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Injetividade Global de aplicacoes de classe C* do plano real,

folhas inseparaveis e a condi¢cdo de Palais-Smale.

C. Gutierrez, X. Jarque, J. Llibre e M. A. teixeira

Resumo

Estudamos duas condigdes suficientes que implicam injetividade global para uma aplicagdo X :
IR?* - IR? tal que seu Jacobiano é ndo nulo em todo /R?. Uma delas baseia-se na nogio de semi-
componente de Reeb e a outra baseia-se na condigdo de Palais-Smale. Melhoramos a primeira
condic¢do usando a nogao de folhas insepardveis. Apresentamos uma nova prova da suficienga
da segunda condi¢do. Mostramos que ambas condigdes ndo sido equivalentes; mais precisamente,
provamos que a condic¢do de Palais-Smale implica em nao existéncia de folhas inseparéveis, sendo
que o reciproco nao é verdadeiro. Finalmente, mostramos que a condi¢do de Palais-Smale néo é
uma condi¢do necessdria para a injetividade global da aplicagdao X.



GLOBAL INJECTIVITY OF C! MAPS OF THE REAL PLANE,
INSEPARABLE LEAVES AND THE PALAIS-SMALE
CONDITION

C. GUTIERREZ!, X. JARQUE?, J. LLIBRE® AND M. A. TEIXERIA*

ABSTRACT. We study two sufficient conditions that imply global injectivity
for a C! map X : R? — R? such that its Jacobian at any point of R? is not
zero. One is based on the notion of half-Reeb component and the other on
the Palais-Smale condition. We improve the first condition using the notion
of inseparable leaves. We provide a new proof of the sufficiency of the second
condition. We prove that both conditions are not equivalent, more precisely we
show that the Palais-Smale condition implies the nonexistence of inseparable
leaves, but the converse is not true. Finally, we show that the Palais—Smale
condition it is not a necessary condition for the global injectivity of the map
X

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In all this note we denote by X = (f,g) : R? — R? a C! map such that its Jaco-
bian at any point of R? is non zero. Then, by the Inverse Function Theorem, this
map is locally injective at any point of R?. As the map f(z,y) = (e cosz, e® siny)
(i.e., the complex map f(z) = e* as a map from R? to R?) shows that the above
local condition is not sufficient to guarantee the global injectivity. Indeed, Pinchuck
[13] showed that there is a polynomial map X satisfying the above local condition
for injectivity, that is not globally injective in R? (see also [4], page 241). Conse-
quently, the goal is to give sufficient conditions on such a map to insure that it is
globally injective. Our concern is to discuss two of these conditions (that appeared
in the literature), to compare them, and to establish relationships between them.

We denote by X the Hamiltonian planar vector field associated to f;ie. Xy =
(—0f/dy,8f/8z). Of course, X; is, in general, only a C° vector field, but we know
that its solutions lies in the level curves of f. Similarly we define X.

A vector field Y in R? defines a planar foliation if Y has no singularities. Since
the Jacobian of X is never zero, Xy and X, are planar Hamiltonian foliations as
well.

The orbits of a foliation are called leaves. It is well known, in the general theory
of planar foliations, that the relevant leaves in the study of the phase portrait of the
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foliations are the inseparable leaves and their accumulations, if such accumulations
exist.

Two different leaves L; and L of a foliation Y are inseparable if for any arcs T}
and T3, to which Y is nowhere tangent and such that L; has non—empty intersection
with T3, © = 1,2, there is a third leaf L, distinct from L; and Ly, which intersects
both T} and T5. In other words, the distinct orbits through the points p and ¢ of R?
are said to be inseparable if there exist one-side compact transversal sections I, at
p and X, at g such that the Poincaré map 7 : £, \ {p} — £, \ {¢} may be defined
and satisfies lim;_,, m(z) = g. The notion of inseparable leaves may be considered,
in general, when L; = L, but it forces the vector field to have a singular point, and
hence not being a foliation.

The above definition of a pair of inseparable leaves is equivalent to the notion of
saddle-at-infinity (SAI) or half Reeb component (hRc), widely used in the literature,
specially in the context of the injectivity problem. We just notice that in the
definition of (hRc), see 3] for more details, the homeomorphism does not need to
be extended to infinity.

