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Bifurcacao de Hopf no infinito para campos vetoriais

planares.

Begofia Alarcén, Victor Guiniez, Carlos Gutierrez

Resumo

Estudamos, de um novo ponto de vista, familias de campos vetoriais planares sem singularidades
{X, : —e < p < €} definidos no complemento de uma bola aberta de centro na origem tal que
o infinito muda de atrator a repulsor, ou viceversa, em p = 0. Também estudamos um tipo de
estabilidade local, ao redor do infinito, de alguns campos vetoriais planares de classe C?.



Hopf Bifurcation at Infinity for Planar Vector
Fields

B. Alarcén ¥ V. Guiiiez fand C. Gutierrez }

Abstract. We study, from a new point of view, families of planar vector fields
without singularities {X, : —e < p < €} defined in the complement of an open
ball centered at the origin such that infinity changes from repellor to attractor,
or vice versa, at u = 0. We also study a sort of local stability of some C! planar
vector fields around infinity.

1 Introduction

Let r > 0, and let B} = {z € R",||z|]| < r}. We denote the Alexandroff
compactification of (R" — BJ) with the point co (at infinity) by (R™ — B?) U
{co}.

A C'—vector field X : R® — B® — R™ — {0} (without singularities) can be
extended to the map

X : (R ~ B}') U {c0},00) = (R™,0)

(which takes oo to 0). We shall consider the map X as if it were a vector field
having oo as an isolated singularity. In this manner, all questions concerning
the local theory of isolated singularities of vector fields on R™ can be formulated
and studied in the case of the vector field X. Observe that the phase portrait
of X is always a well defined ob ject. Therefore in the specific case of a planar
vector field X, we may talk about either hyperbolic, or parabolic, or elliptic
sectors at oo of both X and X. For instance, if the origin is a global attractor
of X, then oo is a repellor of X, that is, of X. In this context, when oo is an
1solated singularity of X, we may also talk about the Poincaré index of X at co.

Here we discuss the appearing of a Hopf bifurcation at infinity of a one-
parameter family of C? planar vector fields defined outside of a ball centered at
the origin. This subject has been studied from two different points of view. The
first one deals with families which have finitely many parameters and are made
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up of continuous perturbations of linear systems. The second point of view deals
with polynomial families. In the former point of view, the strong domination
imposed by the linear part of the vector field is used. (See [2],[3],[9],[10], [12].)
In the latter the study, thanks to the Poincaré compactification, is carried out
using the local theory of planar vector fields. (See [1],[4],[11).) The papers [5]
and [7] develop a theory that provides us with the means for considering yet
another point of view that makes possible the study of the Hopf bifurcation
for certain families of class C!. Though these families are not perturbations of
linear systems, they somehow contain them.

In order to state the main results of this paper, we need the following con-
cepts.

We will say that the C'—vector field X : R® — B® — R™ has a repellor
(resp. attractor) at oo if the map extending X to co

X : ((R™ = BM) U {00}, 00) — (R",0)

is locally topologically equivalent at co to the vector field z — z (resp. ¢ — —x)
at the origin.

We will say that the family of C! —vector fields {Xy : R*"—B! - R™; —e <
u <€} has at p =0 a Hopf bifurcation at co if two conditions are satisfied:

(1) For u < 0 (resp. p > 0), the vector field X, has a repellor at oo, and for
g >0 (resp. p < 0), the vector field X, has an attractor at co.

(2) The vector field X, has no singularities in R® — B}, for —e < p < e and
some s > r.

Let A be a Lebesgue measurable subset of R", and let f : A — R be a
measurable function. We define as usual

f*(z) = max{f(z),0} and f(z)=max{-f(z),0}.
We will say that f : A — R is Lebesgue integrable if

min{/A f+d/\,/Af‘d)\} < 00,

in which case we define

/Afd/\=/Af+d/\—/Af"d/\,

which is a well defined value of the extended real line [—o00, oc].

