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Resumo

Consideramos certa equagéo diferencial retardada de segunda ordem e
provamos que suas solugoes oscilam quando impomos controles de impulsos
apropriados. Damos um exemplo.



Oscillation by impulses for a second order delay
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Abstract

We consider a certain second order delay differential equation and prove that the all
solutions oscillate when proper impulse controls are imposed. An example is given.
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1 Introduction

Recently, there has been an increasing interest on the oscillatory behavior of first order linear
delay differential equation with impulses, but little has been done in the case of second order
nonlinear delay differential equations with impulses. Some delay differential equations are
nonoscillatory, but they may become oscillatory if some proper impulse controls are added to
them. In the present paper we obtain sufficient conditions for the oscillation of a second order
retarded differential equations with impulses.

In [2], Jiaowan Luo studies the oscillatory behavior of following second order quasilinear

ODE with impulses

(r@lz’ @17 ' @) + f(2() =0, ¢t >t0, t#t
TZ_) :]k(ﬂ?(tk)), I,(ﬁk_f_) :Jk(x’(tk)), k= 172..., (1)

where 0 <ty <t <...<t <...with klim ty = +o00.
—00
In [3], Mingshu Peng and Weigao Ge prove an oscillation theorem for the second order delay
differential with impulses equation

(r()(@'(©)°) + f(tz(t),z(t 7)) =0, t>ty, t#t
e(ty) = lelts); &7 =hlz'®), k=12 .., (2)
( Jo —TX L= I,
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where 7 > 0, 0 <ty <t < ... < tx < ... with klim tk = +00, tgy1 — tx > 7 and o is any
—00
quotient of positive odd integers.
In this paper, we adapt the techniques applied [1] by Chen and Feng and in [3] to prove
that the equation
() + f(t,2(t), &'(1) + g(t,2(t), 2(t = 7)) =0, ¢ >t, t#¢
.’I?(tk) = Ik(fﬂ(tk_>), I/(tk) = J/C(.T/(tk—)), j§ = 1,2..., (3)

z(t) = ¢(t), to—7 <t <ty

oscillates, where 7> 0, 0 <ty < t; < ... <t < ... with hm ty = +o0o and ty1 — t > 7.

Our paper is organized as follows. In Section 2, we present a lemma that plays an important
role in the proof of the main result. In Section 3, we obtain the oscillatory behavior of (3)
through impulse controls. An example is given in Sectlon 4.

2 Preliminaries
Consider the impulsive differential equation

{w%w+ﬂtﬂmfwn+ﬂtdmw@—ﬂ)=a t2te, tF @
o(te) = Te(z(t67)),  2'(te) = Je(@'(tx7)), k=1,2...,

satisfying the initial value condition

z(t) = ¢(t), to—7 <t <ty (5)
where ¢ : [to — 7, %] — R has at most a finite number of discontinuities of first kind and is right
continuous at these points. We assume that
(H1) f:[to—7,+00) x R x R — R is continuous and non-negative;

(H2) g:[to —7,+00) x R x R — R is continuous, ug(t,u,v) > 0 for all uv > 0 and

g(t, u,v)
p(v)
for all z # 0 and ¢'(z) > 0;

> p(t), for all v # 0, where p(t) is continuous in [ty — 7, 00), p(t) > 0, zp(z) > 0,

(Hs) Iy, Ji : R = R are continuous, ;(0) = J,(0) = 0, £ € N and there exist positive numbers
Ak, bk, Ck and dk such that

. Ji
ws®Dcp o< oy sxo k=
z %
. ¢ Ck
(Hy) [le H — ds = 400
St to<ti<s ¥

Now we define a solution of the impulsive problem (4)-(5).
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Definition 2.1 A function x(t) : [to — 7,+00) — R is a solution of problem (4)-(5) of

(1) z(¢) and z'(t) are continuous on [ty, +00) \ {tx; k € N}, admit lateral limits at tr and they
are right continuous at ty,, k € N;

(ii) x(t) fulfills (4)-(5);
(ii3) z(tx) and ' (ty) fulfill (4), for each k € N.
Now we define an oscillatory solution of the impulsive problem (4)-(5).

Definition 2.2 A solution of (4)-(5) is said to be nonoscillatory if it is eventually positive or
eventually negative. Otherwise, it is called oscillatory.

Now we present a lemma which is a version of Theorem 1.4.1 in [4] replacing the left
continuity by the right continuity of m(t) and m/(t) at t, k € N.

