1<H_7'+1<BJ'<H]'<...,

with min B 5z = 0. Note that we let most of the second half of the interval [0,2n] NN
uncovered.

Define
SG) =) tof
iGBJ'
H(G)= ) vof
i€EH;
Denote |B;| := max B; — min B;.
LEMMA 6.6.2. We have
|B;| 45
o VN 3 log™ n
o ft*> —log°n) < C ;
u(i§¢ 2 g l’n) O= 2

Proof. This follows from Corollary 6.6.1. |

PROPOSITION 6.6.3. For every € > 0 we have

Jn

w(S(5) >

cn’

1
—log®n, for some j < +/logn) < C—=
log¥ g'n, f j < /logn) o

provided n is large enough.

Proof. For j < \/logn define
Vn

Aj = {1‘ el: S(])(ZIZ) > log4j o 10g3 TI.}
= . i+min B; Vn 3
={zel: Z Yo f (a:)>log4jnlog n}

i<|Bj|
and for each P € P™i"5Bi denote A;(P):=A;NP. .
Due Lemma 6.6.2 and the bounded distortion of f™"Zi on P we have

log‘” n
2 < A
m(A;(P)) <C s |P|
Summing on j and P
log? n 1
mUUA(P)) < Viogn " << oL,
5= \/ﬁ 2+\/ﬁ



24 C. G. MOREIRA AND DANIEL SMANIA

PROPOSITION 6.6.4. For every € > 0 and d > 0 we have
i . 1
il Y- Y(F (@) > log*n, for some j < v/logn) < €, (27)
i€EH;

provided n is large enough.

Proof. For i € Hj — 1, with j < \/logn, define
A= {z € I: |¥(fi(z))| > log" n.}.
By expanding and bounded distortion properties of f and condition GD we have that
p(A;) < CAles*n,

Since |H;| = log*n, if = belongs to the set in Eq. (27) then z € A;, for some i € H; -1,
with j < /logn. So

u(| > v(fi(x))| > log®n, for some j < \/logn)

i€EH;

<uw U U )

j<Vlogn it€H;-1

3
< ’logn log4nnlog,\log n

1

<< ﬁ,

where the least inequality holds for n large enough. |

PROPOSITION 6.6.5 (Independence between distant events).  There exists A < 1 so
that the following holds: For all cylinders Cy and Ca, we have

H(CL N FHDCy) = u(Cr)u(Ca) (L + O(Y)).

Here n = |CY].

Proof. Let J be an interval in C; so that f*(J) = I. Define the measure p(A) :=
u(f~"A N J)/u(J). Note that by the bounded distortion property of f, we have that
log dp/dm is a-Holder, where o does not depend on n. Furthermore it is bounded by above
by a constant which does not depend on n. By the well-know theory of Perron-Frobenius-
Ruelle operators for Markov expanding maps, if P is the Perron-Frobenius-Ruelle operator
of f, then there exists A < 1 so that

d d
P"E% =1+ O(/\d))ﬁ.
So
p(J N f-ntdCy)
1(J)
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_ d
= p(174C2) = [16,0 14 SLam
m

dp
=/102 Pd%dm

=(1+0(,\d))/1cz 5———dm

= (L +O0(A))u(Ca).
Since C is a disjoint union of intervals J so that f™J = I, we finished the proof. [

COROLLARY 6.6.6. There exists M > 0 so that
Vo
u(S; < ogn M for all j < /logn) < C’( )
Proof. Choose M > 0 so that

u? 2
L[
2 J—o0 3

Consider the disjoint union of cylinders

|Bj| . \/ﬁ
C; := {z s.t. Zz/; o fi(z) < loe M}.
0 0g

The Central Limit Theorem tells us that if n is large enough then
2
wGj) <3

for every j < vlogn.
Recall that between B; and Bjy; there is a hole with length log?n. Applying Iogn

times Proposition 6.6.5 , we obtain

u(S; < — 75— 7 \/— M for all j < y/logn) < ( ) vicgn 1-{-0()\'°g VIR o C( ) o

PROPOSITION 6.6.7. There exists C > 0 so that for every k,

p(x € Iy: there exists i < £2 so that Zq/) o f¥(z) > g) >1- C(%) =
k=0

Proof. Let M be as in Proposition . Denote n = ¢3 and define

. ¢
Aqg:= {z: there exists i < £ so that Zl/) o f¥z) > 5},
k=0
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By := {z: |Sj(z)| < l—\/‘:—?log3 n, for all j < /logn},
og”n

logn},

n
Cp = {z: Sj(z) 2 \/4;
og”n
D¢ := {z: |H;(z)| < log®n, for all j < \/logn}.
We claim that if £ is large then B,NCy N Dy C Ag. Indeed, let x € B, N Cy N Dy. Then for
some jo < /logn,

-
S > :

We claim that, if m = maz Bj,, then

Zw fi(z) >

I\DIC\

Indeed, since = € Dy,

| Y. wofi(a)l < Viegnlog®n = o(l)

i€H;, j>j0

Moreover, since x € By,

i€Bj, j>jo n .
So
Zw film)= > wofi@+ > wofi@+ Y. wofi)
i€Bj, i€B;, j>Jo i€H;, j>jo
C

vn 3
———+0(f) >Cl—o(¢ >3
log* n)log4’° o o)
and we finished the proof of the claim. To finish the proof, note that by Proposition 6.6.3,
Corollary 6.6.6 and Proposition 6.6.4

= (M —

1
2+\/—

B gl s G2,

p(Ag) > p(BeNCeNDg) > 1 -C(z

3

PROPOSITION 6.6.8. There ezist € and D so that for every £ > 0,
w({z € Ip: there exists i so that Fi(p) € U I and dist;(p) < D}) > €
t€[min ¥,— minyY)]
Proof. Define, for p € C(io,%1,---,in—1),

Distyn(p) == SUPqeC (ioyi1ye-rin—1) diStﬂ(Q)'
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We are going to prove by induction on k that there is C > 0 so that, if we define

k-1 k-1
o £ ; ¢ ) 8o
Bf :={p € I,: there exists j < E o such that mo(F7(p)) < o and Dist;(p) < W()z‘ Ty
=0 1=0

then
u(BE) > H (1 —oGVeE). (28)

Indeed, take p € B,ﬁ. Let p € L = C(lp, %1,...,%j—1), where j is as in the definition of
Bf. Note that L C Bf and F™(L) = I, for some r < £/2*. By Proposition 6.6.7,

& : ¢
u(z € I.: there exists i < 3% 5O that Zzp o f¥(z) > W) (29)
k=0
> 1 _ ( )\/log _k-

