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K-BI-LIPSCHITZ EQUIVALENCE OF REAL FUNCTION-GERMS
LEV BIRBRAIR, JOAO COSTA, ALEXANDRE FERNANDES, AND MARIA RUAS

ABSTRACT. In this paper we prove that the set of equivalence classes of germs of real
polynomials of degree less than or equal to k, with respect to the K-bi-Lipschitz equiva-

lence, is finite.

RESUMO. Neste trabalho provamos que o conjunto das classes de equivaléncia dos
polindémios reais de grau menor ou igual a k com respeito a K-bi-Lipschitz equivaléncia,

é finito.

1. INTRODUCTION

Finiteness theorems of different kinds appear in modern development of Singularity
Theory. When one considers a classification problem, it is important to know if the
problem is “tame” or not. In other words, how difficult the problem is and if there is any
hope to develop a complete classification. For the problem of topological classification of
polynomial function-germs, a finiteness theorem was obtained by Fukuda ([3]). He proved
that the number of equivalence classes of polynomial function-germs of degree less than
or equal to some k, with respect to the topological equivalence, is finite.

Mostowski ([7]) and Parusinski ([8]) proved that the set of equivalence classes of semi-
algebraic sets with a complexity bounded from below by some £ is finite.

A finiteness result does not hold for polynomial function-germs with respect to bi-
Lipschitz equivalence. Henry and Parusinski ([4]) showed that this problem is not tame -
has some “moduli”.

Here we consider the problem of K-bi-Lipschitz classification of polynomial function-

germs (K-equivalence is the contact equivalence defined by Mather ([5])). We show that
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this problem is still tame. The main idea of the proof is the following. First, we consider

Lipschitz functions “of the same contact”. Namely, f and g are of the same contact if
= is positive and bounded away from zero and infinity. We show that two functions of

the same contact are C-bi-Lipschitz equivalent. The next step is related to the geometry
of contact equivalence. Recall that two function-germs f,g : (R* 0) — (R,0) are C*-
contact equivalent if there exists a C*°-diffeomorphism in the product space (R™ x R, 0)
which leaves R™ invariant and maps the graph (f) to the graph(g). This result was
first proved by Mather ([5]) for map-germs in dimensions (n,p). Montaldi extended this
notion introducing a purely geometrical definition of contact: two pairs of submanifolds
of R™ have the same contact type if there is a diffeomorphism of R™ taking one pair to the
other, and relating this with the K-equivalence of convenient map-germs. This geometrical
interpretation also happens for the topological version of the K-equivalence (cf. [1]). In
this paper, we give a definition of the Montaldi’s construction for the bi-Lipschitz case
and show that the existence of a bi-Lipschitz analogue to Montaldi’s construction, for two
germs f and g, implies that f o A and g are of the same contact, for some bi-Lipschitz
map-germ h. Finally, the finiteness result follows from the Montaldi’s construction and

Mostowski-Parusinski ([8]) theorem on Lipschitz stratifications.

2. BASIC DEFINITIONS AND RESULTS

Definition 2.1. Two function-germs f,g : (R*,0) — (R, 0) are called K-bi-Lipschitz
~ equivalent (or contact bi-Lipschitz equivalent) if there exist two germs of bi-Lipschitz
homeomorphisms h : (R*,0) — (R™,0) and H : (R* x R,0) — (R™ x R,0) such that
H(R™ x {0}) = R"™ x {0} and the following diagram is commutative:

®~0) “L ® xR0 ™ (R"0)
h| H | hl
R0 “2 (R xR,00 = (R*0)

where id : R* — R” is the identity map and 7, : R® x R — R" is the canonical

projection.
Function-germs f and g are called C-bi-Lipschitz equivalent if h = id.
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In other words, two function-germs f and g are K-bi-Lipschitz equivalent if there exists
a germ of a bi-Lipschitz map H : (R® x R,0) — (R" x R,0) such that H(z,y) can

be written in the form H(z,y) = (h(z), H(z,y)), where h is a bi-Lipschitz map-germ,

H(z,0) =0 and H maps the germ of the graph (f) onto the graph (g).
Recall that graph (f) is the set defined as follows:

graph (f) = {(z,y) e R" xR | y = f(z)}.

Definition 2.2. Two functions f,g : R® — R are called of the same contact at a point
zo € R™ if there exist a neighbourhood U, of zo in R™ and two positive numbers ¢, and

co such that, for all x € U,,, we have

c1 f(z) < g(z) < ¢ f(2).

We use the notation: f =~ g.

Remark 2.3. It is clear that if two function-germs f and g are of the same contact then

the germs of the zero-sets are equal.
The main results of the paper are the following:

Theorem 2.4. Let f,g: (R*,0) — (R,0) be two germs of Lipschitz functions. Then, f

and g are C-bi-Lipschitz equivalent if and only if one of the two conditions is true:

i) f=g,
i) f=—g.

Theorem 2.5. Let Px(R") be the set of all polynomials of n variables with degree less
than or equal to k. Then the set of equivalence classes of the germs at 0 of the polynomials

in P (R™) with respect to the K-bi-Lipschitz equivalence is finite.

3. FUNCTIONS OF THE SAME CONTACT

Proof of Theorem 2.4:

Suppose that the germs of Lipschitz functions f and g are C-bi-Lipschitz equivalent. Let
H: (R" x R,0) — (R"™ x R, 0) be the germ of a bi-Lipschitz homeomorphism satisfying
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the conditions of Definition 2.1. Let V. be the subset of R™ x R of the points (z,y) where
y > 0, and V_ be the subset of R™ x R where y < 0. Clearly, we have one of the following

options:
1) HV,)=V, and H(V.)=V_, or
2) HV,)=V_ and H(V.)=V,.

