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Summary

We study here the four dimensional vector space of quasi-
homogeneous polynomials in two variables of weights (3, 3;), { > 2.
This is a continuation of the work (I = 2) done in [BKL]. We ob-
tain similar models as before, varying if [ is even or odd. We finish

with the appropriate theorems of finite relative determination and
a weak version of Stefan’s Theorem.

Resumo

Este trabalho é a continuagdo de [BKL]|, no qual estuda-se os po-

linémios homogéneos de pesos (3,3) e grau 1. Aqui os pesos sdo
(%, 317) Obtemos resultados semelhantes na mesma regido funda-

mental, um toro, variando com a paridade de [. Os teoremas sao
anélogos ao de determinacao finita relativa a G, o grupo apropriado
é sua relacao com a determinacao pela direita.

Introduction

In this work we study the quasi-homogeneous polynomials of weights (%, %),
! > 2 and degree 1.This is a continuation of [BKL|, where we analyzed the
case (3,3). In our case the models vary depending if / is even or odd. We
obtain our fundamental region, a torus, as before. Here we also study our
Lie group G depending in our models in T. We also prove the Theorems
for finite relative determination and the equivalence to finite determination
on the right. We finish with a weak version of Stefan’s Theorem, since our

version of Nakayma’s Lemma doesn’t apply directly.



We consider @ the set of quasi-homogeneous maps in two variables of
weights (3, 37), | > 2 and degree 1. It is clear that they form a 4-dimensional
vector space generated by: z3, 2%y!, zy? and y®. Now, consider G the group
of maps g of the form g(z,y) = (az + By, dy) with ad # 0. This group acts

on @ by composition on the right. The diffeomorphisms in G can be seen as

(55)

a B o B\ _ [ ad af +ps"
06)" Lo & )T\ o 56’

We will be using G or our group triangular matrices.

matrices of the form

with product

We have two cases

1) If  is even, let T the subgroup of triangular invertible matrices with
term (2, 2) positive and G, the subgroup of G, with term (2, 2) positive
too. Hence ht : T+ — G* defined by

(o B a B
#(55)-(5 )
is an isomorphism of groups.

2) If  is odd, h will be an isomorphism from T to G.

We have the following

Proposition 1. Consider K the vector space of cubic in two variables under
the action the group: T if k is even or T if k is odd, and the vector space Q
under the action of the group: G if k is even or G if k is odd. Let ¢ be the
natural isomorphism from K to Q and h* : Tt — G*, h: T — G be defined
by ht(a, B,0,0) = (o, 3,0,6") and h(a, 3,0,8) = (o, 8,0, 6%"), respectively.
Therefore we have that

o((az® + bz?y + czy?® + dy®) o (az + By, §y)) = ¢((az® + bz’y + czy® + dy?)) -
h(oz + By, éy)



Proof. 1t is a simple calculation. |

Classification of the quasi-homogeneous maps of weights (%, 3

and degree 1.

We start with f(z,y) = az® + bz?y' + czy? + dy®¥, hence f(z,y) =
T2, (aiz + b;y') with a;, b; complex numbers. For each case we will calculate
its stabilizer.

First Case: f(z,y) = (az + by')3, a and b real numbers
1.1) If a = 0 hence f(z,y) = b*y3 and we get

i) For I even, f(z,y) = %(|b|/'y)%, where we get + if b > 0 and —
if b < 0.
ii) For [ odd, f(z,y) = (b*'y)%.

Hence if [ is even we get two orbits, namely +y%, and if [ is odd we get

one orbit, namely y%.
1.2) If a # 0, f(z,y) = (az + by')® and we get one orbit namely z°.

Stabilizers For 1.1): a # 0 and 6% = 1. For 1.2): o® =1, § = 0 and
540
Second Case: f(z,y) = (az + by')*(cz + dy') such that ad — bc # 0.

2.1) If a # 0 and ¢ = 0, hence f(z,y) = (az + by')?dy’

i) For [ even, f(z,y) = £(az+by')?(|d|*/'y)" where we get + if d > 0
and — if d < 0.
ii) For  odd, f(z,y) = (az + by')?(d/'y)".

Hence, if [ is even we get two orbits, namely, 22y and —z2y' and if [ is

odd we get one orbit, namely z%y’.



2.2) Ifa # 0and c # 0, hence f(z,y) = (az+by')%(cz+dy'). For 2’ = az+by,
y' =y we get that f is equivalent to z'*(S2’ + %=tey?) with 2" = aa’

and y" = By for appropriate o and [ we have
i) For | even, we get two orbits, 23 + z2y' (if 2% > () and 2° — 2%’
(if 2d=te < ).
ii) For [ odd, we get one orbit, 23 + z2y*.
2.3) If a = 0 then bc # 0, hence f(z,y) = (cz + dy')(by")? = (cz +
dy")(|b|*'y)?l. Then we get one orbit, namely zy?.