Denote

3 i . ¢
={z e€l;NL: thereexists i < ;;35 so that Zw o f*(f(z)) > §k+—1}
k=0

Due the bounded distortion property for F, the estimative in Eq. (29) implies

w(Dyr) 2, /log %
P > 1o oV, (30)

For z € Dy, take the smallest ¢ so that
k(
Z Yo fi(fi(z 2k+1
Then mo(FI+h(p)) > 5&+, for every 0 < h < i, so

i 3
5t (F9 w(Fre) o £ gt
Dzst,(F’(p))thO:e M) < O,

So Dy C Bf,,. Since Bf is a disjoint union of cylinders L, the estimative in Eq. (30)
implies Eq. (28).
Define

— 077
33
i=0
Let k be so that 2F < ¢ < 2k*1, Now it is easy to check that

u({z € I: there exists i so that F*(p) € Iy and dist;(p) < D})
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> Cu(Bf) > k]:[: (1 - c(g)\/‘%%) > Ck[—f (1 _C(g)\/@)

i=0
Zexp(—CZ(—g-)'i * >8>0,
i=1

which finishes the proof. |

Proof (Proof of the Stability of Recurrence (Theorem 3.4)). Because G coincides with
F' on negative states, and F' is recurrent, of course the orbit by G of almost every point p
so that mo(p) < 0 will entry

UiZOI k
So it is enough to prove that the orbit by G of almost every point p € U;>oI* hit I°. Let

£>0.
By the previous Proposition, there exist D > 0 and € > 0 so that

— miny
Aq:={p € I,: there exists i so that F'(p) € U I; and Dist;(p) < D}

t=miny

satisfies u(A¢) > €, for all £.

Consider a cylinder Cr = Cr(4,ka,...,ki—1,0) C Aq, satisfying k; # 0 for 0 < j < @
and Dist;(z) < D, for every z € Cp. We claim that that corresponding cylinder Cg =
Cg(£, ki, ..., ki—1,0) for the perturbed random walk G satisfies

1 1G]

<cC,
C = |Cr|l ~

where C depends only on D. Since A; is a disjoint union of cylinders of this type, we
obtain that B, = H(A;) satisfies m(Bg) > Ce > 0, for all £.
To prove that the set of points whose orbits returns infinitely many times to

— miny

U »

t=minvy

has full Lebesgue measure, it is enough to prove that A := U;50,6G~7 B has full Lebesgue

measure.
Indeed, assume by contradiction that A is not full. Choose a Lebesgue density point p

of the complement of A. Then there exist a sequence of cylinders Cy, = Cg(¢o,%1,.- ., %k)
so that p € Cy and
m(Ck \ A)
|Ck|

But G*(Cy) = Iy, and m(Iy, N By, ) > Ce|I;, |. By the bounded distortion property

— L. (31)

m(A N Cy) m(G_kng N Ck) =
> > Ce,
|Ckl |Ckl
which contradicts Eq. (31). Now we can use that G is transitive and has bounded distortion
to prove that G is recurrent. |
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Proof (Proof of Proposition 8.3.1). Since F is recurrent, almost every point of I° returns
to I° at least once. So the first return map Rp: I® — I° is defined almost everywhere is
I° and the same can be said about Rg. Of course, the absolutely continuous conjucagy
H also cojugates the expanding Markovian maps Rr and Rg. Using the same argument
used in Shub and Sullivan [ShSu] and Martens and de Melo [MdM], we can prove that H
is actually C! on I°. Using the dynamics, it is easy to prove that H is C' everywhere. |

7. STABILITY OF THE MULTIFRACTAL SPECTRUM

7.1. Dynamical defined intervals and root cylinders

When we are dealing with Markov expanding maps with finite Markov partitions, for
each arbitrary interval J we can find an element of U;P? which covers J and has more or less
the same size that J. Note that this is no longer true when the Markov partitions is infinite.
Since coverings by intervals are crucial in the study of the Hausdorff dimension of an one-
dimensional set, this trick is very useful to estimate the dimension of dynamically defined
sets, once we can replace an arbitrary covering by intervals by another one with essentially
the same metric properties but whose elements are themselves dynamically defined sets
(cylinders). The following Lemma is an easy consequence of the regularity properties
Ra + Rb and it will be useful to recover that trick for (certain) infinite Markov partitions.

Consider j > 0 and let {C;}; C P’ be a finite or countable family of cylinders {C;}ico C
P7 such that W := | J; C; is connected and int W does not contain any point d7* (as defined
in property Rb). Then W is called a dynamically defined interval (dd-interval, for short).
Define the root cylinder of W as the unique cylinder C;, with the following property: if
O = oo then W is a semi-open interval and C;, will be the cylinder so that 0C;, NOW # ¢.
Otherwise W is closed and let C;, be the unique cylinder such that F' = 0C;, N OW is
the boundary of a semi-open dd-interval which contains W. The proof of the following
properties of dd-intervals is very simple:

LEMMA 7.7.1. For every d € (0,1) there exists K > 1 so that for every dd-interval
W = U;C; with root cylinder C;, we have

1 __W?
—< =———YX<K
K= 2G>~

1 ICiola

=< =—2—<K

K~ Zi [C,-l" -
for every a > d. Indeed the constant K depends only on d and constants in the properties
Ra+ Rb+ Exz + BD.

LEMMA 7.7.2. Let N be as in Properties Ra + Rb. For every d € (0,1) there exists
K > 1 so that the following holds: For every interval J C I x Z there ezists m dd-intervals
W;, all of same level, with m < 2N, satisfying the following properties:

-The interior of these dd-intervals are pairwise disjoint.
-The closure of the union of W; covers J:

Jc|Jw;.
J
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-We have

1 _ YL, Wil
—g ei=ll A
k=" =
for every a > d.

Indeed the constant K depends only on d and constants in the properties Ra+Rb+Ez+BD.

7.2. Dimension of dynamically defined sets
Let f € Mk + BD + Ez and denote by P° its Markov partition. Let

A {Ci}i cC U;P"
be a finite or countable family of disjoint cylinders. Define the induced Markov map
fr: U;C; — I by
fz(x) = f4C)-Y(z), if z € C..

We can also define an induced drift function ¥: U; C; — Z in the following way: Define,
for z € C € Pg,

n—1
Uz(z) == ) ¢(f(2))-
i=0
On the same conditions on z, define Nz(z) = n. The maximal invariant set of fz is

AI):={zeI: fi(z)e|JCi, forall j >0}

Denote by HD(Z) the Hausdorff dimension of the maximal invariant set of fz.
We are going to use the following result

ProposITION 7.7.3 (Theorem 1.1 in [MU2]). We have

HD(J)=sup{HD(Z): Z C J, T finite}.

