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Resumo:

Neste artigo consideremos problemas de ondas fortemente amortecidas da forma
Ut +77A%ut +au, +Au=f(u), t>0, 2 € QCRY,

n > 0, onde A denota o operador —A em L?*(2) com condigéo de fronteira de Dirichlet no
espago de fase H}(Q) x L*(Q). Se f satisfaz algumas condigdes naturais de dissipagao, estab-
elecemos a existéncia e regularidade de atratores A,, n > 0, e mostramos a sua continuidade
(semicontinuidade superior e inferior) em n = 0.
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Abstract

Damped wave equations usy + nA%ut +aus+Au= f(u), t>0, z€NC RY, n >0,
where A denotes negative Laplacian in L?(9) with Dirichlet boundary condition, are
considered in the phase space H} () x L?(£2) chosen according to the energy functional.
Existence and properties of the family of attractors A;, n > 0, are discussed under
suitable assumptions on f and this family is shown to behave continuously with respect

to the parameter n as n — 0.
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1 Introduction

For n > 0 consider a family of damped wave equations

Uge +77A%ut +au + Au= f(u), t >0, z € Q,
’U,(O,l‘) = UO(:C)’ ’U,t(o,ﬂ?) = UO(‘Z)a T e Qa (11)
u(t,z) =0, t >0, z € 990,

in a bounded smooth domain & C RY, N < 3, where A : D(A) C L2(Q) — L*Q),
D(A) = H*(Q)NH;(Q), denotes the negative Laplacian in L?*(Q2) with homogeneous Dirichlet
condition, @ > 0, and f: R — RR.

Our main objective in this paper will be to investigate the relationship between the
nonlinear asymptotic dynamics when the type of equation changes at n = 0, namely the
family of attractors for (1.1) behave upper and lower semicontinuously at 1 = 0. Note that
this kind of information is of independent interest since it may allow us to view a damped
hyperbolic equation, in the context of approximation, as a problem with parabolic structure.

Attractors for damped wave equations have been considered by many authors, see [I,
3, 4, 5, 6, 11, 14, 19] and references there in. In [9] the authors prove that, if f =0
the linear semigroup associated to (1.1) is analytic. The local well posedness of (1.1) has
been considered in [5]. The existence of attractors was considered in [6] for a more general
class of problems which include (1.1) when Q is a bounded smooth domain. When n = 0
the existence of attractors was considered in [2]. The continuity of attractors for related
problems have been considered by many other authors, see [1, 8] and references there in.

In [15] the authors consider the continuity of attractors for a family of damped hyperbolic
problems which degenerate to a parabolic problem as the parameter tends to zero. Here we
alm to approximate a damped hyperbolic problem by parabolic problems. To illustrate the
sort of difficulties that one faces investigating the dynamics of (1.1) note that in the linear
case (f = 0), the problems (3.1)77>0 generate on Y = H}(Q) x L?()) a compact analytic
semigroup {e~""'} whereas the semigroup {e=40t} defined on Y by the linear hyperbolic
problem (3.1), _y (f = 0) is of the class C° and is neither compact nor analytic. This implies
in particular that the uniform exponential dichotomy (see Definition 2.13) for the semigroups
corresponding to the linearized problems is much more difficult to prove and can hardly be
obtained as a consequence of the general theory.

The main result of the paper is contained in

Theorem 1.1. Suppose (3.4), (3.6), (3.8) and let Ay, n >0, be a family of attractors
corresponding to (1.1) in Y. Then these attractors are upper semicontinuous with respect to
n asn — 0%. If in addition condition (4.3) is also satisfied, then the family A,, n > 0 is
continuous at n = 0; that is
lim dist(A,, Ag) =0 (1.2)
n—0+

in the sense of Hausdorff distance of sets

dist(A,, Ag) = sup inf |lag—a + sup inf |lag — a,||v.
(Ay, Ag) aoegoaneAnHO nlly a,,E/IZ,,‘ZOEAOHO nlly



Section 2 is devoted to the study of the continuity properties of the semigroups gener-
ated by the linear strongly damped wave operators when the strong damping approaches
zero. In Section 3 the continuity properties of the corresponding nonlinear semigroups are
proved and uniform bounds on the attractors are obtained. In Section 4 we prove the upper
semicontinuity of attractors using the results of Section 3, we also obtain the lower semi-
continuity of attractors using the continuity properties of the local unstable manifolds of
equilibrium solutions. Finally, in the Appendix we prove the existence and continuity of the
local unstable manifolds.

Additionally, at the end of Section 4, we also address regularity of the attractor A,
corresponding to a ‘limit’ hyperbolic problem and obtain that

Corollary 1.2. Under the assumptions of Theorem 1.1 the global attractor Ay for the semi-
group governed by the damped wave equation ((1.1) with n = 0) in H}(Q) x L*(Q) is a
bounded subset of H?(Q2) N HY(Q) x HH (D).
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visited Instituto de Ciéncias Matemdticas e de Computagao, Universidade de Sao Paulo
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2 Properties of the linear problems

2.1 Linear damped wave operators and corresponding semigroups

For n > 0 consider a family of the linear damped wave operators,

A, D(A) CY =Y, An[%‘J=[O 3 ][%]

A r]/\%—f-al
where Y = H}(Q) x L%(), a > 0, and
D(Ay) = V' = (H(®) 1 HY() x HY(Q), 12 0.

We remark that Y is a Hilbert space with the product

<[$] : [f;])y = (A% ¢, A%@L?(Q) + (¥, ¥ 2, [;f, ] ey,

which defines in Y a norm equivalent to Hg(€) x L*(2) norm and also to the norm

“ [i] HY = ”A§¢||L2(Q) = ”wHLZ(Q)

that we use in this paper.



Proposition 2.1. The following conditions hold.

i) Ay, n >0, is a mazimal accretive operator and {e~4t} is q CP-semigroup of contractions
onY.

1) 0 € p(A,) and A, has compact resolvent for each n > 0.

wi) Forn > 0 semigroups {e=*"'} are analytic and compact.

w) For each ny > 0 there is certain d > 0 such that

A3 v < 145 (3] v < dll [$] 11y, m € [0,m), [2] € Y. (2.1)

Proof: For i) we first note that

(4, [9], [&]0 = —<A%w7A%¢>L2(Q) + (A + ATy + ah, ) r2(q)
= —2iTm(A%y, AT )12y + (AT, AT9p) () + a(9, V) r2(q)
and hence
Re(4, [§].[$Dy 20, [§] e v
Furthermore, the equation

(I+4)[3] = 2]

possesses for each [z] € Y a unique solution!

((+a)renaden)™ (+a)g4natg+9) -3

Lﬂ _ [ ((1+a)1+nA%+A)_l((1+a)¢3+nA%q3+u?) J cyl (2.2)

Hence the remaining part of the proof follows from the Lumer-Phillips theorem (see [18]).
Concerning ii) we recall that there exists bounded inverse operator A;l Y =Y

Al = [nA*%_JrIaA—l Ao—l] ,n>0, (2.3)
which takes bounded subsets of ¥ into bounded subsets of Y1, the latter space being com-
pactly embedded in Y.

The property iii) that —Ay, n >0, generates a C° analytic semigroup in Y follows from
[9, Theorem 1.1]. Compactness of {e="'}, > 0 is then a consequence of the compactness
of the resolvent of Ay,

Concerning iv), the right hand side inequality in (2.1) is a consequence of the estimate

140 [21 =1 grrnb g | I

< AR 2y + IABl 2y + Ml ATl 2oy + allpll ooy
< (1+m +aX;?) (HA%U}“L'—’(Q) + HA¢HL2(Q)) =d [ [] Iy, HESE

'Operator ((1+ a)l + nA? + A) appearing in (2.2) is selfadjoint in L*(Q) (see e.g. [17, p. 287]) and
bounded from below.



where ) is the first positive eigenvalue of A in L?(£2). To justify the left hand side inequality
we consider A" as in (2.3) for which we have

' = _
147 (3] llva = || [0 Borenrorais |y,

1 1
<A B2 ) + alldll 2 + 1Yl L2@) + 1AZ8]|22(q) (2.4)
-1 1
< (1m0 + 0 ) (1Al + Wllaz) = 1 [$]) v, [§] €Y.
The proof of Proposition 2.1 is thus complete. g

From the point of view of further applications it is reasonable to consider further in this
section the family of linear problems

#I+ A B - B3] =0,t>0, 3]s =[w] €Y, (2.5)
where B € L(Y). Proposition 2.1 extends then to the result below.

Proposition 2.2. The following conditions hold.
i) For each n > 0,

A, = A, — B with domain D(A,) = D(A,)
is a closed (unbounded) operator in Y with compact resolvent.
ii) —A,, 1> 0, generates on'Y a C°-semigroup {e~ "'} such that

lle™ 4|y < elPlemt, £ >0, > 0. (2.6)

ii1) {e"i"t}, n > 0, are analytic and compact semigroups in Y .

2.2 Convergence of resolvents and convergence of semigroups

Lemma 2.3. For a complez number Ao € C and 1 > 0 for which {A € C : [A — Aol <
r1} C p(—Ao) there exist my > 0 such that if [N — Xo| <71 and n < m then A cannot be the
eigenvalue of —A,.

Proof: For

0 0
Ry= | & ook | (2.7)
and |\ — \g| < 71 we have the relation
M+ Ay = (M + Ag)(I + (M + Ay)7'Ry). (2.8)
Also ; -
(2] v = [Agllze) + A2 9lla@ =1 and (M +Ay) [§] =0
imply

T+ +A4)'"Ry)) [§]=0 and 1= [J] ]y =M + A) 7Ry [9] Iy

b



Applying next (2.1) (with constant d chosen to Mo = 1) we obtain the estimate

1 < dl|Ao(M + Ag) 'R, (51 1ly = d||(I + (=AI + BY(MI + A) ™Ry [2] Iy
Ui

d sup |[(I+ (=AT + B)(AI + Ag)™)||o0r).

