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ZETA INVARIANTS FOR DIRICHLET SERIES
M. SPREAFICO

ABSTRACT. Neste artigo ¢ introduzido um método para obter os principais
invariantes zeta para uma classe de series duplas do tipo Dirichlet. O método
¢ aplicado as series homogéncas quadrdticas ¢ lincares.

We introduce a general method to obtain the main zeta invariants for a class
of double series of Dirichilet type and we apply it to the case of homogeneous
quadratic and linear double series.

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

Let n be a 2-dimensional integer vector in N(; where Ng = {1,2,3,...}, and A
a (real) symmetric matrix of rank 2 whose associated quadratic form is positive
definite on Ng. Then, consider the zeta function of the complex variable s defined
by the series of Dirichlet type

Ca(s34) = Z (71,7“—171‘)_‘“7

o

neNg
when Re(s) > so, for some s (depending on the matrix 4), and by analytic con-
tinuation elsewhere. The aim of this work is to obtain the first coefficients in the
Kronecker limit formula for ¢»(s;.4) near s = 0. Our result is stated in Theorem
1 of Section 3, where we shows that the analytic continuation of (»(s; A) is regular
at s = 0, and we give the values of (»(0; A) and (5(0; A). The proof of Theorem 1
is based on a more general lemma, Lemma 1 of Section 2. that provides the first
coofficients in the Kronecker limit formula at s = 0 for the zeta function associated
to a more general class of double series of Dirichlet type, whenever some cocfficients
in the asymptotic expansions of some associated spectral functions are known. We
conclude this section with a brief overview on this subject and on the motivations
for our analysis.

Let S = { A\, }nen, be sequence of non vanishing complex numbers with unique
accumulation point at infinity and with finite exponent so. Then we define the
associated zeta function by the sum

> e

((5:9) =D A"

n=1
for Re(s) > so, and by analytic extension elsewhere [2]. Information on the analytic
properties of this function, usually called zeta invariants. like poles, residua and
particular values, are important in many field, from nunber theory to mathematical
physics, and different techniques have been defined and applied in different contexts
in order to compute such invariants. In particular, we are interested in the value
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of the derivative of the zeta function at s = 0. that is to say in the coetficient of
the linear term in the Kronecker first limit formula at s = 0 [23] [15]. By a Mellin
transform, the zeta function can be immediately associated to a series of theta type
S e M and many properties of the zeta function can be casily deduced from the
properties of the theta series. Poles, residua and particular values can be obtained
whenever the asymptotic expansion of the theta series for small ¢ is available [14]
[17]); unfortunately, this approach fails when the coefficients of the positive powers
of s are involved, as for ¢'(0;S). A particularly interesting case is when A, is
quadratic in one or more integer variables A, = n An, where n is an integer vector
in Z¥, and A a k-square real symmetric matrix (zeta functions of this type are
called Epstein zeta functions since they were first considered by Epstein in [12] and
[13]). Multi dimensional theta series have been deeply studied in the literature. In
particular. the Poisson summation formula, namely the Fourier expansion of the
theta function, has suitable generalizations to the multi dimensional case (sce for
example [5] XI1.2, 3). Using these formulas and properties of special functions, it
is possible to compute the main zeta invariants for multiple series of Epstein type,
also called multiple Eisenstein zeta functions (see [23] [16] or [11] and references
thereby). Next, moving to the zeta functions associated to series of Dirichlet type
(namely when the sums are over N&) the main difficulty is precisely the lack of
a formula of Poisson type. Consequently, it is hard to find general results, and
different. techniques have been introduced to deal with the specific cases (see for
example [3] [6] [7) [8] [19] and [20]). In particular, homogencous linear series of
Dirichlet type, defined (for Re(s) > k) by the sum

((s;0) = Z [aymy + . oapng] ™7,

neik

were first introduced by Barnes in his work on multiple Gamma functions, where,
however, he just considered the case of equal coefficients (a; = aj). For these
functions it is quite easy to find out a decomposition in a finite sum of Riemann
zeta functions, and thus all zeta invariants can be computed (see also [22]). More
recently, Actor studied in [1] the case of unequal coefficients. Considering for sim-
plicity the case k = 2, Re(s) > 2,