The following result was proved to Markov maps with finite Markov partition, however
the proof can be adapted to our case.

Before to give the proof of Proposition 3.3.2 we need to introduce some tools which are
useful to estimate the Hausdorff dimension.

Let J as above. If there exists 3 such that

Y IcP=1,

CeJg

we will call B the virtual Hausdorff dimension of fz, denoted VHD(Z). The virtual
Hausdorff dimension is a nice way to estimate HD(Z): indeed if fz is linear on each interval
of the Markov partition then these values coincide. When the distortion is positive, these
values remain related, as expressed in the following result (which is included, for instance,
in the proof of Theorem 3, Section 4.2 of [PT]):
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PROPOSITION 7.7.4. Let T be a finite family of disjoint cylinders. Then
|[HD(Z) - VHD(I)| < -
“logA—d’
where

d:= sup sup log M

and )\ := inf inf |Dfz|.
CeI z,yeC DfI(l') CeIzeC | fIl

Recall that if 7 is finite then fr has an invariant probability measure pz supported on
its maximal invariant set A(Z) such that for any subset S C A(Z) satisfying uz(S) =1 we
have HD(S) = HD(Z).

Note that for a homogeneous random walk F

Q(F)={k}x{zel s.t.iw(fj(:v)) +k>0, for j >0}
i=0

and

Qf 5(F) =

n—1 n—1
[k} x {zelst. §¢(ff(z)) +k>0 foralln>0andlim n% gow(fj(x)) > B}.

Define 71 (z,n) := z. The following is an easy consequence of this observation:

LEMMA 7.7.5. If F is a homogeneous random walk then m1(Q%.(F)) C m1(Q% (F)) and
Wl(Qg_B(F)) C wl(Q'iﬁ(F)), for all k > 0. Furthermore

HD(QS.(F)) = HD(QX (F))

and

HD(Q8 4(F)) = HD(Q% 5(F)).

PROPOSITION 7.7.6. Let F' be a homogeneous random walk. Then there exists a sequence
of finite families of cylinders

so that
-A(F,) € QL(F),
-Denote By, := [ ¥r, duz,. Then Bn > 0.

Aim,—.co HD(F,) = HD(QO.(F)).
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Proof. Denote d = HD QS (F). Given any s € N*, mq, Q4(F) = oo, where d, :=
d(1 —1/s). Here mp denotes the D-dimensional Haussdorf measure. By Theorem 5.4
in [F], for each positive number M we can find a compact subset A, C Q% (F) satisfying
mg, As = M. We may assume that A, does not have isolated points. We will specify M
later.

In particular, for each € small enough the following holds:

i. For every family of intervals {J;}; which covers A, with |J;| < € we have
M d
> < ; | J]%.

ii. There ezrists a family of intervals {J; };, with |J;| < €, which covers A4 and

Z|Ji|d’ <2M.

(]

Furthermore we can assume that 0J; C A,.

Assume that d; > d/2. By Lemma 7.7.2, there exists some K such that we can replace the
special covering {J;} in ii. by a new covering by dd-intervals {W}#}; ¢, with root cylinders
R, where

JinA, c|Jwf, (32)
¢
VVf = UE’TZ, for each £ < mi; < 2N, (33)
k

1 e |Rf -
—_— < =< 34
K~ |Ji% <K, (34)

1 >k |Cf;e|d‘
— =R oK 35
K= Clmge =0 -

Indeed we can replace W¢ by a dd-subinterval of it, if necessary, in such way that RiNA, # ¢
and Eq. (32), Eq. (33), Eq. (34) and Eq. (35) hold, except perhaps the lower bound in Eq.
(34). The above estimates, together to the fact that {Wf} covers A, (up to a countable
set) gives

M i€|d, 2
K7 S 2 ICK|" < 2K°M. (36)
i.0,k

Since these intervals are cylinders, if necessary we can replace this family of cylinders by
a subfamily of disjoint cylinders which covers A; up to a countable number of points and
such that each cylinder intersects A;. Indeed we can choose a finite subfamily F, := {C,},

satisfying
M

gz S 2 ICH " < 2K M. (37)
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Let’s call this finite subfamily F;. Note that, since C,. N A, # ¢ we have that
¢
> _v(fH2) 20
t=0
for every z € C, and £ < £(C,). Choose a very small cylinder C such that
¢
S W(fH(a)) 2 0

t=0

for every z € C and ¢ < £(C), and moreover satisfying

¢(C)
> U(f(z) >0
t=0
on C, and
M ~|ds ds 2
gz <101 +§rjlcr| < 3K2M. (38)

Add C to the family Fs. Then, if p, is the geometric invariant measure of fz,, we have

/\Il;:, dus > 0.
And by Lemma 7.7.4 and Eq. (38)

64
|HD(A(f7,)) — ds| < _Eg—e'

Since € can be taken arbitrary, we can choose F, such that

HD(A(f7,)) —s d.

COROLLARY 7.7.7. If F is a homogeneous random walk we have that

AB () o i B D(Q45(F)) = sup HD(Q4p(F)).

Proof. Due Lemma 7.7.5, it is enough to prove the Corollary for £ = 0. Of course
Qg_ﬂ(F) C QY.(F) and o < B implies Q%5 (F) C Q9 5, (F), so

Jim HD(QS4(F)) = =p HD(Q34(F)) < HD(Q%.(F)).
To obtain the opposite inequality, let F; be as in Proposition 7.7.6. Denote

Vo = /\Il;-, dur,, and W, := /N}-_, dur
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and S := v,/Ws. Then by the Birkhoff Ergodic Theorem there is subset Ty C A(Z,) such
that ur, (Ts) = 1 and

- E;:é Uz, (f%(2)) _X_p 5o

kY O Ng(fL(z) W

=
lim = ; Y(f(z) =1

for every x € Ts. Since the Hausdorff dimension of pz, is equal to HD(F;), we have that
HD(Ts) = HD(Fs). Note also that

0
T, C Qyp,,

which implies HD(F,) < H D(Qg_ﬁ,), so by the choice of F,, we conclude that

HD(9) = lim HD(F,) < lim, HD(2%4,) < Zl;;; HD(Q,5).

Proof (Proof of Theorem 8.5.). Define
La(F):={z€ Q’iﬁ(F) s.t. mo(Fi(z,k)) > gi, for all i > n}.