[A=Xo]<r

<
<

Therefore, the main assertion of the lemma holds with

m =min{l,(d sup ||(I+ (=M + B)(/\I+AO)_1)HL(y))"1}.

[A=Xol<m1
Lemma 2.4. For any compact set K C p(—/io) there exists 7 > 0 and Cx > 0 such that
K C p(=A4,), n€(0,9) (2.9)
and . .
1A+ Ao)™ = (A + A))™Y|1vy < nCxd, 1 € (0, 7). (2.10)
Furthermore, the corresponding semigroups converge; namely
e~ Ant (2] Ly e~ Aot (9] as 7= 0T (thus also e (] 2y g 4ot (8] as n— O(“;)ll)

on bounded time intervals uniformly with respect to [;ﬁ] varying in arbitrarily fized compact
subset J of Y.

Proof: Since K is compact, property (2.9) follows from Lemma 2.3. Applying (2.8) we then
have

IAL + Ag)™ = (AT + A)) Yoy < AT + Ag) 'Ry (M + A,) Iy
ST+ Ao) e IRyl 1y | (AT + A) My, A € K.

Note that
0 0

IRallzoeny =11 § ot | leeviy <, >0,
whereas, by (2.1),

IOT + A) oy < dllAg(A + A) 10y
= d|[I = (M = B)(M + A)) Moy, 1€ (0,7).

What was said above ensures validity of (2.10), where

CK = EUE H()\I + Ao)_lHL(y)“[ = (/\I — B)(/\] + /In)_l”L(y).
€
Convergence of the semigroups on bounded time intervals is a consequence of the Trotter-
Kato theorem. To prove that this convergence is actually uniform on compact subsets of ¥
fix § >0, 7 > 0, choose € = ge‘T“B”HY) and cover a compact set J C Y with e-balls whose
centers run through the points of 7. Then J will be contained in a union of finite number of

6



the latter balls B!, ..., B and if [fzi] (i =1,...,n) are their centers there exists a positive
number 7; = n(d) such that

_ ; . )
lemnt [5] — e~ [§i]lly < 5 forall t€[0,7), n€ (Oymp), i=1,om (212)

Since the semigroups are of the same type (see (2.6)), choosing now together with an arbitrary
point [z] € J an appropriate ball B! we conclude that

sup [le™4 [2] — e~ [$] llv < sup_|le™ ([ §] - [4])lly+ sup [[(e™ —e™4%) [5] Iy
te(0,7] tel0,7] te[0,7]

: 0
+ sup [le([ 5] = [§Dllv < 27l + 2 =0
te[0,7]

whenever n € (0,75). g

2.3 Projected spaces and spectral properties

Lemma 2.5. The following conditions hold.
i) For every compact contour I' C p(—Ag) there exists certain 7 > 0 such that

® SUP,¢(o,7) (A = An)_IHL(Y) < 0,
o I' C p(A,) for eachn € [0,7),
o [ encloses finitely many points of o(Ay),

operators Qn Y = Y are projections on Y

- 1 ~
Q= =— [ (M = A)7'dx, n€[0,7), (2.13)
21 Jt

Q. are convergent to Qo in the uniform norm; namely

1Qy — Qollrvy < (2m)'ndCr, 1 € [0,7). (2.14)

i) For arbitrarily fived [ig} € QoY any sequence of the form {[322]}’ where [3772] =

an [1‘7,‘;] and n, — 0%, is convergent to [5’)‘;]
iii) For each bounded set C'Y
{Q"B, n € [0,7)} is a precompact subset of Y'; (2.15)

in particular QnB is finite dimensional for every n € [0,7).



Proof: Part i) can be immediately infered from (2.9) and (2.10). We remark than because
of the compactness of resolvents any compact contour can enclose merely finite number of
eigenvalues of —A,.

Part ii) is a consequence of (2.14). For the final part iii) note that because the resolvent
operators are uniformly bounded on [0,7) then ]]AnQnHy possess the same property. Re-
calling (2.1) we obtain boundedness of the set considered in (2.15) in the norm of Y'!. Its
compactness and finite dimensionality of QnY is thus evident (see [17, §II1.4.1]).

Lemma 2.6. For any )\, € o(—Ag), there exists a sequence M — 0 and a sequence of
egenvalues N, € o(—A, ), n € N, such that Apn = Ap as m — 00.

Proof: Suppoge that there exists ry > 0 and Mo > 0 such that for each n € (0,n9) the
spectrum o(—Ay) is disoint with {A € C;|A — Ag| < ro}. Let [33] be an eigenvector
corresponding to Ag and consider projections
1 ~
B = 5 (M — Ay)~HdA, € (0,7).
T J{IA=2ol=ro}

Then 0 =P, [40] — Py [$2] =[], which is impossible. g
The following ‘upper semicontinuity’ result is a direct consequence of Lemma 2.3.

Corollary 2.7. If n, — 0 and A 15 an eigenvalue of /L,n,jfhen the set consisting of the
limits of convergent subsequences of {An.} is contained in o(Ap).

Lemma 2.8. Consider arbitrary compact contour ' C p(—/io) and let Qn be defined for
n € [0,m0) as in (2.13). If n, — 0+, [532] € QY forn e N, and sequence {mzz]} lies
in a bounded set B C Y then {mzz ]} is precompact sequence in'Y and a limit of any of its
convergent subsequence belongs to QY .

Proof: Property (2.15) ensures that the set {[i:: J} is precompact as a subset of {Q,,B, n e
[0,7)}. It {[$]} is a limit of any convergent subsequence of {[37]:}} = {0 [ﬁ:’;]}, then
(0] =limp o0 @y, [i’;"] = Qo [$] as a consequence of (2.14). g

Corollary 2.9. C’onsz'gier arbitrary compact contour T' C p(—/io) enclosing exactly one eigen-
value of —Ay and let @y be defined for n e [0,70) as in (2.13).
Then, there exists ) > 0

dim@,Y = dimQ,Y for all n € [0, 7). (2.16)
Proof: Suppose it is possible to choose a sequence 7, — 0" such that dimQ,,nY > dimQ,Y
for each n € IN. Then, for each n € N, there exists [32:] € Q,Y with || [3:;‘] lly =1 for
which diSty({%"J ; QoY) =1 (see [17, Lemma IV.2.3]). Since in the light of Lemma 2.8 it

wﬂn
is impossible, we obtain that

dim@,Y < dimQoY for all 5 € [0, 7).

8



We remark that ) )
dim@,Y > dimQ,Y for all n € [0,72),

because each Qn takes basis of QoY into a system linearly independent in QnY. 0
From now on we will assume that

Bl = [weu], (5] €Y,
where b : Q — IR is a measurable function such that b(z)I € L(Hg (%), L*(€2)) and
A := A — b(z) with domain D(A) = D(A)
is a selfadjoint operator in L?(f2). Since our concern here is to develop functional analytic

tools useful for further description of the continuous dynamics of the nonlinear problems
(1.1) we will simply suppose throughout the rest of this section that b € L*(§2).

Lemma 2.10. Ifn > 0 and \, is an eigenvalue of fln with non-zero imaginary part, then
Reky < —5-

Proof: Suppose ), = ¢+ di where d # 0 and ¢ > —F. Let [i] € Y! be an eigenvector of
A, corresponding to ¢ + id and || [ ] lly = 1. Then,

q(cﬁ;d)l (c-{gd)]] + [A—l()](z) nA—%IJraID [m = (3] (2.17)
and consequently
(=A + b(z)) — ¢ + d? — ac — ncA?))d = id(2c + a + nA¥)¢. (2.18)
Multiply both sides of (2.18) by ¢ in L*(Q) to get:
—[|A@lla(ey + Jiy b(@)|0(2)Pdz — ¢ + & — ac = nel| AT Faq)
d(2c+ a+n[|ATg]|2,q))
Since the left hand side is a real number this is impossible and the proof of (2.20) is thus
complete. g

Corollary 2.11. Let AL Ny be two eigenvalues of — Ay such that = = M\ < Ay and no other

eigenvalue of — — Ay lies between them.
Consider any two real numbers r1,r9 such that /\1 <rp < re < )\2 Then,

=i, (2.19)

vi1<r1<r2<;\2 E]77o>0 Vﬂe[omo] 0( T/) N {/\ €C: ReX € [Tl’rQ]} =0. (2'20)
Proof: If the assertion fails then there exists sequence 7, — 0 and a co;responding sequence
of complex numbers \, = ¢, + id,, where )\, is an eigenvalue of A, and c, € [r1,72).

From Lemma 2.10 we infer that the sequence {\,} consists of real numbers and thus has a
subsequence convergent to certain number 7 € [r1,7r9]. From Corollary 2.7 we infer that r is
an eigenvalue of Ay which is impossible. g

Corollary 2.12. Suppose that

be L®(Q) and 0¢&ao(A). (2.21)
Then (2.20) holds with Ny being the first positive eigenvalue of — — Ay and My = max {Re)}.
A€o (Ag)
ReA<0



2.4 Exponential dichotomy and continuity of projected semigroups

Definition 2.13 ([16, 12]). Let Z be a Banach space, n be a non-negative parameter and

consider the family of C°-semigroups {e~** . t > 0} C L(Z), with generators -A,. We say

that this family satisfies uniform ezponential dichotomy condition iff there exists ng > 0 such

that Z can be decomposed for each n € [0,71) as a direct sum Z = Z7 @ ZF of two closed

subspaces, invariant under A,, with the property that A;]L — .A,,|Z+ € L(Z,j’) and there are
n

constants € > 0, M > 1 such that

_A;;

”6 t”L(ZU_) g Me_dv t 2 07 n € [07770),
<M

e, t<0, ne0,mn),

At
e A"tHL(z:,“)

where Ay = Ay .
z7

Our main concern in this subsection will be to show that

Theorem 2.14. If (2.21) holds then the family of semigroups {e“‘i"t}, n > 0, satisfies
uniform exponential dichotomy condition.

