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TWO-WEIGHT NORM INEQUALITIES
FOR MAXIMAL FUNCTIONS ON HOMOGENEOUS
SPACES AND BOUNDARY ESTIMATES

SERGIO LUIS ZANI

ABSTRACT. Let D be an open subset of a homogeneous space (X,d, u). Consider
the maximal function

1
M, f(z)=sup ;(_B—)/B . |fldv, =z in D,

where the supremum is taken over all balls centered at suitable points of the bound-
ary of D with radius larger than ¢(z) = d(z.6D) and ¢ is a nonnegative set func-
tion defined for all Borel sets of X satisfying the (quasi-)monotonicity and doubling
properties.

We give a necessary and sufficient condition on the weights w and v for the
weighted norm inequality '

(0.1) ([ [Mw(f)]"wd#>l/q <e([ |f|fvdu)w

to hold when 1 < p < ¢ < o0 and ¢ = v'~F is a doubling weight and give a
sufficient condition for 0.1, when 1 < p < ¢ < oc without assuming that ¢ is
a doubling weight but with an extra assumption on ¢. Another characterization
for 0.1 when 1 < p < ¢ < o0 and D is of the form Y x (0,400), where Y is a
homogeneous space with group structure is also provided.

1. INTRODUCTION

We consider a homogeneous space (X, d, u) where d : X x X — [0, 00) satisfies:
(1) d(z,y) =0 if and only if z = y.
(2) d(z,y) = d(y,z) for any z,y in X.
(3) There exists A, > 1 such that

(1.1) d(z,y) < A,(d(z,z) +d(z,y)) forall z,y,z in X.

p is a measure on the Borel subsets of X satisfying the doubling property: there
exists a positive constant A; such that

(1.2) p(B(z,2r)) < A'ly(B(z,r))w forallzin X and r >0,

1
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where B(z,r) = {y € X;d(z,y) < r} is the ball of radius r with center z. If B =
B(z,r) and A > 0, we will write AB for B(z, Ar).

As mentioned in [C], Macias and Segowa Cf. [MS]) have proved that given a
quasi-metric d on X there exists a quasi-metric d' on X satisfying:

(1) C7'd'(z,y) < d(z,y) < Cd'(z,y) for all z,y in X, where C is a positive
constant independent of z and y.

(2) The balls with respect to d',i.e., B'(z,r) = {y € X;d'(y,z) <r},z € X,r >0
are open.

Since only the order of magnitude o d(z,y) will be relevant for us, we may assume
that the balls defined by d are open. We will also assume that all annuli A(z,r,R) =
B(z,R) \ B(z,r) in X are nonempty for all 0 < r < R. We immediately see that
there exists ¢ > 0 such that the diameter of B(z.r)

§(B(z,r)) = sup{d(y.z);y.z € B(z,r)} > cr

for all z in X and r > 0. In fact, since A = A(z, ir,r) is nonempty, there exists y
in A. Thus, r > d(z,y) > -r Therefore, §( B(z, )) > d(z,y) > %r.
Now, for any z,y in B(r-,r)-, d(z,y) < A,(d(z,2) + d(z,y)) < 24,r. Thus,
37 S 8(B(ar)) < 24,

and we say that the diameter of B(z, ) is equivalent to r.

Let D be an open subset of X. For each z in X let {(z) = d(z,0D) and select
a(z) in 8D such that d(z,a(z)) < 2t(z). Let us denote by B the set of all balls
B = B(z,r) with z in 8D and r > 0.

Suppose ¢ is a nonnegative set function which is defined for all Borel sets of X
satisfying the following conditions:

(1)(quasi-monotonicity) There exists ¢, > 0 such that ¢(B’) < c,(B) whenever
B'Cc B, B',B € 'B.

(2) (doubling) There exists ¢, > 0 such that ¢(B(z,2r)) < c,p(B(z,r)) for all z in
0D and r > 0.

Observe that (1) and (2) imply that for all 4 > 0 there exists ¢(y) > 0 such that

(3) ¢(B(z,9r)) < c(7)¢(B(2,r)) for all z in 8D and r > 0.

For ¢, t(z) and a(z) as defined above define
1
@ Mool 2)= S0 B ) Jo

where B(a(z),r) = B(a(z),r) N 8D, B(a(z),r) = {y € X;d(y,a(z)) <r} and visa
doubling measure on D
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Note that if b(z) is in 0D and satisfies d(z,b(z)) < %t(z) then it follows from the
properties of ¢ that there exists C > 0 such that C™'M,f < M, .f < CM,,f, for
all f. For this reason we will write M, f instead of M, ,f.

Observe that when X =Y xR, (Y,v,p) is a homogeneous space, D = Y x (0,00) =
Y, and ¢(E) = |E N &Y, |}, where | - |, denotes the v—measure and 0 < 5 < 1,

1 :
14) M, f(z,t) = M., f(z,1) = ——/ :
where B(z,r) = {y € Y;p(z,y) < r} and r > 0, is the fractional maximal function.

In [WZ], R. Wheeden and S. Zhao showed that if 1 < p < ¢ < 00, w(z,t) and v(y)
are weights in Y, and Y, respectively, and if o(y) = y(y)]’p', p' = p/(p— 1) satisfies

the doubling condition and g is a Borel measure in Y, . then the the weighted norm
inequality

4 L 1/p
(157 ( /. MJ(at)"w(at)dy(at)) <c ([ wrewaw)

holds if and only if there exists a positive constant C such that

(1.6) (/de/>]-7 (/E wdp)l/q (/Badu)]/plgc

for all balls B C Y. where B = B x [0,7(B)) and r(B) is the radius of B. The first

result we have for M,, is

Theorem 1.1. Suppose 1 < p < ¢ < oo. Let w and v be weights defined on D
and 0D, respectively. Suppose that odv = v'"P dv is a doubling measure. Then the
weighted norm inequality

1.7 ( M, f|° d)l/q< ( rody)
0 )" <<, )
holds for all f, with ¢ independent of f, if and only if
‘ 1/q 1/¢'
o
(1.8) ¢(B) (/Ewdp) (/B adu) <C

for all balls B = B(z,7), zin 0D, r > 0, with C independent of B, where B= BND,
B=BnNaD.

In the next theorem we present a condition such that the weighted norm inequality

(19) ([ M) ™ < c ([ 1rpoar)”,

holds for all f, where 1 < p < ¢ < oo, without imposing the doubling condition on o
but with an additional condition on ¢. The theorem is stated in terms of dyadic cubes
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centered at points of the boundary of a fixed open subset D of a homogeneous space.
Basically, a dyadic cube is a Borel set that contains and is contained in concentric
balls that are centered at points of 0D and whose diameters are comparable to the
diameter of such a set. For a similar result for off-centered maximal operators, see

[W2).