Of course

Qk 5(F) = | T ().

n

To prove the Theorem, it is enough to verify that HD(I',(F)) = HD(I'»(G)). Indeed, for
every € > 0 and a € (HD(I'y(F')), 1) there exists a covering of I', (F') by intervals A; so

that
Z |Aj|a <e
J

Note that we can assume that 0A; C I'n(F). Since G is an asymptotically small pertur-
bation of F, it is easy to see that G also satisfies the properties Ra + Rb, replacing the
points ¢ and d' by h(c') and h(d}), and modifying the constant . Indeed can choose
constants in the definitions of the properties Ex + BD + Ra + Rb which works for both
random walks, so we can take K > 0 in the statements of Lemma 7.7.2 and Lemma 7.7.1
in such way that it works for both random walks.

In particular (as in the proof of Proposition 7.7.6) for each A; we can find at most 2V
dd-intervals

W= JCF, with £ <m; <2N
k
which satisfy

A;NTo(F) c W,
£

and

> ICH ™ < Kla;1°.
k.
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Furthermore we can assume that the root Rf of W]-‘ satisfies

1 | RS>
K= e

and R) NT(F) # ¢
The constant K does not depend on a, j or £. In particular the union of all cylinders
C,ie covers I', (F) up to a countable set and

Y ICE* < Ke. (40)

3.kt
Note that if z € 'y (F) then
disti(z) < rp:=Cn+C\"

for every i € N. So
. [Pk ()]
e’ < —— " <e™m,
P& (A(x))]
There is a point in the cylinder R§ which belongs to I',,(F'), so
| R

S R < (41)

Note that A(W}) = [, h(CL’) is a dd-interval for G and h(R%) is its root cylinder. So

h(RS)|*
l < % < (42)
LOED I (o-] L
But the union of the cylinders h.(C’,ie) covers ', (G) up to a countable set and Eq. (39),
Eq. (40), Eq. (41) and Eq. (42) gives

> I(CEH* < K3etme.
7.k,L

Since @ > HD(T',(F)) and € is arbitrary we obtain that HD([',(G)) < HD(Tn(F)).
Switching the roles of F' and G in the above argument gives the opposite inequality. ||
LEMMA 7.7.8. Let G € On + Ra + Rb be a random walk. For every a > 0 there exist €
and C so that
>, IPesc+a)n (43)
PePn, PCI;
for all n and k.

Proof. For a random walk G, denote by P™ := {P}; the Markov partition of G™. Since
G € BD+0On+ Ez, for each § > 0, we can choose ng large enough so that for every inverse
branch ¢ of an iteration of G and an element P € P™, we have

|5 < 1D8@)

< \Deg) <1 ()
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for every z,y € P. F
Moreover note that for every e < 1 there exists a constant K = K, > 1 so that

> IPPe < K" (45)
i

for every n. _ ‘
Denote P™ = {Q7}; and P+l = {_Qi}j,k, in such way that Q] C Q. Indeed, since
G € BD + Rb, it is possible to order @, so that there exists C satisfying

1941
1Q7]

for every j, k. As a consequence the set of functions
o
=3 e
Q[

is a equicontinuous set of functions in a small neighborhood of 0. In particular, since
h;(0) = 1, there exists € so that, for every j,

< G5,

QJ 1-¢
Z IlQJlll — — 6 (46)

For n < ny, it follows from Eq. (45) that there exists C' so that, for n < ng, we
have Y pcpn |P|'7¢ < C. Assume by induction that we have proved Eq. (43) until some
n > ng. Denote by {¢;} the inverse branches of G"~"°, with Im ¢; = P[""™. Then
P+l = {6:(Q1)}i,j,k and P™ = {¢:(Q?)}s,;. By the distortion control in Eq. (44) and the
estimative in Eq. (46), for each 7, j we have

Cpld (@D 1403, Q4 _ (1+0)?
G(@) ST=3 Qe = 1-5

So

5 IPI= D@D < D@ PR

Pepn+l ik
- 1 + 5 .
(@)= EX0 3 ppe,
peEP™
We finish the proof choosing § so that (1 +6)?/(1—6) < (1 +a). |

From now on we are going to assume that the mean drift is negative: [ du <O0.

LEMMA 7.7.9. Let G € On + Ra + Rb be a random walk with negative mean drift. For
every a > f Y du, there exists o < 1 so that for any ny > ng, with ng large enough,

m{p € I,,,: m2(G*(p)) > no, for k <n, and m(G™(p)) —n1 > an} < o™ (47)
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Proof. Denote
AR (@) 1= {p€ In;: 72(G*(p)) > no for all k < n and m(G™(p)) — ny > an}.

The statement for F' is consequence of the large deviations estimative (see, for instance

)

n—1
m{p€ I: lw—/deZK}SCKU",

which holds for every K > 0. In particular choosing K = a — [ du we get, for any ny,
and n, > ng,

m{p € In,: m(F"(p)) —n1 > an} < o™,
which implies (of course)
m(An . (F)) < o™ (48)

no,n1

We are going to use this estimative to obtain Eq. (47) for the perturbation of F.
Indeed, for every ¢ > 0, there is ng so that if mo(z) > ng then

|DF(z)|
1—5SWS1+5, (49)

Here H is the topological conjugacy between F' and G which preserves states. Note that

Anny (F) is a disjoint union of elements Q; € P™(F), so Ay , (G) is a disjoint union of

the intervals H(Q;). Due Eq. (48) and Eq. (49), we have
Y IH@) <Y (1+0)"Qi| < (1+6)"0™ (50)

Take ng large enough so that (1 +4d0)o < 1. |

We would like to replace ng by an arbitrary state in Eq. (47). The following Lemma
will be useful for this task:

LEMMA 7.7.10. Let p, and g, sequences of non-negative real numbers such that
1'p0 + qo < 1)

2.There exists € > 0 and £ € N such that s, := pn + qn < (1 — €)*Pn—t + qn—e and
gn < Co™ + 301 (1 = €)*pn—r , for every n > 1.

Then there exists § > 0 such that s, < (1 —06)", for every n € N.