The proof of the above theorem will be a consequence of Corollary 2.18 and Lemmas 2.20, 2.21.
Before we proceed with the proof it is important to recall that the eigenvalues of —A,

can be written as )
/\rf = %(—a + v a? — 4/Jn)7 Hn € U(A), n € NN, (222)

(see e.g. [3, 9]). Assuming (2.21) consider a finite set 0~ (A) consisting of all negative
eigenvalues of A and the set ¢(—Ap);

6(=Ag) = {3(~a— Va2 = p), pe o (A)}. (2.23)
Let v be any circumference enclosing o~ (A) and define the projection P : L*(Q2) = L*(9),

P=—1 (07K

271 5

Then A, , is a selfadjoint positive operator on ker P and the norms H(A,kem)%(-)”m(g) and
Hz/\%(')HLZ(Q) are equivalent on kerP.

Let I' C p(—fio) be a circumference lying to the left of Imaginary axis surrounding
6(—Ap). Similarily, let T c p(—Ap) be a circumference lying on the right hand side of
imaginary axis and enclosing those finite number of elements from a(—/lo) whose real part
is positive. Note that I' can be choosen such that for each n 2 0 all eigenvalues of —A4,
with positive real parts? are ‘inside’ I'. On the other hand, by Corollary 2.7, there exists

2We remark that by Lemma 2.10 eigenvalues of —A; with positive real parts are positive real numbers
and by (2.6) they cannot exceed 1Bl cyy.-

10



no > 0 such that I'c p(-A ,) for every n € (0,7p). Furthermore, compactness of the resol-
vents ensure that ‘inside’ I' there are merely finitely many eigenvalues of A Considering

projections,
1

- . .
Q¥ = ¥, Qn = 7 ()\I A n) AN,
1
: Y :
Qp o ¥ =2 X, Qn = 7 ()\I A )" dA,

we then obtain decomposition of the ‘base’ space Y
= (I - Qn - Qn)y ©® QnY ®QyY, n€e [0’770),

as well as the corresponding decomposition of operators —A,, n € [0,m) (see [17, §111.6.4]
for details). We thus restrict our further considerations to 7 € [0,70)-

Proposition 2.15. Space (I—QO—QO)Y is spanned by {[ Lo ai\/m)e } (ttn, €n) € M}
In particular ¢, € ker P whenever [m € (I -Qo— Q)Y

Proof: It is evident that (I — Oy — Qo)Y contains the space spanned by the system of
eigenvectors

{ [%( ai\;h:)en] ; (/’l’naen) = M} :
where M consists of all eigenpairs (i, €,) of A with g, > 0. On the other hand if [m c

o] €n

(I—Qo—Qo)Y then [Z’,] =), ey c%[l(—ai\/m_)e ] (see [9, Lemma A.1] ) and consequently
2 n n

[m:(I—Qo—Qo)[fZ]: i [% \/%7%_4,;;) ],

,Uan en)EM

which completes the proof. g
It is useful to introduce in Y a ‘new’ scalar product

1

(o] [ehye =g, 0 - P)ér, Af, (I = P)é2)sa@) + (AP, A2 Péa) i (2.24)
5( 8)(d1, do) 2y + (061 + W1, 062 + Y2) 120y, 6 € (0,0),

which defines in Y a norm

12T e = ([8). [9D%

equivalent to the norm || [§] |lv = A2 |20 + 1%l L2(0)-

Lemma 2.16. For somee > 0, (el—Ao)lu i is a dissipative operator in (I — Qo — Q)Y

In particular the semigroup {e“e"‘iot } is bounded on (I — Qo — Qo)Y

|(1—Q0—Q0)Y

11



Proof: Using (2.24) and denoting by \; the first positive eigenvalue of A in ker P we have
Re(*!‘io [fﬁ] [3])? = —5f'/~\ierp¢l‘%2(n) = (= 6)H¢H%Z(Q)

5 , (2.25)
<=L DY [Ble - Q- @iy ny?, se(0,4),

where §y = min{g, =£V2 +4>‘1} Therefore the result holds with ¢ = 2 and arbitrarily fixed
0 € (0,d). g
We will next show that

Lemma 2.17. For each ¢ € (0,8) there ezists ns > 0 such for each n € (0, n;)

Re(=A, [$], 2% < ~S([9), [$e, (2:26)

whenever [z] €l -Qo—Q)YNnYL

Proof: Consider [‘b”J €(I-Qy— Qn)YNY?! with || [¢”} 13 = 1 and use the decomposition
of the space Y induced by the projection Qg -+ Qo, so that

(5] = @+ [8]+0-G-aqn[%].
Since the value of — A, [ ]ls given by —AO["’Z} —72,,[3;] (see (2.7)) we then have
Re(=dy 1] [&] = Re(=Ao(T - G0 — @) [%1] (1 - Qo - Qo) [ 5]y
(=A0(Qo + Q0)(Qo+ Qo) [$1] (@ +Qu) [ 2] 5
+ Rel=A(@o + Qo) Qo+ Qo) [31] (7= Qo - Qu) [ ] 3
(~Ao( = Qo= Qo) [ 51] Qo+ Q) [ e

—nRe([A wnJ [j;] Ye=L+... +1I

(2.27)
where the components appearing on the rlght hand side are estimated as follows.
First, via (2.25), we obtain that I; < —¢ 5. Choosing constant ¢ > 0 such that Uy <
|- I3 < ¢f| - ||y we have the estimates
17— Qo — Qo) [ J 17 < (T - Qo - Qo) vy =: do, (2.28)

and
1@o+ Qo) [ 41 ] 18 < (@0 + Qo) (T = @y = @)l
= AII(Qo + Qo) (I = Qo — Qo) + (Qo + Qo) (Qo + Qo — @y — Qn)llLey)
= [|(Qo + Qo)(Qo + Qo — — @)l
< A1(Qo + Qo)ller (1(Qo — Qn”L . HQo Qn)llLiyy)-
(2.29)
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From (2.29) and (2.14) we next get
(@0 +@o) [ 1] 13 < (2m) " nd(CrIT] + GHIEDIQo + Qo)llevy =:0D, (230)
which together with (2.28) leads to the relations
I, < 7**D?|| Ao(Qo + Qo)llz(v), (2.31)

Iz < nctdoD|| Ao(Qo + Qo) |- (2.32)
We remark that Y! C D(—4, ) and

~A"[g) =8 @] (9] for [S] e

Since b € L*(9) and ||A~2%]| 120 < 7Y llzeq) then

1[0 ] 18]y < @+ D[] vs + A0} o -
—— ,
< (g PDmy o,

which ensures that —A4, € L(Y!,Y). With the latter property and (2.28), (2.4), (2.30) we
obtain

Io= Re((I - Qo — Qo) [§1] Ao’ (o + Qo) (o + Qo) [ 51 i
< doc®| 40" (Qo + Qo) Lz 1(@0 + Qo) [ $1 ] 13

(2.34)
< Pdol|— Ao (= A0) "Iz ll=Ao(Qo + Qo) L) [1(Qo + Qo) [32] ¥
< 'ncdedH—/ZlO*”L(Yl,Y)||‘AO(QO + Qo) (v)-
Finally,
s .. AY Ado |2 no% Ten] 2 2
Iy = —n6 Re(A Ty, ATdy) r2i) — nl|AT¢nll72(q) S EH Wn lly < mdc. (2.35)
1
Since each quantity Io,...,Js contains a multiple of 1 the proof of condition (2.26) is
complete.
In the light of the Lumer-Phillips theorem condition (2.26) ensures that

—a+v/ a2+4X }
2 J

Corollary 2.18. For arbitrarily fized § € (0,0p), d = min{$,
é = A new new 7,
lette=tny o o (oI <[] (8] € 0 - Q- QY
for each n € [0,75).
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In particular, if b = 0 then (J — Q, — @n)Y =Y and we obtain that
Corollary 2.19. For each 1y > 0 there exist constants c > 1, w <0 for which
le™ Ly < ce*, >0, € [0,n]. (2.36)
Remark 2.1. By [13, Corollary IV.3.12],

inf{Re()) : A € 0(4,)} = —tl_i'rglo M.
The latter fact and (2.36) justify that for each no > 0 there exists w < 0 such that
Rea(A,) > —w > 0 for n € (0, n].
Therefore semigroups {e~4"*}, n > 0, which are analytic in 'Y, satisfy the estimates
HA?B—AntH[J(y’y) < Cpat ™' >0, >0, ne [0, mo], (2.37)
where constant wy, < 0 appearing under the exponent in (2.37) does not depend onn € [0, 770].

In the next lemma we will obtain the uniform bound for {e“e“*i"t,o s
n

Lemma 2.20. For eachn e (0,7*) the following estimate holds

este—Ant m] ly < et HBloyt 450 m] cG,Y, | [ ] ly = 1. (2.38)

Proof: Consider [ } € @Y with || [¢”J [y =1 and take advantage of the decomposition
of the space Y induced by the projection Qg to get

] = @[] + -0 4]
where as a consequence of (2.14)
17 = Go) [&] e = 17 = Qo) [ ] v
= [[(7 = Qo)(@y — Qo + Qo) [37,] Iy (2.39)

(
< = Qollon) Qo — Qull v
< n(2m) TG = Qo vy =: nD.