Stabilizers For 2.1): a?§' =1, 8 =0. For 2.2) o® = 1,8 =0 and §* = o

We can see this stabilizer as

10 p 0 2 0 ) o a
{(0“)’<o%u)(o g#)w4m+l—uu—L%—ﬂ»

It is an abelian group of order 3/ and in fact cyclic isomorphic to Zs;. For
2.3) adl = 1,8 =0.

Third Case: f(z,y) = (az + by')(cz + dy')(ex + gy') such that any two
of the vectors in R?: (a,b), (c,d), (e, f) are linearly independent. We can
suppose ac # 0.

31) Ife=0, f(z,y) = (az + by')(cz + dy') (gy")

i) For [ even we get two orbits, z(z + ¢')y’ and —z(z + y')y".

ii) For ! odd, we get one orbit, z(z + y')y'.
3.2) Ife #0,f(z,y) = (az + by') (cz + dy')(ex + gy')

i) For [ even we get two orbits, +z(z +y')(z +€y'), € # 0 and € # 1.
ii) For [ odd, we get one orbit, z(z + ¥')(z + €y'), ¢ # 0 and € # 1.
Stabilizers For 3.1):

(3 3).(3 )

This is an abelian group of order 6l.
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i) If [ is even, this group is isomorphic to Z, @ Zs,.
ii) If [ is odd, this group is isomorphic to the cyclic group Zg.
For 3.2) We have the following cases:

i) If e ¢ {—1,2,1, =Y3) the stabilizer is

10 p 0 P 0 2 —0M—=1u—

which is isomorphic to Zs;.

ii) If e = —1, the stabilizer is

10 0 2 0
22 ) (2 &) wom-as it

which is isomorphic to Zg.

iii) e = 2, the stabilizer is

{ 10 o 0 2 0 12
06 )°\0 6o )\ 0 %2 )\ 0 6 )’
(2)(C %)

0 buo )\ 0 oug )V

where p? + p+1=0,6' = 1, y} = p and & = —1. This stabilizer is

isomorphic to Zg.

iv) € = 3, the stabilizer is

{ 10 p 0 P2 0 11
06 )°\0 puwo )’\ 0 &%)\ 046 )’
p P PP }

0 bpo )\ 0 &% ) )

where p> + p+1 = 0,8 = 1,u} = p, andd' = —1 This is stabilizer is

isomorphic to Zg;.



v) €= p+ 1, the stabilizer is

{ 10 p 0 p* 0 1 1 1 —p?
06 )\ 0 bup )J'\ 0 6ud J’\ 0 pd J’\ 0 6ud )’
p —1 p P P P P> —p }

0 6 J2\0 6u2 )\ 0 6 )\ 0 6bu ’

where p? + p+1=0,8' = 1, u} = p. This is an abelian group of order
9/ and in fact isomorphic to Zsz @ Zs,.

vi) € = —p, the stabilizer is

{ 10\ (p O P 0 1 —p 1 1
06 ) V0 puo/)'\0 6u2)'\0 ws) \0 su2)°
p P p —p p? -1 P> P }

06 ) \o s2)'\o 6 )\ o0 6u)S

where p? + p+1 = 0,8' = 1,u} = p As before, this abelian group is
isomorphic to Zs & Zs,.

Fourth Case: f(z,y) = (az + by')(cz? + dzy' + ey?) with d? — 4ce < 0.
3.3) If a =0, f(z,y) = by'(cz® + dzy' + ey?)

i) For [ even, we get two orbits, y'(z? + y?*) (if c(bc — ad) > 0) and
-yt (2% + y?) (if c(bc — ad) < 0).

ii) For I odd, we get one orbit, y'(z? + y?).

3.4) a#0, f(z,y) = (az + by')(cz? + dzy' + ey?)

i) For [ even, we have two orbits: (z+€y')(z?+y') and —(z+ey') (z2+
I
y)

ii) For [ odd, we have one orbit: (z + ey')(z* + ¥').



Stabilizers For 3.3)

+1 0 = = 0 +p?2 0
{( 0 6)( 0 6uo)’< 0 6ﬂ3>|”2+p+1=0’5l=1’“3=p}

It is an abelian group of order 6/ and
i) If [ is even, it is isomorphic to Zy @ Zs.
ii) If [ is odd, it is cyclic, of order 6.
For 3.4)
i) If € & {£+/3, £3i,0}, it is isomorphic to Zg.
ii) If e € {£3:,0}, it is isomorphic to Zg.
iii) If € € {&/3}, it is isomorphic to Z3 & Zs,.

