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Resumo

Sejam M uma variedada diferenciavel (C*°), conexa e de dimensao finita
e ¥ um sistema de controle sobre M. Suponha que ¥ satisfaz a condicao de
posto de 4lgebra de Lie. Fixe uma condicao inicial o € M. Considerando
uma subclasse de trajetérias regulares de ¥ comecando em z; e a homo-
topia (monoténica) entre elas foi recentemente construido em [1] uma var-
iedade diferencidvel de dimensao finita I'(X, zy), e um difeomorfismo local
que relaciona, essas duas variadades. A variedade I'(%, zy) denomina-se o
recobrimento (universal) do controle.

O presente trabalho é inspirado de [2] onde foi provado que o espaco
de trajetérias (comegando em p e terminando em ¢ onde p,q € M) de um
sistema diferencial completamente nao holonémico tem o mesmo tipo de
homotopia que o espago de todos os caminhos (contfnuos) em M com as
mesmas extremidades.

Tratamos entao neste artigo de um caso particular em que o sistema goza
de propriedade de simetria, isto é, reversibilidade por tempo. Denotamos
um tal sistema por X,4. O resultado principal deste trabalho se enuncia como
seguinte : O recobrimento universal do controle I'(X4, 7o) se identifica com
o recobrimento M da variedade M (espago estado).
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Abstract

Let ¥, be a control system without drift vector field on a manifold
M and fix an initial condition zy € M. Assume that the Lie algebra
rank condition holds. We consider the manifold I'(X, zp) recently
constructed in [1] for the particular case when ¥ = £;. The main
result of the paper then reads as follows: The universal covering of
control I'(X4, 2p) coincides with the universal covering manifold M of
M.

Key words: Universal covering. Monotonic homotopy. Control system. Drift
vector field.

1 Introduction

The covering space construction for control systems first appeared in [1]. In
this paper we study it for the particular case when the system is considered
without drift. We keep the same notation in [1] and denote this space by
r (E, 1‘0).
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The covering space construction for control systems is done through the
monotonic homotopy. This is a variant of usual homotopy in the set of tra-
jectories of control systems. Homotopy properties of the space of trajectories
for completely controllable systems, and in particular, for systems without
drift was considered by Sarychev in [6], [7]. Also, in (Lie) semigroup theory
the notion of monotonic homotopy was considered by Lawson in [8], [9].

In this work, we are mainly interested in systems without drift. Thus let
Y be a system without drift vector field on a finite dimensional connected
smooth manifold M (the state space), and fix an initial point zy in M.
Since we have controllability (under the Lie algebra rank condition), the
accessible set A(zo) of ¥ from zy € M is the whole manifold M. Hence, the
simply connected universal covering A(z)~ of A(zo) is the universal covering
manifold M of M. ~

From standard homotopy theory, we can take M to be the set of homotopy
classes of paths in M starting at xo. We use first the universality property of
I'(X, zo) as pointed out in [1], Section 8, and therefore consider, in particular,
the universal covering manifold M with the lifted system S of © and the
covering map p : M — M that sends the homotopy class of a continuous
path c in M to its end-point.

The universal l property implies the existing of a (unique) lifting mapping
f:T(Z,z0) — M which is a local diffeomorphism of I'(Z, z) into. M that
relates the corresponding systems on the manifolds I'(XZ, zo) and M. Since,
in this context, the lifted system Z is also completely controllable it follows
at once that the image imf is all M, which does not occur in general, see [1].

Having a surjective local diffeomorphism at hand, it is sufficient to show
its injectivity to establish a bijection between equivalence classes of monotoni-
cally homotopic trajectories and equivalence classes by usual homotopy. This
is achieved by proving that the end-point mapping ¢ : I'(Z, 7o) — M given
by €([e]) = (1) is a fibration (in Hurewicz sense). It then becomes clear
that the two manifolds I'(X, zp) and M can be identified to each other.

Identifying M with the homotopy classes of paths in M starting at zo,
the diffeomorphism I'(XZ, zg) — M may be viewed as sending the monotonic
homotopy class of a regular trajectory to its homotopy class as a path. With
this at hand we have shown that 1) The end-point mapping e : I'(3, o) — M
is a covering, and 2) Two trajectories homotopic as paths are also monoton-
ically homotopic, which is a quite interesting fact.