We then have

[|ecte=Ant [3:] Iy < |lecte= 4, [i:] ly + [Jete=Ant (T — Qo) [d’"] lly
e (e™t = e=0)Gy [$r ]l + e iy, [ 2] 1y
+llete™ (1 = Qo) [ 1] Iy
< Ji(t) + Ja(t) + Js(2)

N

(2.40)
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and, since {e‘A"ﬂQ Lrisa C? semigroup in QnY generated by a bounded operator —A
n

Mgw
with all (finitely many) eigenvalues being negative numbers strictly less than —a, there exists
constant My such that

< llete G [ 91 Iy < Moe™@do [ 2] v ¢ 2 0.
Note that ||Qq { ] Iy < ||QollL(v) and define ¢* > 0 such that

T(t") < (2.41)

AN

All [zz] lie on the unit sphere in Y, which is taken by Q,, into a precompact subset of Y.
As a consequence of (2.11) there exists 7; > 0 such that

Jl(t*) S for all n € (0,771) (242)

Finally, applying (2.39) and the estimate for the perturbed semigroups we find the estimate
J3(t*) < nDest HIBlnt 3: for all n € (0,72). (2.43)
We have thus shown that there exists t* > 0 and n* > 0 for which
le et [ lly <1, [S] € @us [ Sn] v =1

uniformly with respect to n € (0,7*). Decomposing next ¢t = nt* +r and using the estimate
for the perturbed semigroups to find the estimate on an interval [0, ¢*] we derive the required
bound (2.38) uniform with respect to n € (0,7%). g

Remark 2.2. IfY,” := (I —Q,)Y then, because of the relation Q,,Qn =0 (see [17, p. 179]),
we have the equalities

(I . Qn|yn_)yn— = (I - Q.nh,n_)(f - Q,,)Y = (I o Qn i Qn)Ya
Qn|yn_yn_ = Qn(] - Q,,)Y = Qn(I - @y + Qn)y = QnY-

Thus Q,” is a projection on Y,” whereas in our further consideration we will make use of
Yn—

the decomposition
Y=Y @Y, with Y, :=(~-Q,)Y and Y;"=@nY, n€[0,m) (2.44)

Using the notation of spaces as in (2.44) and denoting by {eA 1, {e” Ay 7t} the semigroups
generated by j:A = iA,,] we obtain from Corollary 2.18 and Lemma 2.20 that for all

15



sufficiently small space Y can be decomposed as a direct sum ¥V = Y,y @Yt of two closed
subspaces, invariant under {e=“7t}  for which the estimate

H@—A;tHL(Y,,‘) < Me™, t >0,

holds with constants e > 0, M > 1 independent of n.
Now we need to derive appropriate estimate of {e”eA'T"}. Recall that via (2.15) projection
@, is compact and therefore has a finite rank. Following (2.44) we denote Y= @Y,

0 < 7 < no and observe via Corollary 2.9 that the map S, : Y5 — Yn+ defined by S, [ig] =

A [3;:] Is an isomorphism. We will next prove that

Lemma 2.21. The inverse operators Syt Yd = Yt satisfy

- —0
Zi i+ i+ 0
VT>0 sup HGZEA" th — eiAO tQOHL(Y) TL—L) 0. (246)
te(0,7]

In particular, there exist constants é > 0, m > 1 (independent of n) such that
At —
”e nt'lL(Yn+,Yn+) < me Et, tZ O. (247)
Proof: We first ensure that

IIS,;lllL(y"+7yo+) is bounded independently of . (2.48)

Suppose that there exists a sequence [33’;} with || {ig:] ly = 1 for which HS,;: [3’7”:} Iy g

oo. Then
W] S-1 [in }
’;" =S, — ; s (2.49)
Izt (B e sz [gm Ty

—1 ¢77n
Sﬂn [wnn]
szt | 9 e
converging to some [ ] € Y5, || L‘z] lly = 1. Tt follows from (2.49) and (2.14) that

L m;’:] ~ Spa [vﬁ” Mo o
T Tl s EICA

and { } C Y5" has a convergent subsequence (for which we use the same notation)

My

which is an absurd.
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Having property (2.48) note further that for any [ﬁ:] evr

st [a]-a[n]-stew-an 2]

Thus (2.45) follows from the fact that Q,(I — Qo) = (Qn — Qo)(I — Qo) — 0 in L(Y) (see
(2.14)).
From this we can prove required convergence of the semigroups. In fact, since

2471, = ST Q,Q0+(Qo— ;) e Qy Qo+ (T- Qo) Que™ T QuQo+e241Qy (- Qo)

we have

0
sup He:l:A,,th 1 :i:AnthQOHL ¥) ﬁ:’_> 0
te[0,7]

and it becomes sufficient to show the condition

sup HS e:i:A tQ :i:A tH 77__*__0)0

te(0,7]
The latter however follows from the fact that
Sn-lei,&:;th _ 877—1e¢/i:;t8n _ esn‘l(ifi;)s,,t o1 y0+
and from relation
18,1 (£AD)Sy = (£AD vy
= IS, (EAN)Qy — (£AT)Qo + (Qo — Qn)(EAD vy = 0,

in which we used (2.45), (2.14) and a consequence of (2.10):
(4@ - A0 @ullon = 1557 (1= A7 = T = Ay =3 0

Since Rea(—fioJr) > AT > 7 >r >0 (\" being the first positive eigenvalue of —Ap) then
lerte e (3] v < me M| [ v, £2 0, [J] € ¥

and in particular there exists ¢t > 0 such that

el 18] e v

Y
“erteAOt [i] ”Y < 5

which can be rewritten as

lee Q0 [$] v < 510 [$] I, [$] €7, )

17



Applying (2.50) and (2.46), for § = %e"f and appropriately chosen 7; > 0 we have
7,‘ A+7 rt A+ 7 At+7
lerte 3 g v < (AR, e i) [&] Iy
TA i+¢
+ “6 ter tQO [iz} HY (251)

<@+l [&] I <h[%] I [&] e ¥rne ©,m)

n

In addition, since
" - 1 o
A= A0y = o /F(—I LA = Ay))"1dr

and resolvents are convergent then Af{ are estimated in a uniform topology uniformly with

respect to 7 sufficiently small. Inequality

iri [ ¢ TN, gt 121
e [wZ]llL(yn+)§e w4 e R,

allows us next observe that the norms ||eeAnt [;’Zz] | (v;+) remain bounded on compact

time intervals uniformly with respect to all n sufficiently small. Estimate (2.47) can be thus
deduced from (2.51) via decomposition t = nf -+ r,. O

3 Properties of the nonlinear semigroups

3.1 Local solutions to semilinear damped wave equations

Problems (1.1) will be viewed in the abstract form
]+ A [S1=F(3]), >0, [§],0p = [4] (3.1)

where

(B8] €Y = Hy() x L*(Q) and F([3]) = [,&].
Lemma 3.1. Suppose that f satisfies the condition
[f(s1) = f(s2)] < lsi = ol (1 + [s1]°7" + [s2]P7Y), 51,8, € R, (3.2)

where p =3 if N =3 and p € [1,00) when N = 1, 2.
Then,
i) F .Y =Y is Lipschitz continuous on bounded sets and the problem (3.1) is locally
well posed in 'Y for each n > 0,
i) if furthermore T, (t) [4], 7 > 0, denotes local mild solution (see [18, p. 1/6]) to (3.1)
on'Y, then
Sup 1T (8) [52] = To(t) [%] llv = 0, 7, — 07,

provided that [37],[w] € Y, [ur] =% (%], the solutions T, (t)[%], To(t) [vo] exist and

remain bounded in Y -norm uniformly with respect to t € [0,7] and n € IN.
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Proof: Note that f takes H{ () into L2(£) since ||¢®||12(n) < cQquSH?;{é(Q) for ¢ € Hy(2) and
N < 3. Under our assumptions Lipschitz continuity of F is a consequence of the Sobolev
embedding H}(Q) C L*(Q) and Hélder inequality. The existence of a local mild solution
to (3.1) in Y follows then from the Banach contraction principle (see e.g. [18, Chapter 6,
Theorem 1.4]), which proves i).

As for ii) we first use the Cauchy integral formula to get

T, (2) [52] = To(t) [59] lly < | (e Amt — e—Aot) 07 [y + fle=Amt (%] = [22]) v
/ “ ( —App (t=s) _ e'Ao(t—S)) F(TQ(S) [38])”Yd3

/ le=4m =) (F(T,, (s) [3n]) = F(To(s) [38]1)) llvds for t€[0,7].

By Lemma 2.4 the first term on the right hand side converges to zero. Moreover, thanks to
the uniform bound |le™*7¢|| ) < 1, the second term tends to zero as well. Furthermore,
convergence of both these terms is uniform with respect to ¢ € [0, 7].

The third term is bounded by TSUp[g]eJ sup,.cpo,- Il (€ ~Amt(r) — e=Aot(r)) [ﬁ] |ly, where

= {F(Ty(s)[“]), s € [0,7]} is a compact set. Thus, as a consequence of Lemma 2.4 i),
the third term tends to zero uniformy with respect to ¢ € [0, 7].

The fourth term can be estimated with the aid of the Lipschitz continuity of F' and (3.2)
so that, recalling that ||T;, (s) [“*]|ly < C and ||To(s) [%]|ly < C for s € [0, 7], we get

[ e AT () [22]) = PUToo) (8D
< (1426 [ IT(0) 1521 - To(s) 8] v

What was said above ensures that for arbitrarily fixed ¢ > 0 there exists N, € IN such
that

1T, (8) 3] = To(®) [5] lly < ee™*F2007 4 c(1 4+ 2C%) / T3, (s) [B2] = To(s) [we] llvds

whenever n > N, and ¢ € [0,7]. Applying Gronwall’s Lemma we thus get the estimate
1T, @) (2] = To(®) [%e]lly <&, t€[0,7], n> N,

which completes the proof.
Let us consider resulting from (1.1) equation for v = @ and multiply it by v in L2(Q).
Since the negative Laplacian with Dirichlet boundary condition is self-adjoint we obtain, for

nz0,

d N 1
& (3ol + gl = [ [ f1asde) = =allvlin = iAol
0
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which shows that the function £,
1 1,1 2y o
ED = Glunlom + Il — [ [ reasaz, 1€y, @9

Is nonincreasing along the solutions. If the dissipativeness condition holds

lim sup & < Ay, (3.4)

|s|—o0 S
then via the Poincaré inequality
1
AllullFa) < [AZul|72 g,

we get the estimate
”[g](t,’LLo,’Uo)”y S v 1+’C([‘58D’ (35)

where ¢ > 0 is independent of 7 > 0. Indeed, thanks to condition (3.4)

= Al —¢€
_/Q/O Flo)dsde > =2 a2 ) — M|,

where € > 0 and M = M () is a positive constant. Hence the Lyapunov function £([#]) is
bounded from below, i.e.

w1 € 1 1
LD 2 55 IM e + 5 lwallZam) — MY

and also
L([w3]) = o as |[[81]]ly — oo.