Remark 2. We consider the case(8.2) and the quartic y(z + y)z(z + €y)
in the (y,x)-plane with slopes: \; = 00, s = —1,A\3 = 0 and \y = —e.
The cross ratios are repeated only for € € {—1,0, %, 1.2, 132@} Similarly for
the quartic y(z + iy)(z — iy)(z + ey) in the plane (y,z)-plane with slopes:
Al = 00,A\g = —i,\3 =1 and \y = —€. The cross ratios are repeated only for
€ € {&i,£3i,4+/3i,0}. Let h: C — C be defined by h(z) = (1 — 22)i, hence
h(—1) = 3i, h(2) = =34, h(3) = 0, A(0) = 4, h(1) = =i, h(3 + L) = V3

and h(3 — -‘4—5) = —/3. The diagram will be

12 +/I;2 i 3i
s

4 12 1 > /_\/ﬁ

2B 12 i 3i

Figure 1:



We finish with the table

Type Representant Stabilizer Codimension
of the orbit
1.1) +1%, | even a#0,6¥=1 2
y®, 1 odd
1.2) o =1 =0 |
2.1) +22%y' [ even a?t=14=0 1
z?y!, 1 odd
2.2) +(z® + 2%y!), | even Zs 0
z3 + 22y, | odd
2.3) zy? ad=1,4=0 1
3.1) +z(z +y')y', | even Zo ® Zg;, | even 0
z(z +y')y', | odd Zg, | odd
3.2) | z(z +¥')(z + €t'), L even | Zq, € & {~1,2, 1, 1£03} 0
z(z + ) (z + eyt), | odd Ze, € € {-1,2,3
L3 ® Zy, € € {Eﬁ@'}
3.3) +(z? + y?)y, | even Zo ® Zs3;, | even 0
(2 +y*)yt, 1 odd Zg, | odd
3.4) | £(z® + ez + 2y + ) | Za, € & {0,£31, +/3} 0

Zﬁl, €€ {0,:t31}
Zs ® Ly, € € {£V3}




Definition 3. We say that a germ n is stable if there ezist a neighborhood

of n such that all the germs there are of the same kind.

Theorem 4. The quasi-homogeneous polynomials in two variables of weights
(3, 3) satisfy

i) If the stabilizer is infinite or isomorphic to Zq @ Zs;, the germ is not

finitely determined on the right.

i) If the stabilizer is isomorphic to Zs, and the germ stable, it is also

finitely determined on the right.
iit) In all other cases, the germ is not finitely determined on the right.

Topology of the fibers of 22y Consider the mapping h : R* — R4
given by h(a, b, c,d) = (a’c, a®d + 2abc, b*c + 2abd, b*d). Remember that our
codomain is the four-dimensional vector space Q with basis: {z®, z%y!, zy%, y3'}.
If we denote our orbits by: (9%1)‘, O 2, (9%1)1, (9;%21)', O, 3, (’)gil)‘, (9%2‘,
O, Osu

It is easy to see that the fibers h='h(a, 8,7, ) are

a) {a,2a, %3, %fa # 0}
b) {0,5, 5%, 526 # 0}
and the nearest points of such fibers to the origin are of the form

a) (Ereaykrp, -, %), where 7 = (2—5;7;—:[?:—))1/6

b) (0,£70, %, &), where 7 = (X316

Such points are in the sphere S® if 27(a? + 32)%(y? + 62) = 4, therefore in
polar coordinates we get:

21/2

4.2 _ _
27r*s° =4, 7—31/2r



and our points are of the form
ke 21/2 1 1
e 37z cos b, :+:31/2 sin 6, » 3172 C08 ¥ 317 sin ).
Hence we are in the torus S* — x S?
N Y RAVEVE

Remark 5. 1) The calculation done above includes both cases a) and b).

2) Since h=1(0) = R? x {0} U0 x R? we get h~1(0) N (\/—x81/_)

3} Lel (Lrav, 18, —7;,—7) € S\/— \/— hence 7% = (3(a F L) ) and

74 = 3(v% + 62), therefore 78 = 2(;}2_@5) and all the points in the torus

Si/z_/_s' X Si/l/_s are of minimal length.

4) In the case vy = a and § = 3 we get T = 2Y/8 and in the torus the points
p

for this case are of the form

91/2 91/2

1 1
(:i:31/2 cos 6, :t31/2 sin#, 3172 08 6, 3173 sin 6),

and their image is in the orbits Oﬁl)l and O 5.

