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Resumo

O tema principal deste artigo é aproximagdo na esfera por somas com pesos de harmonicos
esféricos. Apresentamos condigoes necessarias e suficientes sobre os pesos para a convergéncia
nos casos continuo e LP. A aproximagao por convolugao esférica é um caso particular e importante

que se enquadra em nosso contexto.
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Abstract
The main theme of this paper is approximation on the sphere by weighted
sums of spherical harmonics. We give necessary and sufficient conditions
on the weights for convergence in both, the continuous and the L cases.
Approximation by spherical convolution is a particular and important case

that fits into our setting.
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1. INTRODUCTION AND BASIC FACTS

A standard procedure to approximate a function f in an inner product space is to consider
the Fourier series of the function with respect to an orthogonal system. The basic general
results on this topic can be found in many references in the literature, for example, (2,

Chapter VIII].
It is well known that even in the case in which K is a closed interval there always exists

a function f in C(K) for which the corresponding Fourier series does not converge to f
with respect to the uniform norm. Thus, in this and other cases, the common solution
is to consider weighted expansions and to study convergence based on the choice of the
weights. Here is a list of problems that emerges: how to choose the weights in order to
guarantee convergence for every function in the space, to study orders of convergence,
how to choose the weights so that the operators given by the truncated Fourier series

inherit properties of other known operators, etc.
In this paper, we consider some of the problems above in the case when K = S™, the
unit sphere in R™*. The focus is on convergence but we intend to study the analysis of

convergence orders in a forthcoming paper. For functions defined on S™, orthogonality
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depends upon do,,, the usual surface measure on S™. The surface area of S™ will be

written as o,,. The uniform norm is then given by

| flleo :== sup |f(z)l, feC(S™), (1.1)
and as usual, we consider the spaces LP(S™) := LP(S™,don), 1 < p < 0o, with norm
given by

1 1/p
i = (2 [ 1P dmmta)) ", £ 2™ (12

Unless stated otherwise, the letter X will denote any of the spaces introduced above
and || - ||x the corresponding norm. Orthogonality is then related to the inner product of

L*(S™)
(£,9) = — [ fgdom, o€ (ST, (13)

Om Jgm

We will write P(S™) to denote the space formed by polynomials in m + 1 variables
restricted to S™. The set Hy(S™) of all spherical harmonics of degree k in m + 1 variables
joint with the zero polynomial is a subspace of P(S™). Let {Yj1, Yio, ... , Yen(m,)} be
an orthonormal basis of Hi(S™). To every function in any of the spaces above, we can

associate the Fourier series
N(m,k)

F~Y Fk, )Y, (1.4)

k=0 I=1

in which the Fourier coefficient f (k,1) is given by

~

fk, )= [ fYudon. (1.5)
Sm

The setting introduced above is, up to normalization, the same used in many standard

references on analysis on the sphere. We refer the reader to [1,4,5,7,8,9,10], where the

Addition Formula

N(m,k)
N(m,k) . =
Y Yule) Vo) = S B pr(a,)), sy e 5™, (L6)
=1 m
the Funk-Hecke Formula
K((z,y))Ys(y) dom(y) = ai’ (K)Yi(z), €57, (1.7)

Sm

and other results can be found. In (1.6) and (1.7), P{" is the Legendre polynomial of
degree k associated to the dimension m + 1, K :[-1,1] = C is an integrable function,
Y; € Hi(S™), and

a™(K) = om—1 /_11 K@) P(t)(1 — t2)m=2/2q¢. (1.8)



We will deal with approximations of a given function f in X by a sequence {Ty,(f)}nen,
in which the operators T, : X — X, n € N := {0,1,...}, are defined by weighted

orthogonal Fourier sums of the form

n N(mk)

T.(f) = Z > au(n)f(k,D)Yu, fE€X, (1.9)

ka =1

the weights ay(n), n,k = 0,1,..., 1 = 1,2,..., N(m, k) being all real. In Section 2, we
deduce some basic properties of the operators 7}, including the computation of their
norm in the cases X = C(S™) and X = L'(S™). In Section 3, we find necessary and
sufficient conditions in order that {T,},ew be an approximate identity in X. Among
other things, this implies that T;,(f) converges to f in the norm of X, for every f € X.
In Section 4, restricting ourselves to the case X = C(S™), we introduce the notion of
localized approximate identity and study corresponding approximation properties.