¢ (s;a,b) = Z [an + DK] ™7,

n.k=1

and expanding the binomial in one of the coefficients, a decomposition can be ob-
tained, but an infinite sum of Riemann zeta functions multiplied by the binomial
coefficient ("’“) appears (sce equation (2) of [1]). This is the reason why this de-
composition can be used to get the analytic extension of i (s;a,b) and to compute
residua at the poles and particular values, but not to deal with the derivative.
Beside, a formula for ¢{(0:a,1) (that immediately gives that for (1(0;a,b)) was
given in [20], using the Plana Theorem. Notice also the related works of Mat-
sumoto, where asymptotic expansions are given for non homogeneous linear series
Gsial,q) =5 lan + k + q)7°. for large a. Although these formulas do not
give finite results for the zeta invariants, it should be investigated the possibility
of coupling them with available finite formulas (like the ones given in Theorem 1)
for the homogencous case in order to get the zeta invariants of the non homoge-
neous case. The case of homogencous quadratic series of Dirichlet type, defined
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(for Re(s) > 1) by the sum
-
Gstab) = Z {(m") + 2enk + I)A','“)] i
Nhi=l:

is much harder. These zeta functions with integer coeflicients appear when dealing
with the zeta functions of a narrow ideal class for a real quadratic field as shown
by Zagier in [24], where he also computed the values at non positive integers (the
same result was obtained by Shitani in [18] by different methods). Also the values
at negative half integers are obtained in [10]. On the other side, no results for the
derivative ¢4(0;a,b, ) are known, and this is the main motivation for this work.
The technique we develop in order to obtain ¢}(0;a.b,¢) is to find a suitable
representation of (o(s;a.b,¢), in terms of some complex integral, that allows to
use known information, contained in the asymptotic expansion of some spectral
functions associated to (a(s;a,b.¢), to compute ¢(0;a,b,¢) (Theorem 1). This
method automatically gives also the value of ((0;a, b, ¢) for all real positive values
of the constants a, b and ¢, thus extending one of the result of [24]. Our formula also
cover the linear case ¢, (s;a,b) (Section 4.2), for all real positive a and b, extending
one of the result of [10]. Furthermore, our technique is not defined ad hoc for
the case under study in this paper, but can be applied to a larger class of double
series of Dirichlet type with polynomial general term or even generalized without
much effort to series whose general term is not polynomial, and there are works in
progress in different directions. This is the other motivation for this work.

2. A LEMMA TO DEAL WITH A CLASS OF DOUBLE SERIES OF DIRICHLET TYPE

The lemma we are going to prove is a general version of a technique introduced in
[21] to treat the zeta function associated to the Laplacian on a cone. Let P(r,y) be
a polynomial in two variables with real coefficients. Consider the double sequence
S ={ Ak =P, k")}, n,k € Ny, where p and ¢ are some positive real numbers.
Assume! that S is positive definite (namely X\, ; > 0 for all n, %), has the unique
accumulation point at infinity and is a sequence of finite exponent sg (see [9] 7.43).
Then, there exist finite v and 4 such that A, , behaves like n® for fixed k, and like
k7 for fixed n, and the series

e
o) = 3 Al
k=1
converges absolutely and locally uniformly when Re(s) > s¢. In this situation, we
can prove the following lenumna.

Lemma 1. Spectral decomposition lemma (SDL). Let {A, i }onen, and ((s)
be as above, then we have the following analytic representation for ¢(s)
—At

s [% 1 [ e
(5) = f,S_I S '——T /\ 1/\ If
C(s) T(s) ,/0 o /\ L e BB

where the contour is defined below, and

T s) =3 01, (N,

n=1I

Ior convenience also assume the numbers A, ¢ to be ordered by increasing values, i.c. A <

A<M <Ma<L....



4 M. SPREAFICO

)] B
(X)) = ()EH {1—}- }(‘ Tk
k=1 An.k

Assume that exist an asymptotic capansion of t,(\) for large n, uniformly in A
for Xin some (unbounded) domain D of the complex plane, disjoint from S and
('()m‘m"n,'ivu the origin A = 0, and an asymptotic expansion of t,()\), for each fized
n, in powers of =\ and powers of —\ times log(=\) (like the one considered in
[4]) for large X in D. Then, ((s) can be analytically extended to the whole complex;
plane up to a set of poles. Moreover, s = 0 is a reqular point and we can compute
the main zeta invariants as follows. Let f(X\) be the coefficient of the ,'—, term, in the

asymptotic cxpansion of t,, () for large n, and define

[)n(/\) - fn( - _/( )

Zn on(A);

n=1
then
C(0) = —A(0) + Res, (F(.s-)., 7 0),
@
¢'(0) = —A4'(0) — B(0)+
1 1
+~Resy (F(.s‘),.s‘ o o) D ( ) Ros, (F(q) 4= (1).

where

gos 1 Co M
F(s)z/ AR / FN)dNdt,
Jo 271_'1 A,
and

A(s) = Zn"”u", B(s) = Z n="%b,,

n=1 n=1
where ap and by, are the logarithmic and constant term in the asymptotic expansion
of pa(N) for large X and fized n.