Given 7 > 0 and k,n € N, let A*(n,r) be the set of C¥—vector fields
X : R® — B! — R" such that div(X) : R — B" — R is Lebesgue integrable.
Suppose I' = {I', ; a < p < oo} is an arbitrary lamination of a neighborhood U
of oo in (R™ — B™) U {0} such that:

(1) each I'; is a leaf of T, and is a smooth manifold diffeomorphic to {z €
R™ : [le]| = 1},



(2) if p> o, then T, NT, =0, and T, is closer to co than T, is.
Given X € A¥(n,r), with r > 0 and k,n € N, define

I(X) = lim [ X(z) > ds = / div(X)

P=0 JT, ]

where X : R* - R™ is an arbitrary C'—vector field which coincides with X in
the complement of a ball centered at the origin. In Section 3 we shall show that
Z(X) is well defined. Let A'(2,r,00) be the set consisting of the vector fields
of A'(2,7) such that

/roo T(s)ds = 0,

where
T(s) = if{|IX()Il : llpll = s} .
The following are our two main results, which will be proved in Section 2.

Theorem 1.1. Let {X,, : —¢ < p < €} be a family of vector fields in A (2,r, )
such that:

(1) we have p-Z(X,) >0, if u #0,

(2) for all —e < p < e, the vector field X, has no singularities, and the
Poincaré indez at oo of the vector field

X,, : ((R® - B3 U {0}, 00) = (R2,O)
(which extends X, to oo) is less than or equal to 1.

Then p =0 is a Hopf bifurcation at co of the family {X,}.
The following surprised us.

Theorem 1.2. Let X,Y € A'(2,r,00) be vector fields such that their Poincaré
indez at oo is the same integer k > 2. Then the vector fields X and Y are locally
topologically equivalent at co.

2 Proof of Main Results

“.” denotes the usual inner product, and ds denotes

”

In the next Proposition
the arc length element in the metric associated to “ -

Proposition 2.1. Let X € A'(n,r), and let X : R® — R™ be a C'—vector field
such that, for some s > r, we have

Xlwe-57) = Xlwn-ny)-

Then

i = = (X
I(X) = pli)n;o s X(m)-l—m—lds = /n div(X)

is a well defined number of the extended real line [—co, o] which does not depend
on either the particular lamination I' or the particular extension X of X.



Proof. Since div(X) is integrable, we have that div(X) (defined in R™) is inte-
grable. Let X, be the closure of the bounded connected component of R™ — |
According to the Divergence Theorem,

/ div(X) dV —/ X
s, ||-'v||

which implies

div(X)dV = lim div(X) dV = lim Ko} o ddl
R" p=roQt J5v, P=IS Jp, llz|l
= 1l X
Am | ) ||xu

The equality
/ div(X) dV = lim X( )

2 Ilwll

on the one hand means that

T
lim / X(z) — dA
% Jo X@

does not depend on the particular lamination I'. On the other hand, it means
that

T
lim X(z) — dA
p=oo Jp, ) [Ed]

is a well defined number of [—o0, 00]. Therefore, neither does
/ div(X) dV

depend on the particular extension X of X. O

Proposition 2.2. Any X € A'(2,r,00) has no hyperbolic sectors at co (that is,
the vector field X : ((R? — B2) U {c0},00) — (R2,0) has no hyperbolic sectors
at 00).

Proof. Suppose that X had a hyperbolic sector at co. Consider only the case
Z(X) € [~00,00). Then we would find a rectangle R whose boundary is made
up of two arcs of trajectory of X, say [ps, 0], [p1,q1], and two arcs of trajectory
of X* = (—g, f), say [p1,p2]*, [q1,00]*, as is shown in Figure 1.

Since X € A!(2,r,00), we must have L(g;,00) = oo and L(p;,ps) < o0,
where

L(a,b) = ,  while [a,b]* € {[p1,p2]*, [q1,00]*}.

/ 1X ()] ds
[a,b]"

According to the Divergence Theorem,
0o = L(q1,00) — L(p1,p2) = / div(X) = K € [~00,00),
R

which is impossible. O
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Figure 1. Arcs of trajectories of Proposition 2.2.