2. THE OPERATOR T,

In this section we present some basic properties of the operator T}, some of indepen-
dent interest, other to be used in the subsequent sections. That includes to decide when
T, is of convolution type and the computation of its norm in some cases.

The orthonormality of the spherical harmonics yields

ar(n) Y, kE<n
T, (Ya) = ki (1) Yii (2.1)
0, k> n.

The linearity of T, reveals that

N(m,k)
(479 THYH 3 (2 2)
=1

M:

a
Il
o

whenever

M (m,k
Z Z Tk,,Yk,,, Tky € R. (23)
k=0 v=1

Writing T, f(z) := (T.(f))(z) and appealing to (1.5), we deduce that

L@ = 232 3 eulo) ([ 10 don)) Yo
n N(m,k)
=;}— S ®)_ Y au(n)Yulz) Yuly) dom(y).
1 = k=0 I=1

Thus, we have proved the following representation formula.

Theorem 2.1 If f € X then

Tof(0) = — [ Kn(z,9)f () dom(y), @€ S™, (2.4)

Om Jgm



in which

Z (07%] Yk[ Ykl( ), TS 5™, (25)

Formula (2.5) defines a kernel having an expression very close to that on the left hand
side of the Addition Formula. Since that formula defines a bi-zonal polynomial kernel
and this type of kernel defines spherical convolution operators on X, the goal in the next
two results will thus be to verify when T;, is an operator of convolution type.

Lemma 2.2 The kernel K, is bi-zonal if and only if ar; (n) = axe(n) = - -+ = aen(mr)(n),
k=0,1,...,n

Proof. If axi(n) = are(n) = -+ = agnmur)(n), £ = 0,1,...,n, the Addition Formula
implies that

Zakl "8 prr((a,1)) = Lnl(e0), 7,9 € 7

for some function Ly, that is, K, is bi-zonal. Conversely, fix k¥ € {0,1,...,n} and [ in
the set {1,2,...,N(m,k)}. If K,(z,y) = L,({z,y)) for some function L,, Formula (1.7)
yields

Ko(2,9)Yu(y) dom(y) = / Ln((2,9))Yui(y) dom(y) = ai*(Ln)Yiu(2), =€ S5™,

Sm m
(2.6)
while the previous theorem and relation (2.1) imply that
K, (z,9)Yu(y) don(y) = ai(n)Yu(z), =€ S™. (2.7)
Sm
Thus,
i (Ln)Yu(z) = ap(n)Yu(z), =€ ™ (2.8)
Since Yy Z 0, we conclude that af*(L,) = ar(n), l = 1,2,...,N(m, k). [ |
Let K : [-1,1] — C be a function such that
1
/ K (8)](1 = £)™2/2d4 < 0o, (2.9)
-1

The spherical convolution defined by K is the operator f € X — Tx(f) € X given by

1 m
Te(f)z) = — | K({(z,9)f(y)dom(y), =€ S™ (2.10)
m JS™m
Basic properties of this operator along with some information about bi-zonal kernels are
to be found in [4,5,6,10] and references therein. We adopt here the most common notation

for the convolution operator, that is, Tx(f) = K * f.