The first result in this note deals with the sufficiency (but not necessity) of the
non existence of inseparable leaves in X or X, in order that X determines a global
injective map.

Theorem 1. Let X = (f,g) : R? — R? be a C* map such that its Jacobian at any
point of R? is not zero.
(a) If Xy or X4 has no inseparuble leaves, then X is globally injective.
(b) There are maps X globally injective such that both foliations Xy and X,
have no inseparable leaves.
(c) There are maps X globally injective such that one and only one of the
Joliations Xy and X4 has inseparable leaves.
(d) The converse of statement (a) does not hold; i.e. there are maps X globally
wnjective such that both f and g have inseparable leaves.

Statement (a) of Theorem 1 was indeed proved in [3] by Cobo, Llibre and Gutier-
rez, although we include here the proof for completeness (see also [5]). Statement
(b) is trivial, by considering X = (f,g) equal to the identity map of R?, while
statements (c) and (d) are proved in Section 2.

From the result above it is still open the question of finding the sufficient and
necessary conditions on Xy and X, to guaranty global injectivity. Recently, a new
paper (7] giving sufficient conditions for global injectivity on C* maps X : R* — R?
have appeared in the line of [3]; i.e., using the eigenvalues of the Jacobian of X at
any point of R2.

Given a C! map f : R? —» R and ¢ € R, we say that f satisfies the Palais-
Smale condition at level ¢ (see [2, 14]), if every sequence {p,,} in R? satisfying:
(i) f(pm) — c and (ii) ||(fz, fy)(Pm)|| — 0, as m — oo, possesses a converging
subsequence. If f satisfies the condition for every ¢ € R, then we say that f
satisfies the Palais—-Smale condition or the (PS) condition. We notice that when
f is such that X; has no singular points (that is, (fz,f,) # (0,0) in all R?) the
(PS) condition can be stated as follows: for any sequence p,, — oo in R? satisfying
f(pm) — ¢, ¢ € R there exist an € > 0 such that ||(fz, f,)(pm)|| > € for all m.

Theorem 2. Let X = (f,g) : R? — R? be a C! map such that its Jacobian at any
point of R? is not zero.
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(a) If f or g satisfies the (PS) condition, then X is globally injective.

(b) There are maps X globally injective such that both, f and g, satisfy the
(PS) condition.

(c) There are maps X globally injective such that one and only one of the
Junctions f or g salisfies the (PS) condition.

(d) The converse of statement (a) does not hold; i.e. there are maps X globally
injective such that neither f nor g satisfy the (PS) condition.

Statement (a) of Theorem 2 has been proved by Silva and Teixeira [15]. So,
the (PS) condition gives an alternative (to the non existence of inseparable leaves
condition) sufficient condition for global injectivity. In Section 2, we provide a new
proof of statement (a), by using Theorems 1 and 3.

Statements (a) and (c) of Theorem 2 are proved in Section 2 while statement
(b) is trivial by considering X = (f,g) equal to the identity map of R2.

A natural question is to know whether the two sufficient conditions stated in
the parts (a) of Theorems 1 and 2 are equivalent or not. The answer is that they
are not. More precisely, the (PS) condition (an analytic condition), implies the
nonexistence of inseparable leaves (a topological condition), but the converse is not
true. This is detailed in the next theorem, proved in Section 2.

Theorem 3. Let f : R? — R be a C! map with gradient different from zero at any
point of R2.

(a) If f satisfies the (PS) condition, then Xy has no inseparable leaves.

(b) The converse of statement (a) does not hold.

We provide two different proofs of statement (a) of Theorem 3, the first uses a
previous result of Silva and Teixeira [16] called the Level Surface Theorem while
the second involves the notion of virtual critical point (or, equivalently, asymptotic
value).

We thank V. Ch. Nguyen for his helpful comments on a preliminary version of
this paper.

2. PROOFS OF THE RESULTS

We prove Theorem 1, Theorem 3 and Theorem 2 in this order. Finally, we deal
with the proof of Proposition 7.