We remark that none of these assertions is true for general control sys-
tems. We also give at the end of the paper a brief exposition about isomorphic
coverings.

2 Preliminaries and notations

Throughout this paper we keep basically the main structure of the previous
work, (1], and follow the same notation introduced there. Hence, let us take
an n-dimensional connected smooth (C*°) manifold M, and assume that M
is given with a Riemannian metric which induces a distance function dp.

Let E denote a finite dimensional vector subspace of X*°(M), the (real)
vector space of all smooth vector fields on M. In order to have a topology on
E (and, on the corresponding function spaces) we assume that E is endowed
with an inner product (-, ).

We consider a control system ¥ on M as a generating convex cone of
(complete) vector fields in E. Also, we assume throughout the paper that
¥ satisfies so-called Lie algebra rank condition, i.e, L(xy) = T,,M for all
xo € M where L denotes the smallest Lie algebra of vector fields containing
2.

By a trajectory of ¥ we mean an absolutely continuous curve « in M such
that o'(t) € £(c(t)). In general, the domain of a trajectory is understood as
an interval [0, T'], for some T' > 0. We are especially interested in geometrical
properties of trajectories. Hence, we reparametrize trajectories and define
them in the unit interval [0, 1] due to the fact that ¥ is a cone.

Denote by £ the Banach space of bounded and measureble functions
u : [0,1] — E endowed with the ess sup-norm || - ||, Wwhere the norm on F
is induced by the inner product. Let U be the convex cone

{ue€ ut)ex, 0<t<1}.

Since the system ¥ is assumed to be a generating cone, we have that the
interior intg U of Y in £ (w.r.t. the sup-norm) is non-empty. In addition to
the norm topology on F it will, sometimes, be useful to consider £ with the
weak* topology (See, Colonious-Kliemann [2]).

Also we denote by T(X) the set of trajectories of ¥ and the space of
trajectories of ¥ starting at zo and ending at yo by T'(X, o, yo). The set of
regular trajectories at o will be denoted by R(XZ,zo) while the set of regular
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controls at o will be denoted by Rsx(zo). Note that by a regular trajectory
we mean a trajectory that corresponds to a regular control, See [1] for a more
detailed exposition.

In the sequel we deal with control systems without drift and consider its
universal coverings. From now on, we fix the notation ¥, for such a system
and call from time to time as time-reversible or symmetric system.

We also recall that there is a well known controllability result for this
particular class of control systems, the Chow-Rashevskii theorem which en-
sures that the set T'(X, zo, yo) is nonempty since o can be joined to y via a
trajectory of . On the other hand, By Proposition 3.6 in [1], every point at-
tanaible from z is actually regularly attanaible. Hence, the set R(X, zo, ¥o)
is also nonempty.

3 Coverings of control systems

Let M be an n-dimensional connected manifold and fix zo € M. It is well
known that the simply connected covering of M is obtained from standard
homotopy theory. Roughly speaking, let M denote the set of homotopy
classes of paths ¢ : [0,1] — M, ¢(0) = =z, keeping the end-points fixed.
Define p: M — M by p([¢]) = ¢(1), where [c] is the homotopy class of c. It
is well known that the space M is an n-dimensional connected _and simply
connected manifold and the map p is a covering. Furthermore, M is locally
diffeomorphic to M.

In [1] we have been used the same ideia (in a slight different setting, of
course) for the covering space construction of control systems. More precisely,
we have been considered monotonic homotopy, as a modification of the usual
homotopy, in the set of (arbitrary) trajectories of a given control system %
on M instead of paths in M, and actually restricted our attention to the
context of regular trajectories.