Remark 2.3. If X € A'(2,7) is such that, for all s > 1, we have T(s) =
inf{||X ()| : lIpll = s} > £, then X € A(2,r,00). In fact, we have

/ T(s)Z/ Sdszoo.

Proof of Theorem 1.1. By Proposition 2.2, each X » has no hyperbolic sectors
at oo. It follows from this fact and condition (2) that the Poincaré index of each
Xu at co equals 1. Hence )~(“ has no elliptic sectors at co either. Therefore,
condition (2) implies that, given p # 0, the vector field X, has no closed
trajectories that accumulate at oo, and oo is either an attractor or a repellor
of X u- Moreover, for u fixed, we may find a circle I', C R? near oo which is
transversal to X,,, and is such that g, I(X,), and

T
/r Xu(z) - m ds

m

have the same sign. Consequently, if 4 > 0 (resp. p < 0), then {X’,,} has an
attractor (resp. repellor) at oo. O

Proof of Theorem 1.2. The vector fields X and Y have no hyperbolic sec-
tors at co. Therefore, in terms of the local-sector—classification of vector fields
around singularities (see [8]), X and ¥ have the same number of elliptic sectors.
Moreover, for each pair of consecutive elliptic sectors there is a parabolic sector
that separates them. In other words, there is a circle v C R? near and enclosing
oo such that:

a) there are exactly 2k — 2 points of v, say p;(X) (resp. pi(Y)), of internal
(with respect to co) quadratic type tangency of v with the flow generated
by X (resp. Y),

b) the vector field X (resp. Y) is transversal to v — {p;(X),- - “par—2(X)}
(resp. v = {p1(Y), " p2s—2(Y)}).



Using standard arguments, we can establish from these considerations a topo-
logical equivalence between X |y and Y|y, where U and V are appropriate neigh-
borhoods of co. (See [6].) O

3 Examples

In this section, we give some examples that illustrate our results. Most of them
are vector fields of the form (1). The computations of Remark 3.1 help us to
decide whether or not the vector fields belong to A (2,7, o).

Remark 3.1. Let X : R?> — B? — R? be a C'—vector field of the form
1
X(m,y) = r_k[G(ziy) (_yam) + F(:z:,y) (m)y)]7 (1)
wherer = /22 +y2, and F,G : R? — B? — R. Then:
o) | X(z,y)ll = 7 /Glz,v)? + Fz,y)?.

b) div(X) = ;17;[(2—k)F + mg—f + y%—g - y% + x%%].

¢) <X(2,9), Ep(@y) >= == Fla,y).
Example 3.2. We obtain the vector field
1
X(@9) = Koo (2,9) = (=9,2) + 5 (bo+b17) (2,y)
by setting k = 2, G(z,y) = G(r) =12, and F(z,y) = F(r) = by + by 7 in (1).
Observe that the Poincaré index of Xy, 4, at 0o is 1. Moreover, we have

. b
div(Xp 5,) = 71 ,

which implies that div(Xs,s,) is Lebesgue integrable on R? — B2.

Since Y(s) = inf{|[Xo,es @)l : lIpll = s} = s1/1+ % (bo+b15)? > s, we
also have that

/ Y(s)ds = co.
1
Therefore, Xy, € A'(2,1,00) and

1
(X = lim < X(@y) g (@,y) > ds
Fros) = I feer <FEV Tl Y

27

= lim 1 (bo +by7)rdr

Am )
27Tb0 Zf b1=0,
+oco  if b >0,

= 27 lim (b +b17) =
rmee —oco if b <O0.

Then, for each by fized, the family X (bo,p) has a Hopf bifurcation at p = 0,
with Z(X (bo, )) = 2mbo. Moreover, for by - p < 0, the vector field X (by, p)
has a limit cycle which is close to infinity for p small.

Also, the family X (bo,0) has a Hopf bifurcation at by = 0, with |Z(X (bo,0))| <
oo for all by.