Theorem 1.2. Suppose 1 < p < ¢ < 00 and let w and v be weights defined on D
and 8D, respectively. Let o = v'~7'". Suppose that there ezists C > 0 and 0 < ¢ < 1

such that '
€ I»
(2L) ¢ @)
Q1 v(Q)
for all dyadic cubes Q" and @ such that Q' C @, where Q~ is the exterior ball associated
with Q. Suppose also that there erists v > 1 such that

1/rp'
1.10 : 171342 ‘/Q< ’du) <C
(1.10) QIR 184207 |Q1/" <

for all dyadic cubes @ centered at points of 0D, where Q™ is the exterior ball associated
with Q, Q = QNAD and 3 42Q (3A%2Q*)N D. Then, there exists ¢ > 0 such that

(1.11) (/Dleflqwd#)l/qsc</aD |f|pvdu>l/p
for all f.

The next result is a characterization of weighted norm inequalities of type (p,q)
with 1 < p < ¢ < oo, when D is of the form X x (0, 00), where (X, d,v) is a homo-
geneous space. We w111 suppose additional conditions on X,d and v. Let (X,d,v) be
a homogeneous space and define X = X x R and X, = X x (0,00). Assume that X

admits a group structure (not necessarily commutative) such that for all z,y,2z € X
and all balls B C X we have

(1.12) d(z + 2,y + 2) = d(z,y)
(1.13) d(0,z) = d(0,—z)
where 0 is the identity element of X,
(1.14) " v(-B+1z)=v(-B)
where —B = {z;—z € B}, and
(1.15) v(B) = v(—B).
Let us consider the following maximal function
(1.16) M,f(,t) = sup |fldv, (1) € X4

‘P(B(-" r)) JB(n)
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where B(z,r) C X and g satisfies the (quasi-)monotonicity and doubling properties
and is defined for all Borel sets of X. The following theorem characterizes 1.9 with
M, as in 1.16, and it is based on the main theorem of [S1].

Theorem 1.3. Let (X,d,v) be a homogeneous space, where X has a group structure
and d and v satisfy conditions 1.12 - 1.15. Let w and v be weights in X, and X,
respectively, and suppose that 1 < p < ¢ < oo. Then

(1.17) ( . a1, f]"wdu) "o (/1 flpvdu)””
for all f if and only if

(1.18) (/QH["”;(Uv\Qﬁ»:)]qwd#)]/q <C (/Q“ crdl/)]/p

for all dyadic cube Q@ C X and z in X | where Q=0 x1(Q) and l(Q) is the edgelength
of Q. .

The proofs of the preceding theorems can be found in Section 3.

2. DyYADIC BALLS, DYADIC CUBES AND SOME LEMMAS

In this section we will introduce the concept of dyadic balls and dyadic cubes in
homogeneous spaces whose centers lie on the boundary of a fixed open subset. The
construction of such sets will be based on the definitions of dyadic balls and dyadic
cubes as presented in [SW2]. For a slightly different concept of dyadic cubes in
homogeneous spaces, see [C]. We will also prove some lemmas that will be used in
the next section.

Lemma 2.1. Let (X,d, p) be a separable homogeneous space, i.e., X has a countable
dense subset. Let D be an open subset of X and 0D be its boundary. Suppose
{Ba = B(zasTa)}aca is a family of balls with z, € 0D and B, C B(z,r) for some
2€0D andr > 0.

Then, there ezists a countable subcollection {B;}icr of these balls such that

(1) BinB; =0, ifi # ;.

(2) Given a € A there ezists 1 € I such that B, C (A, + 4A,,2)B‘-.

(3) ¢ (Uaea Bx) < cTicr #(B;) where ¢ depends only on the positive constants A,

and A;, as in 1.1 and 1.2, respectively.

Proof
The proof is the same as in lemma 3.3 of [SW2] and it will be omitted.

As in [SW2], p. 843, we construct now a sequence of balls in X centered at points

of 8D.
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Set A = A,(2A, + 1), where A, is as in 1.1. For each integer k select a sequence
{zF}; of points of @D such that the sequence of balls B" B(z5,A¥~') is maximal

with respect to the property that B* N B’c Qifi # 3. Set B;‘ = ABJ" Then,

(2.2) Given z in 8D and an integer k there exists j such that B(z, A\*™!) C Bf.

(2.3)
There exists M > 0 depending only on A, and A;, such that EXB" <M.
j J

. Pk~ Bk g
(2.4) BiNB;=0fori+#j, keZ.

In fact, given = € 0D and k € Z, by the maximality of {B} there exists j
such that B(z, Ak"1) N B(z5, M) # 0. Pick z, € B(z,A*"') N B(z%, Ak ). Then, for
z € B(z, k1), we have - '

d(z,2) € Aold(z, 2,) + d(20, 2})) <
< Ao(Ao(d(z,2) +d(z,20)) + AN 71) < AG (240571 4+ A1) =
= A, (24, + 1)AF~1 = )k

and this proves 2.2. Now, suppose that z € BJ'-‘, 1<j<N.Ifye B(z,24,\*) then

d(y, z;) < Ao(d(y, ) + d(z,2})) <

< A(24,0% + 2F) = A,(24, + 1)k = A1,

Hence, B(2A,A\*) C ABF = A2Bk Thus,

u(B(24,X%)) < u(ABf) < eap(BY)
since p is doubling. Also, if w € Bf then

d(w,z) < Ao(d(w,2F) + d(z5, 7)) < A,(AF + XF) = 24,)%,

that is, B¥ C B(z,2A,)*) for any j and, therefore, U; Bf C B(z,24,\*). Since the
B! are pairwise disjoint in j, we obtain

Nu(B(2A,0%)) < c,\ip(éf) = C\p (6 E;) < exp(B(z,24,)F)).

J=1

Hence, N < c) and this proves 2.3. Finally, 2.4 follows trivially from the definition
of B¥. We refer to {B}}4,; as the collection of dyadic balls.
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Lemma 2.5. Suppose {Ba},c4 is a family of dyadic balls as above. If {Bj}jej is
a collection of mazimal (with respect to inclusion) balls in {Ba},c 4, then the balls
{B;},c, are pairwise disjoint.

Proof
We know that B,"HB;‘ = (if 1 # 5. Suppose there exists z € B;ﬂfi’f, where [ < k.
Then B} C B}. In fact, if w € B! then

d(z},w) < Adld(z], 2) + Ald(z, 2{) + d(2],w)]] <

< AT AT ) S A DY 424,05 = AR

The result follows now from the maximality of the balls. O

We now construct a grid of dyadic cubes centered at points of 9D. This constructxon
is analogous to the one that can be found in [SWQ]

Set A = 8A3. For each k € Z choose a sequence {z }lsjqk of points on 0D maximal
with respect to the property that the balls { B(:z¥, 344(3)\")}15’,@,: are pairwise disjoint.
Notice that since X is separable then the cardinality of {:J"} is at most countable.

