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TWO-WEIGHT NORM INEQUALITIES
FOR MAXIMAL FUNCTIONS ON HOMOGENEOUS

SPACES AND BOUNDARY ESTIMATES

SERGIO Luis ZANI

ABSTRACT. Let D be an open subset of a homogeneous space (X, d,u). Consider
the maximal function

1

M, r = su / l dlv’, z in D.

where the supremum is taken over all balls centered at suitable points of the bound-
ary of D with radius larger than {(1) : d(r.6D) and t;- is a nonnegative set func-
tion defined for all Borel sets of X satisfying the (quasi-)monotonicity and doubling
properties.

We give a necessary and sufficient condition on the weights in and v for the
weighted norm inequality '

(0,1) (AtMtatfiiwpf/q 5c(/6D ififvdu)”

to hold when 1 < p < q < 00 and a : vhf" is a doubling weight and give a
sufficient condition for 0.1, when 1 < p 5 q < co without assuming that a is
a doubling weight but with an extra assumption on (p. Another characterization
for 0.1 when 1 < p S q < co and D is of the form Y x (0,+oo), where Y is a
homogeneous space with group structure is also provided

1. INTRODUCTION

We consider a homogeneous space (X, d, p) where d : X x X —) [0, oo) satisfies:
(1) d(z,y) = 0 if and only if: = y.
(2) d(z,y) = d(y,:1:) for any 2,3; in X.
(3) There exists A0 2 1 such that

(1.1) d(z,y) _<_ Ao(d(:r,z) + d(z,y)) for all z,y,z in X.

p is a measure on the Borel subsets of X satisfying the doubling property: there
exists a positive constant A1 such that

(1.2) p(B(z:,2r)) S A1p(B(z,r)) for all z in X and r.> 0,

l
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where B(:r,r) = {y 6 X;d(z,y) < r} is the ball of radius r with center at. If B =
B(:zt,r) and /\ > 0, we will write A8 for B(:r,/\r).
As mentioned in [C], Macias and Segovia (Cf. [MS]) have proved that given a

quasi—metric d on X there exists a quasi-metric d' on X satisfying:
(1) C"d'(z,y) 5 d(:r,y) S Cd’(:r,y) for all x,y in X, where C' is a positive

constant independent of z and y.
(2 ) The balls with respect to d’, ie ,’(B(x, r): {y 6 Xd,'(y,z) < r},:r E X,r > 0

are open.
Since only the order of magnitude of d(:z:, y) will be relevant for us, we may assume

that the balls defined by d are open. We will also assume that all annuli A(:c, r, R) :
B(:r,R) \ B(I,r) in X are nonempty for all 0 < r < R. We immediately see that
there exists 6 > 0 such that the diameter of B(.T. r)

5(B(:r.r))——- sup{d(y. );.y : 6 B( :r r )} > cr

for all 1” in X and r > 0. In fawct since A: A(1‘1r ,r) is nonempty, there exists y
in 4. Thus r > d(r,y)>__ —r. Therefore, 5(B(:r

,

r)2) 2 d(:r,y) 2 gr.
Nova, for any :,y in B(1,r),d(:,y) S .4o(d(:,:r) + d(:r,y)) S 2‘4Or. Thus,

gr g 5(B(x,r)) 5 war,
and we say that the diameter of B(.T,T‘) is equivalent to r.
Let D be an open subset of X. For each a: in X let t(ar) = d(ar,8D) and select

a(1) in 8D such that d(:r,a(:r)) S %t(:r). Let us denote by ‘B the set of all balls
B = B(z,r) with z in 8D and r > 0.

Suppose up is a nonnegative set function which is defined for all Borel sets of X
satisfying the following conditions:

(1)(quasi—monotonicity) There exists co > 0 such that <p(B’) 5 cocp(B) whenever
B' C B, B',B 6 E.

(2) (doubling) There exists co > 0 such that tp(B(Z,2T‘)) S cogo(B(z,r)) for all z in
6D and r > 0.

Observe that (1) and (2) imply that for all 7 > 0 there exists c(7) > 0 such that

(3) <p(B(z,'yr)) 5 c('y)<p(B(z,r)) for all z in 6D and r > O.

For 90, t(:r) and a(z) as defined above define
1

1.3 M a z = su —— d( ) <9, f( )
r>t(I::) QD(B(G($),T))

[B lfl V

where B(a(z),r) = B(a(z),r) (1 6D, B(a(z),r) = {y € X;d(y,a(:c)) < r} and V is a
doubling measure on 6D.
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Note that if b(.’r) is in 6D and satisfies d(:r,b(2:)) S 3th) then it follows from the
properties of go that there exists C > 0 such that C'lef S wa S CMMf, for
all f. For this reason we will write wa instead ofwa.
A

Observe that when X = Y XR, (Y, u,p) is a. homogeneous space, D = Y x (0,00) =
Y+ and tp(E) = IE 0 6Y+|L", where I - IV denotes the V—measure and 0 S 7 < l,

l A

1.4 M ,t = M ,t = —/< ) rife > fife )
fig}; warm” BM mum/(y), (1,06 m,

where B(:r,r) = {y 6 Y;p(x,y) < r} and r > O, is the fractional maximal function.
In [WZ], R. Wheeden and S. Zhao showed that if] < p < q < oo, w(:r,t) and v(y)
are weights in Y+ and Y. respectively. and if o(y) = p(y)l"", p' = p/(p — 1) satisfies
the doubling condition and p is a Bore] measure in i}. then the the weighted norm
inequality

1/pon (j) Atf<z,t>Qw<r.,t>du<z,ti)
”q
s c (f) Honing/wan)

holds if and only if there exists a positive constant C such that

(1.6) (Ldu)l_1</deu)l/q(fBodI/y/JDISC

for all balls B C l". where B = B x [0,r(B)) and r(B) is the radius of B. The first
result we have for ML, is

Theorem 1.1. Suppose I < p < q < 00. Let w and u be. weights defined on D
and 8D, respectively. Suppose that Udl/ = Ul_pld1/ is a doubling measure. Then the
weighted norm inequality

17 (fleP d>1/q< ( |f”d
”p

<-> Dw JADW)
holds for all f, with c independent of f, if and only if

'

1/9 l/p'
—l(1.8) <p(B) (jg wdp) (jg adv) S C

for all balls B = B(z,r), z in 8D, r > 0, with C independent ofB, where B = BflD,
B = B (1 6D.
In the next theorem we present a condition such that the weighted norm inequality

(19) (Llefrwde’q s c<faDIflpvdv)l/p,

holds for all f, where 1 < p 5 q < 00, without imposing the doubling condition on a
but with an additional condition on (p. The theorem is stated in terms of dyadic cubes
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centered at points of the boundary of a fixed open subset D of a homogeneous space.
Basically, a dyadic cube is a Bore] set that contains and is contained in concentric
balls that are centered at. points of 6D and whose diameters are comparable to the
diameter of such a set. For a similar result for off—centered maximal operators, see
[W2].