Lemma 2.3 Suppose
(i) the sequence {t;}ren satisfies 0 < tg <t; < ... <ty < ... with kl_iglo tr = +o0.
(ii) m € PC'(Ry,R) is right continuous at ty, for k =1,2,. ...

(1i1) for k=1,2, ... and t > ty, we have

m(t)

m(tx)

(&) m(t) +q(t), t#t (6)

<0
< dem(ty”) + by, (7)

where p,q € C(Ry,R), di, and by, are real constants with dy > 0. Then the following inequality
holds

m® < mi) TT e ([ otoas) + [ TT deowp ([ twrae) gt

0 s<tp <t

+ 2 Hdexp</ (s)ds>bk, —

to<tp<t tp<t;<t

(8)

Remark 2.4 Ifthe inequalities (6) and (7) are reversed, then the inequality (8) is also reversed.

3 Main result

This section is devoted to prove that every solution of (4)-(5) is oscillatory under hypotheses
(H,) to (Hy).
In the sequel, let z(t) be a solution of (4)-(5).

Lemma 3.1 Suppose (H,) to (Hy) are fulfilled and there ezists T > to such that z(t) > 0 for
t>T —71. Then 2'(t;) > 0 and 2'(t) > 0 for t € [ty, trr1), where ty > T.



Proof. Suppose z(t) > 0, for t > T — 7. Then z(t — 7) > 0, t > T. At first, we prove that
¢'(t;) 2 0, tx > T If otherwise, there exists some ¢; > T such that z'(t;) < 0. From (Hj) and
(4), we obtain

z'(t;) = J;(2'(¢7)) < ¢i2'(t5) < 0.

Let 2'(¢;) = —o, @ > 0. By (H,) and (H>), given ¢ € [t;,t;11), we have
2'(t) < —g(t,2(t), 5(t — 7)) < =p()p(z(t — 7)) < 0.

Then 2'(t) is decreasing in ¢ € [t;,t;41). Moreover,

Jil(t;_f_l) < .T;/(tj) = - < 0,
T (the) < 2'(te) = Jia(@'(541)) < ¢nd(ty) < eaa(—a) <0,
o'(tys) < @' (i) = Jjpa(@ (7)) < CiaT (tip0) < Ciyacini(—a) <0,

and by induction one can prove that

n—1

2 (tipn) < — H cjria < 0. (9)
i=1
Hence z'(t) is decreasing in [t;, +00).
We now consider the impulsive differential inequalities

() € 0, t>t, t#fh k=gt Li+2...
B(h) £ cpx'(i7), k=j+1,7+2,....

By Lemma 2.3 with m(t) = 2'(t), we have

that is,
() <2'@) [[ o (10)
U<ty <t
Now considering (10) and knowing that z(t;) = Iy(z(t;)) < brz(ty), k=5+1,7+2,...,
by Lemma 2.3, we conclude that

z(t) < H by, :c(t;)-f—x’(tj‘)/t H %ds . (11)

t; <ty <t i tj<ty<s k

By (H,) and taking j sufficiently large, we find z(¢) < 0. But this is a contradiction, since
x(t) > 0, for t > T — 7. Therefore z'(t;) >0, t, > T.

It follows from (H3) that @'(tx) > cx 2'(t;) > 0 for any ¢, > T. Because z'(t) is decreasing
in [tg,te+1), then 2'(¢) > 2'(tg) > 0, t € [t, trs1), tx > T and the proof is complete. O



Remark 3.2 When z(t) is eventually negative, under hypotheses (H,) to (H,), one can prove
i a similar way that o'(ty) < 0 and 2'(t) < 0 for t € [ty, tyr1), where ty, > T.

Theorem 3.3 Suppose (Hy) to (Hy) are fulfilled and there exists a positive integer ky such that
ar > 1, for all k > ky. If

+oo bkt1 1
Z / H ' p(u) du = +o0 (12)

k=0 Yt to<tp<u K
then all solutions of (4)-(5) oscillate.

Proof. =~ We suppose, without loss of generality, that k, = 1. Let z(t) be a nonoscillatory
solution of (4)-(5). We can assume that z(t) > 0, ¢ > t,. By Lemma 3.1, 2'(t) > 0 and
a:’(tk) > O, t e [tlmtk—H), where ty > tg.

By (H3) and the fact that ay > 1, k =1,2,..., we obtain

zite) < wlty ) < alh) <=zl <....

It follows that z(t) is decreasing in [tg, +00).