Hence the formal definition of monotonic homotopy is as follows :

Definition 3.1 Two regular trajectories a and [ are said to be monotoni-
cally homotopic (write o ~,, ) if their extremal points are equal, that is, for
some To,Yo in M, a,3 € R(Z,zo,Y0) and o and B belong to the same path
component of R(X, o, Yo)-



The set of trajectories is topologized with the C!-topology which is a
metric space given by the distance

di (o, 8) = sup dr(a(t),B(t)) +ess sup |o/ (t) — B (t)].
te[0,1] te[0,1]

By the above definition it is clear that the relation of being monotonically
homotopic is an equivalence relation. Hence, for a fixed initial condition z
in M we have the set I'(X, zy) of monotonic homotopy classes of trajectories
in R(X, zp), and the canonical projection

m: R(E,z0) = I'(X,z0) = R(X, 20)/ ~m

that associates to a its monotonic homotopy class [a]m.
Given a system ¥ on M and zy € M it was constructed in [1] a smooth
manifold structure of dimension n = dim(M) on I'(¥, z), and the end point

mapping
€z : I'(2,20) — ARr(Z,20) C M, [0 — (1), (1)

which is a local diffeomorphism in the sense that its differential is an isomor-
phism at every point of I'(%, zo).

Moreover, the image of e,, (or simply €) is contained in the interior

intA(zg) of accessible set from zy, and is in fact int.A(zp) if the Lie alge-
bra rank condition holds. Since the mapping €,, is a local diffeomorphism,
the restriction of ¥ to Ag(X,zo) can be lifted to I'(X, zo). Hence, we get
a new control system 3 on I'(S, z,) from ¥ so that both ¥ and & are in a
bijection.
Remark: In view of this bijection, the control functions of ¥ are also control
functions of 5. In the sequel we always use the same control space U for
systems related by local diffeomorphisms. Also it follows by the bijection
between ¥ and ¥ that the Lie algebra rank condition holds for ¥, that is,

dim £(E)(z) = dim (T, zo) = dim M, Vz € I(Z, zo).
The set I'(Z, zo) is a covering space contructed in control context and

is simply connected in the same sense as the simply connected universal
covering. For this reason, we will call it universal covering of control.
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3.1 Universal property of I'(%, z)

Let N be a smooth manifold endowed with a system S which is assumed to
be forward complete as X, and let 7 be a local diffeomorphism of N onto
ARr(Z, zo). It was constructed in Theorem 8.8, [1], a local diffeomorphism

f:T(3X,29) — N (2)

such that 7o f = £ and df(S) = =.

This construction is the analogue of the classical one that gives the cov-
ering space from the simply connected covering. We notice however that f
may fail to be surjective contrary to the classical case. This is because of
controllability of ¥ on N. We call such a map control mapping and say that
a control mapping is a control covering if it is surjective. Hence, f in general
is not a control covering.

Also, recall that the construction of f requires trajectories belonging to
ARr(X, o) which is in general not true. By controllability, the accessible set
ARr(X, zo) is the whole manifold M and thus we are allowed to lift entire
trajectories starting at xo to trajectories of 3 starting at a prescribed point
above zg.

As a particular case we substitute N in (2) by Ag(X, zo)™~ the simply
connected universal covering of Agr(%, zo). By controllability it is equal to the
universal covering manifold of M so that the control covering 7 : N — A(zo)
for a forward complete system S on N is taken to be the eventual covering
projection m: M — M.

Proposition 3.2 Pick a control system ¥ = ¥4 on M and assume that it
is forward complete and that satisfies the Lie algebra rank condition at any
point. Then there is a (unique) control mapping f : T'(X, zo) — M which is
onto, i.e. f is a control covering.

Proof: Let wy € M be a point such that it projects down to zp in M.
As said above, the Chow-Rashevskil theorem guarants the controllability
property of ¥ on M. This enables us to lift entire trajectories starting at zo
to trajectories of ¥ starting at wp. By the very definition of f, the image
imf of f becomes the accessible set Agr(Z, wp) which is in general a proper

subset of Agr(X,zo)~ = M.



By the remark stated before, the lifted system S on M -as a time-
reversible system- satisfies the Lie algebra rank condition and hence ¥ is
also controllable on M. Consequently, the image of f is the whole manifold
M.

Uniqueness of f follows from the condition zy € int.A(zg) which is implied
by the assumption dim £(X)(zo) = n since the system ¥ is symmetric. g

Having this proposition proved the next step is to determine if f is also
injective which would imply immediately a bijection of I'(X, zp) onto M.
This is analysed in the following section.