Theorem 1.2. Suppose I < p S q < co and let w and u be weights defined on D
and 3D, respectively. Let a = vl‘P’. Suppose that there exists C > 0 and 0 < e S 1

such that
' E [-

(lQ It) S CMQ ),
lQau ‘P(Q’)

for all dyadic cubes Q' and Q such that Q’ C Q, where Q‘ is the exterior ball associated
with Q. Suppose also that there exists r > 1 such that

l l/rp’aha/w) soIQIV Q

for all dyadic cubes Q centered at points ofaD, where Q' is the exterior ball associated
with Q, Q = Q F1 5D and 3.43Q' = (3AZQ‘) H D. Then, there exists c > 0 such that

(1.11) U]? |M¢f|9wdp>uq 5 c (has |f|pvdu)l/p

for all f.
The next result is a characterization of weighted norm inequalities of type (p,q)

with 1 < p S q < 00, when D is of the form X x (0,00), where (X,d,1/) is a homo—

geneous space. We will suppose additional conditions on X,d and u. Let (X, d, 11) be
a homogeneous space and define X = X x R and X+ = X x (0, oo). Assume that X
admits a group structure (not necessarily commutative) such that for all x,y, z E X
and all balls B C X we have

(1.10) ' so(Q‘)|Qli/"'|3AZQ'

(1.12) d(:c + z,y + z) = d(z,y)

(1.13) d(0,z) = d(0, —z)

where 0 is the identity element of X,
(1.14)

'

V(—-B + z) = V(—B)

where —B ={:1:;—z E B}, and

(1.15) V(B) = V(—B).

Let us consider the following maximal function
1 .

(1.16) Mtflw) 5gym jaw) may, (at) e x+
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where B(:r,r) C X and 4p satisfies the (quasi—)monotonicity and doubling properties
and is defined for all Borel sets of X. The following theorem characterizes 1.9 with
M¢ as in 1.16, and it is based on the main theorem of [SI].

Theorem 1.3. Let (X, d, V) be a homogeneous space, where X has a group structure
and d and u satisfy conditions 1.12 — 1.15. Let w and v be weights in X+ and X,
respectively, and suppose that 1 < p S q < 00. Then

(1.17) <A+lh4¢f]qwdu)l/q 5 c (A wail/y”)

for all f if and only if

(1.18) (AH:l-Meld.xo+:)lquidu>
1”
s c (thmy?

for all dyadic cube Q C X and z in X, where Q : Q ><l(Q) and [(Q) is the edgelength
of Q -

The proofs of the preceding theorems can be found in Section 3.

2. DYADIC BALLS, DYADic CUBES AND SOME LEMMAS

In this section we will introduce the concept of dyadic balls and dyadic cubes in
homogeneous spaces whose centers lie on the boundary of a fixed open subset. The
construction of such sets will be based on the definitions of dyadic balls and dyadic
cubes as presented in [SW2]. For a slightly difierent concept of dyadic cubes in
homogeneous spaces, see [C]. We will also prove some lemmas that will be used in
the next section.

Lemma 2.1. Let (X, d,p) be a separable homogeneous space, i.e., X has a countable
dense subset. Let D be an open subset of X and 6D be its boundary. Suppose
{Ba = B(za,ra)}a€,4 is a family of balls with zo, 6 3D and Ba C B(z,r) for some
2 E'aD andr > 0.

Then, there exists a countable subcollection {BJgg of these balls such that
(1) BgflBj = Q, ifi géj.
(2) Given a e A there exists i E I such that Ba C (A, + 4A02)B.-.
(3) p (UaeA Ba) 5 CE,“ y(B,-) where c depends only on the positive constants A0

and A1, as in 1.1 and 1.2, respectively.

Proof
The proof is the same as in lemma 3.3 of [SW2] and it will be omitted.

As in [SW2], p. 843, we construct now a sequence of balls in X centered at points
of 6D.

“p
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Set A-- Aoo(2A + 1), where A0 is as in l I. For each integer k select a sequence
{2/5}, of points of (9D such that the sequence of balls Bf: B(zk ,Ak 1)15 maximal
with respect to the property that Bk 0 Bf: Q) ifi aé j. Set Bk—— AB)“. Then,

(2.2) Given 2 in 3D and an integer k there exists j such that B(z,Ak'1) C Bf.

(2.3)
There exists M > 0 depending only on A0 and A1, such that ZXBI: S M.

j J

. “k "k - -

(2.4) B,flBj:Qlforz;é],k€Z.
ln fact, gi\en- 6 5D and k 6 Z b_\ the maximalih of {Bf}, there existsj

such that B(:.Ak1) fl B(z]k ,Ak) ¢ (0. PickW E B(:,Ak1) fl B(zJkAk). Then, for
IEB(Z,Ak l),we ha\e

'

dt-r 7:5“)< AMM‘) + deaf» s
< Ao(‘4o(d(x12)+ d(z,zo)) + A“) s Ao<2AoAk-1+ AH) z

= AOQAO +1)/\"'1 = A“

and this proves 2.2. Now, suppose that :I: E Bf, l Sj S N. If y E B(x,2AoAk) then

d(y, zf)< A (d(y,1)+ d(r,z§°)) s
5 Ao(2Ao/\k + M“) = Ana/4, +1),\“ = W].

Hence, B(ZAOA“) C A3} = AzBf. Thus,

#(B(2Aof\")) S MAB?) S WU?)
since u is doubling. Also, if w E B; then

d(w,z) g A,(d(w,z;=) + d(z;,z)) 5 A°(A'° + A") = 2/10»,

that is, B; C B(z,2AoA") for any j and, therefore, Q, B; C B(z,2AoA"). Since the
B; are pairwise disjoint in j, we obtain

N#(B(2A0A*)) S exiu(1§f)= cm (0 95“) S cw(B(=v,2Aof\"))-
'=l j=l

Hence, N S c,\ and this proves 2.3. Finally, 2.4 follows trivially from the definition
of Bf. We refer to {Bflka' as the collection of dyadic balls.



TWO-WEIGHT NORM INEQUALITIES FOR MAXIMAL FUNCTIONS 7

Lemma 2. 5. Suppose {Ba }a€A is a family of dyadic balls as above. If {B}51 is
a collection of maximal (with respect to inclusion) balls in {B0 }aEA’ then the balls

{BiljeJ are pairwise disjoint.

Proof
We know that Bffl Bf = 0 ifi # j. Suppose there exists I E BfflBf, where l < k.

Then Bf C Bf. In fact, if w E Bf then

d(z;,w) g Ao[d(z;,x) + AMI, 29+ d((12w)]]_<

5 A41“ + Ao(/\"" + W] 5 A41“ + 2A0Ak‘1] = ,\".

The result follows now from the maximality of the balls. D

V\e no“ construct a grid of d\-' adic cubes centered at points of 8D. This construction
is analogous to the one that can be found1n [SW2 ].

Set A—- 842. For each I: E Z choose a sequence { J-k}lSj<r~k of points on 8D maximal
with respect to the property that the balls {B(:;‘. 3.42Ak)}151<m are pairwise disjoint.
Notice that since X is separable then the cardinality of {sf} is at most countable.
Observe that

(2.6) 3D: UB((zfflomman

for each k 6 Z Indeed if z 6 6D then b) maximalih B(z,3.4§/\k) intersects
B(zjk,3A(2,/\k) for somej. Pick y E B(z .342/\k) fl B(zl“ .342/\k) We have

d(z, zjf) g Ao(d(z,y) + d(y. 39) g Ao(3A§/\’° + 3.49") = 6A§Ak

and, therefore, we get 2.6.
Fix m 6 Z and define

EI" = B(z;“,6A§,\’") — [U B(z:",,\'")
an

and for j > 1,

=zB<3 , sA3Am>— [u Bar,m] — u E3] .