Now let (0
m(t) = m (13)
Then m(ty) > 0 and m(t) > 0, t > to. By (H;) and equation (4), we have
m(t) = —f(2@t),2'(t) — g(¢,2z(t),z(t = 7)) ') (&t — 7)) (t - T)
p(z(t - 7)) ©*(z(t — 7))
= ~plt), t = o, t#tg, te+7
It follows from (Hj), equation (4), ax > 1 and ¢'(z) > 0 that
m(tk) = x,(tk) < dkxl(t;) — dkm(tk) (14)

@ty — 7)) ~ w(z(ty — 7))
and

_ wletr) 2 4T) T 4T)
mty +7) = (2 (tr)) S(P(aw(t;)) < o)) (ty +7) (15)

Then using (14) and (15), by Lemma 2.3, we obtain

m(t) < m(s) H dj, —/ H dep(u) du, tog<s<t. (16)

s<tp<t S u<t<t

Let s — to and ¢ — ¢{. It follows from (14) and (16) that

m(t) < dim(e7) < dy i) - IRC | = dinite) ~ds [ ()

to to

d



Similarly, knowing that ¢, — ¢, > 7 and using (15) and the above inequality, we get

mt) < (i) < da [l ) [ plu)

1+7

< d [mu;w) - /t t;p(u) du}

< 4 [m(m _ /t " o) duJ

i1 to
S dQ dlm(to) = dg d1 / p(LL) du — dz/ p(U) d’U,
t1

to

By induction, we obtain

to

tn—1 tn
- | <>du—d/ plu) du
th—29

= H dg {m /t:Hl (u) duJ

to<tp<tpn41

g3 ta
i) < dldQ---dnm(to)—dldg---dn/ Bl du—dg-..dn/ Bl i
1

to <tk <u

Then in view of (12) and m(t,) > 0, we find a contradiction as n — oo and the proof is
finished. O

With the next corollaries we indent to show that the inequality (12) is fulfilled. We use
Theorem 3.3 to conclude the results.

Corollary 3.4 Suppose (Hy) to (H,) are fulfilled and there ezists a positive integer kg such
that ax > 1 and dy, < 1, for all k > ky. If

400
/ p(u) du = +o00
to

then all solutions of (4)-(5) oscillate.

1
Proof. Suppose, without loss of generality, that ky = 1. Since Zi— > 1, we have
k

Z /tk+1 ) P(u) U = ngrfm (Z /tHl H clu)

io<tk<’u lo<trp<u



i1 to 1 ta 1
= lim / udu+/ — udu+/ w)du+ -
n—>+oo< to p( ) t dl p( ) to d1d2 p( )
/tn b [ d
+ e u U -+ —— u u
o G gy /t ddy -, P >

t1 to ts
= hl’_ll_l (/ p(u) du +/ p(u) du +/ plu)du+ -
n—-+oo t ta

to

tn tn+l
+/ p(u) du+/ p(u) du)
tn—l t‘n.

tn+1
= lim (/ p(u)du) = +00
n—-+00 to

Then condition (12) is satisfied. Hence, by Theorem 3.3, all solutions of the impulsive system
(4)-(5) oscillate. O

Corollary 3.5 Suppose (Hy) to (Hy) are fulfilled and there exist a positive integer ky and a
1
constant o« > 0 such that ar, > 1 and a > toy, forallk > ky. If

+00
/ t*p(t) dt = 400

t1

then all solutions of (4)-(5) oscillate.

1
Proof. Suppose, without loss of generality, that kg = 1 and ¢; > 1. Since o > ty,, for all
k

k > ko, we obtain
1_<_t1<...<tk<t/€+1<...

and
1
— > ta,
d — 7
1 1
—— 2 It 2,
dds = 2 bg = L3
1 1 1
d—ld_g R > t;‘t?---t%HZt,‘;H,....
n
Thus
+00 1 1 n Lot 1
Z/ H l—p(u)du:’hm ( / H d—p(u)du)
k=0 "tk to<tp<u @k herree k=0 vtk to<tp<u k



t1 to 1 t3 1
= 0 d - d =
im (/ p(u) u-!—/t1 y p(u) du + i p(u) du +

n—+400 to 1 ts

tn 1 tn+1 1
| et [ du)
/t -1 dle"'dn—l p( ) ta dldgdn p( )

n

131 t2 i3
= lim </ p(u)du—k/ t%p(u)dqu/ ty plu)du+ -

n—-+o0o to ¢ to

tn ol
-f—/ to p(u) du + / tor1 P(u) du>
tn-1 tn
to t3
lim </ u®p(u) du + / u®p(u) du+ - - -

n—+400 t t

tn tn+1
+/ u® p(u) du+/ u®p(u) du>
th—1 tn
tnt1 +o0o
= lm (/ u"‘p(u)du) :/ u® p(u) du = +oo

n—<+00 t %

v

Hence condition (12) is satisfied and Theorem 3.3 implies all solutions of (4)-(5) oscillate. [

Theorem 3.6 Suppose (H.) to (Hy) are fulfilled and o(ab) > w(a)p(b), for any ab # 0. If

T ptgg
> / (p;ak) p(u) du = +o0 (17)
k=0 Yt to<tp<u K

then all solutions of (4)-(5) oscillate.