Since we simultaneusly consider the hyperbolic case 7 = 0, note that the above calcula-
tions are valid for classical solutions corresponding to initial conditions chosen from Y'!. This
holds under the assumptions on f ensuring both (3.2) and the property that F : Y — YV
possesses a continuous Frechet derivative (see [18, Theorem 1.5, Chapter 6]); in particular
when

f € C*(R,R) and |f"(s)| < c(1+[s]"), s € R, (3.6)
where v € [0,1] if N =3 and vy € [0,00) if N=1,2. '

Therefore, classical solutions to (3.1) exist globally in time (see [18, Theorem 1.4]) and are
bounded uniformly with respect to ¢ € [0, ©0), 7 > 0, and [}9] varying in bounded subsets
of Y. The mentioned properties are then extended to all initial data in Y based on the
continuous dependence of mild solutions on initial conditions, which result follows from the

Gronwall’s Lemma.
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3.2 Family of global attractors

Consideration of the previous subsection leads to the following proposition.

Proposition 3.2. Suppose that (3.4) and (3.6) hold. Then for each n > 0 problem (3.1)
defines on'Y a C°-semigroup of global mild solutions with bounded orbits of bounded sets. If,
in addition, n > 0 or [2] € Y! then

T,(t) [%] € C([0,00),Y) N C'(0,00),Y) N C((0,00),Y")
and Tp,(t) [43] is a classical solution to (3.1).

For 1 > 0 denote by &, the set of all equilibria corresponding to {T,(t)} in Y. Let wy(B)
be an w-limit set of B C Y with respect to {T5(t)}. If [1‘2] is such that there is a complete
orbit %([i]) passing through [fﬂ let a%([fz]) be a corresponding a-limit set.
Proposition 3.3. Suppose that (3.4) and (3.6) hold. Then
i)E={[W] €Y : uy=A"f(uo), vo =0} is a bounded subset of Y'',

i) The equilibria of {T,(t)} are smooth and &, = & forn 2 0,
iii) wy([%]) C € and ay, ([39]) C € for [W] €Y and each n = 0.
Proof: If ug € H}(Q) and up = A7 f(uo) then (3.4) ensures the estimate
AT ug|| L2y < M§. (3.7)

Since f takes bounded subsets of H{(f) into bounded subsets of L?(Q) we also get the

estimate
| Awoll L2y = I1f (uo)llz2() < sup £ (&) llz2) = M7,

1
||A’2¢||L2(Q)<M§

which proves i).
Concerning ii) observe that & C &,. Next, if [33] € &, i.e. T(¢) [4]
the Cauchy integral formula we get
u - U 1 ! — -5 0 0 0
(3] — e [%]) = Z/O (e [sa0)] = Lruor]) ds + [saun) ] -

Since the first right hand side term converges to zero as t — 0% we obtain that [3] € D(A;)
and

I

[32], then through

~ | —

Hence, v = 0 and Aug = f(uo).

Suppose further that n > 0 and [%] € wy([$]) or [52] € ay([$]). Then L (T;(t) [38]) =
const, consequently its time derivate is zero, so that v = 0. Therefore, T,(t) [W] = =
[“] and ug = A™! f(uo), which proves iii). g

Lemma 3.4. Suppose (3.6) and dissipativeness condition (3.4) hold.
Then, for each n > 0, problem (3.1) defines on Y a CP-semigroup of global solutions
{T,)(t)} which possesses a global attractor A,. Furthermore, |, ., An 1 bounded in Y. In

particular, |, 5o An i contained in a ball in'Y of radius rg 1= SUp[uo]ee cy/1+ L([28]).
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Proof: The part concerning existence of attractors is known (see [2] for n = 0, [6] for n > 0).

Ifn>0and [4] € A,, then there exists a precompact complete orbit passing through
[voy |- Denoting it by v, = {T,(t)[%"], t € R} we have that [vog ] = T,(k)T,(—k) [ %] for
arbitrary k € IN. Sequence {T;(—k) [, ]} possesses a subsequence {T,(=k1) [wor ]} conver-
gent to certain element [33 ] of a., ([4or ]). The latter property, (3.5) and conditions iii), (3.7)
of Proposition 3.3 ensure that for each k;

1055 lly = Ty (k) T(—k) (S22 ly < /14 LTy (=) [220])

and, therefore,

Gyl < lim /14 £(Ty(=k) [37]) < v/T+ L(TR]) < 7e.

kl—->00

The proof is thus complete. 0
We will next show that

Lemma 3.5. Under the assumptions of Lemma 3.4, for eachn > 0, any complete orbit lying
on Ay is bounded in Y. If, in addition,

lim M =0 when N = 3, (3.8)

|s|—o0 5‘2
then Une(O,no) Ay is bounded in Y for each ny > 0.

Proof: We will focus on the space dimension N = 3.

Fix7 > 0, choose [ 407 | € A, and consider any complete orbit Tl[ver ) = {T ) [3], t €
R} passing through [3"] and lying on A,. By the smoothing properties of the semigroups
generated by abstract parabolic equations it is known (see [10, Lemma 3.2.1]) that Yo([ver])
is bounded in Y!; i.e.

sup [ [§] llvr < My, (3.9)
MEXEY)
Thanks to the embedding
9l < callllmzq),

we have the estimate

Hv[f(Cb)]”LQ(Q) = l‘f,(¢)v¢l'L9(Q) < ”V(f’”LZ(Q) sup lf'(s)].

,SI<CQH¢HHQ(Q)

Therefore F' takes bounded sets of ¥'! into bounded sets of Y, and based on (3.9) we then
have
sup  [[F([2])llys < MF.
MEAED)
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Using the Cauchy integral formula and (2.37) for [i} € ([wer]), t > 0, we obtain

el 1 ¢ ewn(t"s)
A0 [ < e SPIAT (8] + [ g s lAnP @) [§Dlves.

Since the orbit ([ ver ]) is invariant under the semigroup {T,(t)}, this and (2.1) leads to the
relation

1 1
sup AT [ lv= suwp AT [$] v
[3]6%([1}0”]) [i]e%([%g;’])
1 pwn(1-5)
< Cn,%e“’nMn + Cn,%deCn/O 1 S)%ds.

Hence 7,([427]) is precompact in Y'. Hence, there exists a subsequence {T,(=ki) [vor 1}
convergent in Y to an element of the a-limit set a, ([u]) C €. Since £ is bounded in Y!
we are able to obtain Y!-bound on the attractors, uniform with respect to n € (0,7m). In
fact we will get the Y'! estimate of complete orbits v, ([ vy ]) lying on the attractors based on
the estimates of the solutions with initial conditions T, (—k:) [ v, | chosen arbitrarily close in
Y'!l-metric to the set &.

Following this scheme, we have

t
To(8) Ty (ki) [0n ] = e T (k) (a7 ] +/ e~ =) B (T () Ty (—k1) [0y 1) ds
0
and, choosing e > 0, we find certain N, € IN such that for all k, > N, and 7 € (0,m0)
1A Ty (O T (k) [son v < lle™ oy ATy (—Ko) [uey ]l

bt / =49 | Ay F (T (5) T =) (222 Dl s

t
< cet(ME +¢) + / e Ay F (Ty(s) Ty (= ki) [vor )l v ds.

0

If we let T,,(¢)T,(—k:) [vor ] =: [wn] and use (3.8), which reads
Vus030,>0 Veer! |f'(s)] < ViSIZ +C,
then, for each n € (0,7,), we have

1Ay F(Ty (&) To(=k2) [ Dlly = 1A F ((52]) lly = 14y [ sun ] v < CrollVF () lz20ey
s Cno“fl(un)vun”LQ(Q) < Cn0||(ylun‘2 + CV)|VUUHIL2(Q)-
Recalling the estimate of Lemma 3.4 we next have
14, F (5 ly < vCrollugliZo@l Vtiallzog@) + CroCull Vinll 2oy
< const(no) (vl Ay [v7 ]y + Co) -
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As a consequence, for 7 € (0,17,), we obtain
t
1Ay [0 ] lly < e(MF +¢) + const(no)/ e’ W)\ 4, [ ] llv + C.) ds,
0

where w < 0 is as in (2.36). Adding supremum and estimating, we find that

onst i const
(1000 qup i, 51y < 4 - ),
w t€[0,00) w

which for sufficiently small v > 0 provides the estimate

sup |4, [v; ] lly < M,
t€[0,00)
where M > 0 is independent of n € (0,7). Since we denoted T ()T (—Fki) [ ] =: [47] the
above consideration ensures that for any 1 € (0, mo) and arbitrarily chosen [,07] € A, we
have the uniform bound

[ An [voy 1y < M.

By Proposition 2.1 vi) we thus conclude that

sup  sup ||[57]]lyr < d7'M,
n€(0,m0) [’;jgg]eA,,

which completes the proof.

Corollary 3.6. Under the assumptions of Lemma 3.5, for each ny > 0, Une(O,no)AU S
precompact in Y.

4 Upper and lower semicontinuity of the attractors

In the light of the results obtained in Section 3 the attractors A,, n >0, are upper semicon-
tinuous at n = 0. Indeed, if this is not true then there exist M — 07 and [y ] € A,, such
Uony

that inf[uo]er | [vone ] = [%5]lly > €. Based on Corollary 3.6 one can choose a subsequence
vo

{[qu";‘t }} convergent in Y to certain [‘;g] € Y. Lemma 3.1 allows then to show that there

is a complete bounded orbit of {Ty(t)} passing through [39] and lying on Ay, which leads
to a contradiction.