‘fi i<i

Observe that Eg" n E!" = 0 if i 95 j.
Let 2: e E? Then, d(:1:,z;-") _<_ 6A3X" < Am“, so that

, E? c B(z;.",,\m+1).
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Since the balls {B(z- ,3A§Am))} are pairwise disjoint and B(z'~" ,/\"‘) is contained
in B(z'~" ,3A3/\m) then the balls {B(z'",Am)}j are also pairwise disjoint. Hence

B(z;",z\"‘) C B(z7“ ,3AZA"‘))U\ B(z{",z\"‘).
i¢j

Itls clear from the definition of E’71 that B(z- ,»\"‘) does not intersect U,<J- Em.
Thus, B(zmA”) C Em_
Therefore,

(2.7) B(zJ'-“,/\"‘) C Em C B(z- ,./\"‘+1)
We will show that

) 6D = U Ej- 0 8D.
J

Let s 6 (9D. lf- E U B(:m JV") then 2 E B(z7” 3A2Am) for somej and 2 Q”

B(z{r, Am) ifi # j. Thus since B(:" Am) does not intersect Ui<1 EI“. we conclude
that z 6 E"‘. Ifs Q U B(m JV“) then b\ 2. 6 there exists a positive integerj such
that z E B(:7" .6A3)\"‘). Let jo be the least of such integers. Hence , z g E? for all
i < jg. Thus 2 E Em and this proves 2.8.

We now define {Ek} for k > m. Suppose {E1}1$j<m‘ has been defined for l——

(2. CI)

771 m +1 ,k for some k > m so as to satisf\

(2.9) B(;§,>\)r16D c E; c B(z;.,1'+1), m 513 k, 15 j < m,

__
1 1 1_ . . .

(2.10) 6D_UEjnaD, EJnE-i—(D 1f 174],
J

and for m 511 < 12 S k and any i,j we have either

(2.11) E;2 n Ef‘ = (0 or Ef‘ c Ejfl.

For any R > 0 and
B<j1

< nk+1,'let

(z"+‘Ji =U{E.-*; E!“ n B<zf+‘,R) aé 0}.

Define

Ef“ = E(zf+1,6A3Ak+l) — U B(z!=+1,,\'=+1)]
an

and for j > 1,

E?“ = 1§(zf+1,6A3,\'=+1) - [U B(z§+1,,\*+l)] - [U Efflj .

w i<J'
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Let us show that 2.9 holds with 1 Sj < n), m 31 S k+1_ Let 2 E aDOB(zJ‘-‘+1,R),
By 2.10 with z = k, there exists 1. such that z 6 E50. Thus, z e B(z,’f+1,R) n E}.
Therefore,

°

(2.12) B(e§+1,R) 3 an m B(e§+‘, R).

Now, if x E B(z;‘+1,R) then there exists 1 S i < nk+1 and w E X such that z G E"
and w e E!“ n B(z§+1,R). Thus, by 2.9 with 1 = k, we have

d(z, zf“) g A.(d(e,zf) + Ao[d(zf, w) + d(w, zj+1)]] 5 A0[A"+‘ + Ao[/\’°+‘ + R]].

Therefore, B(z,’»‘+1,R) c B(z;+1, A0[Ak+1 + A.[A'=+1 + R]]).
If we set R : 6A§Ak+l, we get

B<Zf+l,6.43)\k+l) C B(Zf+l.Ao(Ao-i-6A2+1)/\k+l)

C Bl’5f+l,8A2/\Hl) = B(:1c+1’/\k+2)7
J

that is,

(2.13) B(:§+‘,6.4§A*+1) c B(.~j+1,i‘°+2).

If we set R = N“, we obtain
' ~k k J: I: J: k(2.14) B(.,+1,,\ +1) c B(-,-+1,A.(1+ 2A.» +1) c B(2,+1,3A§,\ +1).

Now, ifz' # j then B(zf+1,3AZ/\k+l) and B(zf+],3A§Ak+l) are disjoint and it
follows from 2.12 with R = Ah“, 2.14 and the definition of Bf“ that

(2.15) 6D 0 B(zf+1,)\k+l) C Bf“, 1_<_j < 11k“.

It also follows from the definition of Bf“ and 2.13 that

(2.16) Ef“ c B(z;+1,6A§,\k+1) c B(z;+1,,\’=+2).

Therefore, 2.15 and 2.16 together with the induction hypothesis show that 2.9 holds

fOIISj<nk+thl$k+L
Let us verify 2.10. Observe that by 2.6 and 2.12 with R = 6A§Ak+1,

an = U B(z;+1,6A3,\*+‘) 0 8D = U 1§(z;+1,6Az,\‘=+1) 0 an.
J' j

Using 2.14 and the fact that the B(z_:-‘+1 , 3A§Ak+1) are pairwise disjoint in j, we obtain
3&5“,M“) C Buy“, 6A2Ak+l) \ U §(zf+1, Ak+l).

5¢j

Therefore,

(2.17) U B(z;‘+1, W‘) C U Ef“.
15 j
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If 2 6 6D, select the first jg such that z 6 B(zJ’-‘o+‘,6A2»\k“). If 2 G B(z§°+1,)\k+l)
for some j then by 2.17, z e u, Bf“. If 3 g u, B(z,’~‘+‘,/\"+‘) then 2 6 eff, by the
definition of Bf“.
Finally, let us prove 2.11. ~Using induction, suppose m S I] < 12 S k + 1 and

E5; 0 E2 # (D. By definition, Bug-2, R) = UJ-EJ E?” for some index set J. Since the
E5424 are pairwise disjoint in j, it follows that each E112 is also a union of certain
BF“, say, 5? = Ute] E52”. Hence, if E; n Ejg ¢ 0, i.e., if E}; n (Um, 532-1) ¢ (0,

then E5; 0 E574 # 0 for some i E I. Now, if 11 < 12 —1 then E51 C E57”, by
induction. If 11 = 12 — 1 then Ef: = E574 since E5: 0 E524 75 9. This completes the
proof of 2.11 since E524 C U,“ E124 = E1112.

We can summarize these results on dyadic cubes in the following lemma:

Lemma 2.18. Suppose (.\',d) is a separable quasi-metric space and D C X is an
open subset. Then there exists A > 1 depending onIy on A0, such that for every
771 E Z. there are points sf 6 6D and Bore] sets Ef, l Sj < in, k 2 m, where,
nk 6 NU {00} such that

(2.19) B(zf,A’°) mm C Ef c B(zf,,\’°+1), 1 gj < nk, k 2 m,

(2.20) an = Us; 060, for all I; 2 m, and 135m Ef = (a if {7411
J

Given i,j.k,l with m S k <1. then either
k I k I

We will denote D", = {Effie 2 m,1 S j < nk}. For Q = E; in Dm write
Q = B(z;-°,A") 0 6D and Q' = B(zJ’-°,)\"+1). We will refer to Q and Q” as the inner
and outer balls, respectively, associated with Q. The diameter of Q will be called
the edgelength of Q and will be denoted by l(Q). Note that since any annulus is
nonempty, A" S edgelength of Q 3 V“.
The next lemma, which is an application of the Marcinkiewicz interpolation theo-

rem, is analogous to Lemma 3.15 of [SW2].