Example 3.3. In R? — B? consider the vector field

_ 1 a; as an
X(may) = (_y)m) + T'_2. [a0+ 7 + ;ﬁ' Ll T_.n] (m,y)
Observe that this vector field is of the form (1), with k = 2, G(z,y) = Glr) =#*
and F(z,y) = F(r) =ao+% + % + --- + % and that the Poincaré index

of X at co is 1.
Since
1
”X(Sl,',y)” =T 1+T—4F(7‘)2 > T
we have .
/ Y(s)ds = .
1
Now since
dZ’U(X) = _7-71+2 [al Tn~1 + 2a27.n—2 4o 4 nan] ’
we have
. 1 " o
div(X)* < 2 [lai] T + 2]as| ™2 + -+ + nlan]] .
Therefore,
+ H 1 1
//sz_B? div(X)T < 27r/1 ey llar] 71 + - + nla,|] dr
® i
< 27mM —zdr =27 M [——4-1]
1
So

// div(X)" < 27M < 0.
R?-B?

Therefore, X € A'(2,1,00) and

1
Z(X) = lim < X(z,y), ——(z,y) > ds
( 7% Jli(z,y)ll=r ( )ll(z,y)ll( v)
27
= lim —F(r)rdf = 2mag.
r—oo Jq r

For example, if

and X = X,, we have

I(X,) = 2wu™.
Then if n is odd it follows that the family X, verifies the conditions of Theorem
1.1, and we have a Hopf bifurcation at p = 0. Observe that, for p > 0 small,
we have n limit cycles close to infinity.



Example 3.4. Let

X@9) = s (P,), Q@,9)

with
P(z,y) = po(z,y) +pi(z,y) + Pam(2,y) + Poms1 (z,y) and
Q(‘Tvy) = qO("L'7y) + q1 (may) Fieis Q2m(xyy) + 112m+1($7:l/) )

where pi(z,y) and qx(x,y) are homogeneus polynomials of degree k. Assume
also that

(P2m+1,Q2m+1)($,y) = G2m(z;y) ("y7$) + Fzm(-’E,CU) (z, Y)

where Gom (2, y) and Fam(z,y) are homogeneous polynomials of degree 2m which
verify

9Gam 9Gam

Y am + x ay O ﬂ/nd G2m(m7y) + F2m(x,y) >Oa
for all (z,y) # (0,0).
We have
) 1 OP aQ
div(X) = 7.2m—+4[ ("g + @) = (2m+2)(zP + yQ)] :
If we write
1

div(X) = g [Ro+ Ri+ - + Romya]
with Ry a homogeneous polynomial of degree k, then

0G, 0G4 OFsm O0Fsm
— 2 _ m m _ —am —
Romis = 7 [ Y B + z By 2m Foy + z B + vy 3y J 0.

Therefore, 2 (%% + %%) - (2m+2)(zP + yQ) is a polynomial of degree

at most 2m + 1.
To prove that div(X) is Lebesgue integrable, it suffices to show

= —k kl
// drdy < oo,
R2-B? x2+y )2m+2

forall 0 <k <n<2m-—1. Since ]x"”" ykl < (V2?2 +y2)™, we have

nkk dx d
= R e T
R2_ B"’ z+y)m+2 R2— 32 x+y)m+ n

R
: rdr
= fm | e
_ 2
T 2m-n’

which implies that div(X) is Lebesgue integrable on R* — B?.



We neat show that Y(r) > £ - For this, it suffices to prove

P%(z,y) + Q*(z, K
2 IX@y) = ZEOEEEY L K,

for all ||(z,y)|| = r sufficiently large, where
K = inf{G2m(cos(8),sin(8))* + Fap(cos(d),sin(h))® : 0< 6 < 27},
The preceding inequality follows from

lim hi (IL', y)

r—oo pdm+2

=0, for 0<i<4m+2, and

hamy2(z,y)

amiz = Gam(cos(9),sin(8))? + Fym(cos(6),sin(6))?