Proof. If n > £, we have s, < (1 — €)pn—t + gn—t = (1 — €)Sn—¢ + €qn—e. It follows by
induction that if n = i¢ + r, with r < £, then
i—1

sn < (1—€)'sr + Ze(l - e)qun_(kﬂ)e
k=0

n-1

<C(1-e¢"sp+ E e(1—€)*qn_e—k
k=0



38 C. G. MOREIRA AND DANIEL SMANIA

Since gn—¢ < C(1 — €)™ + Z',:;ll(l — €)*pn_¢—k, we obtain

n-1
sn < (1—€)"tsp + (1 — )™/ + Z (1 = )*(pn—t—k + Gn—e—x)
k=1
n-1
<(1-e™C(so+¢€) + Z €(1 — €)*spn_¢—k,
k=1

for every n > £.
We claim that there exists § < 1 and K so that s, < K(1 —§)™, for every n. Indeed, fix
d < 1, For each n, define K, := s,/(1 — §)". Note that

n—1
8 € (1 —e)™48 8y +€) Z e(1—€)*sp_p_s
k=1
n—1
S@A-"'C(so+e€)+ Y e(l — ) Kp_p_i(1—6)"t* (51)
k=1

- 1/¢ 5 é n—1 il
< (55" Cloo+ 9+ e Ko r=gye 3 (7=5) 10 ="

Choose ¢ close enough to 1 so that

_\1/e
01:=%<1, and
- N

€ k
o9 1= (1—5)5;(1—6) < 1.

Then by Eq. (51) we have K,, < 0o maxi< n—¢ K; + Col, for every n > £, which easily
implies that max; K; < oco. |
Define
Q" = {p € In, : m2(G¥(p)) 0, for 0 < k < n}.

LEMMA 7.7.11. There exists § < 1 so that for every ny > 0 there exists C = C(n;)
satisfying

m(QM™(G)) < C(1 - 6)™.

Proof. Take ng as in Lemma 7.7.9 and fix n; > 0. Define the sets and sequences

$p 1= m(QT™)

Pn := m(B"), where B" := {p € Q}""": m(G"(p)) € [0,n0]}, and
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gn :=m(C™), where C" := {p € Q}"™: m(G™(p)) > no}.

To prove Lemma 7.7.11, it is enough to verify that these sequences satisfy the assump-
tions of Lemma 7.7.10. Indeed, of course pp + go < 1. To prove the other assumptions,
take i € [0,nq]. Since G is topologically transitive, there are ¢; € N and intervals J; C I;
so that ma(G%(J;)) < 0. Denote £ = maz o<i<noli and 1 = min g<i<no|Jil /|1

Clearly Q}*"(G) = B*UC™ C B *uCr=¢ Let J C B"¢ be an interval so that
G"‘e(J) = I;, with 0 < i < ng. Note that B¢ is a disjoint union of such intervals. By
the bounded distortion control for G,

B E 1S g (£ —0; L
m( nm(}) (G) < _m(J”Tf(J) Ji) <(1-7) (52)

Choose € satisfying (1 —r/c) < (1 — o). Then Eq. (52) implies

m(B* ¢ N QP "™(@Q)) < (1 - e0)’m(B™Y)

and we obtain

8n = m(B" N QP™(G)) + m(C™ LN QAT™(G)) < (1 — €0)*Pn—t + gn—s.

It remains to prove that g, < > _;(1 — €)*pn—_k. There are two kind of points p in C™:

Type 1. For every j < n we have m2(G7(p)) > no (in particular n; > ng). We are going
to estimate the measure of the set of these points, denoted ©F. It follows from Lemma
7.7.9, choosing, for instance, a = f Y dp/2, that

m({p € In,: m2(G*(p)) > no, for k <n and m(G™(p)) > n1 +an}) < Co™  (53)
But the set in the r.h.s. of Eq. (53) coincides with ©F provided n > (ng —ni)/a. So
m(07) < Cp, 0",

for some o < 1 which does not depend on n;.
Type 2. For some j < n we have m2(G7(p)) < ng. Denote the set of these points by
©3. Denote by ©3, the set of points p so that £ > 1 is the smallest natural satisfying

72(G™*p) < ng. Clearly ©F is a disjoint union of these sets. We are going to estimate
their measure. Note that 3, C B"k_ The set B"~* is a disjoint union of intervals L so

that mo(G"~FL) = I, for some i < ng. To estimate
m(©3,NL)
|Z|

note that L ¢ B®*, and O3, N L is the set of points p € L so that (G *+ip) > nyg,
for every 0 < j < k. Define

Ly :={pe L: (G *p) = y}.

Firstly note that for y < ng — 7 we have

|Ly N O3] =0, (54)
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since p € L, N ©F ; satisfies mo (G k+1p) = i + 9(G™*p) = i +y > ng. In particular for
y <0 we have |L, N ©F | = 0, which implies, due the bounded distortion control

m(LN©e3,) @ 2y>0 1Lyl
|Z| - L

for some § < 1 which does not depends on k, L or n;, which implies

< (1—6)1

m(63x) < (1 = §)m(B"*) = (1 - 6)pa—. (55)

Furthermore, using again the distortion control and the regularity condition G'D(big
jumps are rare) we have

Zy>—-a(k—1) IL]I n eg,kl & Ey>—a(k—1) lLvl < C’)‘k
|L| - |L| -

(56)

for some C' > 0 and v < 1.
To estimate |L, N©OF ;|/|Ly|, in the case ng —i < y < —a(k —1), recall that G T
Iy, with i +y > ng. By Lemma 7.7.9, we have

m{p € Lity: m(G™(p)) > no, for m < k—1, and m(G¥1(p)) > i+y+a(k—1)} < Co*.

Since i + y + a(k — 1) < no, this implies that

m{p € Liyy: m2(G™(p)) > no, for every m < k — 1} < Co*.

The points in L, N O3, are exactly the points whose (n — & + 1)th-iteration belongs to
the set in the estimative above. Using the bound distortion control we have

L,noey
| Yy 2,k| chk’
|Ly|

SO

| 2 no—i<y<—a(k—1) Ly N OF & C, 2 no—i<y<—a(k—1) Ly N OF k|
|L| - 2 ono—i<y<—a(k—1) 1Lyl
Choose € < €g so that min{maz{Co*,Cv*},1 -6} < (1 — €)*, for every k > 0, and put
together Eq. (54), Eq. (55), Eq. (56) and Eq. (57), to get m(L N ©%,) < (1 —¢)*|L|.
Since B™* is a disjoint union of such intervals L, we obtain

<Cok.  (57)

m(03 ;) < (1 - €)*m(B"*) = (1 - €)*pn_
and now we can conclude with

gn =m(0]) + Y m(03,) < Cnyo™ + Y (1 —€)*pn_t.
k k

Now we are ready to prove Theorem 3.7:
Proof (Proof of Theorem 3.7.). There are three cases:
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F is transient with M > 0. If M > 0 then the random walk F is transient and
it is easy to see that m(Q24+(F)) > 0. Since the conjugacy with an asymptotically small
perturbation G is absolutely continuous (Theorem 3.2), we conclude that m(Q4+(G)) > 0.