4 Fibration

Throughout this section we shall consider a given map
p:E— B

of a space F called total space into a space B called the base space.

4.1 Liftings of paths and homotopies

Definition 4.1 The map p : E — B is said to have the path lifting property
(abbrev. PLP) if, for each e € E and each path c : [0,1] — B with p(e) =
c(0), there exists a (unique) path € : [0,1] — E such that ¢(0) = e and poc = c,
and that the lifting ¢ depends continuously on e and c, [5].

Also, a map p : E — B is said to have the local path lifting property
(abbrev. LPLP) if, for each b € B there exists an open neigborhood U of b
in B such that the map p |,-1y) : p~'(U) — U has the PLP.

Definition 4.2 The map p : E — B is said to be a fibration (in Hurewicz
sense) if it has the covering homotopy property (abbrev. CHP) for any space
X. That is, let X be a given space. If for every map f*: X — E and every
homotopy f; : X — B, 0 <t <1, of the map f =po f*: X — B, there
exists a homotopy ff : X — E, 0 <t <1, of f* which covers the homotopy
ft.



It is known [4] that in particular if the base space B of p is paracompact
then the covering homotopy property can be verified locally, that is,

LPLP = PLP <> CHP. (3)

We give below a well known lemma for the future references.

Lemma 4.3 Let X and Y be two smooth manifolds and f : X — Y a
surjective local diffeomorphism which has the PLP. If X is connected and Y
is simply connected, then f is a diffeomorphism of X onto Y.

Proof: It is enough to show that f is one-to-one. For it, let 2y and z;
belong to X such that f(zo) = f(z1). Take a path €: [0,1] — X starting at
zo and ending at ;. The path ¢ = f o¢is closed in Y, and so is homotopic
to a constant path. It then follows from the path-lifting property of f that
the lifting ¢ of c is also closed which implies zg = z;. |

We recall that the path-lifting property of f in the preceding lemma is
essential. For example, consider the function f : C\ {£1} — C given by
f(2) = 2% — 3z. It is easy to see that f is an onto local diffeomorphism with
simply connected image but fails to be injective since a cubic polynomial has
three roots in C. Of course, it it is not possible to lift under f homotopies
in C to C\ {£1}.

Consider now the end-point mapping &;, given in (1) which is a local
diffeomorphism of I'(X, zg) into M. By controllability Ag(X, o) = M and
hence it is surjective.

In view of Lemma 4.3 we assume without loss of generality that the state
space M of ¥ is simply connected and show in the sequel that the end-point
mapping &, : I'(X,29) — M is a Hurewicz fibration. With this we would
achieve our main result, namely the problem of establishing a diffeomorphism
between the universal covering of control I'(X, o) and the universal covering
of M.

By the implication stated in (3) it suffices to verify locally path-lifting
property of the end-point mapping. More precisely, for any point g € M
there exists a neighborhood U of zy in M such that any path ¢: [0,1] — U
lifts to a unique path ¢ : [0,1] — e;}(U), which is continuously dependent
on ¢ and the initial point ¢(0).

To prove this assertion we need first the following basic result.
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Proposition 4.4 Assume that ¥ satisfies the Lie algebra rank condition.
Let zo € M be an arbitrary point. Then, u =0 is a normal (hence, regular)
control at zo and the corresponding (constant) trajectory trj, (0) = o is
normal (hence, regular) at x.

Proof: Consider the function
sz(tl,tg, ceey tk) = thk O0:-+0 thl(ib‘o)

formed by a set of vector fields X!, X?,..., X* and zo € M.

A straightforward computation shows that the image of the differential
d(pzo)r Of pzo at 7 = (t1,%2,...,t) is spanned by the following partial deriv-
atives

0ps i i
W:(T) = dX:;c O:++-0 dXt,_:_]i (X (Zi))
where z; = X} o--- o X} (z0).