For the lower semicontinuity note first that, under assumptions (3.4), (3.6) the semigroups
{T,,(t)}, n > 0, are gradient systems (see [14, Definition 3.8.1] or [15]). Suppose further that

equation u = A7' f(u) has only finitely many solutions v, . . ., ug, € Hy (). (4.1)

Under the above assumption attractors A, corresponding to {T;,(¢)}, n > 0, can be described
as

Ay =W, n >0, (4.2)
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where W2(["5]) is the unstable set of [ “)¢]; i.e.
W% ]) = {[ | €Y;T,(—2) [iﬂ exists for ¢t >0 and T,(—?) [g] — [“] as t — oo}
Proposition 4.1. Suppose (3.4), (3.6) are satisfied. If

)

0 ¢ o(=A+ f'(uo)
then (4.1), (4.2) hold.
Proof: Note that if [“] € Y is an equilibrium of {Tp(t)} then vo = 0, ug = A™" f(uo) and

0¢ o(—A+f'(up)). Consequently Id—A~'f'(uo) : Hy(Q) — Hy(R) is a linear isomorphism.
Since A7V f : H}(Q) — H}(Q) is differentiable we obtain that

6 — A7 F( D)l sy = 16 — uo + A7 fwo) — A7 f(D) |
¢ — uo — (A1 f) (o) (¢ — uo) + 7 (uo, & — o)l mya) (4.4)
> |(I = A7V (u0)) (b — wo)llmy ) — I (uos @ — wo) |3

where [|7(uo, ¢ — wo)llma(eyllé — u0||;1(1%(m — 0 as ||¢ — uo|l gy — 0. Fix  bigger than the
norm of (Id — A=!f'(ug))~! and choose arbitrary € € (0, €p). Then the first term on the right
hand side of (4.4) is bounded from below by €[|¢ — uol| (@) for all ¢ € H}(Q). The second
one becomes less then ge[|¢ — uol| g3(q) whenever ¢ belongs to certain neighborhood of ug in
H}(S). Therefore ||¢ — A7 f(¢ )||H1 @) = 3€ll¢ — uoll gy (o) in the latter neighborhood, which
shows that the equilibria of {Tp(t )} are 1solated points of H;(£2). Since all these equilibria
belong to the compact attractor Ay their number needs to be finite. g

whenever ug € HY(Q) and ug = A7 f(w), (4.3)

Recall that the proof of upper semicontinuity of {A,,n > 0} at n = 0 was based on the

fact that from each sequence {[d’”" ]} of elements w’;ﬂ € A, we were able to choose a

subsequence convergent in Y as 7, — 0% to certain [ﬁg] € Agy. To justify lower semiconti-

nuity we will ensure that each element [ ] € Ay is a limit in ¥ of a sequence {[¢”" ]} as

N, — 0%, where [¢”"} €A,

Since under the assumptions (3.4), (3.6), (4.3) we know that the attractors exist and
possess the structure stated in (4.2) the unstable manifold technique can be applied (see
Appendix) and the lower semicontinuity result of Theorem 1.1 follows. Indeed, let us fix
any nonequilibrium point [ig] € Ay. Then, there exists a complete orbit fyo([¢°]) =

{To(¢) [ °], t € R} through ["Sg} such that, Ty(t) [ °] =[] € € as t = —oo. Note that
up is sueh that Aug + f(up) = 0 and that ug € LOO(Q) Rewrite (3.1) as

d
18]+ 4, (31 =1 (3)), (45)

where



and
RGN =F (3 +[T) - F e - F(%]) (2]
Then, the conditions of Propostition 5.3 hold. As a consequence of that, a point [ig] €

fyo([ig]) (To(tg) [Z‘;J - [gg} , to > O) can be chosen which can be approximated by a se-

quence {[3;’: } }, where 1, — 0 and [g;:} is in the unstable set of [“0"]. Thus there exists
a complete orbit -y, ( mzz ]) = {T, (t) [3;’:] ,t € R} through each such [gz: ] and it lies on

the corresponding attractor A,.. As aresult of Lemma 3.1 the point [{’Zg] is in fact a limit

of a sequence of points T}, (t,) [f;:”: } Since we ensured that T;, (¢o) m;’z] € A, forneN,
the proof of Theorem 1.1 is complete.

Corollary 1.2 follows as a consequence of lower semicontinuity of attractors and (uniform
with respect to the parameter) Y'-estimate of the attractors reported in Lemma 3.5.

5 Appendix: Existence and continuity of local unsta-
ble manifolds

Let Z be a complex Banach space and A : D(A) C Z = Z be the generator of a strongly
continuous semigroup {e** : ¢ > 0} of bounded linear operators such that the set o+ — {re
o(A) : ReA > 0} is compact. If v is a smooth closed simple curve in p(A)N{\ € C: Re) > 0}
oriented counterclockwise enclosing ot let

_ 1
" omi

Q=9Q(c") /(/\I —A)"td) (5.1)
v
and define Z* = Q(Z) and Z~ = (I — Q)(2), A* = A, Tt is clear that Z2 = Z+ @ 2,
that A~ generates a strongly continuous semigroup of operators and that A* € L(Z%).
Assume that
”6'4+tHL(2+) < Me“t, 1 S O,
I'G'A_t”L(z—) < MG_Wt, t Z 0
Let h: Z — Z be a continuously differentiable function which satisfies h(0) = 0 and
h'(0) = 0 € L(Z) and consider the initial value problem

z = Az + h(2),
2(0) =2 € Z.

(5.2)

(5.3)

In this equation, in a small neighborhood of z = 0, the nonlinear part has small Lipschitz
constant. Let us consider what happens when we neglect the nonlinearity; that is,

y=Ay

y(0) = yo. (54)

For yo € 27, the solution y(t, o) of (5.4) exists for all negative time, y(t, yo) “==5° 0.
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When we perturb (5.4) with the very small nonlinearity f we should observe solutions of
(5.3) that exist for all negative time and converge to z = 0 as t — —oo. Of course the initial

data for which such solutions exist will no longer be in Z* but in a nonlinear manifold near
it.

L vez+

Figure 1
Definition 5.1. The unstable manifold of the equilibrium solution z =0 to (5.3) is the set
W*(0)={ € Z: there is a backward solution z(t,C) through ¢ such that tlim 2(t,¢) = 0}
——00

If 2 is a solution to (5.3) we write 2+ = Qz and 2z~ = z — 2™. Thus we have
b = Atpt -+ H(zt, 27 ) (5.5)
7 =Az +G(ZF,2) '

where H(z*,27) = Qh(zt +27) and G(z%,27) = (I — Qh(z" + z ).

Since we have that, at (0,0) the functions H and G are zero with zero derivatives, from
the continuous differentiability of H and G we obtain that given p > 0 there exists § > 0
such that if ||z7||z + ||z7 ||z < d, we have

HH(Z_*—?z-—)HZ < P
IIG(z+7Z—)l|Z < P (5 6)
| H (=%, 27) — H(Z", 27) ||z < p(ll2* = 2|z + |27 = 27 |l2), '
IG(z+,27) = G(E5, 27) ||z < plllz* = ¥z + |27 — 27 ]l2)-
We can extend H, G outside ball of radius § in such a way that the bounds (5.6) hold
forallzt € Z+, 27 € Z~.

Remark 5.1. The procedure to extend a function g defined in the ball of radius § in such
a way that it becomes globally Lipschitz continuous without changing its Lipschitz constant
is the following. Given a function g :V x Z — W, where V,Z and W are Banach spaces,

define
g(z+az_)a HZ++Z_HZ gd
§zt dz~ =
- (||Z++Z'|lz’ l|z++z—||z) et +27llz > 6

The Lipschitz constant gs is the Lipshitz constant for g restricted to the ball of radius ¢.

g5(z7,27) =
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5.1 Existence of unstable manifolds as a graph

With the notation above, the equation (5.3) can be rewritten in the form (5.5). Assume that
H and G satisty (5.6) for all 27 € 2%, 2~ € Z~ and let W*(0) be the unstable manifold of
equilibrium solution (¥, 27) = (0, 0) to (5.5). We will show that for a suitably small p > 0,
there is a function X' : Z* — Z~ such that

W*(0) = {(z*,27) : 27 = Z*(z"), 2t € 2*}

where X" : Z* — Z~ is bounded and Lipschitz continuous.

We observe that we are looking for a function £* such that if Z > (¢, Z*(¢)) then the

solution of (5.5) starting at z*(r) = ¢, 27(1) = £*(¢) stays in the graph of 5* for all

positive and all negative time. This means that 2~ (¢) = 2*(z*(¢)) and that, for all ¢ and
(5.5) becomes

zt = Atzt + H(z%, Z*(21))

27 = A2 + Gz, Z*(2T)).

The solution (2*(t), 27 (t)) must go to zero as t — —oco and in particular it must stay
bounded. Since

(5.7)

27 (t) = eA 0t - (1) + / | e IG (2% (s), Z* (27 (5)))ds,

to

making ¢, — —oco, we have that
() = 2 0) = [ A G, B o)),
in particular
Q) = ) = () = | AOIG( (5), 5 ().

After proving that the graph of X is in the unstable manifold of z = 0 we need to verify
that any solution which is in the unstable manifold must be in this graph.

Proposition 5.2. Assume that the above conditions are satisfied. Then, there exist function
I ZT — Z7, such that the unstable manifold W(0) to (5.5) is given by

W*(0) = {w € Z : w=(Qu, Z*(Qu))}.

Proof: In order to show the existence of such function 5* we will use the Banach contraction
principle. Let D >0, L >0 and 0 <9 < 1 be given and choose py > 0 such that

4 < D,
My <<t
pMP(1+I) (5.8)

w—pM(1+L)

2w—pM(1+L)

28



for all 0 < p < po.
For positive constants D and L, let LB(D, L) be the set of all globally Lipschitz bounded
functions X : Z* — Z~ satisfying

sup [|Z(z")lz< D, ||15(z") = S(E)lz < Lllz" - 27|z (5.9)

ztezt
For ¥ and X in £B(D, L) we define their distance || X — 2 as

15— 51 = sup 15(*) = Sz

It is easy to see that with this metric LB(D, L) is a complete metric space.