Proof of statement (a) of Theorem 1: Let X = (f,g) : R*> — R? be a C! map
such that its Jacobian at any point of R? is non zero. Suppose that X; has no
inseparable leaves, and we shall prove that X is globally injective. If X, has no
inseparable leaves the proof is similar.

Since the Jacobian of X is never zero, the induced Hamiltonian vector field
Xy, has no singularities in R?. Hence, by Neumann’s classification of flows on 2-
manifolds [12] (see also [10]), the phase portrait of X is topologically equivalent to
the horizontal foliation of R? (i.e. the foliation of R? given by the constant vector
field (1,0)), or equivalently, there is a global transversal section.

Assume that in two different leaves L; and Lo of the topological horizontal
foliation of Xy the function f takes the same value and consider the segment S of
the transversal segment connecting p; € L; with p, € Ly. At any point of S we
consider the basis of R? given by the transversal and the orbit passing through that
point. Now it is clear that the two partial derivatives at one point, must be zero.
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So, f will have a local maximum or minimum, and the gradient of f would be zero,
in contradiction with the fact that the Jacobian of X never vanish. So, there is a
unique leaf in every level of f.

We claim that g restricted to each leaf of f is strictly monotone. The claim
follows easily by noting that, if we denote by (z(t),y(t)) a solution curve of Xy,
then

39 09 0f | g 0f

(1) g(w(t) y() =52+ AR = vl wh ol

since the Jacobian of X is never zero. Then, X is globally injective. [ |

Proof of statement (c) of Theorem I: We consider the analytic map X = (f,g) :
R? — R? defined by
f(zvy) =ey(1 _12)) g(z,y) = —e¥z.

Since Xy = (e¥(z? — 1), —2e¥z) and X, = (e¥z, —eV), it is clear that X; and X,
define regular foliations in R2. Moreover, the Jacobian of X at any point (z,y) € R?
is equal to e?(1 + z2) > 0.

Looking the phase portrait of the foliation X it follows that the straight lines
x = *1 are the unique two inseparable leaves of the foliation X;. On the other
hand, the phase portrait of X, shows that this foliation has no inseparable leaves.
Then, by statement (a) of Theorem 1, the map X is globally injective. [ |

We will need the following lemma in the proof of statement (d) of Theorem 1.

Lemma 4. Let R be an open simply connected subset of R%. Let Z = (f,g) : R —
R? be a C* local diffeornorphism. Suppose that there exist two points p,q € R? such
that Z(p) = Z(q) = (c¢,d). Then p and q belong to different connected components
of both f~(c) and g~(d).

Proof. Suppose, by contradiction, that p and ¢ belong to the same connected com-
ponent L of f~1(c) (the case of g~!(c) is similar). Then, as g|, is strictly monotone
(since Z is a local diffeomorphism, see (1)), we should not have g(p) = g(¢) =d. O

Proof of statement (d) of Theorem I: Let I = (0,1) and let © : I x [ — R? be the
diffeomorphism given by O(z,y) = (tan(nz — 7/2), tan(my — 7/2)). Given £ = 0.1,
let Y = (h,k) : I x I — R? be defined by

2

h(z,y) = (y—€)® —e?z?® and k(z,y) = (y— 1 +¢€)? — %2

We claim that the map X =Y 0 ©~! = (f,g) : R?> — R? is an analytic, globally
injective, local diffeomorphism such that both X; and X, have inseparable leaves.
We notice that the only role of © is to extend the behaviour from I x I to R?
(in particular the square boundary goes to infinity). Of course, statement (d) of
Theorem 1 follows from the claim. We see the claim in three steps.

First, we compute det(DY (z,y)) = 4¢2(1 — 2¢)z, which is different from zero in
IxI,soY,and then X, are local diffeomorphisms.

Second we must show that Y is globally injective. In the light of Lemma 4,
we only need to see that there is no intersection between level sets of h and &
with more than one connected component. Let ¢ € Y(I,I). By dealing with the
expressions of h and k it is not difficult to see that h=!(c) (resp. k~!(c)) has at
most two connected components, and moreover they have exactly two if and only
if 0 < ¢ < €2. Indeed ¢ = 0 correspond to two pairs of straight lines (one pair for
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h~=1(0) and one pair for k=1(0). Above that value of ¢ = €2 each level set is given
by one connected component. One can check that h=1([0,€2)) N k~1([0,&2)) = 0.