Observe that

(2.6) = UB (25,643X)naD

for each k € Z. Indeed, if = € JD then by maximality. B(z,3A42)\*) intersects
B(z¥,3A2)F) for some j. Pick y € B(z,3A2X")n B(zf 347/\") We have
d(z,2¥) < Ao(d(z,y) + d(y, 2F)) < Ao(BA2N + 3AZXF) = 643\

and, therefore, we get 2.6.
Fix m € Z and define

E? = B(z]*,6A3\™) — [U B(z",2™)|
i#1
and for 5 > 1,
= B(",6A™) — [U B(z;",,\"')] -U E"‘] .
i#J i<y
Observe that E" NE™ =0 if i # ;.
Let z € EP. Then, d(z,2]") < 6AA™ < A™*!, 50 that

. EP C B(z]", A1),
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Since the balls {B(z]*,3A2A™)} are pairwise disjoint and B(zI",A™) is contained
in B(z]*,3A2A™) then the balls { B(2*,A™)}; are also pairwise dlSJO]Dt Hence,

B(z],A™) C B(z]",3A20™)\ | B(z", A™).
i#)
It is clear from the definition of ET* that B(z[",A™) does not intersect U,; ET".
Thus, B(z]*,A™) C ET".
Therefore
(2.7) B(z]*,A™) C ET" C B(z]*, A™*).
We will show that

(2.8) 8D = JET NaD.
J

N

Let z € 9D. If z € U; B(z]",A™) then z € B(z]" 3A2/\"‘) for some 7 and z ¢
B2, A™) if i £ 3. Thus, since B( =7, A™) does not intersect |J;<; ET, we conclude
that z € ET". If z ¢ U; B(z]",A™) then by 2.6 there exists a positive integer j such
that z € B( e 6A3)\’") Let j, be the least of such integers. Hence , z ¢ E™ for all
t € 1 Thus, z € ET" and this proves 2.8.

We now define {Ek} for kK > m. Suppose {E’}]<J<ﬂ has been defined for | =

m,m+1,...,k for some k > m so as to satisfy
(2.9) B(;J.,A)naDcchB(:;.,A’“), m<I<k 1<j<mn,
_ ! i 1 _ . . .
J

and for m < ; < l; €k and any 7,5 we have either
I 1 Iy Iz
(2.11) Ef N E,'1 = 0 or E" C EJ %
For any R> 0 and 1 <j < Ngq1, let
(4%, R) = | {E¥; Ef n B(zf*', R) # 0}.
Define

E{H'l - §(2f+1,6A3/\k+1) _ [U B(z-k+l,Ak+l)]
1#1
and for 7 > 1,

E;H'l = B(z}"’l,ﬁAgz\H'l) _ [U E(zf“,,\k"'l)] _ U E'l:+l] .

i#3 i<j
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Let us show that 2.9 holds with1 < j<n;, m <[ <k+1.Letz € BDﬂB(z;‘“, R).
By 2.10 with [ = k, there exists 1, such that z € Ef. Thus, z € B(zf“,R) N Ef.
Therefore,

(2.12) B(z*',R) > D n B(zF*', R).
Now, if z € B(z;‘“,R) then there exists 1 < ¢ < nyy; and w € X such that z € EF
and w € E¥ N B(z*', R). Thus, by 2.9 with | = k, we have

d(z,z%") < Ald(z, 2§) + Aold(2F, w) + d(w, 2i1)]] < A AT + A, A + R]).

Therefore, B(z¥*', R) C B(z5*1, A [AF! + A,[A*+1 + R]]).
If we set R = 6A3M**1 we get

B(zF1 6A3AM1) C B(2M, A (A, + 6A% + 1)AFH)
C B(':f+],8/4§/\k+l) = B(:k-{—]’/\k.*.g)’

i

that is,
(2.13) B(a ., 6ADFY) € Blest 25

If we set R = A*1, we obtain

Sk k _k k _k k

(2.14)  B(zF A1) € B(E, A1 + 24,)05Y) € B(z5H, 3420541,

Now, if i # j then B(zF*!,342)k*1) and B(2F*',3420%+1) are disjoint and it
follows from 2.12 with R = A**!, 2.14 and the definition of Ejk‘H that

(2.15) 8D N B(zE*, M C B, 1< 5 < nyya
It also follows from the definition of EJ’-=+1 and 2.13 that
(2.16) E}*! C B(zi1,6A50%1) C B(zF, A4,

Therefore, 2.15 and 2.16 together with the induction hypothesis show that 2.9 holds
for1<j<ng,m<I<k+1
Let us verify 2.10. Observe that by 2.6 and 2.12 with R = 6A3\f+!

dD = B(zk**,6A3X**)naD = B(4*,6A3X**") N aD.
J J

Using 2.14 and the fact that the B(z5+",3A42)*+1) are pairwise disjoint in j, we obtain
B(2k+1, A641) € B(24H,6A304Y) \ | B(2FH, 2%,
i#j
Therefore,

(2.17) U B2 X ) € U EH.
-J J
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If z € 8D, select the first j, such that z € B(25! 643N 1). If 2 € Blla L, a
for some j then by 2.17, z € U; ES*'. If z ¢ U, ( k+1 \k+1) then 2 € Ek“ by the
definition of EF*!.

Finally, let us prove 2.11. Usmg induction, suppose m < I} <l < k+1 and
E'Il E'I2 # (. By definition, B( yR) = Ujes E;-"l for some index set J. Since the
EI” 1 are palrvuqe disjoint in j, it follows that each E'2 is also a union of certain
E’2 ', say, B = Uies E™". Hence, if B}l N EP # 0, ie.,if B} N (Uies EZ7') # 0,
then El’ E'l2 ' 2 Q for some i € I. Now, if l; < I, — 1 then Ef‘ C EF! by
1nduct10n If [ =1, — 1 then EI’ E"7! since Efl‘ N E"*7' # §. This completes the
proof of 2.11 since E*™" C Uies E,’z'1 = E;?.

We can summarize these results on dyadic cubes in the following lemma:

Lemma 2.18. Suppose (X,d) is a separable quasi-metric space and D C X is an
opén subset. Then there exists A > 1 depending only on A,, such that for every
m € Z, there are points :Jk € 0D and Borel sets EJ", 1 <5 < ng, k> m, where.
ny € NU {00}, such that

(2.19) B(z5,M)ndD c Ef ¢ B(z5, M), 1<j<ny k2>m.
(2.20) 8D =\JE;NOD, forall k>m, and EfNEf=0 if i#j.
J

Given 1,7, k,l with m < k <, then either
k ! k !