If 2+ (t) = ¥(t, 7,¢, X) be the solution of

d—;;— = ATzt + H(z*, Z(z")), for t<T7, 27(1) =, (5.10)
we define ,
8(5)(C) = / A T=IG (1 (5), D(2* ()))ds. (5.11)

In what follows we will show that, for p > 0 satisfying (5.8), the map ® takes LB(D, L) into
itself and is a strict contraction. Hence it has a unique fixed point in LB(D, L).

Note that by (5.2) one has

18(2)()]lz < /

v M
pMe“(T=8)ds = p_w— (5.12)

From the choice of p we have that, |®(X)(-)||z < D. Next, suppose that 2" and 2‘ are
functions satisfying (5.9), ¢, ¢ € Z* and denote z*(t) = ¥(t,7,(, ), zZH(t) = ¢¥(t,7,(, ).
Then,

) -3 ) =TI -0 + / tef“ =)[H(z*, £(z%)) — H(zF, £(z1)))ds.
With some simple and standard computations we obtain
2% (8) — 2 (1)l z < Me*D|I¢ - CllﬁM[ew“‘”HH(zﬂ Z(z*)) — H(z+, 2(27)) || zds
< Me*®||¢ = (llz + pM/tTe‘“’(“s) (IIE(z+) = Z(E)z + et 2+|Iz) ds
< Me?®|I¢ = Iz + pM/tTe‘”“‘” (ll2(2+) = 2(Ez+ 1+ D)l - 2+Hz) ds
< Met=||¢ = {2 + pM / "9 (L4 Dll#* = Iz + 12 - 21) ds

< Met=D||¢ = Cllz + pM(1+ L)/ e (t=9)| |zt — 3%| zds + pM || Z — )im/ e“(t=s)ds.
t t
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Let ¢(t) = e ¢=7)||2*+(£) — 3+(¢)|| 5. Then,
B(t) < MIIC = Cllz + pM / &N ds| 5 — £ + M p(1+ L) / o(s)ds.

By Gronwall’s inequality

T

I0) = (0l < [MIC = Gllze 47+ pbt [ e=s 7 — Fje-etrrvne=r
<IMIC ~ lz + pMwH 52 Spje-eraenie-n)
Thus,
I12(2)(0) = #(E)Ollz < M [eI)G(z+, D)) - G+, £ ds
<oM [ e (15(%) - ZEl + e - 541 ds
<oM [ e [ Dt - 5z + 15 - 5] as.

Using the estimates for ||z* — 7¥||z we obtain

pM(1+ L) pM?*(1+ L)

i pM = -
12(2)(0) - 2(E)Ollz < & [1+w~pM(1 21z - 21+ 2 arrn =
Let
_pM pM(1+1L) pM _ pM*(1+1L)
Ie="0" [1+w—pM(1+L)J S Lhdi and I<_w—pM(1+L)'
It follows from our choice or p that I < 9 and I < L and
12(2)(C) — () (Dllz < LK = {llz + 911 = — 2. (5.13)

The inequalities (5.12) and (5.13) imply that ® is a contraction map from the class of
functions that satisfy (5.9) into itself. Therefore, it has a unique fixed point I* = ®(X*) in
this class.

We now prove that {(z*, Z*(2%)) : 2+ € Z*} is invariant. Let (2f,25) € W*(0),
zp = XZ*(27). Denote by z**(t) the solution of the following initial value problem

Fr= ATt + H(zY, 2 (2Y), 2H(0) = 7.
This defines a curve (2%"(t), Z*(2*"(t))), t € IR. But the only solution of
= A+ G (), B (1)),

which remains bounded as t — —o0 is

() = /_ e EIG (2 (5), B (2 (s))ds = T (2 (1)),

oo
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Therefore, (277(t), Z*(z+*(t))) is a solution of (5.5) through (2, z;) and the invariance is
proved.p

In what follows we will prove that, if H and G satisfy (5.6) for all (2%,27) € Z with p
suitably small and if (z*(t), 27 (t)), t € R is a global solution for (5.5) lying in W*(0), then
2= (t) = £*(z*(t)), for all t € R. To that end we will show that there are constants M > 1
and v > 0 such that

27 (t) = Z* (2 ()2 < MeT 27 (o) = Z*(* (to))llz,  to S (5.14)

Making to — —oo we obtain that z7(t) = £*(z7(t)) for each ¢ € R.
Let £(t) = z=(t) — X*(2*(t)) and yT(s,t), s < ¢ be the solution of

gyt = ATyt + H(y™, Z*yt), s<t
yt(t,t) = 27 (t).

Hence,

ly*(s,t) =z (s)llz =

[ I 0,0, 5 0,0)) ~ H* 6), 57 (0))ds

t Z

< out [0 [0+ Dl 0.0 = Oz + 15 O) - 7 O)lz] 8
< put [ 00 [0+ DIy 60) - = Ol + IEO)s]
If 2(s) = e lly* (5,2) — 2 (5)
() < oM+ D) [ 2000+ oM [ @)zt s <
Using Gronwall’s Lemma we have
9 (5,8) = @)z < pM [ IO e)cdt, a<t (319

Let s < to < t. Then,
Iy (s,8) = v* (s 1)l = [[ 4"y to,8) = #* (1]

/ T AT H (0, 8), 5 (y* (6, 1)) — H(y¥ (0, 10), T (y* (6, 1)))]d0

to

o

A

t
< pM2ew(s—to)/ e—(w—pM(1+L))(0—to)Hg(@)szg

to

to
b ont [ D Dl 0.0 - v 6 o)t
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Using Gronwall’s Lemma we have

t
ly™(s,8) = 5™ (s, t0) |2 < pM?/ ~mp M09 ¢(0)]| 5o (5.16)

to

In what follows we use this to estimate £(t). Note that

£(t)

— UM () = 27(8) = Z(2H (1) — e 2 (1) — B (2 (b))

A
[ G ), () — 5 (1) + A5 )

NG s), 2 (s = [ A6 (5,0, 2, )

to o]

eA_(t—to)/to eA—(to—s)G(wa(s,tO),Z*(y+(5,t0)))ds
[ NG (), 7 (6)) - Ol (5,8), By (s, )N
‘/—to e'A_(t_s)[G(y+(8, t), 2*(y+(3, t))) = G(y+(8, to), Z*(y+($, to)))]ds

Thus, using (5.15) and (5.16),

1€(2) —

N\

/N

N\

e ) g (1) 2
t

pM “E Il () =yt (s Dz + 127 () = B (y* (s, 1)) 2] ds

to

pM(1+ L) / T ey (5, 1) = (s, 1) | 2

oM / “IE(s)lzds + pM(1 +L) [ eIt (5) (s, 2ds

to

pM(1+ L) / =9 lyH (s, 8) — y* (s, t)| s

—00

t
oM / e~=9||£(s)] 2ds

to
t t
pPPMP(1+ L) / e-wa-sy e~ LmPMUFLNO=9) () || zdbds
to S
to t
PP M3(1+ L) / g (i) / e~ (mPMOELIO=5) 1¢(9)|| zdbds

to
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so that
I1€(t) — et ()]l 2 < PM/ “(=9))1&(s)] zds

%)
+ 2M2(1+L) —wt/ —(w—pM(1+L) 0“&( )Hz/ e(2w—-pM(1+L))sd8 do
t

to 0
to

t
+ p2M3(1+L)e—wt/ 6_(w_pM(1+L))9H§(9)|Iz/ e(2w—pM(1+L))std0

to —00
2 2 t
pPPME(1+L) / ot
< M w(t—s)
oo+ 2| [ e el
PM3(1+ L)

t
—w(t—to) —(w—pM(14+L))(6—to)
% — pM(A+L)° /to ¢ lE(6)llzd5

and therefore

it 2M2(1+ L v
HOe@lz < MGl + o + LA [ eea)

27013 t
P M (1 + L) / —(2w—pM(1+L))(5 to w(s—to)
2w —pMA+L) 1€(s)l|zds

MA1+ L)1+ M g
< Mgz + [prr+ EEEEDELD] [F etelegs)izas

From Gronwall’s inequality we have that
€)1z < M€ (to)l|z €77 (5.17)

where

B p?M?*(1+ L)(1 + M)
1w {pM%— 2w — pM(1+ L) ]

This proves (5.14) and consequently z~(t) = Z*z*(t) for all ¢ € Rg

5.2 Continuity of unstable manifolds

Let Z be a complex Banach space and A, : D(A4,) C £ — Z be the generator of a strongly
continuous semigroup {e"* : ¢ > 0} of bounded linear operators and that there are constants
M >1 and @ > 0 such that

lleA!||iz) < Me™. (5.18)

Let of = {\ € o(Ay) : ReA > 0}. fyisa smooth closed simple curve in p(Ag) N {) €
C : ReA > 0} oriented counterclockwise enclosing oy, assume that there exists no such that
~is in p(A,) and encloses o;F for all 0 < 7 < no. For 0 < n < g let

1

n _Qn( ) B

1/(AI At (5.19)
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and define Z = Q,(Z) and Z; = (I - Q,)(2), A = Ay . It is clear that 2 = ZF @ Z-,

that A, generates a strongly continuous semlgroup of operators and that AY € L(ZF).
Assume that there are constants M > 1 and w > 0, independent of 7, such that

[le? ”tHLz+ < Me*, <0, (5.20)
le* ! 1z < Me™t, t > 0.
Assume that Q, converges to Qg in L(Z) and that etz converges to e”otz umforrnly
for ¢ in bounded intervals of [0, 00) and for z in a compact subset of Z and that e47 10O
converges to et Q2 uniformly for ¢ in bounded intervals of (—oo, 0] and for z in a compact
subset of Z.
Let h: Z — Z be a compact function which satisfies h(0) = 0 and consider the initial
value problem
z= A’IZ + h(z))
2(0) =2 € Z.