In the case of our parametrization of the fiber: (¢, gt, —:21, %;é), when we
intersect with sphere S® we get the equation
2 2, £2
o' +40
T T2t 72 z)
a?+p a?+f

% — t4( =0.

If we substitute z = ¢t we get a cubic and its discriminant is zero if and only
if 27(a® + B2)%(v* + %) = 4.

If p = o+ 3% and 1—p = y?+62, we get 27p*(1—p) =4 or pP—p*+5 = 0.
The roots are p = 2(twice) and p = —1, therefore o®+3? = 2 and 2 +46° = 3.
Our sextic remains t% — 3—;ﬁt4 - “2—6 =0, with roots: a(twme), —a(twice), §=
and —%.

From our previous results we get the following
Theorem 6. Let h: R* — R* defined by h(a, b, c,d) = (a’c, a®d + 2abc, b*c +
2abd, b*d) then:

10



i) The fibers of h are of the form
a) {(t,2t, %, %) |t # 0}, @ # 0
b) (0,85, 88) |t +#0}, a=0

i) In the sphere S*, the set of points of minimal length of each fibre co-

incides with the set of points where the square of the distance as two

repeated roots. This set is the torus Si/2_/_3 X 51/1/—3.

To conclude, we have our map h |: Si/2/—3 X Si/% — R* defined by

2 i1
h(8, ) = (3\/;(0082 6 cos ¢, cos® fsin ¢ + 2 cos fsin 6 cos @,
sin? @ cos ¢ + 2 cos fsin 8 sin g, sin? fsin ¢))

It is clear that h(6:, 1) = h(2, ¢2) if only if 6; = 65 or 6, = 6; + 7 and

1 = 2. Hence we have the following diagram

Si/g X Si/gh_>R4

i

RP! S
N Rl

where % is the unique map defined by (2 \/g (cos? 8/2 cos p, cos? §/2 sin p+
2cos/2sinf/2 cos g, sin? 8/2 cos p + 2 cos §/2 sin /2 sin ¢, sin? §/2sin ).
We have the following

Theorem 7. Let h: S' x S* — R* defined as above then
i) The rank of h is one if and only if p = 0/2 orp=0/2+m

it) In our singularities, the kernel is generated by the vector v; = (1, —1).

11



i11) The singularities are simple cusps.

Proof. The first two assertions is a simple calculation, and in fact in our

fundamental region, our singular curve is

'
T2
—TC/Z /
~T0 n f T
/2
1 —m/2
—Tt

Figure 2: Fundamental region of the torus

For iii) since v = (1, —1) is transversal to our curve we consider the map
9() = h((to, to/2) + (1, ~1)) = h(to +t,t0/2 — 1)

Taking the 3-jet, we can write g(t) as the following matrix times (¢3,¢2,0, 1)

L(sin %@ cos® & +sin® &) é(sm2 L cos & + cos® &) cos® &
—1(cos’t + s sin® %) —2(sin%  gost 9 4+ sin® ig) e; 3sin% cos? 2
4(sm3 Y 4 cos? 52‘1 sin ) g(smz T o5 + cos® ) 3sin? % cos 2
—1(sin g 4 cos? L + cos? 5‘1) 3(sin g ot £ +sin®l) sin® &

Where e; has 1 in the i**-coordinate and zero in the others. If cos 529 =0

use e, if sin 5,_9 = 0 use e;. To conclude in all others cases one can use e; or

12



eq, since the determinant will be

t t t t t t
.9 lo 0 3 to .2 b0 0 3 b0
) —2 = 9 n n 5 cos COos

respectively (module a map never zero).
We finish this section with a theorem that joins together the theory de-

veloped here.

Theorem 8. Let h : R* — R* be defined by h(a,b,c,d) = (a’c,a®d +
2abc, b?c + 2abd, b%d), then h induces a differentiable homeomorphism h :
RP! x S — R*. If we consider the orbits (’)ﬁl)l, O 2, (’)élill)‘, 05?;1)‘, (’)gftll)l,
hence the image of h is contained in these orbits and the preimage of O1 2 are

stmple cusps. Locally around a point of the orbit Oy ; we have the next picture

2.2

2.1 2.1
1.1

2.2

Figure 3: Local behavior around (1.1)

{}
The complement are the orbits (9%1) ;

Proof. As in a previous theorem we have the following picture

13



2.2 (1.2) 2.2
2) (2.1) n2 (24) 22)
(1.1)
-7 —m/2 % (1.2 s X
(1.2 /2
1) | —mwn2 (2.1)
(2.2) . (2.2)