We will denote D,, = {E;-‘;k > m,1 €< j < n}. For Q = EJ" in D,, write
Q= B(z;-‘,)\k) N 3D and Q" = B(z},\**!). We will refer to Q and Q* as the inner
and outer balls, respectively, associated with (). The diameter of Q) will be called
the edgelength of Q and will be denoted by /(Q). Note that since any annulus is
nonempty, \¥ < edgelength of Q < A +1,

The next lemma, which is an application of the Marcinkiewicz interpolation theo-
rem, is analogous to Lemma 3.15 of [SW2].

Lemma 2.22. Let D C X be an open subset and 0D its boundary. Suppose a(B) is
a nonnegative set function, defined for all balls B in *B, that satisfies

(2.23) a(B(z,2r)) < ca(B(z,r)) forall 2€0D andr>0

and

(2.24) Y a(B) < ca(B,)

Beq . .
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whenever  is a collection of pairwise disjoint balls B = B(z,r) in B contained in a
ball B, = B(z,,r,) of B.

In addition, assume that u(z) >0 on @D, 3 > 1 and T is a countable collection of
dyadic balls centered in 0D such that

(2.25) /Bua'u <ca(B), forall BeT,

where B= BNAD and dv is a doubling measure on 0D, i.e.,
|B(z,2r)N0dD|, < ¢|B(z,r)N0D|, forall z€dD and r>0.

Furthermore, assume that

(2.26) Y a(B)’ <ca(B,)’, forall B,€T.
Bel
B(CB,
Then

r\ 1/t | 1/s
(2.27) (Bzera(B)ﬁ (a(lB) /1; fudu) ) <6, 4 (./(;D fsudv) /

forall f>0o0ndD andt=3sB3,1<s< 0.

Proof
Consider the map
1
fr— {—-— ) udv}
a(B) /B ! Ber
For f € L*°(0D,udv), we have

1 1
757 Jo T4 < Wil s fyudv < ellflle by 225

Now, suppose f : D — [0,00) is bounded with support contained in B; NdD, where
B; = B(z1,7m1), z1 € 0D. Let I' be a finite subset of I'. For A > 0, let {Q;};ecs be
the maximal dyadic balls B in I" such that

(2.28) ﬁ /B fudv > A,

Note that BN B, # 0 for any ball B that satisfies 2.28 since the support of f is
contained in B; N @D. Thus,

> aBf<} Y aB)

Berl" JEJ' BCQ;

el [ fudv>)
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(2.29) <c Z 8 by 2.26
€T’
B
(2.30) e (Z a(Qj)) , since > 1
jET’

B
(2.31) <c (Z a(Qj)) , by 2.23
JET!
where Q; denotes the ball concentric with Q; and with radius ﬁ%}%—%. Recall that
the QJ- are pairwise disjoint (see Lemma 2.5).

Now. since J' is finite, ;e 7+ @; C B’, for some ball B’ centered at 8D. Therefore.
by Lemma 2.1. there exists a pairwise disjoint subcollection {Q;}:e7 of the dyadic
balls {@;};es such that every @, is contained in some Q7.7 € I', where Q: is the
ball concentric with @); and with radius A (4 A, + 1)r(Q:). Thus,

S a@)<Y Y a(@)<ed af by 224 and Lemma 2.5.
1€T! €I’ JEJI 1€T/
Q,CQ;
<eYa@) by 223
il
Z/ fudv < 5 [ fudv,
1€I' adl

since {Q; }ier is a collection of pairwise disjoint balls. Thus. since I'" was an arbitrary
finite subset of I' and the constant ¢ above depends only on A, and A;, we conclude

that the map
1
il —— fudu}
{a(B) /B Ber

is both of weak-type (00, 00) and weak-type (1, /), i.e., it takes L'(8D, udv) to weak
IA(T', a(B)P). Therefore, applying the Marcinkiewicz interpolation theorem we obtain
227. 0O

We will need the following:

Lemma 2.32. Let u(z) > 0 on @D and for each m € Z, let {Q;}; be a countable
collection of dyadic cubes in D,,. Suppose that there ezist sequences {a;}ier,{bi}icr
of positive numbers and 3 > 1 satisfying

(2.33) /o. udv < ca;

(2.34) Y df <cdf,
. o j;QjCQo
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where ¢ > 0 is independent of 1 and m. Then

<Z o (al /Q | fudu)q)

€]

1/q

([, )"

for all f >0 on @D where 1 < p < 00, ¢ = Pp and c is independent of m.

Proof
The map f {;’:fQ' fudu} takes L°(0D) into I‘EZB}(]) by condition 2.33 and
L1(dD) into weak liag}(l) by condition 2.34, as we now show. Suppose f is bounded

with compact support in dD. Let t > 0 and let {@;},c; be the maximal dyadic cubes
from the collection {@;}.¢; such that al.fQ |fludv >t (we may assume the collection

{@.}ies is finite ). Then

(2.35) > oa@sy Yy o

i; a]_fQ judu >t JEJ‘-Q|CQ)
I¢]
(2.36) chJaJ by 2.34
JE

6]
(2.37) 4 (Z aJ) since [ >1

J€J
B
(2.38) <c (% Z/Q |f|udu)
(2.39) <c (% /aD |f|ud1/)ﬁ

since the maximal dyadic cubes are disjoint. The Marcinkiewicz interpolation theo-
rem now completes the proof of Lemma 2.32. O
The next lemma can be found in [W1] and its proof is omitted.

Lemma 2.40 (Reverse Doubling). Suppose i is a doubling measure on a homo-
geneous space X. Then u satisfies the reverse doubling condition; that is, there ezist
a,B > 1 such that |B(z,ar)|, > B|B(z,r)|, for allz € X and r > 0.

We will need the concept of dyadic cubes in X. These sets are constructed as
before with the only exception that the {2z}} are chosen over all X instead of over
the boundary of some open set. With this modification we can state the following
version of Lemma 2.18 (cf. Lemma 3.21 of [SW2])
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Lemma 2.41. Suppose (X,d,v) is a separable quasi-metric space. Let A = 8AS.

Then for every m € Z, there are points z;-‘ in X and Borel sets Ef, 1 <7 < ny,
k > m, where ny € NU {0}, such that

(2.42) B(zF, M) C EF C B(z5E, MY, 1<j<ny, k>m

(2.43) X:U@,ﬁmukZW and EfNEf=0 if i#j.
J

Given 1,3, k,l with m <k <, then either
E'cEf or EINE =4

We will denote D,, = {Ejk:k eml £ w). L = EJ“ € D, let [(Q) be the
edgelength of @ and define Q=Q % (0,(Q)).
We will need the following lemma (cf. Lemma 3.20 of [SW1}).