Theorem 2.3 The operator T), is of convolution type if and only iof K, is bi-zonal.
Proof. If K,(z,y) = L,((z,y)), z,y € S™, for some Ly, then T,,(f) = L, * f, f € X, by

4



Theorem 2.1. Conversely, if T,,(f) = L, * f, f € X, for some L, then

Ku(@,9)f(y)dom(y) = | La((z,9)f(y) dom(y), ze€S™, feX, (211)

sm gm
that is,

[ (o) - Lal( )] S) domli) =0, s ST, feX. (212

In particular,
/ [Kn(xa y) - Ln(<$, y))] Ykl(y) dom(y) = 0’ T e Sm’ k€ ]Na I = 172a LA aN(m, k)

Since {Yy : k € N,l = 1,...,N(m,k)} is a complete orthonormal subset of L?(S™), it
follows that
K,.(z,y) — L,({(z,y)) =0 a.e. (2.13)

This leads to K,(z,y) = L.({(z,y)), z,y € S™, because K, is polynomial. ]
Next, we introduce some notation. Given a kernel K : S™ x S™ — C, we will write

K? e KY to denote the functions y € S™ — K(z,y) and z € S™ — K (z,y), respectively.

It is easily seen that these two functions are in L'(S™) when K is polynomial. In just

one step of the proof of Theorem 2.4 below we use the space L®(S™) as defined in ([3],

pag. 176).

Theorem 2.4 An upper bound for ||Ty||x is sup{||KZ||, : ¢ € S™}.

Proof. First we consider the case X = C(S™). If f € X, Theorem 2.1 implies that

Tf @) < 2= [ 1Knl@,0)f@)]don(®) < NIl = € ™
Hence,
ITa(F)lo < IfllesupfllEZ s 5 € 8™, £ € X, (214)

and, consequently,
I Tallo(sm) < sup{||KZ|l: : z € S™}. (2.15)

Next, we consider the case X = L?(S™). If f € X then

T = o [ Tt @) don(z)

_ L e ) )|, o)
1 1 ¥
<=/ [a /. lKn<z,y>f<y>4dam<y>] dom ().

Since (KZ)Y?f € LP(S™), z € S™ and (KZ)YF' € L¥(S™), z € §™ (p is the conjugate
exponent of p), Holder’s inequality implies that
1 P z ¢ z
L [ e f@ldont)| < 1D 151

Om
= Lz [ (Kol WP don(w)
m sm



Picking zq € S™ such that
sup{[|Kzll1 : = € S™} = ||K3°|h

and using Fubini’s Theorem, we obtain

IO < o [ NEERY [ 1Kale, )l f )P dom(y) dom(o)
< KR [ [ \Kalo )W) dom(s) doma)
- ik [ (2 [ RGoalldon(@)) 1G)P dons)
Thus,
T Ol < UK [ IR2LIFG)P domy) < IKEIE A1,
whence

1 Tnllx < sup{||KZ]lx : = € S™}.

The proof is complete.

The upper bound given above coincides with ||7,||x in at least two cases.

Theorem 2.5 For X = C(S™) and X = L'(S™), it holds

ITnllx = sup{[| Kz, : € S™}.

Proof. Due to Theorem 2.4, we need to prove that
[Tallx > sup{[|KZ]l: : € S™}.

Using the formula ([3, p. 189])

fgdom

11l = sup{ Nolloo = 1}, f e Li(S™),

’ 1
Om Jsm
we obtain

> [ Kalon) T domts)| 1 =1}

m JS™

1K= = sup{

:sup{

= sup {|Tnf(z)| : [|fllo = 1}
< sup {[|Ta(f)lloo : I flloo = 1}
= HTn”C(Sm)7 S Sm)

L[ ki) dam<y>1 Nl = 1}

Jm sm

and, consequently,
sup{||Kzll1 : € S™} < [|Talle(sm)-

6
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To finish the proof, first observe that

n  N(m,k)
[ T T dom) = /mzzam £k, ) Yau(y) 95) dorm(y)
k=0 =1
1 n N(m,k)
—[ =2 Y ) TEDTW) | £4) done)

- /,,, T,9(y) f(y) dom(y), fe€LY(S™), ge€C(S™.