Figure 4: Region fundamental of the torus

and under the identification of the torus we get

22

2

. 2.1

1.1

2.2

Figure 5: Local behavior around (1.1)
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The Real Case
Consider f.(z,y) = 23 + (e + 1)z%y' + ezy? for | > 2. It was shown that

for | = 2 f, is 6-determined on the right, and not less. Now for the general

case, we want to show that

o 0
m(2)*71 Cm(2)Bz22(e+1) 2yt +2ley2'+5— I(e+1)z?y'™ 1+2lemy2’_1+5§} (1)

Vu € m(2)4-1.
From the equality

1 0(fe+ 1) O(fe + 1)
l 1Y =ME L 7Y gr e TPy
(e+ Dy H(ELT ) - g it
2 21-1 31-1 a# 3#
(& —e+ Dy 1 +e(e + D3 + (e + 1)yt
oz ay
We get that the monomial zy*~1y%~! = zy*~2 is in our jacobian ideal,
since (31 — 1) + (20 — 1) > 4l. Finally, if we consider
110fe o a10Fe | Of . .0f
by dy
W 9 T B %y Ty

we get a system

2(e+1)a+3b+2lec+1l(e+1)d=0
ea+2(e+1)lb+2led=0

Which has solution for b # 0. Therefore y*~! is also in our jacobian ideal,

{ 3a+l(e+1)c=0

and we get (1)

If f is (4] — 3)- determined on the right we get an equality of the form

Y42 = hy(z,y) (32 + 2(e + 1)ay' + ey + 2) + ho(z, y) (I(e + 1) 2?1 +
2lexy?-! + %) with h; € m(2),i=1,2.

It is clear that hi(z,y) € m(2)" and if hy(z,y) = ai—17y' ™ + aguy',
ho(z,y) = by oz + b1y, wWe get




It is clear that the factor of zy? is ag(e* —e+1). Therefore ag; = by = 0
and hy(z,y) has (I + 1) as smallest power of y.

We have as smallest power of y in the right hand side: 3/ + 1. Now,

21-2

considering the factors of z?y!*!, ... z2y%~2 we get

3agu41 + (e +1)bo2 =0, -,3a02-2 + l(e + 1)boy—1 =0
equivalently

3 3
bo2 = —Z(—e+_1)a°”“’ b1 = —

A1 L g2 are

The factors of zy

2(6 + ].)ao,l_H + 216()0,2 =0,---, 2(6 + 1)0:0,21_2 + 2[6b0,1_1 =0

equivalently

e+1 e+1
bo,z == le ao,z+1,'°',bo,z—1 — = le Qp,21—-2 (3)

From 2 and 3 we get

agg+1 =0,--+,a021-2 =0

Therefore the minimum power of y that can appear in the right hand side
is (4l — 1). Therefore f is (4] — 2) determined on the right and no less.

Definition 9. Let A be an R-algebra and B a vector subspace. If I is an
ideal of A, we say that B is an I-module if for a natural number I, we have

that
I'BCB

In this case, we say that B is a finitely generated I-module if there ezist
V1, ,Um n B such that for every vector v € B, we have v = ayv; + -+ +

AmUm, where a; € I',1 < i < m.

16



We give a version of Nakayma’s Lemma.

Lemma 10. Let A be an R-algebra and B be a vector subspace. Suppose I
is an ideal such that I**! is contained in the Jacobson radical of A and B be
a finitely generated I-module(l=k). If B C I**'B, then I*B = 0.

Proof. Let {vy,vq,"*, v} a minimal set of generators of the I-module B.
Hence we get

V1 = a1V1 + GV + * * * + QU

or

(1 —ay)vy = agvg + -+ + AUy

where a; € I**!, therefore (1—a,) is a unit and we conclude I*B = {0}. ®

Corollary 11. let A be an R-algebra, B and B' I-submodules of A. Suppose
I is an ideal such that I**! is contained in the Jacobson radical of A. If
BLLE s o finitely generated I-module (I = k) and I**'B + I*B' D I*B,
then I*B' D I*B

Proof. By hypothesis we have that

B+IkB/ B Ik+1B+Ichl 5 B+IkB/

k+1
I+( I*B’ - IxB’ = IkB!

Hence by our previous lemma I’“(B—;L,CII;—,BL) = 0 and therefore I*B' D I*B. W

Let G be the group of germs of diffeomorphisms of the form
h(.’E, y) = (a:v + /Byl =+ hl(:ra y)’ 6y g hQ(xa y))

where a, 3 and § vary in the real numbers, h; € m(2)"*! and hy, € m(2)2.

Definition 12. We say that a germ f is k-determined relative to G if given
g a germ such that 7%g(0) = j*f(0), there ezists a diffeomorphisms h in G
such that g = f o h.