Third we see that in the filled square I x I the Hamiltonian foliations Y, and
Y} have both inseparable leaves lying in A = {(z,y) € I x I : €222 > (y —¢)?}
and B = {(z,y) € I x I : %2 > (y — 1 + €)?}, respectively. So, the Hamiltonian
foliations of the plane defined by Xy and X, have both inseparable leaves lying in
©(A) and ©(B), respectively.

Next goal is to prove Theorem 3. Indeed we prove statement (a) by using two
different arguments, one using the Mountain Pass Theorem and the other by char-
acterizing the inseparable leaves in terms of sequences.

Given a C* map f : R? — R and ¢ € R, we define the sets S.(f) = {u € R? :
f(u) =c} and K. = {u € R?: f(u) =c, Vf(u)= 0}, respectively. Of course, Vf
denotes the gradient of f. We say that c is an admissible level of f if, either c is
a regular value of f, or each component of K, is just a point and ¢ is an isolated
critical value of f.

Silva and Teixeira in [16] (see also [15]) proved the following version of the
Mountain Pass Theorem, that they call the Level Surface Theorem.

Theorem 5. Suppose that the C' map f : R? — R satisfies the (PS) condition.
Assume that ¢ € R is an admissible level of f and that u and v are two distinct
points of Sc(f). Then, either

(i) u and v are in the same path-component of Sc(f), or
(i1) f has a critical value d # c.

First proof of statement (a) of Theorem 3: Let f : R?> — R be a C! map with
gradient different from zero at any point of R?, and assume that f satisfies the
(PS) condition. Of course, X; is a Hamiltonian foliation in R2. Therefore, all the
levels of f are admissible, and since f has no critical values, by Theorem 5, every
level of f has a unique component, which is not compatible with having two different
inseparable leaves, because each of them is a different connected component of a
level curve of f.

Alternatively, we can prove the statement (a) of Theorem 3 without using The-
orem 5. For doing that we need some preliminary notions and results.

Let f: R2 — R be a C! map. A point p € R? is a virtual critical (point) for f
if there exists a sequence of embedded intervals C; with endpoints p;, g;, 7 > 0, on
each of which f has a constant value distinct from f(p), with p; — p, ¢i — ¢, but
there is a sequence {r;}, 7; € C;, having no accumulation points in R2.

The next lemma shows that, provided that the function f has gradient different
from zero at any point of R?, the existence of virtual critical points and the existence
of inseparable leaves are equivalent notions (see also [9] where the result is proved
for a general f).

Lemma 6. Let f : R? — R be a C! map with gradient different from zero at any
point of R2. If p is a virtual critical point for f, then the level curve through p is an
inseparable leave of Xy. Conversely, if Xy has inseparable leaves, then there exists
a point p which is virtual critical point for the function f.

Proof The converse implication is straightforward, by taking the point p and ¢ as
in the definition of inseparable leaves. The sequence of embedded intervals C; with
endpoints p;, gi, ¢ > 0, correspond to the segment orbits of X passing through
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FIGURE 1. The set Q as a subset of the canonical region associated
to the inseparable leaves through p and g (or equivalently, through the
virtual critical point p).

the points p; with p; — p, and the sequence of 7; € C; with r; — co can be easily
chosen in these segment orbits.

We assume that p is a virtual critical point. To see that the orbits of p and ¢
are inseparable leaves (both tending to infinity in forward and backward time) we
consider the sequence of embedded intervals C; with endpoints p; and g;, where
p; — p and ¢; — ¢. On each C; the function f takes a constant value distinct
from f(p). Clearly, these orbit segments of Xy can be enlarged so that they cross
transversally the cross sections X, and X, of the definition of inseparable leaves,
and consequently the orbits of p and g are inseparable leaves. [ |

Second proof of statement (a) of Theoremn 3: From the definition, it is enough to see
that if f has gradient different from zero at any point in R? and X has inseparable
leaves, then there is (at least) a sequence of points {p,,} such that conditions (i)
and (ii) are satisfied in the definition of (PS).