Finally, using the formula ([3, p. 223])

1
_/ fgdgm
m JSm

11l =500 { | Noll =1}, (229

we obtain
|Tallzysm) = sup {||Tnflls: ||fllh =1}
1 -
= Tn d G . o = 1
sup (p{ = [ T do (y>| gl })

T e (Sup{ olm /m Tugv) (—y)da’"(y)l lglleo = 1}>

= s (sup{|2 [ Toot) Fhdom(w)|: 151 =1} )
= sup{||Tn(9)lleo : ll9lleo0 = 1}

= || Tullesm)-

This completes the proof of the theorem. [ ]

3. APPROXIMATE IDENTITIES

In this section, keeping the notation in (1.9), we will search for conditions in order

that the following approximation property holds:
lim [[To(f) = fllx =0, feX. (3.1)

As usual, a sequence {T,}nen satisfying (3.1) is called an approzimate identity in X.
We refer the reader to [6] and some references therein, for nice examples of approximate
identities in X, including examples involving spherical convolution, spherical shifting,
etc. Since spherical convolution operators belong to the class of operators we are dealing
with here, many results in this section may be considered as generalizations of those

corresponding to approximation by spherical convolution.

Theorem 3.1 If {T,,},ew 15 an approzimate identity in X then the following properties
hold:



(1) There ezists a positive constant C such that |T,(f)|llx < C||fllx, n € N, f € X;
(#) imp o ag(n) =1, ke N, 1 =1,2,...,N(m, k).

Proof. Assume {T}, },cmw is an approximate identity in X . Since every sequence {T,,(f) }nen,
f € X, is bounded, the Uniform Boundedness Principle implies that

IT.(Hllx <Clifllx, feX, neN, (3.2)
for some nonnegative constant C. If C' =0 then T,(f) =0, f € X, n € N, whence
I£llx = lim [Ta() - fllx =0, feX, (3.3

a clear contradiction. Thus, C > 0 and (i) is proved. To prove (i7) fix k¥ € IN and
le{1,2,...,N(m,k)}. Since

Tn}/kl(y) = akl(n)}/;cl(y)’ ye Sm; n 2 k) (34)
it follows that
Jim T,Yu(y) = (Jim au(n)) Ya(y), e S™ (35)

We split the proof in two cases. If X = C(S™), our assumption on {7, }nen implies that
lim Tn}/k((y) = Ykl(y), yeS™. (36)
n—roo

Since Yy # 0, we can choose yp € S™ such that Y;(yo) # 0. Thus, (3.5) and (3.6) lead to

Yia(yo) = ( lim au(n)) Yau(yo). (37)

If X = LP(S™), 1 < p < 00, a similar procedure leads to

Yu(y) = lim TYu(y) = (lim au(n)) Yu(®), ye€S™\A, (3.8)
n—o0 n—oo

where o,,(A) = 0. Taking y; € S™ \ A such that Yi(y1) # 0, as we certainly can, we
conclude that

Yia(y1) = ( lim au(n)) Yuu(y). (3.9)
In both cases the conclusion is lim,_, ax(n) = 1. [ |

Next, we search for some converse results.

Theorem 3.2 Let f € C(S™) be a function fulfilling the following condition: if ¢ €
P(S™) then there ezists a constant C = C(f — q) > 0 such that ||T,(f — g)lle <
C(f = )If = qllooy » € N. If limpyoau(n) = 1, k € N, I = 1,2,...,N(m, k) then
limp o0 [|Tn(f) — fllo = 0.

Proof. Let € > 0. We use the Weierstrass Approximation Theorem to select ¢ € P(S™)
such that ||f — q||l < € and write ¢ in the form
M N(mk)

¢=> 3 ruYu, tm€C, k=01,...,M, =12, ,N(mk). (310
k=0 I=1



Since

M N(m,k)
Z Z a(n)ruYu, n> M, (3.11)
k=0 I=1
defining
By :=max{|ry| : k=0,1,...,M,l=1,2,...,N(m,k)} (3.12)
and
By := max{||Yullw : £ =0,1,...,M,l=1,2,...,N(m,k)}, (3.13)
it is clear that
M N(m,k)
ITa(y) — a(w)l = | (ai(n) — 1)raYu(y)
k=0 =1
M N(m,k)
<Y lam(n) = Lirml [|Yalloo
k=0 =1
M N(m,k)
<BiB Y lag(n) -1, yeS™, n>M.
k=0 I=1
Consequently,
M N(m,k)
1T (q) — glloo < B1Ba Z Z lag(n) — 1|, n>M (3.14)
k=0 I=1