17



We shall prove the following theorems

Theorem 13 (A). A germ f is (k + l)-determined relative to G if

m(2)*+! C m(2){g—£(ax + Byt + hy) + g—]yc(&y + hg)} +m(2)F+?

where a, B and & vary over the real numbers, hy € m(2)"*! and hy € m(2)%.

Theorem 14 (B). If a germ f is k-determined relative to G, hence we get

m(2* C (5 (o + By + ) + 3L Gy + ha)} + ()
where a, 3 and § vary over the real numbers, hy € m(2)'*! and hy € m(2)2.
Remark 15. It is clear that the vector subspace B' = {3 (az + By* + hy) +
%5(6@/ + hs)} and B = m(2)¥*! are I = m(2)-modules for I, therefore our
corollary implies that m(2)**+1 C m(2){ X (az + By' + ) + %5(53/ + ho)}

From theorems A and B we get the following

Corollary 16. The germ f.(z,y) = x> + (e + 1)z%y' + exy? is (51 — 1)-

determined relative to G.

Proof. We shall prove the inclusion m(2)* C m(2){(3z* + 2(¢ + 1)zy’ +
ey?)(az + Byt + hy) + (I(e + 1)z =t + 2lexy? 1) (8y + ha)} + m(2)4+! for
€# —1

The inclusion is clear for monomials factorizing z3 or z%y'. We have the
equality I(e+1)y' 71 (322 +2(e+ 1)zy' +ey?) — (3(I(e +1)z?y'~t + 2lexy? 1) =
20(e? — € + 1)zy®~! + (e + 1)y3 1, hence we get zy?1y'*? = zy3+! in our

RHS. Finally, consider as before, with appropriate constants

Ofe ., n1df | 0f 3k
8x+by 8x+cx8y+dy oy

azy' ™!

which gives y*~! and therefore we get y*. Hence by Theorem A f, is (5 —1)-

determined relative to G. For the case ¢ = —1 the proof runs similar. |
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Remark 17. Consider the germ of the curve in G
Yew)(t) = (z + tlaz + By’ + M),y + t(6y + h2)) (4)

with (1 + at)(1+6t) #0. If f : U C R?* = R is a smooth function with
0 €U, then

U7 2 Wen®)(O) = S @) (e + B4+ ) + S (2, 1) 6y + )

Proposition 18. Let 7, : m(2) — #’;)%):r be the canonical projection, O be
the orbit of 2, the k-jet of f. Then we have the equality

T.(1a(0) = ({3 0y) @+ By + o) + (2, 4) 60 + ha))

where a, B and § range over the real numbers, hy € m(2)!*! and hy € m(2)2.

We suppose the above proposition and prove Theorem B (14). Let z the k-
jet of f. Since f is k-determined relative to G, we have that z+m(2)**! C O,
where O is the G-orbit of z. Then 741 (z +m(2)¥+1) C 7441 (O). Taking the

tangent spaces at z, from the above proposition, we get

m(2)**+! C {g—i(ax + Byt + hy) + g—g(éy + hg)} + m(2)%*2

The previous proposition follows easily from the next theorem. Consider
G a Lie Group acting smoothly on a manifold M. Denote by zoG and est(z),
the orbit and the stabilizer of z respectively and let 7 : G — G/est(z) the

canonical projection.

Theorem 19. Let ¢ : (—¢,€) = z0G a differentiable curve with ¢(0) = z
then there ezists a differentiable curve C : (—4,6) — G with C(0) = Id and
d(0) = £(z,C(1))(0).

Proof. We have the maps p : G — zoG and 7 : G — G/est(zo) and the
unique application p : G/est(zy) — zoG such that 7 is a submersion, 5 an

one to one immersion and p = po 7. Hence p has constant rank at each of
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its components. In particular there exists U and V open neighborhoods of
the identity in G and zg in (G, charts ¢ : U — Uy x Vi, ¥ : V — Uy x Vj,
such that 9o po¢~!(z,y) = (z,0). Consider the curve C(t) = ¢poiothoc(t),
where i : Uy x Vo = Uy x V; is defined by i(z,2) = (z,0). It is clear that
Yo poC(t) = (¥1(c(t)),0). On the other side, 15(c(t)) = 0 for t € (—4,0), &
small. Hence (11, %2)(c(t)) = (¥1,%2) o po C(t), therefore ¢(t) = po C(t) for
t € (=94,9). ]

Proof of Theorem A (13). Let g be a germ such that j¥*g(0) = j*+! f(0)and
define the homotopy ¢(t, (z,v)) = tg(z,y) + (1 —t) f(z,y). Fix ¢y € [0, 1], we
want a homotopy of germs of diffeomorphisms 7¢ in G (for ¢ near t) such

that:
a) 7% = Id,
b) 7t(0) =0,
¢) Port=¢gh.