So, assume Xy has inseparable leaves (and V f(p) # 0 for every p € R?). From
Lemma 6 this is equivalent to assume that there exists a virtual critical point p. We
denote by Qg the canonical region partially fulfilled by the orbits passing through
the two one-side transversal sections £, at p and ¥, at g. We denote by 2 the
subset of Q2 determine by the segments of the two one-side transversal sections X,
at p and I, at g joining p with p; and ¢ with ¢, the segment orbit joining p; and
q1, and the two orbits passing through p and ¢ (see Figure 1).

Notice that 2 is an open unbounded set. Moreover, it can be assumed that f
takes values strictly less than ¢ in . Observe that f takes the value c only in the
orbits passing through p and ¢, and perhaps in other components different than
Qo).

We consider an increasing sequence of radius {6;} € R and the corresponding
sequence of balls Bs,(0), centered at the origin. It is clear that we can choose
this sequence in a such way that for each ball we can choose a point r; lying in
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QN (Bs;(0) \ Bs;,—1(0)) and with f(r;) being a strictly increasing sequence. Of
course f(r;) — c as @ — co. For each point r; we consider the gradient solution
curve ¢(r;) passing through that point for ¢t € (—1/4,1/4). If such a curve does not
entirely belong to {2 we change r; by the point ¢_;/4(r;) which surely lies in Q and
by construction the gradient solution curve passing through it is entirely included
in Q (for ¢t € (—1/4,1/4)). For simplicity we rename all points to be r; again.

We consider a C! parameterizable curve C inside 2 passing through all of these
points (i.e., the r;) and such that coincide with the gradient solution curves around
the r;’s. Hence C can be understood as the image of a function g : R — Q such that
[lg’(t)|| = 1 (by arc parametrization). Of course C must cross all the level curves
f = constant inside 2. Moreover we also assume that r; = g(), 7 > 0.

Now we apply the Mean Value Theorem to h(t) = f(g(t)) around each i in the
intervals I; = (1 — 1/4,i+ 1/4), for i = 1,2,.... Consequently for every i we have
that

G+ 1/8) = h() + ()5 = h(3) + VF(9(e)) 7" (8).
Of course h'(c;) — 0 as © — oo. But this force ||V f(g(c;))|| — O since

Vf(g(c))g" (t:) = IV f(g(c))ll 119" (¢:)ll cos b,
and || g”(;)|| = cos@ = 1. Thus, the sequence g(c;) for i > 0, satisfies f(g(c;)) — ¢
(since it still belong to the unbounded curve C), and ||V f(g(c;))|] — 0. [ |

To show the statement (b) of Theorem 3 we first proof the following result.

Proposition 7. Let f(z,y) = arctanz + arctany where we choose the values of
arctan z and of arctany in the interval (—m/2,7/2). The following statements hold.

(a) The function f has gradient different from zero at any point of R?, and
does not satisfy the (PS) condition.
(b) The vector field Xy has no inseparable leaves.

Proof of Proposition 7: Let f : R> — R be the C* map defined by f(z,y) =
arctan z + arctany where we choose the values of arctanz and of arctany in the
interval (—m/2,7/2).

Since its gradient is (1/(1 + z2),1/(1 + y?)), clearly it is not zero at any point
of R2. To see that f does not satisfy the (PS) condition, we consider the sequence
{pn} with p, = (n,—n). Then f(p,) = 0 for all n and, Vf(p,) — (0,0) when
n — oco. However the sequence {p,} has no any convergent partial subsequence.
So, f does not satisfy the (PS) condition, and statement (a) follows.

Finally we prove statement (b). The phase portrait of X is topologically equiv-
alent to the phase portrait of the polynomial vector field Y = (—(1 + z2),1 + y?)
(they differ only in time scaling). Of course, Y defines a polynomial foliation. The
inseparable leaves of the polynomial foliations correspond to hyperbolic sectors at
infinity, see [8]. These hyperbolic sectors can be associated to a unique singular
point of Y at infinity (having the two separatrices of the hyperbolic sector outside
the infinity), or to two different singular points at infinity, as illustrated in Figure
2(a).