If im, yoap(n) =1, k € N, I =1,2...,N(m,k), then lim, , ||T5(¢) — g|lcc = 0 and
there is an N(e) € IN such that

1Tn(q) — gllo <€ 7> N(e). (3.15)
Therefore,
1Ta(f) = Flloo S NTa(f) — Tn(@)lloo + 1 T0(2) — glloo + llg — fllo
SNTa(f — Dlloo + 2¢
SC(f = If —dllo + 2¢
<(C(f-q)+2)e, n=N(e),
completing the proof of the theorem. [ |

Theorem 3.3. Let f € LP(S™) be a function fulfilling the following condition: if ¢ €
P(S™) then there exzists a constant C := C(f — q) > 0 such that || T.(f — ¢)ll, < C(f —
O fllp, » € N. Iflimy o ari(n) =1, k € N, 1 =1,2,..., N(m, k) then limp_,o || Tn(f) —
fll, = 0.

Proof. Let € > 0. Since C(S™) is dense in LP(S™), there exists a function g € C(S™) such
that ||f — g|lp < €/2. The Weierstrass Approximation Theorem provides a polynomial ¢

such that ||g — g||eo < €/2. Hence,

€
Nf—ale <IIf —gllp+llg —allp < ot lg — gl < e (3.16)

9



As in the proof of the previous theorem, if lim, ,o, ari(n) =1,k € N, 1 =1,2,...,N(m,k)
then limy,_,q ||T5(¢) — ¢|loo = 0. Thus, the inequality ||T5(q) —q|lp < ||Tn(g) — ¢l implies
that lim, o | Tn(g) — g|lp = 0. Now, there exists N(e) € IN such that

ITa(q) —gllp <€, n 2> N(e). (3.17)
Therefore,
ITa(7) = Fllp < ITl) = Tal@)lp + 1Tn(a) = allp + lla — £l
<|Ta(f = a)llp + 2¢
SCU—Olf —allp+2¢
<(C(f —g9)+2)e, n=Ne).
This completes the proof. [ ]

Combining the previous two theorems we have the following.

Theorem 3.4 The sequence {T, }new 8 an approzimate identity in X if and only if the

following conditions hold:
(1) Given f € X, there ezists a constant Cy > 0 such that |T,,(f)||x < Cl|lfllx, n € N;
(i) lim, 40 ari(n) =1, k€ N, 1 =1,2,...,N(m,k).

Next, we investigate the possibility of changing Condition (i) by another involving
the kernel K,,. This is suggested by Theorem 2.1.

Theorem 3.5 If lim, o au(n) =1, k€N, =1,2,...,N(m,k) and
sup (sup {||KZ|l1 : z € S™}) < 00 (3.18)
nEN

then {T,}new s an approzimate identity in X.

Proof. If sup{||KZ||; : z € S™} < C,n € N, for some positive constant C, not depending
on n, then Theorem 2.4 implies that ||T,||x < C, n € IN. Hence,

e < sup [Euli )l _ ITalx <C, neN, feX\{0}, (3.19)
Ifllx  ~ rex  Nfllx
so that
IT.(Allx <Cllfllx, neN, feX. (3.20)
The previous theorem closes the proof. [ |

The converse of this result holds in at least two cases.

Theorem 3.6 Let either X = C(S™) or X = L'(S™). Then {Tp}nen is an approzimate
identity in X if and only if the following properties hold:

(i) suppen(sup{[| K7l : © € §™}) < 00;

(i1) lim, o a(n) =1, k€N, 1 =1,...,N(m, k).