Let us consider the first option. In this case, the functions f and g have the same sign

on each connected component of the set f(z) # 0. Moreover,

l9(z)| = (z,0)=(z, 9(2)) [| = || H(z,0)-H(z, f(2)) | < c2 || (z,0)=(z, f(2)) | = ca| f ()],

where ¢, is a positive real number. Using the same argument we can show

alf(z)] <|g(@)l, e >0.

Hence, f = g.
Let us consider the second option. Let £ : (R™ x R,0) — (R™ x R,0) be a map-germ

defined as follows:
Applying the same arguments to a map £ o H, we will conclude that f = —g.

Reciprocally, suppose that f = g. Let us construct a map-germ
H:(R"xR,0) — (R" xR,0)

in the following may:

(z,0) se y =0,
9(z) y
(1) Hiz,yg) =4 @ @Y se 0 < |yl < |f(z)],
(z,y — f(z) +9(z)) se 0<|f(z) <y,
(z,y) otherwise.

The map H(z,y) = (z, H(z,y)) above defined is bi-Lipschitz. In fact, H is injective
because, for any fixed z*, we can show that H (z*,y) is a continuous and monotone
function. Moreover, H is Lipschitz if 0 < |f(z)| < |y|. Let us show that H is Lipschitz if
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0 <l|y| < |f(x)]. It is enough to show that all the partial derivatives are bounded in

afL‘i

this domain, for all s = 1,...,n. We have,

OH (a%%f(x)—gm’iig(:v))y dg y of g(z) vy

oz, (F(@))? " 0x; ) 0wi [(@) (@)
Since |y| < |f(z)|, then YEJ:B_) is bounded. The expression % is bounded since f = g.

Moreover, 55: and Bz,

Since H™! can be constructed in the same form as (1), we conclude that H~! is also

are bounded because f and g are Lipschitz functions.

Lipschitz and, thus, H is a bi-Lipschitz map. O

4. MONTALDI’S CONSTRUCTION

Definition 4.1. Two germs of Lipschitz functions are called KC-M-bi-Lipschitz equivalent
(or contact equivalent in the sense of Montaldi) if there exists a germ of a bi-Lipschitz
map M : (R*"xR,0) — (R*xR,0) such that M(R"x{0}) = R"x {0} and M(graph (f)) =
graph (g). A map M is called a Montaldi map.

Theorem 4.2. Two germs of Lipschitz functions f,g : (R*,0) — (R,0) are K-M-bi-
Lipschitz equivalent if and only if they are K-bi-Lipschitz equivalent.

Proof. It is clear that a K-bi-Lipschitz equivalence implies a K- M-bi-Lipschitz equiv-
alence. To prove the converse, let f and g be K-M-bi-Lipschitz equivalent, then

M(R" x {0}) =R" x {0} and M(graph(f))= graph (g).
Let h: (R™,0) — (R",0) be defined by h(z) = m,(M(z, f(z))).
Claim 1. h is a bi-Lipschitz map-germ.
Proof of Claim 1.

Since g is a Lipschitz function, the projection b o) is a bi-Lipschitz map. By
graph (g

the same argument, a map x — (z, f(z)) is bi-Lipschitz. A map M is bi-Lipschitz by

Definition 4.1 and Claim follows.

Claim 2. One of the following assertions is true:
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i) f=goh,
ii) f~—(goh).

Proof of Claim 2.

Since M is a bi-Lipschitz map, it follows that there exist two positive numbers ¢; and

cy, such that
| c|f(z)] || Mz, f(z)) — M(z,0) || < col f(2)]-

By the above construction
| M(z, f()) — M(z,0) [|=1| (h(z), g(h(z))) = M(z,0) || = |g(h(z))|-

Therefore, |g(h(z))| < co|f(z)].
Using the same procedure for the map M ™!, we obtain that

alf(z)] < lg(h(z))]-

Since M is a homeomorphism and M(R™ x {0}) = R™ x {0}, the same argument as in
Theorem 2.4 implies that, for all z € R,

sign f(z) = sign g(h(z)),
or, for all z € R,
sign f(z) = —sign g(h(z)).

Hence, Claim 2 is proved.

End of the proof of Theorem 4.2.
Using Claim 2 we obtain, by Theorem 2.4, that f and goh are C-bi-Lipschitz equivalent.
By Claim 1, f and g are K-bi-Lipschitz equivalent. O

5. FINITENESS THEOREM

This section is devoted to a proof of a finiteness theorem (Theorem 2.5).

Let Pr(R™) be the set of all polynomials of n variables with degree less than or equal
to k. Let f € Pr(R"). Let X; be the germ of the set R® x {0} Ugraph (f). By Parusinski
Theorem ([8]), there exists a finite semialgebraic stratification {5:12%) of Py (R™) satisfying

the following conditions:
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i) Each S; is a semialgebraic connected manifold.
ii) For each S; and for each f € S;, there exists an arcwise connected neighbourhood
Uy such that, for any f el ¢ and for every arc 7(t) connecting f and f (that

is, 7(0) = f and (1) = f), there exists a family of germs of bi-Lipschitz maps
pe: (R* x R,0) — (R™ x R, 0), where py = idpnxr and pi(Xs) = X,
The condition ii) implies that, for small ¢, p; is a Montaldi map.
Since S; is a connected set, then, for any two polynomials fi, fo € S;, there exists a
Montaldi map M : (R® x R,0) — (R" x R, 0) such that M(Xy,) = Xj,.
Note, that any equivalence class of the K-M-bi-Lipschitz equivalence in Px(R") is a
finite union of some strata of the stratification {Si}fikl). By Theorem 4.2, the set of

equivalence classes with respect to the K-equivalence is also finite. O
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