Lemma 2.22. Let D C X be an open subset and 6D its boundary. Suppose a(B) is
a nonnegative set function, defined for all balls B in ‘B, that satisfies

(2.23) a(B(z,2r)) s ca(B(z,r)) for all z 6 an and r > o

and

(2.24) E a(B) S ca(Bo)
, Ben
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whenever Q is a collection ofpairu’ise disjoint balls B = B(z,r) in B contained in a
ball B, = B(zo,ro) of‘B.
In addition, assume that u(z) 2 O on 8D, fi 2 l and F is a countable collection of

dyadic balls centered in 3D such that

(2.25) [Budu 5 ca(B), for all B e r,

where B = B 0 6D and di/ is a doubling measure on 60, i.e.,
|B(z,2r) fl BDIV S c|B(z,r) fl BDIV for all z 6 3D and r > 0.

Furthermore, assume that

(2.26) 2 a(B)fi g mum? for all B. e r.
Bel"
Bch

Then
/t

(2.27) (19ng)~”a(lB<fB fudu)) §c5_1</;DfsudV)I/s

forallszonc'tD andt=sfi,l<s<oo.

inuB
For f 6 L°°(3D,ud1/), we have

—(1—aB)/B fudu

Now; suppose f : 3D —) [0, 00) is bounded with support contained in Bl 0 6D, where
= B(zl,r1), zl 6 3D. Let I" be a, finite subset of F. For /\ > 0, let {Qj}jejl be

the maximal dyadic balls B in I" such that

a_(13)t fudu> A.

Note that B 0 Bl 75 0 for any ball B that satisfies 2.28 since the support of f is
contained in B; 0 6D. Thus,

2 MB)” 5 Z 2 MB)"
Bel" J'EJ' BCQj

3697 heno»

Proof
Consider the map

)
fB fudu}

BEF

_||fuw———(B)/uduSch||oo by 2.25.

(2.28)



12 SERGIO Luis ZANI

(2.29) < c Za( B,by 2. 26
JEJ'

fl

(2.30) S e (Z
a(Qj)))

, since [3 2 1

16.7’
fl

(2.31) s c (2 (1mm) , by 2.23
jEJ'

where Q1 denotes the ball concentric with QJ- and with radius%. Recall that
the QJ- are pairwise disjoint (see Lemma 2.5).

Now. since j’ is finite. UieJ’ Q_,- C B’, for some ball B’ centered at 3D. Therefore.
bx Lemma ‘21 there exists a pairwise disjoint subcollection {Q },g of the d_\adic
balls {QJ-Lejf such that ever) Q] is containedin some Q' 1 E I’ where Q,’ is the
ball concentric with Q and with radius A

0(4)
«04 + 1)r (Q ) Thus,

2“(QJ) <2 2“a(QJ))<cZa( by 2.24 and. Lemma 2.5.
jE’f’ ieI’ jEJ’ iel'

QJCQ:

S C 2 a(Qi)7 by 223
iei”

SEE/Q fudu<~if fudu,
AiEI’ 8D

since {QJgep is a collection of pairwise disjoint balls. Thus. since F' was an arbitrary
finite subset of F and the constant c above depends only on A0 and A1, we conclude
that the map

1

f r—y {— fudu}a(B) ls Bel“
is both of weak—type (00, co) and weak—type (1, fl), i.e., it takes L1(6D, udV) to weak
lfi(F, a(B)fi). Therefore, applying the Marcinkiewicz interpolation theorem we obtain
2.27. D
We will need the following:

Lemma 2.32. Let u(z) 2 0 on 6D and for each m E Z, let {Q.-}.- be a countable
collection of dyadic cubes in Dm. Suppose that there exist sequences {ag},-€1,{b,-},-el
of positive numbers and fl 2 1 satisfying

(2.33) ./0- udV _<_ ca,-

(234) 2 cf- ca?
ijCQi
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where c > 0 is independent ofi and m. Then

0 1/‘7 1p(equity) Sc(/anPu-dv)’

for all f 2 0 on 0D where l < p < 00, q = 3p and c is independent of m.

Proof
The map f H {i fQI fudu} takes L3°(6D) into 13,33”) by condition 2.33 and

LuaD) into weak lla5}(1) by condition 2.34, as we now show. Suppose f is bounded
with compact support in 6D. Let t > O and let {Qj}j€_] be the maximal dyadic cubes
from the collection {QJ‘EJ such that “i IQ. ]fludlf > t (we may assume the collection
{Cline} is finite). Then

(2.35) 2 (1532.2 a,”

ti Isl—IQ fUdL' >i JGJi;Q,CQJ

5

JG

JEJ

fi

(2.37) Sc (201) since 5 2 1

1
E

(2.38) 5c (; zjjfé Ifludu)

(2.39) Sc (% /6D |f|udu>fi

since the maximal dyadic cubes are disjoint. The Marcinkiewicz interpolation theo—

rem now completes the proof of Lemma 2.32. E]

The next lemma can be found in [W1] and its proof is omitted.

Lemma 2.40 (Reverse Doubling). Suppose p is a doubling measure on a homo-
geneous space X. Then p satisfies the reverse doubling condition; that is, there exist
01,3 >1 such that |B(:c,ar)|,‘ 2 fl|B(z,r)|“ for all a: e X and r > 0.

We will need the concept of dyadic cubes in X. These sets are constructed as
before with the only exception that the {zf} are chosen over all X instead of over
the boundary of some open set. With this modification we can state the following
version of Lemma 2.18 (cf. Lemma 3.21 of [SW2])
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Lemma 2.41. Suppose (X,d,u) is a separable quasi-metric space, Let /\ = 8/12.
Then for every m E Z, there are points z; in X and Borel sets E}, 1 S j < nk,
k 2 m, where nk E NU {00}, such that

(2.42) Buy») c E; c B(z;,ik+1), 1 5 j < nk, k 2 m.

(2.43) X=UE§, forall kZm, and Emefza if i751".
J

Given i,j,k,l with m S k <1, then either

15ch or EfflEszJ.
We will denote ’Dm = {Effie 2 771,l Sj <, nk}. If Q = Ejk 6 Dm, let l(Q) be the

edgelength of Q and define (2 = Q x (O,1(Q)).
We will need the following lemma (cf. Lemma 3.20 of [SWI]).

Lemma 2.44. Let u(z) 2 0 on X. For each m 6 Z, suppose that {Qih is a countable
collection of dyadic cubes in Pm, and for each 2 E X, {a,-(z)},-€] and {b,~(z)},-€] are
positive numbers satisfying

(2.45) /Q udp S ca;(z) for all i 6 1 and z E X
«+2

(2.46) E bj(z) S ca;(z) for all i E I and 2: G X,
j;QJCQ-'

with c independent of m. Then

(2 5&2) (at?) QM
gudu)q)1/q S ca (fx futility/q

iEI

for allg Z 0 on X and z 6 X, where 1 < q < co and c, is independent ofz,m and g.