Proof. One implication is consequence of the previous theorem. As for the other, assume
{T }nen is an approximate identity in X. Theorem 3.1 yields the existence of a positive

10



constant C such that

IT.(Hllx <Clflx, feX, neN. (3.21)
Hence,
ITullx = sup ITa(F)llx <C, nel (3.22)
rexvoy  Ifllx

Under the conditions in the statement of the theorem, Theorem 2.5 is applicable. Hence,
sup{[|[Kzll : z € S"} = Tullx <C, neN, (3.23)

and, therefore,
sup (sup{||KZ|j; : z € S™}) < C. (3.24)
nelN

This takes care of Condition (z). Condition (4¢) follows directly from Theorem 3.1. W

If K, is positive, that is, K,(z,y) > 0, z,y € S™, then we can sharpen Theorem 3.6
as follows.

Theorem 3.7 Let either X = C(S™) or X = L*(S™). Assume that every K, is positive.
Then {Tp}nen 18 an approzimate identity in X if and only if lim, o0 ap(n) =1, k € N,
1=1,2,...,N(m,k).

Proof. It is sufficient to prove that (i) implies (¢) in Theorem 3.6. The positivity of K,
and the orthonormality of the spherical harmonics yields

1Kzl = o= [ Kolo,y) donty)
n N(mk)
/mz Z ait(n) Yia(z) Yea(y) dom (y)

n Nmk)

1
=3 aulm¥ule) )/mm( ) Ver() dom ()

=ap(n), z€S™, neNl.

Hence,
sup ||KZ|l1 = ap1(n), n€N.

zesS™

Since lim, 0 ag1(n) = 1, it follows

lim sup ||KZ|l = hm agr(n) = 1.

n—o00 TeS™

Therefore, there exists a positive constant C such that

sup (sup{|| K| : z € S™}) < C

nelN

11



Thus, the result follows from the previous theorem. [
These are elementary consequences of the above results.

Theorem 3.8 Let either X = C(S™) or X = LY(S™). If im0 an(n) =1, k € N,
l=1,...,N(m,k), then the following assertions are equivalent:

(4) limy o0 [| T (f) — fllx =0, f € X;

(i1) There ezists a C > 0 such that ||To(f)llx < C||fllx, f € X, neN;

(4i7) sup,en(sup{||KZ|l1: z € S™}) < .

Theorem 3.9 The sequence {T,, }new s an approzimate identity in C(S™) if and only if
it 1s an approzimate identity in L'(S™).

If {T,}new is an approximate identity in C(S™) then it is an approximate identity
in L?(S™), 1 < p < oo. Thus, it is quite obvious that the case X = C(S™) is the most
important among all. ‘

We close the section, giving a method to construct approximate identities. It is based
on a corresponding property of spherical convolution.

Theorem 3.10 Let {S,}nenw be another sequence having a representation as in (1.9).
If both {T,.}new and {Sp}new are approzimate identities in X then {T, o Sy}nenw is an
approzimate identity in X.

Proof. Let {T,,} en be as in (1.9) and represent {S, }new in the form

n N(mz)

Z > i) f6,5)Y, feX, (3.25)

i=0 j=1
with ¢;j(n) € R,1=0,1,...,5=1,2,...,N(m,i). Using (2.4) we have that
1

(Ta(Snf))(z) = e Kn(z,y)(Snf)(y) dom(y)
n N(m,k) N(m,q) )
= /". Z Z ar(n)Yiu(z) Yi(y ) Z cij(n) f(i,5)Yi(y) dom(y)

n N(m,k n N(m,k)

=YY e 6@ [ Vi) Vel dom(y)

o 3
m k=0 I=1 10_1:1 m

= —1~Z Z ak, C” (k l)Ykl( ), reS™, felX.