Now we use the notation introduced in the appendix on the Poincaré compact-
ification. For the vector field Y we have that F(z;) = 21(z1 + 1) and G(z1) =
—z1(21 + 1). Therefore, the singular points at infinity are (0,0) and (-1, 0) of the
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FIGURE 2. In (a) we illustrate the possible hyperbolic sectors at in-
finity of the Poincaré sphere, corresponding to saddles—at—infinity, while

in (b) we show the phase portrait of the vector field Y used in the proof
of Proposition 7.

local chart Uy, and (0,0) of the local chart Us, and their diametrally opposite sin-
gular points in the local charts V; and V5. The local phase portrait at these infinite
singular points can be studied using their linear parts given in (2) and (3). Then, we
get that the point (0,0) of the local chart U; is an unstable node, the point (—1,0)
of the local chart U, is a saddle having the two unstable separatrices at infinity, and
the (0,0) of the local chart U, is a stable node. So, ¥ has no inseparable leaves,
and the claim is proved. The phase portrait of Y is given in Figure 2(b) where it is
easy to see that the sequence in question belongs to the saddle connection between
the two saddle points at infinity. B

Proof of statement (b) of Theorem 3: Follows from the above proposition. [ |
We end up this section with the proof of Theorem 2.
Proof of statement (a) of Theorem 2: Let X = (f,g) : R — R? be a C'! map such
that its Jacobian at any point of R? is not zero, and assume that f satisfies the
(PS) condition. If g satisfies the (PS) condition the proof is similar.
Since the Jacobian of X is never zero, the gradient of f is not zero at any point of
R2. So, by Theorem 3, f has no inseparable leaves, and consequently, by Theorem
1, the map X is globally injective. [ |

Proof of statement (¢) of Theorem 2: We consider the analytic map X = (f,g) :
R? — R? defined by

f(z,y) = arctan z + arctany, 9(z,y) ==z,

where the values of arctanz and of arctany in the interval (—7/2,7/2). Since
X;=(-1/(1+¥?),1/(1 +2?)) and X, = (0,1), it is clear that X; and X, define
foliations in R2. Moreover, the Jacobian of X at any point (z,y) € R? is equal to
-1/(1+y?) <o.

By Proposition 7, f does not satisfy the (PS) condition. Clearly, the leaves of
the foliation X, are formed by the straight lines = constant. On the other hand,
since ||(9z, 9y) (2, y)|| = 1 for all (z,y) € R?, the (PS) condition is trivially satisfied.
Since g satisfies the (PS) condition, applying statement (a) of Theorem 2, the map
X (having Jacobian different from zero at any point) is globally injective. [ |
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Proof of statement (d) of Theorem 2: We consider the analytic map X = (f,g) :
R? — R? defined by

f(z,y) = arctanz + arctany, g(z,y) = arctan z,

where we choose the values of arctan z and of arctany in the interval (-7 /2,7/2).
Since we have that X = (—=1/(1 +3?),1/(1 + 2?)) and X, = (0,1/(1 + z?)), it is
clear that Xy and X, define foliations in R2. Moreover, the Jacobian of X at any
point (z,y) € R? is equal to 1/((1 + z2)(1 + y?)) > 0.

By Proposition 7, f does not satisfy the (PS) condition. On the other hand,
the leaves of the foliation X, are formed by the straight lines z = constant, and if
Pm = (m, —m) then ||g(pm)|| — —7/2 and [|(g, gy)(pm)|| — 0 as m — co. Since
there is no convergent subsequences of {pn, }, g does not satisfy the (PS) condition.

To finish the proof we need to show that X is globally injective. If (a,b) belongs
to the image of the map X, then there exists a unique (z,y) € R? such that
X(z,y) = (a,b). In fact, z = tanb and y = tan(a — b). Therefore, the map X is
globally injective. a

3. APPENDIX: THE POINCARE COMPACTIFICATION

Let X = (P,Q) be a polynomial vector field of degree d. The Poincaré compact-
ified vector field p(X) corresponding to X is a vector field induced in S? as follows
(see for instance [6] and [1]).