F is recurrent (M =0). if M = 0 then F and its asymptotically small perturbations
are recurrent by Theorem 3.4. In particular almost every point visits negative states
infinitely many times, so m(Q+(G)) = 0. It remains to prove that HD Q.(G) = 1. By
Theorem 3.6 it is enough to verify that HD Q4 (F) = 1. Indeed, it is easy to show using
the Central Limit Theorem that if

/ Ydu=0

then there exist C > 0 and and for each n, subsets A,, C P™ so that

n—1

> U(fi) >0

i=0
for allz € J € A,, and
m( U J) 2C >0.
JEA,

here C does not depend on n. Replacing A, by a finite subfamily, if necessary, we can
apply Proposition 7.7.4 to obtain

HD A(A) =1— 0(%).

If p4, is the geometric invariant measure of f4, then

/ Ya, dpa, >0

So by the Birkhoff Ergodic Theorem

n—1
Jim 3 9(f () = +oo (58)
0

i=

in a set S, C A(A,) satisfying p4, (Sn) =1,s0 HD S, =1—0(1/n). In particular the set
S of points satisfying Eq.(58) has Hausdorff dimension 1. We can decompose S in subsets
B; defined by

n—1

Bj := {z € S: min, Zw(fi(x)) >—j}

=0

Clearly sup; HD B; = 1.
For each j choose k; and J; € P*i so that for all z € J; we have

£

—1
P(fi(z)) >0
=0

i

for every ¢ < k; and
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Then
(451 =% Bj) x {0}
belongs to Q4.(F), for every j. This implies HD Q. (F) > HD B, so

HD Q. (F)>supHD B; =1.
9

F' is transient with M < 0. By Lemma 7.7.11, there is some § € (0,1), which does

not depend on n;, so that

m(Q"™) < C(1-6)".
By Lemma 7.7.8, there exists € so that

Y IPe<ca-s)

PePn, PCI;

Denote by {J*}; C P" the family of disjoint intervals so that Q""" = U;J!*

that there exists C' > 0 satisfying
Yot <o - o)
i

Since sup; |J*| —n 0, this proves that HD Q" <1 —¢/4.
Indeed,

4 D WA /4 ek D DA ¥4 b

11> (1-8)2/« |7:1<(1-8)2n/e

S@=0) Y|P+ (=82 |
i i

£ 001 — g2,

(59)

(60)

. We claim

(61)

where in the last line we made use of Eq. (59) and Eq. (60). The proof is complete. |

8. APPLICATIONS TO ONE-DIMENSIONAL RENORMALIZATION

THEORY
8.1. (Classic) infinitely renormalizable maps

Consider a real analytic unimodal maps f: I — I, with negative Schwartzian derivative
and even order critical point. The map f is called infinitely renormalizable if there exists
an sequence of natural numbers ng < n; < ns < ... and a nested sequence of intervals

I=I),DL1D>DI,D:---

so that
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FIG. 2. The ”"Bat” map: the induced map F for a Feigenbaum unimodal map

o fr QI C O,
o frely C I,
e fm™: Ij. — I} is an unimodal map.

We say that f has bounded combinatorics if there exists C' > 0 so that ng4+1/nx < C,
for all k. Two infinitely renormalizable maps f and g have the same combinatorics if there
exists a homeomorphism h: I — I such that foh=hog.

The following result is a deep result in renormalization theory:

PROPOSITION 8.8.1 ([McM96]). Let f and g be two infinitely renormalizable unimodal
maps with the same bounded combinatorics and same even order. Then for every r > 0
there exists C > 0 and A < 1 so that

1

1
(I - Wil g*([I2])lcr < CAk.

lim=
]
Here |I]| denotes the length of I 1,

Proof (Proof of Theorem 3.8.).

Let f be an infinitely renormalizable map with bounded combinatorics. We are going to
define an induced map F': I — I, following Y. Jiang (see [J1], [J2]): Let px be the periodic
point in 0I. Define E as the set

{1, =1, —pr, P> F k), —F (k)5 - - o f™* 7 k), — ™ M (ok)} — {F (0k), — F (1) }-

The set E cuts Ix—1 \ I in my, intervals. Denote these intervals My_1 ;, with¢ =1,...,my.
For each z € Mj_, ;, define n(z) > 1 as the minimal positive integer so that

Iy C @1 My 4.

Note that f™®nx-1 does not have critical points on My_1;. Define the induced map F,
which is defined everywhere in I, except for a countable set of points:
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F(z) := fM)(z), for z € Iy \ Ix41.
See in Fig. 2 the induced map for an infinitely renormalizable maps satisfying n;4; = 2n;

for all i (the so called Feigenbaum maps). The map F is Markovian with respect to the
partition

P = {Mk,i}keN,iSmk-

Furthermore, if f and g have the same bounded combinatorics and even order, then by
Proposition 8.8.1, the corresponding induced maps F' and G satisfies

1 1
v F(ML |- +I{| - ML) - g7 CUME - +HIEl = IMED llor oy < ON
k

Define Ly, as, say, the right component of I} \ Ix4+1 and 4% : I — Ly as the unique bijective

order preserving affine map between this two intervals. We are going to define a random
walk F: I x N — I x N from the map F' in the following way:

Foky o [OT 0 Fomlai)  #Fo(e) € L
! (v o (=F) oyk(z),i) if Fovk(z) € —L;.

It is easy to see that we can extend F: I X Z — I X Z to a strongly transient de-
terministic random walk with non-negative drift. Furthermore if g is another infinitely
renormalizable map with the same bounded combinatorics that f then by Proposition
8.8.1 and Proposition 4.4.9 the corresponding random walk G is an asymptotically small
perturbation of 7. So we can apply Theorem 3.3 to conclude that there is a conju-
gacy between F' and G which is strongly quasisymmetric with respect to the nested se-
quence of partitions defined by the random walk 7. We can now easily translate this
result in terms of the original unimodal maps f and g saying that the continuous con-
jugacy h between f and g is a strongly quasisymmetric mapping with respect to P. |

REMARK 8.8.2. An interesting case is when the unimodal map f is a periodic point to
the renormalization operator: there exists ng and A, with |A\| < 1 so that

™ 0) = f(2).

In this case, if we take ny = kng, then the induced map F will satisfy the functional
equation

F(\z) = AF(z). (62)

Define the relation ~ in the following way:
x ~ y iff there exists i € Z so that z = £\'y.