If {T, }new and {Sn}new are approximate identities in X, Theorem 3.1 implies that

lim ay(n) = lim cy(n) =1, keN, 1=1,2,...,N(m,k). (3.26)
n—o00 n—oo
Hence,
lim ay(n)ep(n) =1, keN, 1=1,2,...,N(m,k). (3.27)
n—o0

12



That same theorem produces constants Cy,Cy > 0 such that

ITo(f)llx < Cillflix and [|Sa(f)llx < Collfllx, neN, feX. (3.28)

Thus,
ITa(Saf)llx < CillSa(f)lx < CiCallfllx, n€EN, feX. (3.29)

Now, Theorem 3.4 guarantees that {7, o S,},cn is an approximate identity in X. [

An important consequence of Theorem 3.10 is this: if {7, },ew is an approximate
identity in X and k € IN then {T¥},cn is an approximate identity in X.

4. LOCALIZED APPROXIMATE IDENTITIES

In this section we let X = C(S™) and investigate approximation at one fixed point.
The term localized refers to this and nothing else. To motivate the main definition in this
section, let {T,,} be as in (1.9) and assume that {T,,},ew is an approximate identity in
X. Since

lim Tof(y) = f(y), yeS™, [feC(S), (4.1)
we have that
1 n N(m,k)
f(y) = lim oy > an(n)f(k,1)Yu(y)
k=0 =1

1 n N(mk)

~ lim — [ 044 (1)Yia (1) Yaa(@) £ (2) dom ()

N7 Om JsmiD 1=

1 n N(mak)

= lim — ci(n) Yu(z) | f(z)dom(z), yeS™, feX,

in which c¥,(n) := ap(n)Yu(y).
The definition can now be introduced. Let y € S™ and let {S¥},ew be a sequence of
operators on X that depends on y. The sequence is called an approzimate identity in y if

lim — [ 8Y()f(2)dom(z) = 14), f € C(S™. (4.2)

n—o0 O-m sgm

Theorem 4.1 If {T,},cw is an approzimate identity in X then the sequence {TY},en

given by
n N(mk

TY(z) : Z Z n)Yu(z), ze€S™, (4.3)

in which cj(n) = an(n)Yu(y), £ = 0,1,..., 1 = 1,2,...,N(m,k), is an approzimate
identity in y.

In what follows we will seek for conditions in order that a general sequence {7 },cn
as in (4.3), but with arbitrary coefficients c},(n), be an approximate identity in y. We

13



begin computing the norm of the operator generated by (4.3).

Theorem 4.2 Let LY denote the linear functional on X given by

1) == [ T@f@)don(e), feOE™). (4.4
Then LY, is continuous and ||L¥||csm) = ||T¥||:.

Proof. This is standard but we include a sketch of the proof for the sake of completeness
and because the same arguments are present in the proof of the next result. If f € C(S™),
then

1 Y
— [ T f(e)om(a)

m

<2 [ @) (@)dom@)

© Om Sm™m

< 1 fllooll TR, f € C(S™),

[LL () =

and, consequently,
I Lillo(sm) = sup{|LLf| : | fllo <1} < (I TH ]2

On the other hand, since F := {z € S™ : T¥(z) = 0} is closed, given an € > 0, there
exists an open set O, C S™ such that F' C O, and

/0 ()] der (), < & (4.5)

Since S™ is a normal space, we can find a continuous function g, : S™ — [0, 1] such that
g(z) =0,z € F and g(z) =1, z € O.. Now, it is promptly seen that the function A,

defined by h(z) = gesignT¥(z), z € S™ is continuous and ||h¢|l < 1. In addition,

1 —_— 1
(k) = = [ Te)awsien TG dom(@) 2 —— [ |T2(&)] dowm(a) > T2l - e
m m m Sm\oz
(4.6)
Thus, ||L¥%||c(sm) > ||T¥|| — €. This completes the proof. |
The existence of localized approximate identities follows from the results in the pre-

vious sections along with the comments we have made at the beginning of this section.

Theorem 4.3 provides an independent proof of this same result.

Theorem 4.3 Given y € S™, there always ezists an approzimate identity in y.