Lemma 2.44. Letu(z) > 0 on X. For eachm € Z, suppose that {Q;}; is a countable
collection of dyadic cubes in Dy, and for each z € X, {a;(z)}ie; and {b:(z)}:c1 are
positive numbers satisfying

(2.45) / udy < cai(z) forall 1 €1 and ze€ X
Q|+:
(2.46) > bi(2) <cai(z) forall i€l and z€ X,
j?QJCQi

with ¢ independent of m. Then

(Z = (3:7) avts T ) ) "sa (/. g#uau)™

i€l

forallg >0 on X and z € X, where 1 < g < 0o and ¢, is independent of z,m and g.

Proof

The map g — {ﬁz—) Joit= gudp} takes L3°(X) into I, ,)3(1) by condition 2.45 and
L%(X) into weak I}, .),(I) by condition 2.46, as we now show. If g is bounded with
compact support in X and ¢ > 0, let {Q;};es be the maximal dyadic cubes from
the collection {Q;}ier such that ;:}7) Joi4z |9ludp > t (we may assume the collection
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{Q:}ies is finite). Then

(2.47) > bi(z) <3 Y biz)
1; ';.'%T,fq.+,gudu|>t JEJ5QiCQ,

(2.48) <c) a;(z) by2.46
J€J
€

2.49 < / d

(2.49) < t¥ e |lg|udu
C

4 < =
(2.50) = t/x lgludu

since the maximal dyadic cubes are disjoint. The Marcinkiewicz interpolation theo-
rem now completes the proof of Lemma 2.44. O

3. PROOFS OF THE MAIN THEOREMS

In this section we will prove the theorems introduced in Section 1.

Proof of Theorem 1.1.

Let us prove that 1.7 implies 1.8. Given z in 8D and r > 0, let B = B(z,r) and
set f(y) = o(y)xp(y). Thus,

1/q 1/p
(3.1) (/D Mg(axg)wdy> S (./3D a”XEvdv>

1/p L
=c<—/' odu) = c|B|}/?.
B

For z € X let a(z) and t(z) be as in the definition of M,. We claim that B =
B(z,7) C B(a(z),3A2[r + d(z,z)]). Indeed, if y € B then

d(y,a(z)) < A7ld(y, 2) + d(z,2) + d(z, a(z))]

< Al +d(z,2) + 5d(z,2)] < 347 +d(z,2),
which proves our claim. Obviously 3A2[r + d(z,z)] > t(z). Hence,
1
M > oxpd
loxs)() 2 ¢(B(a(2),3A42[ + d(z,2)) JBe@)ahtr+atzan)
) 1B,
¢(B(a(z),3A%[r + d(2,2)]))

for any £ € X and r > 0.
We claim that

(3.2)

B(a(z),3A%[r + d(z,z)]) C B(z,184}r)
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for z in B = B(z,r). In fact, for y € B(a(z),3A%r + d(z,z)]), we have
d(y, z) < Ajld(y,a(+)) + d(a(z), ) + d(z, 2)]
< AX[3A%r 4 d(z,z)] + t(z) + d(z, 2)]
< 9A%[r +d(z,z)] since t(z)=d(z,8D) < d(z, 2)
< 18A2r.
Thus, ¢(B(a(z),3A%r + d(z,7)])) < cp(B(z,r)). Therefore, it follows from 3.2 that
|Blo

m for all z in B.

(3.3) M, (oxs)(z) 2 c
Combining 3.1 and 3.3 we obtain
(3.4) #(B)*|BI¢|Bl. < |B|Y/".

Thus, if |B, is neither 0 nor oc, we obtain 1.8 from 3.4. If |B|, = 0 then 1.8 is
obvious. Suppose |B|, = oo. For any £ > 0 we have [v(y) + e]'P < €77 < o0 and,
therefore, |B|,, < €177'|B|, where o.(y) = [v(y) + €)'~7". Hence, since 1.7 implies 1.7
with v replaced by v + ¢, we obtain 1.8 with v replaced by v + ¢, i.e.,
¢(B)~'|Bl/*|Bl/P < C.
Letting € tend to 0, we conclude that w = 0 a.e. (i) since |B|, = oo. Thus, 1.8
follows immediately.
Conversely, let us show that 1.8 implies 1.7. Let

1
dy _ -
m> f(xz)=  sup —/ |fldv, z € X
¢ B dyadic ball »(B) /B
z,a(z)€EB

where a dyadic ball is a ball as defined just before Lemma 2.5. We claim that there
exists ¢ > 0 such that

(35) M, f(z) < om® (2)
for all f and z € X.
Given B = B(a(z),r) with r > t(z), let k in Z be such that \*! < 3r < M (
X as in Lemma 2.5). Thus, there exists a dyadic ball B¥*! of radius A**! such that
B C B(a(z),3r) C B(a(z),\*) C Bi*'. Clearly, ¢(B) < c,p(Bi*"). Let us show
that o(B¥*") < cp(B). Indeed, if y € Bi*' = B(2}*!, **!) then
d(y, a(z)) < Ao[d(y,z*") + (2", a(2))] < 24X

Thus, Bf*! C 34,A?B, and, hence, @(B5*!) < cp(B). Therefore,

1 1
(3.6) / (P(_B)_-/B Ifldl/ S C;(E}H_—l) -L;'“ Ifl dv.
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Clearly z and a(z) lie in Bf“. Hence, our claim follows from 3.6.

Due to 3.5 it is enough to prove 1.7 with M,, replaced by mi". We may assume
f20.Let Dy = {z € D;m%¥(fo)(z) > 2%}, k € Z. Thus,

/[md"’ (fo)]fwdu = Z/D Mm% (fo))wdu ~ ZQ’W/ wdp.

Dx\Dk41
It follows from the definition of m‘:}’ that if £ € Dy then there exists a dyadic ball B
with z,a(z) € B satisfying

k\Dk41

" 1
(3() QO_T_B),/deV>2k'

Let { B} be the collection of maximal dyadic balls with respect to inclusion which
satisfy 3.7. Observe that Dy C U, Bk: In fact, if z € Dy then there exists a dyadic
ball B with z,a(z) € B satlsfvmg 3.7. Hence, by the maximality of the Bk,;, there
exists j such that r € B C By,;.