Let S? = {y = (y1,¥2,¥3) € R : y? + y2 + y2 = 1} (called the Poincaré sphere)
and T,S? be the tangent space to S? at point y. Consider the central projections
f+ . T‘(O’O'])Sz = S_%, = {y € 82 Y3 > 0} and f._ H 71(0'0'1)82 e SZ_ = {y €
§? : y3 < 0}. These maps define two copies of X, one in the northern hemisphere
and the other in the southern hemisphere. Denote by X’ the vector fields Df, o X
and Df_ o X in S? except on its equator S' = {y € §? : y3 = 0}. Obviously S! is
identified to the infinity of R?. In order to extend X' to an analytic vector field in
§? (including S*) it is necessary that X satisfies suitable hypotheses. The Poincaré
compactification p(X) is the only analytic extension of y§~ !X’ to S2.

For the flow of the compactified vector field p(X), the equator S! is invariant.
On S2\S! there are two symmetric copies of X, and knowing the behaviour of p(X)
around S!, we know the behaviour of X near infinity. The projection of the closed
northern hemisphere of S? in y3 = 0 under (yi,¥2,y3) — (y1,v2) is called the
Poincaré disc. Due to these two symmetric copies of X on S, it follows that the
infinite singular points (i.e. the singular points on S!) appear in pairs of diametrally
opposite points.

As §? is a differentiable manifold, for computing the expression of p(X), we can
consider the six local charts U; = {y € §? : y; > 0}, and V; = {y € §? : y; < 0}
where 7 = 1,2,3, and the diffeomorphisms F; : U; — R? and G; : V; — R?
defined as the inverses of the central projections from the tangent planes at the
points (1,0,0), (—1,0,0), (0,1,0), (0,-1,0), (0,0,1) and (0,0, —1), respectively. If
we denote by z = (z1,22) the value of Fi(y) or Gi(y) for any i = 1,2,3, then z
represents different things according to the local charts under consideration. Some
straightforward calculations give for p(X) the following expressions:

1 2 1 z 1 =z
d Z AN _ P = 2) P = 2 in U
z2A(Z) [Q (22’22> 1 (22722)7 22 (22,22)] m 13
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HA() [P (-Zi i) —2Q (ﬂ i) — ("—‘, i)] in Uy,
22 22 22 22 22 22
A(Z)[P(Zl7z2)) Q(ZI)ZZ)] in U37
where A(z) = (22 + 23 + 1)~%. The expression for V; is the same as that for
U; except for the multiplicative factor (—1)?~1. In these coordinates for i = 1,2,
zp = 0 always denotes the points of S!. We omit the factor A(z) by rescaling the
vector field p(X).

Since the unique singular point at infinity which cannot be contained into the
charts U; UV; are the origins (0, 0) of Uz and V2, when we study the infinity singular
points on the charts U, U V2, we only consider if the (0, 0) of these charts are or not
singular points.

A singular point g of p(X) is called an infinite (respectively finite) singular point
if g € S (respectively g € S? \ S?).

We want to study the local phase portrait at infinite singular points. For this we
choose an infinite singular point (z;,0) and start by looking at the expression of the
linear part of the field p(X). Fori = 0, 1,2 we denote by P; and @Q; the homogeneous
polynomials of degree i of P and Q, respectively. Then, (21,0) € S' N (U; U W) is
an infinite singular point of p(X) if and only if

F(z1) = Qa(1,21) — z1Pu(1,21) = 0.
Similarly (z1,0) € S* N (U2 U V3) is an infinite singular point of p(X) if and only if
G(z1) = Py(z1,1) — 21Qa(z1,1) = 0.
The Jacobian matrix of the vector field p(X) at an infinite singular point (z1,0)
is
@) (F'(Z1) Qa-1(1,21) - 21Pd—1(1,z1)> ’
0 —Py(1,z1)

or
G'(z1) Fi-1(21,1) — 21Qa-1(21,1)
(3) ( 01 d-1 I—Qd(zi,ljl 1 )’

if (21,0) belongs to U; or Us, respectively.
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