Proof. Let y € S™ and let OY be the set formed by the elements of S™ which are within
1/n of y. Since OY is open in R™*!, Urysonh’s Lemma implies that we can find a sequence
{g¥}new C C(S™) such that g¥%(z) > 0, z € S™, g¥(x) = 0 para z € S™ \ O} and

/ g do, =1. (4.7)

14



On the other hand, the Weierstrass Approximation Theorem allows us to find a family

{g¥}new of polynomials in m + 1 variables such that

1
lgn = gallo <~ n€NN. (4.8)

Let f € C(S™) and fix € > 0. From the continuity of f, we can find an ny = ng(e) € N
such that

If(y) - f(=)l <€, z €O, (4.9)
In addition, we can choose n; > mng such that
|f(y) — f(z)| <e, z€O} (4.10)

and || f||eo < €my. Since

1)~ [ @@ donto

S

[ 1@ - (@)eia) dom()

+ [ [9i(2) — gi(2)]f (z) dom(z)

Sm

= /m |[f(y) = f(2)lg7(2) dom(z)
+ [ lot(a) - @Il @] dom(a),

we deduce that

10~ [ @) donto

< / 1£() - £(2)]9%(x) dom(3) + 119% — gEleoll Fleo
oY

= e/ g¥(z) dom(z) + 1 £llee
(o] n
<2 n2>mn.
The ¢¥ being representable in the form
M, N(m.k)
g =Y Y din) Yulz), <ecS8m (4.11)
k=0 1=1
for some M,,, the result follows. [ |

The main result of this section is as follows.

Theorem 4.4 Let y € S™. The sequence {TY }new s an approzimate identity in y if and
only if the following conditions hold:

(1) There ezists a positive constant C' such that |T¥||; < C, n € N;

(#8) lim, o cy(n) = Yiu(y), k€N, 1 =1,2,...,N(m, k).

Proof. Assume {T%},cw is an approximate identity in y. Since lim,_,o LE(f) = f(¥),
f € C(8™), it follows that each sequence {LY(f)}new is bounded. Hence, for every
f € C(S™), we can find a constant C;y > 0 such that

sup{|LY(f)] : n € N} < C. (4.12)
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The Uniform Boundedness Principle implies that

ITR1l = L2 llesm < €, neN, (4.13)
for some C > 0. It is an easy matter to verify that C is in fact positive. Since
1 n N(m,k)
Li(Yu) = oy Z Z cki(n) Y (k,1)
™ k=0 I=1
u N(m,k) 1
=Y S i) (- [ Yawlo) Ve domlo))
k=0 [=1 m m
=b,(n), n>u
then
nlgglo ch,(n) = nh_)nc}o L¥Y,W)=Yuly), weN, v=12,...,N(m,p). (4.14)

Conversely, assume that (z) and (iz) hold. Let f € C(S™) and fix € > 0. By the Weierstrass
Approximation Theorem we can find a polynomial ¢ in m+1 variables so that ||g— f||c <
€. Writing ¢ in the form

M N(m,u)
q = Z Z T';WY;wa (415)
p=0 v=1
and observing that L¥(q) = Y i, Zf\;(lm h) cy(n)re, n > M, Condition (z) implies that
M N(m,k) M N(mk)
lim L3(q) = T}LI{}OZ S odimru=Y_ > raYuly) =q). (4.16)
k=0 I=1 k=0 I=1
Choosing N(e) so that
1L3(q) —q(y)l <& n=N(e), (4.17)

we can use Condition (77) to reach

ILL(f) — )l < ILE(f) — Li(@)| + [L5(a) — a()] + la(y) — f(v)]
S —a)l e+ llg - fllw
<ILAII G = @)lloo + 2¢
= T¢I 1I(f — @)oo + 2€
<(C+2), n>Ne).

This completes the proof. [ |

We close the paper stating a theorem that includes a positiveness hypothesis on the

operators.

Theorem 4.5 Let y € S™ and assume that every TY is positive. Then {T¥}nen is an ap-
progzimate identity in y if and only iflim,, o c¥)(n) = Yu(y), k € N, 1 =1,2,...,N(m,k).

Proof. Left to the reader. |
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