Proof
The map g r—) {$ IQ.- +1 gudp} takes Lfi°(X) into law)” ) by condition 2.45 and

Li(X) into weak libs(=)}(I) by condition 2.46, as we now show. If g is bounded with
compact support in X and t > 0, let {QJ-L-eJ be the maximal dyadic cubes from
the collection {Qg};51 such that fi IQ”, |g|udp > t (we may assume the collection



TWO-WEIGHT NORM INEQUALITIES FOR MAXIMAL FUNCTIONS 15

{Qi}ie] is finite). Then

ii fifq'+2gudu >f JGJi;Q,'CQJ

(2.48) S cZaJ-(z) by 2.46
jEJ

c
2.49 < _ f d( l _ i; Q,“

|g|u y

c< _(2.50) _ t/X Igludy

since the maximal dyadic cubes are disjoint. The Marcinkiewicz interpolation theo-
rem now completes the proof of Lemma 2.44. D

3. PROOFS or THE MAIN THEOREMS

In this section we will prove the theorems introduced in Section 1.

Proof of Theorem 1.1.
Let us prove that. 1.7 implies 1.8. Given 2 in 8D and r > 0, let B = B(z,r) and

set f(y) = 0(y)>ts(y)- Thus,

”q d 1/q< p d
1/p

(3 ) (D k(CHEM p ~c aDO’XBL v

1/P ,= c (/ adv) = clB|i/p.
B

For x e X let a(z) and t(m) be as in the definition of Mw. We claim that B :
B(z,r) C B(a(:r),3A§[r + d(z,z)]). Indeed, ify E B then

d(y, a(z)) S A3[d(y, 2) + d(z, 35) + d(at,¢1(3£))l

5 Aflr + d(z,z) + gd(z,z)] 5 3A§[r + d(z,x)],

which proves our claim. Obviously 3A3[r + d(z, z)] _>_ t(z). Hence,
I

M > d“(WM - ¢(B(a(z),3A§[r + d<z,z)1))
/B(c(z),3A§[r+d(z,z)1)UXB ”

___
(m,

90(B(a(z), 3A3lf + d(z, z)l))
foranyxEXandr>0.
We claim that

(3.2)

B(a(z),3A:[r + d(z, z)]) C B(z,18A:r)
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for I in B = B(z,r). In fact, for y E B(a(:c),3A3[r + d(z,:c)]), we have

d(ya 2) S Azld(y,a(f”)) + d(MIL-”Cl + (“1,le
s AZBAer + d(z,x)] + t(x) + d(z,z)]

S 9A2[r + d(.r,z)] since t(z) = d(x,aD) S d(:c,z)
S 18A2r.

Thus, cp(B(a(:r),3A§[r + d(z,z)])) S cgo(B(z,r)). Therefore, it follows from 3.2 that
IBIU

.3.3 M a x 2 c————~———— for all a: in B.

Combining 3.1 and 3.3 we obtain

(3.41 dBl‘qlBlilBh 511513.“-

Thus. if |B|a is neither 0 nor 0c. we obtain 1.8 from 3.4. If |B|a : 0 then 1.8 is
obvious. Suppose |B|g =_ 00. For any 5 > 0 we have [v(y) + Ell—pl S 51_p' < co and.
therefore. [Blot S 61"? IBIL, where 05(y) = [v(y) + ell—PI. Hence, since 1.7 implies 1.7
with z' replaced by v + 5. we obtain 1.8 with v replaced by 1' + e, i.e..

o(B)'1|BI}U/9|B|§{P' S C-

Letting e tend to 0, we conclude that w = 0 a.e. (y) since |B|C7 = 00. Thus, 1.8
follows immediately.
Conversely, let us show that 1.8 implies 1.7. Let

1
dy _ rm f(x) — sup — / Ifldv, z e A
“0

deadic ball 9°(Bl B
z,a(z)EB

where a dyadic ball is a ball as defined just before Lemma 2.5. We claim that there
exists 0 > 0 such that

(3-5)
‘

wa($) S aniyflxl
forallfandeX.
Given B = B(a(z),r) with r > t(a:), let k in Z be such that A"'1 < %r 5 A" (

A as in Lemma 2.5). Thus, there exists a dyadic ball Bf“ of radius AH] such that
B C B(a(z),%r) C B(a(x),A") C Bf“. Clearly, ¢(B) 5 co<p(Bf+l). Let us show
that emf“) 5 was). Indeed, ify e Bf“ = B(z;+l,x'=+l) then

d(y, a(:c)) _<_ Ao[d(y, 25“) + d(z;+l,a(z))] 5 2Ao,\"+1.

Thus, Bf“ c 3A0A’B, and, hence, emf“) 5 ap(B). Therefore,
I 1

(36)
J W [B lfldv s °W fa,» lfldv-
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Clearly in and a(:r) lie in Bf“. Hence, our claim follows from 3.6.
Due to 3.5 it is enough to prove 1.7 with M replaced by miy. We may assume

f 2 0. Let Bk: {1 E D; 1ndy(fa)(;r)> 2k}, k 6 Z. Thus,

/[mdy()(fa)] qwdp—— 2/0 [miy(fo)]qwdp z gw/ wdp.
DAD“:

It follows from the definition of mi" that if I E Dk then there exists a dyadic ball B
with z,a(:1:) E B satisfying

Dk\Dk+l

- 1

(3.1) 97(ES/Mail; > 2".

Let {BM} be the collection of maximal dyadic balls with respect to inclusion which
satisfy 3.7. Obsene that Dk C UJ Bkj. In fact if 1 6 D}, then there exists a dyadic
ball B with z ,a(.r ) E B satisfying 3.1. Hence by the maximality of the BkJ, there
exists j such that 1 E B C Bkj-
Thus.

1
q

2“ / wd 5 l / adv] / wd2k: Dk\Dk+1
ll g 99(Bk.j) Elm]. Bk.)

ll

9

._ b (1—Z M lakJ Bmfa Vi

where
ak,J =/B Odl/

16.1

and
akyJ- / wdbklj=i:(—(Bku1)qi

Bk:
1“

From 1.8 it follows that

bu = aZJso(Bk.,-)‘"Il§ulw s ca1J|BrJ|;q/P'= cazgf.

We claim that there exists c > 0 such that

Z aifffical’,’ forall s,t.
BIGJCBJJ

Indeed,
(X) .

Z all; = E |BkJ|£'/” 5 Z Z lBk.jl3/”"1|Bk,j|a
Bird-CB“ Bk,jCBl.t l=0 B dyadic b.“ cB.,.

r(B)/r(B.,¢)=A-'

an
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where /\ = Aa(2Ao + l)

5 CE 2 (5’lBa,tla)q/p_l lBk.jla
1:0 5 dyadic ball CB..c

r(B)/r<B..x)=A“

for some 6 < 1 since adv is doubling and, therefore, it satisfies the reverse doubling
condition (see Lemma 2.40)

s cz: (5'|B.,t|.)"“’“ MIB,,.|0
1:0

by 2.3

= amass/f 2WW = 48.13.“ : cazz’f
1:0

since 0 < 5 < 1 and q > p. and this finishes the proof of our claim.
We now obtain 1.7 from Lemma 2.2? with a(Bk,,) : a“, B = q/p, t = q. s : p,

u = a and F : {BM} since adv is a doubling measure. This concludes the proof of
Theorem 1.1. D

We now proceed to prove Theorem 1.2.