Thus,
k 1 i
2-9/ S [ adu] / d
§,; Di\Dj 4, e % SO(Bk,j) Bk.Jf Bk.Ju :
1 g
= Zbk'j [—— / fO’dl/]
k,j Qk,j J Bk,
where
a; = / odv
By,
and

S VR
i = | —= wdy.
%7 eBrg)] s F
From 1.8 it follows that
bi; = af ;0(Bi;) | Bijlu < caf ;|By,;l;*" = call?.
We claim that there exists ¢ > 0 such that

3 "/” < caq/p for all s,t.
Bk,jcBl t

Indeed,
Y aff= Y Bylr<Y DR W L) N

By,;CB, ¢ Bg,;CB,,t =0 B dyadic ball CB,:
r(B)/r(Bs)=2""

s
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where A = A,(24, + 1)

<Y Y (F1Bl)" T Bl

=0 B dyadic ball CBg,t
r(B)/r(Bs,)=2""

for some 6 < 1 since odv is doubling and, therefore, it satisfies the reverse doubling
condition (see Lemma 2.40)

S CE (JllBs,tlo)q/p—l MIBa,tla
=0

by 2.3

= cM|B, Y7 S 66/ = | B, |7 = ca?lF
=0
since 0 < § < 1 and ¢ > p, and this finishes the proof of our claim.
We now obtain 1.7 from Lemma 2.22 with a(Bx;) = axj;, 8 = q/p, t = q. s = p,
u =0 and I' = {By;} since odv is a doubling measure. This concludes the proof of
Theorem 1.1. O

We now proceed to prove Theorem 1.2.

Proof

Let 8 = {B = B(z,r);z € dD,r > 0}. Given z € D and r > i(z), let B
B(a(z),r) and B, = B(a(z), %r) Then, clearly B C B, and r € B, since d(z, a(z))
2(z) < 27. Thus, since ¢ is doubling we have

1 c
S5 Jo 11 < s [ \flav

<c sup /B |fldv = em,f(z), say, and hence,

IN

BeB
z,a(z)€EB
M,f < em,f.
For each m € Z, define
Monf@)=  sup [ |fldy,
BeB
z,a(z)€B, r(B)>\™

where A\ = 84} as in Lemma 2.18.
It will be convenient to majorize m, ., f by a suitable dyadic operator defined in
terms of the dyadic cubes Q € D,, that were introduced in Lemma 2.18. Given
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= B(z,r) € B,r > A™, select k > m such that Ak <r < A¥+! Suppose BN Q #
Q= E € D, and B = B(z,r) is as above. Then, if y € B, we have
d(y, z;) < Alld(y, 2) + d(z,2) + d(z, 2})]
where r € BN Q
S AZ[/\k+1 K )\k+] 4 )\k+]]
since @ C B(z},A\**!) (see Lemma 2.18)

— 3A2)\k+1.
Thus,
(3.8) B(z,r) C B(2F,3422F1),
Also. if u € @), we have
d(u,z) < Alld(u, z}) + d(z] )+ dlm; 2] € AT 4 204 YERT g 4R
Thus,
(3.9) Q = E} C B(z,3A2) ),
Now, if Ef NB#0,a =1,...,N, we obtain
N
(3.10) N|B(z,7)|, <Y |B(z5 34201, by 3.8
a=1
N
(3.11) <c Z k Ak , since v is doubliug
'
(3.12) <c2 |EY |, by Lemma 2.18
(3.13) =¢ U Ek since the cubes are disjoint
a=1
(3.14) gc|B(z,3A§,\’°+1)|, by 3.9
(3.15) <c|B(z,r)|, since v is doubling.

Therefore, N < c. Since 0D = U; Ef, for all £ > m, by Lemma 2.18, any ball B € B
with r(B) > A™ is contained in a finite union of dyadic cubes {E% }1<a<n, say, and
the number of such dyadic cubes is bounded by a constant that depends only on the
doubling constant of v. Thus, for any B € 8 with r(B) > A™ and A* < r < M+, we
have B C U, EX with BN EX +# 0 for some N < c. Hence,

(3.16) j | fladu

| flodv

so(B) (B) o B
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L .
= 3 o5 Jor Wlod < o [ Wlods

Jag
for somel <a, < N

It follows from 3.9 with j replaced by j,, that if B and k are as above then Ef C
B(z,3A2)**1) and, therefore, p(E* *) < cp(B(z,1)) = cp(B), since ¢ is doubling,
where E:o' is the outer ball associated with E" . Hence, it follows from 3.16 that

(3.17) Ek. / If ledv.

Since BN E:c # (0, it follows from 3.8 that
B C B(z},34 /\"“) =3AZB(er 2V —3ATE

Thus, if B is as above with z € B and a(z) € B then 3.17 implies that

1
—B)./;;|f|adu§c

QEDm;
:cESAgQ'

= MY, (fo)(z), say.
Therefore, we have
(3.18) My (fo)(z) < ME (fo)(z), z€D.

For each k € Z let Qum = {2 € D;M%Y_ (fo)(z) > a*}, where a > 1 will be
chosen later. Thus, z € Q r, if and only if there exists Q € D,, such that z € 342Q"
satisfying

(3.19)

tp(Q / |flodv > a*.

Let {Q%}; be the maximal (with respect to inclusion) dyadic cubes (in D,,) which
satisfy 3.19. We claim that Q. = U; 3A3Qf‘. Indeed, since any cube Q¥ satisfies
3.19, then for any z € 3A§Q5 * we have

" 1
W (f0)a) 2 s [, Wlody > o

which implies that £ € Q. On the other hand, if z € 4, then there exists
Q € D,, such that z € 3A%Q and 3.19 holds. Since the Qf are maximal with respect
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to inclusion, there exists 7o such that Q C Q" and, therefore, z € 3A§Q C 3,43@;.",

that is, z € U; 3/42 *, and this proves our claim.
Now

(3.20) |2, (fo)

I'jﬂ (D) /D [imdy (fU)]q wdp < o ;akq/ wdp

ﬂk,m\nk+l,m
<a Yo
a e 342Q%\Qk41,m

wdy = a’ Eak°|Ff

k3

where F;fm = 3A3Qf' \ Des1m

q
<a'). [%(Qf’)_] /Qk lfladv} [
k.5 J

by 3.19 with Q = Q*

_aZ| Ju [2(QF) T AQ) )]"[ (IQk/ lfladz/r

where A(Q) = Q11" (fa o'du) ’

g oL =\ —1 ) 1 /. g
<a gl:miQf o [(QF) 1 AQD)] [A(Q;?)/Q; |f|c7dLJ

since Ff,m C 3A3Qf'

= a"ZI3A2Qk'Iu (@F)71Qk1E (104177 A [

We claim that
BA2Q% (@5 *|Q412 (10412 A@))]" < cA@D)Y? forall (K, j).
Indeed,
BA2Q% (@) 01Q%12 (10312 A@D)]]

~q/rp’
<0t (g fy ) 194 A@T

by 1.10

—q/rp’
_ ot [ L rdy o A(Q%)
W i oy ’
W Ny
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= —q/rp’
lelL/ ) !
=c|l—=3—[ o'dv A(Qh)
(IQ;‘IV o (@)

e 1/r -q/p'
=c(1c'2f»' (/Qod) ) AQ})?