This assertion will be proved by a sequence of lemmas and using that

[0,1] is compact and connected we finish the proof of Theorem A.
Lemma 20. There ezists a smooth germ 7 : (R x R?, (t9,0)) — R? such that
0.) T(th (l‘, y) = (.’L‘, y):

0,

b) 7(t,0)

C) d)(t, T(t’ (mi y))) = ¢(t0) T(tO, (IL‘, y)))
This lemma is equivalent to the following
Lemma 21. There ezist a smooth germ 7 : (R x R?, (¢p,0)) — R? such that

a) T(th (:L‘,y) = (x,y),

b) 7(t,0) =0,
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¢’) 3(t7(t,w.)) 5t @) + 22 (2,7, ,)) 52, ) + 2 6,7 (2, ) =O0.

We denote by A the algebra of germs of maps in (¢p,0) and 7 : R? — R?

the projection (¢, (z,y)) = (z,y). Consider the monomorphism 7* : e, — A

Lemma 22. If f is a germ such that

59l(éy + hy)} + m(2)*+2

m(@) € (S (aa+ gyt + ) + 5L

where a, B and § range over the real number, hy € m(2)"+% and hy € m(2)?,

hence we also have

g—‘;’(ay + ho)} + m(2)*+?

m(2)1 A C m(2){%§(ax 4By + ) +
and therefore m(2)*++14 C {2 (az + By + h1) + %5y + hg)}
If this lemma is true, since 2 € g — f € m(2)*++1

¢
ot

Define 91(z,y) = g1(z,9)(ez + By + h1), Y2(z,y) = (91(2, y)(6y + ha)).
Let us consider the differential equation

— (@ vz + By + )3+ (@la DGy + )5 (9

O b, (@) = ~ (4, a) 0 701, (2,9) ©)

with initial condition 7(0, (z,y)) = (z,y). Since ¥1(0) = 1(0) = 0, it is clear
that 7(¢,0) = 0, and our equation 5 can be written as %‘f =Y 53 + 2 By
equivalently

ad’ ,rt_*_a"'lt??ot 8_7'5%

bl § ty
£ ot gz ° Tt g (g, 07 ) =0

Proof of the previous lemma: Consider the homotopy

o(t, (z,y) = (1 = t)f(z,y) + tg(=,y),
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where j** f(0) = j*¥*'g(0). We have that
% — 9 d(g—t el 8 A(g—
% — 8 4 42t) gng 8 — 8L 4 42N

therefore

(o + By + )L € {(az+ By + m)2D)} + Am(2)++!

(6y + hz)g—i‘ € {(6y + hz)g—i} + Am(2)FHHH1,
Hence
k+1 1 o¢ o¢ k+1+1

C m(2){(azx + By’ + hl)gg + (6y + hz)g—z} + m(2)k+?

Remark 23. Qur differential equation 6 is the form
or
E(t (IE, y)) = (—¢1, _1/}2) 9 T(t: (1E, y))

with 1, ¥y € M(2)?, therefore 1t (z,y) = (z,Y)

The Complex Case

Consider g(z,y) = z°+ex?y' + zy* + ey®. We want to find the minimum
natural number k, such that for all u € m(2)*+!

m(2)k Cm(2)(3z%+2ezy’ + y?+ 2, la?y' " +2lexy® ! + 3ley¥ 1+ %—5)

We shall see that k£ + 1 = 41.

It is clear for the monomials factorizing z?. Now as in the real case we

have

5}
ley'~ (3z% 4+ 2exy! + v* + _Bu) — 3y +2lezy? ! + Bley¥! + 20) =
Oz Ay
: » _,0u ou
2 _ -1, (_ 31-1 110K _ 01
20(e* — 3)zy™ " + (—8le)y™ " +ley o 38y
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a) If 2 # 3, we get zy?~1y°, s >2and 3l —1+s> k+2,

b) If € = 3, we get (—8le)y*~1y* = (=8le)y®+*1, for s > 2, and
(—8le)y®tzy*1 s > 2.