Proof
Let % = {B = B(z,r);z E 6D,r > 0}. Given I E D and r > t(:r), let B

B(a(r),r) and B0 = B(a(1), gr). Then, clearly B C Bo and I 6 Bo since d(;r,a(a:))
%t(:c) < gr. Thus, since 4,9 is doubling we have

|/\
II

Cl
WES/s'f'd” 5 .o<B.>/s.'f'dv

S c sup [Blfldu = cmwflx), say, and hence,
Be‘B

z,a(z)eB

M¢f S cm“, f.
For each m E Z, define

w,mf(x) = sup fa If Idv,
BEE

=,a(z)€B, r(B)>)\"'

where A = 8A? as in Lemma 2.18.
It will be convenient to majorize mwnf by a suitable dyadic operator defined in

terms of the dyadic cubes Q G D". that were introduced in Lemma 2.18. Given ‘-
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= B(z, r) 6 28,1” > AT“, select k > 771 such that A" S r < Ak'“. Suppose 30 Q 74

,Q = E; E Dm and B = B(z,r) is as above. Then, if y 6 B, we have

do, zf) s Aildw, z) + d(z,r) + do, an]
WMmIEBflQ

SAflAIHl +Ak+1 +Ak+1]

since Q C B(zJ’-‘,)\k+1) (see Lemma 2.18)

= 3A§A*+‘.

Thus,

(3.8) B(:. r)C B(:‘f343M)
Also if u E Q we have

d(u ,z)__< A[d((,u - )+d(zk,1.)+ d(:r, z)] 5 AflAk“ + Ak+1+ AW] : 3A§Ak+’.

Thus,

(3.9) Q = 15ch B(:,3.4§/\"+1).

Now, if E}; 0 B 75 01,0 = 1,...,N, we obtain
N

(3.10) N)B(z,r)|V S E |B(:f°,3.43/\k+1)],, by 3.8
0:1

A,
v

(3.11) Sc 2 |B(zJI-°°, Ak)|,, since l/ is doubling
a=l

(3.12) Sc 2 [Efolu by Lemma 2.18

(3.13) =c U E'-c since the cubes are disjoint
a=l

(3.14) 5c|B(z,3A3,\’°+1)|, by 3.9

(3.15) §c|B(z,r)|,, since V is doubling.

Therefore, N 5 c. Since 6D = U, B}, for all k _>_ m, by Lemma 2.18, any ball B E ‘B

with r(B) > X" is contained in a finite union of dyadic cubes {E;Q}ISGSN7 say, and
the number of such dyadic cubes is bounded by a. constant that depends only on the
doubling constant of 11. Thus, for any B G % with r(B) > X" and A" S r < Ak“, we
have B C UL] E'J’Fa with B n E}; 95 (D for some N < c. Hence,

(3.16) Iflad” If 104V
1

5137/19 (_B) Us;,.
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N 1 N
zgméfalflodug RB—l/E" IfIUdl/

Joo

for some 1 5 00 S N
c<

__ 9°(B) fEfao IfIUdU.

It follows from 3.9 with j replaced by jao that if B and k are as above then E: C

B(z,3A3A"+’) and, therefore, cp(Efo') S ca,o(B(z,r)) = c<p(B), since so is doubling,
where Elio- is the outer ball associated with E: . Hence, it follows from 3.16 that

(3.17) —(—1—B—/_!f|adu
.E—so(§‘ / |f|adu

Since B H E50 7“; 0. it follows from 3. 8 that

B c B(L~
* 34§Ak+1)=3AozB(k Ak“) =3AEj'.

Thus, if B is as above with .T E B and a(r) 6 B then 3.17 implies that
l l

_B)/B|f[ad1/§c
Qe‘Dm;

S0(Q_)/Q|f[adzx
x€3A§Q-'

= Cmilfmfiolma say-

Therefore, we have

(3.18) mwuaxx) 5 mym(fa)(:r), x e D.

For each k E Z let ka—— {m E D; 27)???”(fax ) > ak}, where a > 1 will be
chosen later. Thus, 1: 6 91cm if and only if there exists Q 6 Dm such that z e 3AZQ'
satisfying

(3.19) ”Ql‘)/Q |f|adv>ak.

Let {fo}J be the maximal (with respect to inclusion) dyadic cubes (in PM) which

satisfy 3.19. We claim that 0k," = U, 3A3Qf‘. Indeed, since any cube Qf satisfies
3.19, then for any a: 6 3A§Qj‘ we have

V
1

mmwxz) 2m fa; Iflodv >

which implies that m E Gk“. On the other hand, if z E 9k," then there exists
Q G D". such that a: G 3A§Q and 3.19 holds. Since the Q? are maximal with respect
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to inclusion, there exists jo such that Q C Q“ and, therefore, I E 3A§Q C 3.43Qf',
that15,12 6 Uj 3A2 ',and this proves our claim.

Now

320”(my falq)In (D j; limdy (fallqu’dfl S “gigakq/ wdfl
nk,m\nk+l,m

s a.w /
k,j

_
wdy =a° akquk I

3A§Qf'\9k+1,m 2 Jim w
k.J'

where Ffm = 31426217?" \ Qk+1,m

< (192[ (Qb) - l/Qk”loch/r [Ffmluy

by 3.19 with Q = Q?

1 9 l
l

q

”2152.1. [Q(Qf‘)‘ A<Q§)] lAW fa? [from/l
J) J

where A(Q) = IQH,"I (jg o'du)1/r

q ”k- k: —1 k 4 1 V‘q5a 213.432 IQMQ.) A(Q.>] l—Mf) /Q_Jk|f|adJ

- k 2 ‘ k-smce Finn C 3.4062]

= aqz|3A3Q§'|.Q<QQ5“)9|Q§ |z [|Q5|:’A<Q§>W
We claim that

I3A3Q§‘|w¢(Qf‘)"|Qfli [|Q;|:‘A(Q§>]” s wow/P for an (M).
Indeed,

. q
|3A3Qf‘lw¢(Qf')'”lQ§l3 [|Q§|:1A(Q§)]

—q/rp’

s lefIZ”(|Q1,.I / km) [|Q§|:‘A(Q§)]’

by 1.10

—q/rp

= c|Qj"l” ( a'du) A(Qf)"
1

leI. fa;
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' - /rp’
IQ§IZ/ >

q

= c . 0rdl/ A Ql q(IQfly
Of

( J)

r-) 1/,- “(I/Pl

= c (IQ;c u' (j; a'du) ) A(Qf)q

= cA(Qf)_Q/p1A(Q§)q = cA(Qf)°/”,

which proves our claim. Thus, it follows from 3.20 that

(3.21) ”Mime q k q/p
1 q

Law) 5 C; A(QJ) l/MQj) /ij lflodu} .