In particular, a—gt’—ifl(()) = X*(zo). Hence, the image of d(p,)o coincides
with the distribuition Az(zo) where £ denotes the smallest Lie algebra of
vector fields containing ¥. By the Lie algebra rank condition it is equal to
the tangent space to M at zo. Thus, p;, has full rank at 0 = (0,0,...,0) for

some vector fields X1, X2, ..., X*. ]

The locally path-lifting property of the end-point mapping is then estab-
lished in the following lemma which is the central step in proving our main
result.

Lemma 4.5 Let ¥ be a system without drift vector field and assume the Lie
algebra rank condition holds. Then the end-point mapping € : T'(X, zg) —
M is an onto local diffeomorphism which is at the same time a Hurewicz
fibration.

Proof: In the light of Proposition 4.4, an application of implicit function
theorem implies that given a point zy5 € M there exists a neighborhood U
of zp in M such that any path c in U comes from the mapping p,,, that is,
for any s € [0, 1] there exists a k-tuple (t1,%2,...,t) with ¢; > 0 such that
Pz (t1, 2, . . ., i) is equal to c(s). Of course, pg,(t1, 2, . .., tx) is the end-point
of a trajectory starting at zy defined by a piecewise constant control, say u,.
Denote this trajectory by o, = trj,, (us).
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We can now start to construct explicitly the lifting of a given path c :
[0,1] — U to e7!(U). For it, let y be any point in the fiber e7'{zy} and
V' a neighborhood of y in e7}(U). Since the system X is assumed to be
symmetric there exists a periodic regular trajectory g of ¥ based at xy such
that (0] =y € T'(X, zo).

On the other hand, for each s in [0, 1] the concatenation o, * 3 is a regular
trajectory of X starting at o, see Proposition 3.2 in [1]. Lifting each of these
trajectories to I'(X,zo) we obtain a regular trajectory of 5 starting at y,
denote by @, = t/r\jy(us).

The lifted path €in V is then defined by the final points of the trajectories
@, all originated at y. More precisely,

¢(s) =:as(1)  for each s € [0,1].
The fact that € o ¢ = ¢ is immediate from the definition of ¢ since

eoc(s) = e([as * f]) = (s * B)(1) = as(1) = ¢(s)

for each s € [0,1] since u = 0 is also normal at y and the corresponding
(normal) trajectories of 5 are mapped into (normal) trajectories of . In
other words, trj,, =€o t/ﬁy where e(y) = .

Because €|y : V — U is a diffeomorphism, ¢ will be continuous with
respect to C%-topology. Finally, since the point y € e~{zo} is arbitrary the
path ¢ : [0,1] — U lifts to each (disjoint) member of e~*(U) in the same
manner. This completes the construction of locally path-lifting property and
hence, the path-lifting property of the end-point mapping,. ]

Now, we state our main result.

Theorem 4.6 Let ¥ = X4 satisfy the Lie algebra rank condition and assume
that M is simply connected. Fix xo € M. Then, the universal covering
I'(Z, ) of X is diffeomorphic to the universal covering M of M. In other
words, we can reach the universal covering manifold of the state space M
using the control theoretic setting.

Proof: By Lemma 4.5, the end-point mapping €;, admits the path-lifting
property and hence the result follows at once from the Lemma 4.3. i
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Corollary 4.7 The two systems & and & on I'(%, z0) and M, respectively,
are (globally) state-space equivalent and the manifold T'(X, xo) is connected.

Corollary 4.8 Two trajectories homotopic in M are also monotonically ho-
motopic in M.

Proof: By Lemma 7.7 in [1], two trajectories in I'(X, zp) having the same
initial and end point are monotonically homotopic. On the other hand, two
trajectories in M with the same extremal points are homotopic as paths.
The lemmas 4.3 and 4.5 together imply that the end-point mapping
€20 : I'(X,20) — M given by €,,([7]) = (1) is injective. This means that
homotopy implies monotonic homotopy. ]

Corollary 4.9 The end-point mapping €4, : T'(Z, zo) — Ar(Z,z0) C M 1is
a covering and hence the system ¥ is geometric at xg.