By Eq. (62), F preserves this relation, so we can take the quotient of F' by the relation ~.
Note that

Lo=R*/~.
It is easy to see that if ¢ = F/ ~: Ly — Lo is a Markov expanding map. Now define
¥: Lo — Z as Y(x) = k, if f(z) € Iy \ Ix+1. Then F is exactly the homogeneous random
walk defined by the pair (g, ).
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8.2. Fibonacci maps

The Fibonacci renormalization is the simplest way to generalize the concept of classical
renormalization as described in Section 8.1. Actually we could prove all the results stated
for Fibonacci maps to a wider class of maps: maps which are infinitely renormalizable in
the generalized sense and with periodic combinatorics and bounded geometry, but we will
keep ourselves in the simplest case to avoid more technical definitions and auxiliary results
with its long proofs.

Consider the class of real analytic maps f with Sf < 0 and defined in a disjoint union
of intervals I? U I}, where —I? = I, so that

- The map f: I§ — I§ := f(I}) is a diffeomorphism. Furthermore I} is compactly con-
tained in I{.

- The map f: I — I{ is an even map which has as 0 as its unique critical point of even
order.

We say that f is Fibonacci renormalizable if
F(0) € I, f%(0) € Iy and f°(0) € I;.

In this case, the Fibonacci renormalization of f is defined as the first return map to the
interval I restricted to the connected components of its domain which contain the points
£(0) and £2(0). This new map is denoted Rf: it could be Fibonacci renormalizable again
and so on, obtaining an infinite sequence of renormalizations Rf, R2f, R3f, ....

We will denote the set of infinitely renormalizable maps in the Fibonacci sense with a
critical point of order d by F4. A map f € F4 will be called a Fibonacci map.

As in the original map f, the n-th renormalization f, := R™f of f is a map defined in
two disjoint intervals, denoted IZ and I, where —I% = I. Indeed f, on I? is an unimodal
restriction of the S,-th iteration of f, where {S,} is the Fibonacci sequence

So=1,51=2 85=3, S3=5, ... ,S+2=Sk+1+Sk,...

and f, on I} is the restriction of the S,_;-th iteration of f.
Denote by py the sequence of points pi € OIF so that

fr(Pr+1) = P

and denote I§ = [pk, p}].
It is possible to define a sequence uy of points satisfying

1+ < pr1 < up <pr < -+ <po,
2. fS% is monotone on [0, u],
3. £ (ur41) = uk,

4. F5%(uk) = ug—2.
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FIG. 3. On the left figure the (green) solid curves represents the part of the fS» used in the definition
of the induced map. On the right figure the (red) solid curve is the part of fS» which coincides with the

n-th Fibonacci renormalization on its central domain.
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FIG. 4. The (red) curves inside the medium square is the graph of the n-th Fibonacci renormalization
fn. The (red and blue) curves inside the largest square is the graph of an extension of f, which has the

same maximal invariant set.
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We are going to define an induced map for an infinitely renormalizable map in the
Fibonacci sense in the following way: Firstly, define f_;: IJ \ I} as an C® monotone
extension of fo on I} which has negative Schwarzian derivative and bounded distortion.
Define F: I§ — R as

F(z) := f5(z) if =€ [ui,—w)\ [wir1, —uip1]

for each 7 > 0.

Define L; as, say, the right component of [u;, —u;] \ [¢i+1, —ui+1] and v;: I — L; as the
unique bijective order preserving affine map between these two intervals.

We are ready to define the random walk F: I X Z — I X Z as

- (’)’i_IOFO’)'k(iL‘),i) if F oy(z) € Ly,
FBES {(’yi"l o (=F)oy(z),i) if Fo~yk(z)€ —L;.

There is a very special Fibonacci map f*, called the Fibonacci fixed point (see, for
instance [Sm|), whose induced map F* satisfies (choosing a good ug )

F*(\z) = £AF*(z)

for some A € (0,1). In this case we can use the argument in Remark 8.8.2 to conclude
that F* is a homogeneous random walk. For an arbitrary Fibonacci map f, F is not
homogeneous, however due Proposition 4.4.9 and the following result F is an asymptotically
small perturbation of F*:

PROPOSITION 8.8.3 (see [Sm]). For each even integer larger than two the following
holds: for every Fibonacci map f, denote

gi=o;tofSoay: I—1,

where a;: I — [ulf " —u{ ] is an bijective affine map so that o] ' (fi+1(0)) > 0 and consider
the correspondent maps gF for f*. Then

llg: — gtller < Krp'

for some p <1 and every r € N.

The real Julia set of f, denoted Jr(f), is the maximal invariant of the map
frRun - 13,
in other words,
Jr(fs) = uf; I3

Denote
Qﬂ_(F) = {(z,1) s.t. m(F"(z,1)) >j for all n > 0}.

PROPOSITION 8.8.4. There exists some ko so that

VY (F) C Jr(f;) Cc UT(F).
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FIG. 5. Induced map F for a Fibonacci map

In particular
HD QY (F) < HD Jr(f;) < HD QI7Y(F), (63)
and, for the Fibonacci fized point, since QTI(F ) is an affine copy of Qi_l(F ) we have

HD . (F) = HD Jr(f). (64)

for all 5 > 0.

Proof. Denote by Fj the restriction of F' to U;>¢L;. Then the maximal invariant set of

Fy
A(F) := NienF'R

is Q% (F). Consider the extension of f; described in Fig. (4). Let’s call this extension f;
An easy analysis of its graph shows that f; and f; have the same maximal invariant set. We
claim that f;4; is just a map induced by f;. Indeed, the restriction of fj41 to [uj41,u} ]
coincides with f2 on the same interval. On the rest of f]+1 domain fJH coincides with f;.

By consequence, for ¢ > j the map fi is induced by fJ and, since Fj4; restricted to L;
is equal to f;, we obtain that Fj41 is a map induced by fJ In particular

A(Fj41) C A(fy) = Jr(f))-
To prove that A(f;) C A(Fj—1), we are going to prove that
z € A(f;) implies Fj_1(z) € A(f;)- (65)

If z belongs to the interval I/ C L;_1, where f; coincides with Fj_1, then Fj_;(z) €
A(f;). Otherwise z € I C Ui>;Ls, so x € A(fj) N L;, for some i > j, then Fj_; is an iter-
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ation of f; on L;, so F;_1(z) € A(f;). This finishes the proof of Eq. (65). Since A(f;) is in-
variant by the action of Fj_; we have A(f;) C A(Fj_1). 1

Proof (Proof of Theorem 3.9). Consider the homogeneous random walk F* = (g,)
induced by f*. Denote

M= [,

where 1 is the absolutely continuous invariant measure of g. Using Thorem 3.7, there are
three cases:

1. M <O0. In this case F* is transient and we have that HD Q. (F) < 1 for every
asymptotically small perturbation of F'*, in particular when F' is a random walk induced
by a Fibonacci map f. By Proposition 8.8.4, HD Jr(f) < 1.