We claim that

(3.22) 2 A<Q§>W s cA<Q£)"”’
km QfCQf

with c > 0 independent ofl and i. First, let us show that Q“ C Q implies 1 5 k. If

Qngf then it follows from the maximality of the Q5 that

(3.23) a’ < so<fo>-’ /Q. Iflodv s a‘:

which yields 1 < k, since a > 1. Now, suppose that Q5“ = Q. and for any Q 6 Dm let
Q* denote the smallest dyadic cube in Dm such that Q*2Q. Thus, since l/ is doubling,
we have

(3.24) a‘ < ‘P(Qi‘l_1 A Ifladv =My)” [m mm

s moi-WV jg Ifladv s ca'=
,~

since Q; is maximal

S ak+1

if we select a 2 c. Therefore, I S k.
Observe that the same argument employed in 3.24 can be used to obtain

(3.25) a" < tp(Qf)’l [at Ifladu 5 ak'l'l, for all j,k.
J'

A

'
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Thus, since q 2 p, we have

cm»
9/10

(3.26) E A(Qf)°”’§( Z A(Qf) = i Z A(Q§‘)
kmofcoi meofcoi k=1

Now, for a fixed k 2 I, we have

1/1-

(3.27) z A(Q§)= z IQ§Ii/"</C>ko’dv)
j: J: J

0;ch chQf

l/r’ l/r

.k rS 2 inil'" 2 kaUd”
J? J; J

QfCQf <9;ch

by Hélder's inequality

l/r'
l/r

"k rs 2: my (body)
j. |

QféQf

since the Qf are pairwise disjoint in j. Using the first inequality of 3.25 and the fact.
iQ_'|z E _£__l‘f’0” 'that (IQIu) 3 CM?) , we obtain

1
¢

. ‘k iQiiu _
,2 'Q"'"SC¢(Q£’>I/c E (“ k/oylflad")

05605. 05605

I.

(3.28) sc¢—(|%F Z a'k/QJfladV
ofc'as

since 1/5 21
g.-

I, F

g at??? (“J/oz If'ad")
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since the Q; are pairwise disjoint in j

< ('—~§~—z';.,. (a‘*“*1o<Q£-')>* = aule-I.
by the second inequality of 3.25 with k = 1. Thus, combining 3.26, 3.27 and 3.28, we
obtain

00 ”4 , l/r' l/r mu

2 A<QWP< (ma-17mm.) (Lady) )
k J'; Q“CQf k=1

(EmIQ'l/r (Lam/yr)”
q/p

2011—1111 “(Em—1-w)’A(QQ.)) —cA(Qf.’,)q/’

—k q/p
where C——- a‘1 ”P"_L_<Zk'= 00“W ’> . and this yields 3.22.

Thus, if we take 13 = q/p, I to be the set of indices k,j, a,- = A(Q,-) and u = a, we
obtain from 3.21 and Lemma 2.32 that
(3.29)

“W )LZ()D—<CEA(QM0/p[ (QU/Q; |f|0du q<c</D fpudu)q/p,

provided we verify 2.33 and 2.34. Note that 2.33 follows from the Holder’s inequality
with c = 1. Condition 2.34 holds due to 3.22.
It follows from 3.18 that

q p
9/10

(3.30) Ilm.,m(fa)||L1,(D,5c(/wfadv) .

where '

m...m(fa)(z)= sup flfladv, zen.
BEE;

s,a(z)EB,r(B)>A’“

Therefore, letting m tend to —00 in 3.30, we obtain

(3.31) ||m,,,(fa)||h(D) 5 c (jar)may/p.
Replacing f by fry—1 in 3.31 and using the fact that Mwf 5 cm“,f (see the be-
ginning of the proof of Theorem 1.2), we obtain 1.11. This concludes the proof of
Theorem 1.2. J] .
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In order to prove Theorem 1.3 it will be convenient to define the following dyadic
maximal function: for m € Z and z E X we define

1 .Dfidymzflx t) = sup —————/ fdu, z,t e X50. ,
’

QED,“ 90(Q+Z) Q+z| l ( ) +7

(I,t)€Q+z

and for k > m, let
1

M‘mem = su —/ du.o ( )
i~2,>m£<im,w<3<x,r)) mm'”

We have

Lemma 3.32. Let (X.d,p) bf a homogeneous space with group structure satisfying
conditions 1.1‘2 —— 1.15. Suppose I S p < 0c» and ur(r.t) 2 0 in X+ : X x (0.x).
Then. there cra’sts C > 0 such that

i
1/p

</ (Mwnflr,t))pw(:r,t)dy(:r.t)>
M

1/p

g Csup (A (mtgljmflxmpw(m,t)dp(z,t))
zEX

for all f 2 0 with C independent ofm.
Proof

A

Fix It > m and (Lt) 6 X+. Suppose B(:r,r) is a ball in X satisfying
1 / 1

k—— fdu>~Mmf:r.,t.¢(B(x’r)) Em)l '

2 “°’
( )

Now, select m < l S k such that M“ < r S A]. Let Bk be the ball in X of radius
A" about the identity element of X. Define Q = {z E Bk+3; 3 Q E Dm with A" 5
1(Q) S A'“ and B(z,r) C Q + 2}. Thus, if Q = E!“ and z E 9 then Q + 2 C
B(z,2Ao/\3r) and, therefore, <p(Q + z) 3 cnp(B(a:,r)). Hence,

1’ a: ——l— u9113,m,,f( ,t) 2 «40M 0+:
lfld

C k
_>_m 30”)

lfldl/ Z CM‘p’mf($,t).

Thus,

(3.33) /B mfm,,f(z,t)du(z) z cM:,,,.f(z,t)u(n)

(3.34) z cM$,mf(z,t)V(Bk+s),

provided we show V(Bk+3) 5 cum).
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Let F : {j;EJ’-+1 fl B(1,Ak+2 96 0}, where l is as in the definition of 9. Now

suppose z is in ——B(z§+l,/\’) + x where —-B = {w 6 X;—w E B}. We show that
B(:r,r) C E?” + 2. First note that

1—2 6 B(ZJ1+] A1)C B(ZJ,__I+l /\I+1)CCE;+1,

which shows that a: E EJI-+1+ 2. Now, let y E B(x,r). Since I — z E B(z§+1,/\I) and
d(y — 2,1 — z) = d(y ,:r) 5 A' by 1.12, we have

d(y—z, z’-+1)<A[d(y(—z,1—z)+d(x z,z’+1)]<A[A’+A']<1‘+1

Thus, y —- z 6 B(z§+l,)i’+1) C E?” and, therefore, y 6 Bi“ + z.Now ifj E F then
—B(:J’+l./\’)+r c BM. Indeed. if 11‘ e B(:j+1.11) and u e Ej“ flB(1.)i"+2) (which
exists sincej 6 F). then

d(u,u') g .40[d(u,.~§+1)+ d(z§+1,u')] < 4411+“ + A’] < 2.4011“,

which implies

d(.r,w) 5 A0[d(:r,u) + d(u. u,')] < 441“? + 240V”) < 3A§Ak+2,

which yields

d(0, w) 5 Ao[d(0.r) + d(.r.u')] < AM“ + 3.-4§,\“”] < 4.431“,
since I e Bk. Thus,

d(0, —ur + I) S Ao[d(0. I) + d(:r, —w + I)] < Ao[/\k + d(0,w)]

since x E Bk and by 1.12 and 1.13

< Aow + 4.42,\’°+2] < 5431"+2 < W3,

as desired. Now, since the sets {—B(z§~+l, A1) + (the;- are pairwise disjoint, we have