for (z,y) = r(cos(8),sin()). Here hi(z,y) is the homogeneous part of degree i

of the polynomial P%(z,y) + Q*(z,y).
Therefore, X € A*(2,1,00) and

I(X) = lim & Xz, p),
- 72 J||(a,p)ll=r (@) lIl(z, v)Il

1 2
= im o /O [cos(6) P(r cos(6), 7 sin(8)) +
sin(6) Q(r cos(6), 7 sin(6))] db

1 2m 27
= lim —— (Z r’“/ [cos(0)pk (cos(8),sin(8)) +
k=0 0

r—oo p2m+l

(z,y) > ds

sin(@)qy (cos(8),sin())] df + r>m+! /21r Fym(cos(8),sin(6)) d9)
0

= 7 Fym(cos(6),sin(9)) db .
0

Remark 3.5. Many planar polynomial vector fields X that have a limit cycle
at infinity are of the formY = (P,Q), with P and Q polynomials as in Example
3.4. For instance, in [4] and [11] the authors consider the case

P(z,y) = az—y—A3z®+ 2\ + As)zy + A6y + (az — \y)(z? + y?)
Q(z,y) = z+oay+ z?+ 2\ + A)zy — Aay? + Az + ay)(z* + y?).

They study the simultaneous generation of limit cycles from the origin, as well
as from infinity. For A # 0, a, and b, all of the possible configurations of these
limit cycles are obtained, where a and b are certain positive multiples of the
number (A¢ — A3)2. For )\ as above, siz is the greatest number of limit cycles
which may be bifurcated: two (or four) from the origin, and four (or two) from
infinity.

The corresponding vector field X is



Then

(2% + 92

27
I(X) = /0 Fy(cos(8),sin(8))df = 27a.

Example 3.6. For k € Z, consider the vector field X; = (Pr, Qr) with

Then:

Pi(z,y) =R[(z —y2)*] and Qr(z,y) = S[(z —yo)*].

1) The Poincaré indez of Xy at infinity is k + 2.

2) The divergence of X}, is identically zero.

3) We have || Xi(p)|| = Ilpl|*, which implies Y(s) = inf {||Xx(p)| : llpll =

s} = sk . Then, for r > 0, we have

0o oo, f07‘ k Z _1a
/ Y(s)ds = o
r o for k<1,

Therefore, for all k > —1 and r > 0, the vector field X} € Al(2,7,00) and
verifies I(Xy) = 0. Moreover, for k > 0, according to Theorem 1.2, any vector
field Y € A'(2,r,00) with Poincaré indez at co equal to k + 2 is equivalent to
Xy in a neighborhood of co.

Finally, for k < =2, the vector field X) has hyperbolic sectors at co, and there-

fore X1, & A'(2,7,00).

Example 3.7. For k € Z, consider the vector field Z;, = (Ry,, Si) with

Then:

1)
2)

Ri(z,y) = Rl(z +y1)*] and Sk(z,y) = H(z +y2)*].

The Poincaré index of Z;, at oo is 2 — k.

We have |1 Xu(p) = IIpll, which implies X(s) = inf {1 X @) : ] = 5}
= s*. Then, for r > 0, we have

o 0, for k>-1,
/ Y(s)ds = v
£ ‘k’_,_l ; for k< -1.

10



Therefore, for all > 1 and k < —1, the vector field Z), & A'(2,r,00). Now for
k > 2, we also have that Z), ¢ A'(2,r,00) because Zy, has hyperbolic sectors at
00. For the remaining values of k we have that

: 2(y* — a? : .
div(Z_1)(z,y) = W, div(Zo)(z,y) = 0, and div(Z;)(z,y) = 2

are Lebesgue integrable on R* — B2, for all v+ > 0. Therefore, Z_1,Z0, 2, €
Al (2,7, 00), and

I(Z-1) = I(Zo) = 0 and I(Z1) = 0.

Remark 3.8. Let k € Z. With the notation of Examples 3.6 and 3.7 we have
the following two relationships:

a) Ika = (Pk,Qk), then Z;, = (Pk,—Qk).
b) If (.’L',y) # (OiO)J then Z—k(x’y) = (F_ETZ)FXk(x)y)
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