¢) As before (for € # 3) we consider

- 5g = 69 59
-1 € 21—-1 € €
=4+ =tz
ox ox Oy

0ge _

dyt = =
+y8y

azy

(3a + cle)z®y=! + (2ae + 3b + 2cle + 2lde)x*y* ! + (a + 2be + 3cle +
2dl)zy¥ =1 + (b + 3dle)y* ! + azy! 12 + by 12 4 cx%;f + dy’%;—‘

It is clear that we can vanish the first three summands with b+3dle # 0.
Therefore for €2 # 3 we get

m(2)4-1 C m(2)(Leetr) Seetu)y 4y (2)4 Wy € m(2)%! and therefore
ge is (4l—2)-determined on the right, and not (4/—3)-determined on the
right, for if y*~! = hy(z,y) (322 + 2exy' +y*) + L + ho(z, y) (lezy'~ +
2zy? ! + 3ley® ! + %’j

As in the real case we start with h; € m(2)!, h, € m(2) and in the

notation used there

3(10,21—2
le

301,1—1
le
The factor of zy? is zero. Therefore 2eag; + 2lby; = 0. Since €% # 3 we

bio = — and bo;-1 = —

get (10,[ = O = bO,l

We continue with the equations

3 3
b0,2 = —an,H—l, s Bty bO,l——l = —an,zz—z (7)

Now, the factor of zy*~? is

2€agp21-2 + 2lbgy-1 =0
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and hy(z,y) has (I + 1) as smallest power of y. Again, since € # 3 we
get ap—2 = 0 and bp;—; = 0. Therefore the minimal power of y that may
appear non-trivially is 4/ — 1.
«s, For € =3, i}/céd/lfé prove that wg & hE/Q,Q
m(2)% € m(2)(2este), ety vy € m(2) 0+

(It is clear from b) that zy3 and y®*! don’t have any problem.)

)

Now let 1 = cy®, ¢ to be found, and suppose that

y3 = hy(z,9)(37% + 2exy’ +y¥) + hao(z, y) (lez®y 1 + 2z 4+ 31(c+ €)y™* 1)

(8)
From previous remarks, h; € m(2)!, hy € m(2) and
3 3
bio = B e CAE bo; = ~ 700 9)

The coefficient of y3 in the RHS of 8 is

9(c+e)

)

Choose ¢ with %%‘-2 = 1 and we get a contradiction. Therefore we resume

ao,l -+ 3l(C -+ E)boyl = ao,l(l o

the complex case in the following

Theorem 24. Let g.(z,y) = z° + e2®y! + 2y + ey, then we have
e i) If € # 3}5]e is ezactly (41 — 2)-determined on the right.
ii) If €2 = 3, g, is ezactly 3l-determined on the right.

Remark 25. For | = 2, both numbers coincide.
We now see g, under the action of G.

Proposition 26. The germ g.(z,y) = z° + ez?y' + zy? + ey® is (51 — 1)-
determined relative to G if €2 # 3 and (4l)-determined if €* = 3.
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Proof. We shall prove for €2 # 3 that

m(2)% Cm(2){(3z%+2exy’ + v*)(az + By* + hy) + (lay*~ 1+ 2zy?-1 +
3ley®=1)(6y+ho) } +m(2)**! The inclusion is clear for monomials factorizing
z3 or z2y!. From the equality

ley' 1 (3z*+2exy’ +y?) —3(lex?y' 1)+ 2lzy? 1 +3ley® 1) = 21(2 - 3)zy? +
(=8le)y¥-!

As before we get

a) If 2 # 3, we get zy?1y%, s >2and s+ 3l—-1>4l & s> 1 +1,

b) If €2 = 3, we get zyy® ! and y2y%-1.

c) In a very similar way we conclude that

i) m(2)" Cm(2)(F, 5) +m(2)*H, @ #3

ii) m(2)%+ C m(2)(%e, %) + m(2)¥+2, €2 =3

Therefore from Theorem A we get

i) If €2 # 3, g is 5] — 1-determined relative to G.

ii) If €2 = 3 g, is (41)-determined relative to G.

Another Version of Theorem A

Theorem 27. Let f be a germ, suppose that for all p germ in m(2)**+!, we

have that

m(2) ¢ (2 ot gyt )+ 2B 5y 1)

where o, 3 and & range in the real numbers, hy € m(2)"*! and hy € m(2)2

Hence fis k-determined relative to G.
Proof. Consider a germ g with j*g(0) = j*f(0) and ¢* = f + t(g — f).

Therefore %% = g — f is an element in m(2)**!, so we can write
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o¢*
ot
If we denote by 1 (z, y) = ar+ 0y +hy and ¥3(z,y) = dy + hy. Consider

o)=Lzt pd +h)+ oGt (0)

as before the differential equation

I = (ct,ta) o7, (5,3)

with initial condition 7(0, (z,y)) = (z,y). Since the germs ¢, and 1 belong
to m(2) we get 7%(¢,0) = 0, for all ¢.

The equation 10 is equivalent to

o 7t @)+ ) B (0 )+ G @) S a7 (@, 0))

We finish as in our proof of Theorem A. [ ]
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