(3.35) um) z Eu(-B(z;+1,,\') + x) by 1.14 and 1.15
jer

(3.36) 2 cal/(E?!) since u is doubling
56

(3.37) = cu (U 135.1”) 2 cu(B(z,A*+2)) by 2.43
561‘

(3.38) z cu(B(z,A*+3)) since p is doubling

(3.39) = cu(B(0, M”) + 3) by 1.12

(3.40) -. = cu(B(0,A“+3)) = w(B,.+3) by 1.14.
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We are now able to finish the proof of this lemma. By 3.34 and Minkowski’s
inequality, we get

1/1:

l/kammwn) (Mg'mflx’tllp u’u’fldwatll

1 p
1/p

SCMBM) jBJ/X (wefm,.f<x.t>) madam] du(z>

1/19

3c sup [A(mam,.f<z,t))’°w<z,t>du<z.t)] ,
ZEBHs

and letting k —> oo finishes the proof of this lemma. [3

Let us prove a version of Theorem 1.3 with Mcf replaced by Witmzf We have

Theorem 3.1. Let (X,d,1/) be a homogeneous space, where X has a group structure
and d and u satisfy conditions 1.12 - 1.15. Let u.» and u be weights in X’+ and X,
respectively, and suppose that 1 < p S q < 00. Then

l/q 1/1)

.
y

-
q < P(3 41) (Agmtgmfl wdy) _ c (/A |f| vdu)

for all f in Lid”, m in Z and z in X if and only if
1/9 1/p

(3.42) (A:[mt%m,.<axq+.>rwdp) s c (A adv)

for all dyadic cube Q in Dm, m in Z and z in X, where Q = Q x l(Q).

Proof
Let f(:c) = axQ+,(:c) where Q is a dyadic cube in in Dm, m in Z and z in X. Now,

if 3.4] holds we obtain
1/9 1/q

(j. m..m,.dy(axo+.)iwu) s (j. m..m,.dy(oxo+.)rwdp)
+z X4.Q

1/P 1/1»

< p =_ C (/x |ax¢+,| vdu) (10+: adv) ,

which is 3.42.
Conversely, assume that 3.42 holds. Define

l
Wygfz at = sup —— du.

fiP, , f( ’ )
QG‘D". ‘P(Q'+z) Q+z|fi

(z,t)eo+z
ditm(Q‘).<.B
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Let f in Lfidv and for each k in Z and R > 0 define

QR = {(r )6€X+;93Ti”,;fz(f0)(r,t) > 2k}-

For a fixed m in Z let

flfm = «m 6 KING? 6 Dm,(r,t) 6 Q + M? + z c 515}-

Let {Q§}i€-’I" denote the dyadic cubea maximal among those dyadic cubes Q 6 Dm

with the property that Q' is contained in Qf. Then,

(3.43) Qfm = U (Q;C + z) for k in Z,
161?

(3.44) of m of; z (a for 1‘ eM in Z.

(345)
1 / Iflad >f>k f " Jmk' z. . ——.—— 1/ .. or, m , II] .

e<Q§ +z) o;+=
J ‘°

We have
so(Q§‘ + z) s 2"‘/Q |fladu by 3.45

:+:
l/p 1/P'

S 2-1; (f k
|f|pUdV> (ka adv) by Holder’s inequality.

J+2 1+:

Let Q? be such that Q; 2 = (Qf-i— ::)\Qk+1 m. We have

/ [937i?;fi2(f0)]"wdfl< zq 2qu/ wdfl
kEZ m\9k+1 m

- 1 q

5 2“ Q'? + z W; (—.— f adv) by 3.43 and 3.45IEI J
I

F SO(Q§ +2) Qf+zl
I

1'le
~ ____I _

q l q

=2q ‘5+ w ( . adv) (_ d)
1,25;

|QJ Zl du ¢(Q§ +z) 05+, |Q§+z|6du -/Q§+z|f|a V

56 {3

1 9

s 24 g (fem, (mitt (axq;+,))°wdn) (—IQ§+4“, [w Iflodv)
1-63?

1 J

=29j§mb§(z)(a—1—kw fa,+ Ifladu) ,
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where
b§(z) = /+ (£01ng (aXQ;+,))° wdp.

and
J

af(z) = M + 2]ng-

Let us show that

Z bf(z )<caoZ(W”

for all Q, in Dm, z in X and m in Z, where ao(z) = IQO + Zladu-
If QC, is as above then

2 bf“): E Q” (WiYmJaprquwdy
keZJer heme? , "

.

QjcQo . chQO

3 /Q +
(mjym: (0105+:l)‘; wdp since the Qfs are disjoint in k and j

9/17

S c (/ adv) by 3.42
Qo‘l'Z

= cao(z)Q/p.

Using Lemma 2.44 we obtain

0W’f’qwd”)1/QSC</le|Pudu)1/p
and letting R tend to infinity we have 3.41. I]

Now we are able to finish the proof of Theorem 1.3.
Proof of Theorem 1.3
Ifwe set f = axq“ where Q G Um'Dm and z is in X in 1.17 we obtain 1.18.
Now suppose that 1.18 holds. It is enough to show 1.17 with M“, replaced by MW"

with c independent of m, since we obtain the desired result by letting m tend to
—oo. By Lemma 3.32 it is enough to show 1.17 with M“, replaced by an““mm2, with c
independent of m and z. By Theorem 3.1 it is enough to show that

(johl[¢,m,z(UXQ+z)]qwdp)
lq/

S C (jaw adv) llp,

forallQGUmDm andzisinX.
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Let Q, be a dyadic cube in Pm and let G, and Q; be the inner and outer balls,
respectively, associated with Q0. Let 2 G X. If x — z E Q, then

1 / adv <
C / d—— ————~— 0 l/

‘P(Qo “l“ 2) Qo+2
— (Page “i“ 2) Qo+z

C
S WL‘+2 XQo+szV S CMw’m(XQO+ZO')(z,t)’

since 1 — z 6 Q0 and the radius of Q; is larger that t.
Hence,

milfm,z(UXQo+2)(I’t) S CM¢,m(XQo+;0)(I,l),

for all (amt) in Q, + z and. therefore.

/ [W (a w a
1”

~Qc+2 cam“: XQo‘l': l u l“

' ' 1/9 1/p
5 c (/ [A4,,m(ai-Qo+.)]qwdy) 5 (/ adv) ,

(20+: (20+:

by 1.18. This finishes the proof of Theorem 1.3.
E]

Remark. Theorem 1.1 and Theorem 1.2 in the special case when u,9(B) : [B 0
3D]],“", where 1/ is a doubling measure in 3D, were first proved by the author in his
Ph.D. thesis (see [Z]).
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