2. M = 0. In this case every asymptotically small perturbation G of F'* is recurrent
and m(Q+(G)) = 0 but HD Q4+(G) = 1. By Proposition 8.8.4 we obtain m(Jr(f)) = 0
and HD Jr(f) = 1.

3. M > 0. In this case F* is transient with m(4+(F*)) > 0 and the conjugacy between
F* and any asymptotically small perturbation of it is absolutely continuous on Qf,_(F*).
In particular m(Q4(F)) > 0 for every random walk F' induced by a Fibonacci map f so
m(Jr(f)) > 0 by Proposition 8.8.4. |

A map f: I — I is called a unimodal map if f has an unique critical point, with even
order d, which is a maximum, and f(8I) C 0I. We will assume that f is real analytic,
symmetric with respect the critical point and Sf < 0. If the critical value is high enough,
then f has a reversing fixed point p. Let I$ := [—p, p]. Consider the map of first return R
to f: if z € I and f"(z) € I§, but f*(z) & I for i < r, define

R(z) := f"(z).

If there exists exactly two connected components IY and I} of the domain of R containing
points in the orbit of the critical point, and furthermore the map

R:RuIi - 1§

is a Fibonacci map, then we will called f an unimodal Fibonacci map. The class of all
unimodal Fibonacci maps will be denoted F3™.

Proof (Proof of Theorem 8.10). We will use the notation in the proof of Theorem 3.9.
Since m(Jr(f)) > 0, we conclude that the mean drift M is positive. by Proposition 5.5.1
any asymptotically small perturbation G of F* has the following property: there exists
A€ [0,1), C >0 and K > 0 so that for every P € P°(G)

n-1
m(p€ P: Y %(G'(p)) < Kn) <CA"|P|.
i=0
This implies that

¢
m(p € I;: Zt/)(Gi(p)) > K{ for every £ > n) > (1 — CA"™).
i=0
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so if j = n|miny| we obtain
m(I; NQ(G)) > 1 — CACY,

here ¢; > 0. If G is a random walk induced by a Fibonacci map g then this implies that
for j large

m(L; \ Jr(9)) = m((—=L;) \ Jr(g)) < CXC|L;].
Since
[~ujer, u41) = |J Ls U (- L),
i>j
we conclude that
m([uj+1, —uj41] \ Jr(9)) < CA|ujial. (66)

For every 6, choose j so that |u;2| < 6 < |ujy1|. Because |ujy2| > 0luj41], where 8 € (0,1)
does not depend on j, we have that |u;| > C67. Together with Eq. (66) this implies

m([—6,6]\ Jr(g)) < CA|ujyp1| < Clujp '+ < Cl8|1 e,

Proof (Proof of Theorem 3.11). We will prove each one of the following implications:

(1) implies (2): From the proof of Theorem 3.9, if m(Jr(f)) > 0 for some f € F4 the
mean drift M of the homogeneous random walk F* of f* is positive. So F* (and all its
asymptotically small perturbations) is transient (to +00). In terms of the original Fibonacci
map f, this means that almost every orbit in Jg(f) accumulates in the post-critical set:
So f has a wild attractor.

(2) implies (3): if there exists a wild attractor for f then m(Jr(f)) > 0. From the
proof of Theorem 3.9 we obtain that the mean drift M of F* is positive. So there exists
a absolutely continuous conjugacy between F* and any asymptotically small perturbation
of F*. This implies that any two maps f1, fo € F4 admits a continuous and absolutely
continuous conjugacy

h: Jr(f1) = Jr(f2)-

Now consider two arbitrary maps g1,g2 € F4™. Then we already know that there exists
an absolutely continuous conjugacy

h: JR(Rgl) — JR(Rgz)

between the induced Fibonacci maps Ry, and R,, associated to g1 and go. Of course h is
just the restriction of a topological conjugacy between g; and g». By a Block and Lyubich
result (see, for instance, page 332 in [dMvS]), every map of F}¥™ is ergodic with respect
the Lebesgue measure. Since g; and g have wild attractors, this implies that the orbit of
almost every point = € I hits Jr(Rg, at least once. Let n(z) be a time when this happens.

So consider a arbitrary measurable set B C I so that m(B) > 0. Then for at least one
ng € N the set

Bp, :={z € B: n(z) =np}

has positive Lebesgue measure. This implies that f™° By, has positive Lebesgue measure,
so m(h(f™B,,)) > 0. Now it is easy to conclude that m(h(By,) and h(B) > 0. Switching
the places of g1 and go in this argument we can conclude that A is absolutely continuous

on I.
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Finally note that the eigenvalues of the periodic points are not constant on the class
fl‘!iln‘l.

(8) implies (4): By the argument in Martens and de Melo [MdM)], if a Fibonacci map
does not have a wild attractor then any continuous absolutely continuous conjugacy with
other Fibonacci map is C': in particular the conjugacy preserves the eigenvalues of the
periodic points. So if (3) holds then we can use the same argument in the proof of the
previous implication to conclude that every Fibonacci map has a wild attractor.

(4) implies (5): The proof goes exactly as the proof of (2)= (3).

(5) implies (1): The proof goes exactly as the proof of (3)= (4). i
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ABSTRACT. [Resumo:] Considere passeios aleatérios deterministicos F': I x
Z — I x Z, definidos por F(z,n) = (f(z),¥(z) + n), onde f é uma trans-
formagao de Markov expansiva definida sobre um intervalo I e ¥: I — Z. Nés
estudamos a universalidade (estabilidade) de propriedades ergédicas (por ex-
emplo, transiéncia e recorréncia), geométricas e multifractais na classe das per-
turbagdes asintéticamente pequenas do tipo F(z,n) = (fn(z), ¥(z) +n), onde
fn é uma transformacdo expansiva exponencialmente préxima de f quando
|n] — oco. Nés também aplicamos estes resultados no estudo da regularidade
das conjugagdes entre transformagdes infinitamente renormalizdveis (no sen-
tido cldssico ou generalizado) e também na existéncia de atratores selvagens.
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