= cA(Q}) " AQL) = AW,

which proves our claim. Thus, it follows from 3.20 that

(3.21) |m,.(f0)

; kyg/p 1 i
We claim that

(3.22) 3o AQN)VP < cA(Qh)”

with ¢ > 0 independent of [ and :. First, let us show that Qf C Q! implies [ < k. If
Q*¢ Q! then it follows from the maximality of the Q* that

(3.23) ' <¢(Q)” [, flodv < a*

which yields [ < k, since a > 1. Now, suppose that Qf = Q!, and for any Q € D,, let
Q” denote the smallest dyadic cube in D,, such that @*2Q. Thus, since v is doubling,
we have

(20 o <@(@) [, flody = o(Q})" [, Iflod

< op(@)™ [, Iflodv < cat
5
since Q¥ is maximal
S ak+l

if we select a > c. Therefore, [ < k.
Observe that the same argument employed in 3.24 can be used to obtain

(3.25) o’ < tp(Q;)-l /Qk |fledv < a¥*!,  for all j, k.
" ) E
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Thus, since ¢ > p, we have

q/p

9/p
(3.26) h 3 A(Qf)q/”s( Yo A@N)| = i > AQ))

ki Q¥ Q! kj; Q*CQ! k=l

Now, for a fixed k > [, we have

1/r
(3.21) S A@)= T 108 ([, o)

Ji 43
QkceQ! Q*cq!

1/r! 1/r
<| S| | X [
Lk J; J

Qjce, Q*cQ!
by Hoélder's inequality
1/r!
1/r
Ak r
<| = 104, (/Q‘crdu)

73
QkcQ)

since the Qf are pairwise disjoint in 7. Using the first inequality of 3.25 and the fact

that (%)e ot c%((%l:%, we obtain

1

2k |Q£|u = s

= 1@ S e T ( ‘e madu)
; $ s 3

Q*cq! Qcq!

|Qil, _
Q*cq!

since 1/e > 1

-

l .
< gty (¢ fy o)
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since the Qf are pairwise disjoint in j

< e lOb (mtat) 1t = a0l

by the second inequality of 3.25 with k = {. Thus, combining 3.26, 3.27 and 3.28, we

obtain /
E A(Q )q/p & (g (a — | ,l >1 /r' (/:Urdv)l/r)

kg Q¥cQl
1/r\ 9/P
(Za( 710! |1/' (/ a'du) )

a/p
= q=-2pr (Za“ ) i ) —c.A(Q)"/’

-k

o ' 9/p 5l
where ¢ = a(1-vr"' (Zfzoa“-")f’> , and this yields 3.22.

Thus, if we take 3 = g/p, I to be the set of indices &, j, a; = A(Q;) and u = o, we
obtain from 3.21 and Lemma 2.32 that

(3.29)
HQT(d )93’ CZA q/p{ (Q"/ Iflodv <C(/ fpudy)q/l"

provided we verify 2.33 and 2.34. Note that 2.33 follows from the Holder’s inequality
with ¢ = 1. Condition 2.34 holds due to 3.22.
It follows from 3.18 that

g " a/p
(330) Imem(fig o) < ([ o)™,
where '
Myn(fo)z)= s [ |flods, z€D.
Be'B;
,a(z)EB,r(B))A"‘

Therefore, letting m tend to —oo in 3.30, we obtain

(3.31) Imo(foNg oy < o ([ fp,,d,,)q/p.

Repla;cmg f by fo~! in 3.31 and using the fact that M,f < cm,f (see the be-
ginning of the proof of Theorem 1.2), we obtain 1.11. This concludes the proof of
Theorem 1.2. D
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In order to prove Theorem 1.3 it will be convenient to define the following dyadic
maximal function: for m € Z and z € X we define

f z,l)= su L v, (z A
W Slat) = s s [ Wl (n0)€ Xy,

(I,f)EQ+z
and for k > m, let
1
M f(z,t) = sup ——————————/ fldv.
¥, /\"Zr>max{/\"‘,t} P(B(I, T)) B(Z‘,r) | I

We have

Lemma 3.32. Let (X.d,pu) be a homogeneous space with group structure satisfying
conditions 1.12 — 1.15. Suppose 1 < p < oc and w(z.1) 20 in Xy = X x (0.x).
Then, there exists C' > 0 such that

’ 1/p
(/;\.,+ (Mg f(z, 1)) w(z,t)du(z, t))

1/p

< Csup (A+ (Wli{’m,zf(z’t))”w(x,t)dy(.r,t))

zeX
for all f > 0 with C independent of m.
Proof )
Fix k > m and (z,t) € X;. Suppose B(z,7) is a ball in X satisfying
1 / 1
—— fldv > =M, f(z,1).
¢(B(z,r)) B(u)' | 2% )

Now, select m < [ < k such that A'=! < r < M. Let B be the ball in X of radius
¥ about the identity element of X. Define Q = {2z € Bx43;3 Q € D,, with M <
I(Q) < N*' and B(z,r) C Q+ z}. Thus, if Q = E{*' and z € Q then Q +z C
B(z,2A,)%r) and, therefore, p(Q + z) < cp(B(z,r)). Hence,

v T ——1—— v
Womsl @02 o5 fo,, e
c k
2 B Joten M1 2 Ml (a1t)
Thus,
(3.33) L o fla 0dv(z) 2 M f (@, ()
(3.34) > cMg, . f(2,t)v(Bry3),

provided we show v(Bi43) < cv(12).
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Let T = {j;EJ'-“ N B(z,A\¥*? # 0}, where [ is as in the definition of Q. Now
suppose z Is in —B(z;-“,)\’) + z where —B = {w € X;-w € B}. We show that
B(z,r) C E;»“ + z. First note that

z—z€ B(z;*' X) C B(z{*', A" c EIY,
which shows that z € EJ‘-Jrl + 2. Now, let y € B(z,r). Since z — z € B(zi*',\) and
dly — z,x — z) = d(y,z) < M by 1.12, we have
d(y — z,2,T") < Afd(y — 2,2 — 2) + d(z — 2, 2"")] < AN + M) < AL

Thus, y — z € B(2{*', A1) C E;*! and, therefore, y € E!*! + z.Now if j € T then
—B(zi"' M)+ 1 C Biya. Indeed. if w € B(z;*', M) and u € Ei*' 1 B(z, \¥+?) (which

exists since j € ). then
d(u,w) < A [d(u, zit) + d(271 w)] < AN + N < 24,042,
which implies
d(z,w) < Afd(z,u) + d(u, w)] < A A2 + 24,0F2] < 3420k+2
which yields
d(0,w) < A,[d(0.7) + d(x,w)] < A [\ + 3AZN*?] < 443)\F+2
since ¢ € By. Thus,
d(0, —w + z) < A,[d(0.2) + d(z, —w + 7)] < AN + d(0,w)]
since z € By and by 1.12 and 1.13
< AJ0F 4 442083 < SAINE o JFFE

as desired. Now, since the sets {—B (z;-“, M) + z}jer are pairwise disjoint, we have