Proof. Let z(t) be a nonoscillatory solution of (4)-(5). We can assume that z(t) > 0,t >t
By Lemma 3.1, 2'(¢) > 0 and 2'(tx) > 0, t € [t;, tyy;), where t; > 5. Now let m(t) be defined
by (13). Then m(tx) > 0 and m(¢) > 0, t > t,. By (H,) and equation (4), we have

m'(t) < —p(t), t>ty, t#, ti+T

It follows from (Hj), equation (4), p(ab) > ¢(a)p(b) and ¢'(z) > 0 that

- _ Qil(tk) dkl"l(tlz) — den(ts
W) = 7)) S e =) ~ () (18)

and

Pl+7) _ 2t +7)
p(z(te)) ~ plapz(ty))

'ty +71) 1 i

e o(2(7)) — plae) ™ T7) (19)

m(tk "r-T)

8



Then using (18) and (19), by Lemma 2.3, we obtain

m(t) <m(s) J] di- t I dp@wde, t<s<t (20)

s<tp<t 5 ou<tp<t

Let s — ¢ and ¢ — ¢7. Tt follows from (19) and (20) that

1

t1
m(ty) < dim(ty) < d, [m(to) —/ p(u) duJ =dim(ty) — dl/ p(u) du.
to to
Similarly, knowing that ¢, — ¢, > 7 and using (19) and the above inequality, we get

m(tz) < dym(ty) < dy [m(tl +7) - /tt2 p(u) dUJ

1+7

= dQ[ ! m(tf+¢)—/th p(u)duJ

p(ar) t 1+
< dy [w(il)m(tl)—/tlzp(u) duJ

Then by induction, we obtain

ity —d Y ) [
) S ey ) = [ = 0 g

plar)p(as) - - p(an_s) [ pla)p(as) - plan—y) [*
T didy - dps /p(“)d”_ dyflys =~ g /t

p(u) du]

tn—-2 n—1

L ddd [ S gl
- (an_l){ w-X [ T #7 p()dJ

p(a)p(az) - Nt
But in view of (17) and m(t,) > 0, we find a contradiction as n — +oo and the proof is

finished. OJ

Corollary 3.7 Suppose (H,) to (Hy) are fulfilled and there exist a positive integer ky and a
olak) t2,1, for all k > ky. If

k
+00o
/ t*p(t) dt = +o00

t1

constant o > 0 such that

then all solutions of (4)-(5) oscillate.

The proof of Corollary 3.7 is omitted, since it can be deduced from Theorem 3.6 and it is
similar to that of Corollary 3.5.



4 An example
Consider the impulsive delay differential equation
g"(t) +z(t — ) + arctan | 2'(t)] =0, ¢>0, ¢ 2 b
#(te) = <’“ ! 1) (), T() =), k=12, (21)

z(t) = ¢(t), -7<t<0,
where tgy 1 —tx > 7, k=1,2,... and ¢ :

,0] = R is continuous.

[—7,0
k+1
i1 and ¢ =di =1, k = 1,2,..., hypotheses (H,)

Since p(v) = v, p(t) = 1, ap = by =
to (H3) are satisfied. Notice that

lim t H i ds /+00 H i d
1 —ds = S
t—+o00 ¢ k to k + 1

0 to<tr<s to<tr<s

/*l 2t L ' m
= ds+/ ds+/ ds+---
b to<tp<s k+1 b opo<tr<s k+1 b2 to<ty<s k+1
1 1
— (tl—t0)+;(t2—t1)+§(t3—t2)+
= 1+1+1+1+ =+
- 37gT3 "4 -

Thus (Hy) is also satisfied.
Let kg = 1. Then a;, > 1 and d, = 1 for all & > 1. And since

+o0 +00
/ p(u) du = / du = +00,
to 0

it follows from Corollary 3.4 that all solutions z(t) of (21) oscillate.
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