Consider the decomposition of a solution to (5.21) as zy (1) = Qy(2(t) and 2, (¢) = (I -
Qy)(2(t)). Then

(5.21)

gf = Atzt + Hy(25, z7),
Z"—.Az —I—G’(Z,zn) (522}
where Hy (27, 27) = Quh(z} +27) and G, (zF 20, 2y) = (1= Qp)h(2f +27). Let D >0, L > 0,
0 <6 <1and p> 0 satisfying (5.8). Assurne that
“HT)(Z;;*_7 n )”Z <P
1Gn (27, 272 < (5.23)
1Hy (2, 20) = H(Z, 27|z < olllsf = 2511z + 127 = 27 12), '
1Gn(z7,27) = Go(Z7 . 27) 1z < p(HZ+ - Z+Hz +lz — 27 l2).

for all zf € Z*+ and 2, € 2
Proposition 5.3. Assume that the above conditions are satisfied and (5.8). Then, there
exist a function Ty : ZF — Z,, such that the unstable manifold W3H(0) of the equilibrium
solution (2, z;) = (0 O) to (5. 22) is given by
Wi0)={weZ:w= (Qyw, 2o(Qnw))}
and for any ¢, € 2+, n > 0,
T = [ eRIG a9, 5y ot 51

(o0}

If in addition we suppose that py > 0 is such that

pM N pP*M*(1+ L) 1
w  w@w-pM(1+1L)
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for all p < po, then for any r >0,
sup {11Q4(2) = Qo(2)1z + 1Z5(Qn(2)) = £5(Qo(2))llz} =3 0

zEZ
llzllz<r
Proof: Note that

127(20(2)) = Z5(Q(2))llz < 1155(Qn(2)) — 27(20Q0(2))l|2
+ 125(2rQ0(2)) — 25(20(2)ll2
< L||Qy(2) = Qo(2)llz + 125(27R0(2)) — Z5(Qo(2))ll2

and from the uniform convergence of resolvents that

sup [1Qy(2) ~ Qo(2)llz 2o

IIZI|z<T

It remains to prove that

sup || Z2(Q4(2)) — Z3(2)llz 3 0.

zezgr
llzllz<r

Let z € Z§ with ||z||z < 7, then

T

£1(Q2) — 55(Qu7) = / 479G (2F, T1(+))ds - / 45 =9 Gy (2, T (o) )ds

—0o0

T (I = Qh(z, iz )ds — [ eI = Qo)h(ag, T (a)ds

eI — Q) h(zf, Zi(2F))ds ~/

—0Q

e ™I — Qo) (I — Qy)h(2f, Z5(2d))ds

S S

i

e T (I — Qo) Quh(2, g (7)) ds

+
T—
8

3

[,4,773([ Qn)—e o (T=3)(] — Qo)}(l_gn)(rJJr’E;( )ds

*é

451 — Qo) [(I — Qu)h(zt, B(2%)) = (I = Qu)h(ag, T ()] ds

—0o0
T

e T=)(T — Qo) Quh(zf, Z5 (27 ))ds

+
— S —

—00

Let

II
\*8\\

(4701 = @) = M (I = Qo) | (I = Qu)A(z7, Ey(="))ds

"8

e (T=9)(I — Qy) [(I— Qn)h(z;,ﬂ;(zﬂ) — (I — Qy)h(z7, X5 (2 ))] ds

e’ "= (I — Qo) Quh(zg , To(29))ds

H

3
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Since f is a bounded map and since (1 — Q,) Qo converges to zero in the uniform operator
topology we have that I3 converges to zero uniformly in z € Z. To see that I; converges to
zero uniformly for z € Z with ||z||z < 7 it is enough to note that we have convergence of the
linear semigroups uniformly in compact subsets of Z, uniform exponential decay rates and
that f is a bounded and compact map. Also note that

Bl < oM [ e (27 (6) = 25 (s + 15528 6)) = (a3 (D] ds
< oM [ eI [0+ Dl 6) — e+ 155(Q05 5) — Zi G (9)]z] s
< pM+L) / Nt (s) - 2 s)lads + 20T, ~ Tl
where
15 = 5k = w0 153(Q0e) - 53055l
llzg llz<r

After these we obtain that
|23(902) = Z5(Q2)l,; < o(1) + &HZ; — Z51,
oM +I) [ e (s) = 2 ()]s

—0oQ

(5.24)

To prove that I»(n) converges to zero uniformly for z € Z with ||z]|z < r we need to
estimate

sup stupllz (t) — 25 (t)] 2
Idegr 'S

To prove this we first note that

ZH(t) = e ”an+/ A E=Q h(7+(5), 52z (5))) ds.

Proceeding as in the proof of (5.28) we obtain that
Iz ()lz < MeW=PMOUHE=)| g 4 ;. (5.25)

When 1 = 0 we may assume, without loss of generality, that M = 1.
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It remains to estimate ||z (t) — 27 (¢)]|z. Note that

55 6) — 25 (@)= < [ Qpe = A 00|

_|_.

<

N\

[ e300 Quptag (s), Zi(er (o)) = 4579 Quhag (5) 5 o) ds

zZ

e‘AU-*—(t_—T) an _ eAE)F(t—T) QOZH
zZ

t
[ 400, - M0 i (5), Zi e (o))

A

[ A0, (b5 (), B35 e))de = bl (), Ty ()]

zZ
o(1) + pM/t e[|l (s) — s3 ()12 + 155 (2 (8)) — Zg (25 (5))|z] ds

o(1) + pM /t et [(1+ L)||2; (s) = 23 (8)lz + 125(Qnz5 (5)) = Zg (=5 (s))ll2] ds

[ A " (s
o) + 2Ly 55— 5+ M+ 1) [ Iz o) - 2 (5
t

Using Gronwall’s inequality we obtain that

M
lzy () = 25 ()llz < [o(l) + p—w—mz;; _x M Sw—pM(L+L))(t=7)

Applying (5.26) to (5.24) we obtain that

155(Q02) = Z5(Qo2)ll; - < o1) + £FNZ5 — Zils
+pM(1+ L) / e~ (2o=pMQFL(T=9) [o(1) + EXL| 2 — T3], ] ds

—0o0

M 2M2(14+L ¥ *
<o) + [ + LD |15 - Sl

From these it follows that

* * 1 * *
125 = Zill- < o(1) + 51125 = Zoll:

and the result is proved.q

5.3 Conclusion

(5.27)

In this section we use the results in Section 5.1 and Section 5.2 to obtain the existence and
continuity of local unstable manifolds for the case when h is only a continuously differentiable
compact function.
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Let Z be a complex Banach space and A : D(A) € Z — Z be the generator of a
strongly continuous semigroup {e* : t > 0} of bounded linear operators such that the
set 07 = {A € o(A4) : ReA > 0} is compact. Let Q be given by (5.1), 2+ = Q(Z),
Z==(I-Q)(2) and A* = A .. It is clear that Z = Z* @ Z~, that A~ generates a
strongly continuous semigroup of operators, that A+ € L(Z*) and assume (5.2).

Let h: 2 — Z be a continuously differentiable function which satisfies #(0) = 0 and
h'(0) =0 € L(Z) and consider the initial value problem (5.3)

Proposition 5.4. Assume that the above conditions are satisfied. Then, there exist a neigh-
borhood V of z = 0 in Z and a function * : Z¥ — Z* such that the local unstable manifold
Wik (0) is given by

loc

Wiec(0) =W*0)NnV ={w eV :w=(Qu, 2 (Quw))}.

Proof: According to Remark 5.1 and Proposition 5.2, we only need to ensure that, given
0 > 0 there is 0 < ¢' < ¢ such that any solution (z*(t), 27 (t)) on the unstable manifold
which satisfies [|27 (¢0)(|z + [|27(to)||z < & satisfies ||2*(t)||z + ||z~ (¢)||z < 6, for all t < t,.
It is easy to see from the fact that z*(¢) is the solution of

zt = Attt + H(2T, Z*(2T (), t<to,
and from the variation of constants formula that

127 (@)l 2 < MelemPMUFHENE=R)|| o+ (1)) 5 (5.28)

and
127 (Ollz = |27 (2% (1))l 2 < MLel=PMO+INE=t0) || 1+ (1) 2.

The proof now follows easily.

Let Z be as above and A, : D(A,) C Z — Z be the generator of a strongly continuous
semigroup {e"": ¢ > 0} of bounded linear operators satisfying (5.18), n > 0.

Assume also that the set o;F = {\ € 0(A,) : ReA > 0} is compact and bounded uniformly
in 77 and that (5.20) holds. Let Q, be given by (5.19), Zr=Q(2), Z2; = (I- Q,)(2)
and A,f = A,zi. It is clear that Z = Z7 @ Z;, that A, generates a strongly continuous
semigroup of o;)erators and that A" € L(Z}F).

Assume that Q, converges to Qp in L(Z) and that e“"'z converges to e“otz uniformly
for ¢ in bounded intervals of [0,00) and for z in a compact subset of Z and that eA’Tthz

converges to eArT‘Qoz uniformly for ¢ in bounded intervals of (=00, 0] and for z in a compact
subset of Z.

Let h: Z — Z be a continuously differentiable compact function which satisfies R0} =0
and h/(0) =0 € L(Z). If we consider the initial value problem (5.21) then, as a consequence
of Proposition 5.4, the following result holds
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Proposition 5.5. Assume that the above conditions are satisfied and that (5.8) holds. Then,
for eachn > 0, there ezist a neighborhood V of 2 =0 1n Z (independent of n) and a function
Iy 25 — 27, such that the local unstable manifold Wy o := Wi(0) NV is given by

7111,10(:(0) = {w = V W= (an,Z;(an))}
and for any ¢, € Z5,n =0,
Zie) = [ A0IG( 6), Zylad (s
If in addition we suppose that py > 0 is such that
2172
{pM L_P M*(1+ L) ” 1

w  w@w—pM(1+L)] 2

for all p < po, then
sup {110:(2) = (2)llz +1175(@(2)) - T (=} 73 0
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