(3.35) v(Q) > S v(-B(z*', M)+ z) byl.14 and 1.15
jer
(3.36) >cY v(E*') since v is doubling
j€r
(3.37) = (U E}“) > cv(B(z,2**?)) by 2.43
jer
(3.38) > cv(B(z,A**%)) since u is doubling
(3.39) = e(B(0,)**3) + z) by 1.12

(3.40) - = cv(B(0,2**%)) = cv(Bs4s) by 1.14.
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We are now able to finish the proof of this lemma. By 3.34 and Minkowski’s
inequality, we get

1/p
Mk P ,
[/ka(o,r(sk))( Py (x,t)) u(z,t)d#(z,t)]

1
- c#(Bk+3) /;k+3
1/p
<c sup [/A.+ (M1 (=, ))’w(z,wdu(z,t)] :

2€Bk43

1/p
/X+ (ﬂﬂi{’m,zf(x,t))pw(r,t)dp(z,t)] dv(z)

and letting kK — oo finishes the proof of this lemma. O

Let us prove a version of Theorem 1.3 with M, f replaced by 9% f. We have

Theorem 3.1. Let (X,d,v) be a homogeneous space, where X has a group structure
and d and v satisfy conditions 1.12 - 1.15. Let w and v be weights in X, arnd X,
respectively, and suppose that 1 < p < g < oo. Then

(3.41) (/ o qwdp> & <C (/) |f|”vdv)l/p

forall f in LY, , m inZ and z in X if and only if

(3.42) (/Q M _(ox04- ]qwd,u> rYe (/W odu)l/p

for all dyadic cube Q in D,,, m in Z and z in X, where Q = Q x Q).

Proof
Let f(z) = oxo+:(x) where @ is a dyadic cube in in D,,, m in Z and z in X. Now,
if 3.41 holds we obtain

1/q 1/g
( -/Q+z [mw,m,zdy (‘7 XQ+z )]qwdp) < ( /X., [mw,m,zdy (‘7 XQ+z )]qwdp)

so(f o)~ ([, )"
< L 0XQ+z| vdv = Q+za v ;
which is 3.42.

Conversely, assume that 3.42 holds. Define

1
MR f(z,t)= su ——— dv.
i/ 11) Qeg’m ‘P(Q‘-F/:')/lefI
(z,t)€Q+=
diam(Q*)<R
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Let fin L?, and for each k in Z and R > 0 define
OF = {(z,t) € Xy; MR (fo)(a,t) > 2¢).
For a fixed m in Z let
QF = {(z,t) € W, 3Q € D, (2,1) € Q +2,Q" + z C OF}.

Let {Q*};esm denote the dyadic cubes maximal among those dyadic cubes Q € D,
with the property that @~ is contained in Qf. Then,

(3.43) f .= U (@5 +2) forkinZ,
jeIn
(3.44) QENQE=0  fori#j,kinZ,
1
3.45 e dv>2%  forjin JP.kinZ.
(3.45) G 52 Q;+zlf|01/ or jin J',k in
We have

P(@ +2) < 2"‘/0 Iflodv by 3.45
4

1/p 1/p
<9k (/Qk lf|Padl/> (/Qk+ adl/) by Holder’s inequality.
J+2 i

Let Qf be such that Qf B = (Q;r +2)\ Qfﬂ,m. We have

[ o ud <z S [

’ R wdp
+ kEZ Qk,m\nk+l,m

" 1 %
< 9 Q" + z|wa (— f adu) by 3.43 and 3.45
IE I 3 I H ‘P(Q_’; + Z) Q;H-z I |
JEID

B 1 . 1 %
= 21 k w — T d 10k 1 1 d
Z IQJ . 3 Zl dp (‘P(QJ & z) Q:-‘+z o V) (le + zladu -/Q;+z |f|0‘ V)

A5

g 1 P
<2 Z (/éf+z (mzi.lm,z (UXQ§+2)) "’dl‘) (lQ_’; ¥ 2loa /Qf+z |f|0’d1/)

kEZ
JETP

— 2 Y B2 (%z) /Q;“ Ifladv)q,

kezZ
JeI ™
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where
bf(z) = ~/q'>;+z (mtj}{m', (axQ;+Z))qwdp.
and
af(z) = IQf + 2|sar.
Let us show that
Yo bi(2) S cao(2)""

keZjeJyn
QtcQ.

for all @, in Dy, 2z in X and m in Z, where a,(2) = |Q, + z|oq.-
If Q, is as above then

¥ = T [ (. (oxes)) wd
k€Z,;eJ k€Z,eJr T2 7T p
Q¥ CQo . QcQo '

% / (Mi‘fmw_ (UAQC.H))‘] wdyp  since the Qfs are disjoint in k and j

Qo+z
e/p
<c (/ adu) by 3.42
Qo+:z

= ca,(2)9".

Using Lemma 2.44 we obtain

(/"* m’,’ﬁf]qwd") o (/. 1rpoa)”

and letting R tend to infinity we have 3.41. O

Now we are able to finish the proof of Theorem 1.3.

Proof of Theorem 1.3

If we set f = oxg+: where Q € U,, D,, and 2 is in X in 1.17 we obtain 1.18.

Now suppose that 1.18 holds. It is enough to show 1.17 with M, replaced by M,,,,
with ¢ independent of m, since we obtain the desired result by letting m tend to
—oo. By Lemma 3.32 it is enough to show 1.17 with M,, replaced by IM%, ., with ¢
independent of m and z. By Theorem 3.1 it is enough to show that

(i) ([ 24)".
for all Q € U,, D and 2 is in X.
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Let Q, be a dyadic cube in D,, and let Q, and Q; be the inner and outer balls,
respectively, associated with @Q,. Let z € X. If z — z € Q, then

1 c
e | g O d
(P(Qo A Z) ‘/;o+z - ‘10(Qo + Z) »/Qo+z 7av

c

= ‘P(Q' F Z) /Q'+z XQo+zO'dl/ S CMw'm(XQc‘on)(zat)v

since ¢ — z € @, and the radius of @} is larger that ¢.
Hence,

M, (OXQet2)(2:) < eMoim(XQut:0) (2, 1),
for all (z.1) in Q, + z and. therefore,

/ [ (o Ywd d
‘Qc’i’: ¥,z ‘-XQO'*':)] wau

/ ‘ 1/q 1/p
<ol Montoraniuts)” < (| ow)”,
Qo+:z Qo+z

by 1.18. This finishes the proof of Theorem 1.3.
O

Remark. Theorem 1.1 and Theorem 1.2 in the special case when ¢(B) = |B N
0D|}7", where v is a doubling measure in D, were first proved by the author in his
Ph.D. thesis (see [Z]).
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