Proof: The first assertion is clear since by the above theorem f is a diffeo-
morphism. That ¥ is geometric at zy follows from the fact that any covering
satisfies CHP for [0, 1]. i

We end this section by considering the notion of the fundamental semi-
group formed by closed trajectories (i.e., loops) of ¥ and give a simple result
about it. Hence, let ¥ be a symmetric control system that satisfies the Lie
algebra rank condition. We recall that since the condition dim £(34)(zg) = n
implies that zo € int.A(xp), or equivalently zo € Ag(Z4, zo) there are closed
regular trajectories based at xp. This permits us to introduce a fundamental
semigroup based at xo, analogous to the fundamental group of a topological
space (cf. [3]).

Let us fix 7o € int.A(zp). The standard concatenation yields a semigroup
structure on R(Z4, Zo, Zo). Then the fundamental semigroup based at zy is
defined as the quotient space

A(Zd,.’to) = R(Ed,xo, iL‘o)/ >

By Corollary 4.9 we know that the end-point mapping ¢ is a covering which
implies that the system is geometric and moreover, the fundamental semi-
group coincides with the fundamental group. As the fundamental group
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does not depend on the choice of a base point for path-connected topolog-
ical spaces, we give below the analogue of this situation for fundamental
semigroups with different base points.

Proposition 4.10 With the assumptions and notations as above, let A(Z4, xo)
and A(X4, 1) denote the fundamental semigroups based at zo and 1, respec-
tively. Then A(X4,zo0) and A(X4, z1) are isomorphic.

Proof: By Corollary 4.9, the fundamental semigroup A(X,zo) coincides
with the fundamental group m (M, zy). ]

5 Isomorphic coverings

We consider here the relation between the coverings of different control sys-
tem and, in particular, the independency of the covering construction from
the choice of initial point.

First we show below that the covering I'(X, zo) constructed starting from
a control system ¥ on M and a fixed o € M does not depend on initial
condition zp in the sense that coverings with different initial conditions are
isomorphic.

Proposition 5.1 Keep the notations and assumptions as before. ThenT'(Zq, -
does not depend on a choice of initial condition.

Proof: Let zp € Ag(Z,20). We know by the constructions done in [1]
that I'(Xg4, zo) is diffeomorphic to the accessible set Ar(4,10) in T'(Sq, 20)
for any yo € €7 %(20), and hence it is an open submanifold of I'(X4, 2p), in
general.

By Theorem 4.6 I'(X4, 20) is connected. Since the conditions of Chow-

Rashevskn theorem are fulfilled for the lifted system Ed on I'(34, 20) it follows
that Zd is globally controllable. In particular, S is controllable from any y.
This way we get that

(4 20) = Ar(Sa,90) = T'(Za, 20) for any yo € 7 (20).
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The same proof applies to the case if zo € Ag(X,zo). Hence, for any two
points zg, zo € M the coverings I'(X4, z9) and I'(Z4, 20) are diffeomorphic. #

The following proposition consider the relation between coverings for dif-
ferent control systems.

Proposition 5.2 Let ¥; and 25 be two control systems on the manifols N,
and N, respectively. Let f : Ny — Ny be a control mapping such that f(z1) =
x9 for some xy € Ny and xo € No. Then, there ezists a control mapping
I'(X1,z1) — I'(Xg, ) between the liftings of £ and .

In particular, if f is a diffeomorphism then I'(X1, 1) and T'(X9, z2) are
isomorphic coverings.

Proof: Consider the end-point mapping &;, : I'Z;, ;) — Agr(Zi, 2:), @ =
1,2, and the diagram below

['(X,21) > I'(Zg,)

l 62:1 Etl:g l .
Ar(Z1,71) = Ar(Z2, z2)

The composition map f =: €52 © f o ez, where ;] is a local inverse of e,
establishes the desired local diffeomorphism. Since, de;,, @ = 1,2, is an
isomorphsim and df(X;) = X, we see that df(f)l) — 3, that is, the map
F I'(Zy,z;) — (X, z2) is by definition a control mapping.

As a particular instant, if the control mapping f is a diffeomorphism we
then have isomorphic coverings. In other words, equivalent systems produce
isomorphic coverings. In fact, the induced mapping

fo :T(EnL3) — (22, 22),  Mmr— [fom,
is a diffeomorphism of I'(X;, z;) onto I'(Xs, z2). [
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