Proof. The key argument in the proof is the following one. We know how to deal
with a simple series [22], say the sum over &, and we can rearrange the sums in such a
way to decompose the double series as a sum over n of sums over k. The problem in
this decomposition is that we have to regularize also the external sum in n. For that
purpose, it is enough to collect an opportune power of n. This will give a suitable
analytic representation and will keep track of all contributions in the regularization
process. As a first step, we provide an analytic representation for ((s). Notice that,
all the series and the products appearing in the following calculations converge
absolutely and uniformly, due to the assumptions on the sequence {\, x}. We can
write
0 X

5)25:,,““*2‘( :]:\’.>~S: I‘(] ) /\ ! ZH"”Z(‘ v:'A dit =
S

n=I1 k=1 n=1 k=1

xX

1 o sfl —as ' V= AL 1 _
F(s)/ Zu 2—/ ( Z—\ o dNdt =

n=I JA k=177 Tpa
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where A, = 9D can be deformed to the contour {A € C | |arg(A — €)| = £}, oriented
counter clockwise, with some non negative real e < A\ ; and 0 < 8 < 7,

_ ! /NC o L/ MR, s)dAdt
TTG) Sy U 2w )y (A, s)dAdt,
where
-
R(/\H) = Z ”_“57'11(/\)1
W=l
~ [/B]=1
n nd Y\
r /\ = — — e e
In( ) Z Il.a(—/\)—%—/\,,,‘[.- Z /\,}—H

k=1 j=0 n.k

We can now introduce a primitive function for the resolvent R(), s), namely let

[5.)
T(\s)= Z n~ ", (A),

n=1
= ga(op)] Dl
tn(A) = —log H [1 + M} e Pk
1 /\n.k
then
Lrn ) = RO\ 5)
(ZA ,5) - < ,S bl

and again the canonical product, converges; moreover, notice that the exponential
factor gives no contribution for the quantities we are going to compute, since it adds
terms to R(A,s) that vanish after A integration (see [21]). Also notice that, since
T(A,5) is defined up to a constant, we can always chose it such that T(0,s) = 0,
and so we do. Integrating by parts first in A and then in ¢ we get

()= —— [ et L / T On )
) = F) _/(, ot Jy, A e

We could now nse the above representation to compute both the value at s = 0
and the derivative, if we could provide an expansion for T'(\, s) for large A [20].
The problem is that more care is necessary due to the possible appearance of a
singularity in the sum over n. The unique possible pole in such a sum comes from
a term behaving like % in the expansion of ¢, for large n uniformly in A, so we can
overcome this problem as follows. Let f()\) be the coefficient of the term in % in
the uniform expansion of t,,(\) for large n, and define

1
Pu(A) =ty () — ,"f(/\)’

5
P\ s) = Z n” " pn(A),
n=1
then
s [T L[ b gand
s) = FOTE o ,8)dAdt
)= P / 2wt Jy, Tx )i

Y

qo= o ~+1)/.be*‘—'$/’
F(S)QR((LS Jo ’ 270 JA, _/\

FOYdAdE = z,(s) +- 22(s),
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and the singular contribution is isolated in the second term. We can deal with the
two terms as follows. For the first, the assumed expansion of ¢, () for large A in D
and fixed n, gives the following expansion of p,(\),

1 L "
I)vr(/\) =tn(A) = ,—]—f(/\) = Z(f'):n("/\) =T 4 Zda‘.n(_/\)o(J J log(=A) +up(N),

where v and § run through some finite sets of real positive numbers with v —~y, d —
do < M, for some positive M, vy and & [4], and the reminder is such that for
A€ D,
. Uy ()
lim —————
Ao (=A)—M
Morcover, due to the uniformity of the expansion of #,(\) for large n. we
know that the coefficients ¢, ,,, ds,, and the function u, (A) have an expansion
for large n without terms of the form I'~, and such that the series Zle Cy =™,
Yot Asan ™ and 3007w, (A)n ™ converge uniformly for Re(s) > so and A € D,
and have analytic extensions regular at s = 0. This means that we can use classical
methods to deal with the analytic extension of functional zeta functions (see [14] or
[17]). In particular we need the constant and logarithmic terms, hence let’s write

=i (),

Pn(A) =+ a,log(=A) +b, +...;
this gives
P(A s) =+ A(s) log(=A) + B(s) + ...,
with
b Ie)
A(s) = Z n-"a,, B(s) = Z n-""b,,.
n=1 n=I1

Following the standard approach (see for example [14]), we split the ¢ integral
at t = 1. The t > 1 part defines a regular function of s near s = 0, while in the
t <1 part we must change the contour of the \ integral (here C, is a circle around
the origin of ray €) and then we can re-scale A by ¢ and use the expansion above to
obtain (sce [22])

. -l . A © =\
21(s) = - / i [{1 / ‘ PN/t s)dAdt — EL : P(/\..s')(l,\rlt} +
') Jo JA

oo —A i Jo =A

+5%h (s) =

5 —A
8 1 (e -
= — 57— A(s)log — + B(s)| dAdt — P(0. s)dt
F(-‘*)./o L - [/A- ) { (s)log ; (S)J(l( ( s)(J+
+.32/1,3(.9),
where h;(s) are regular functions of s near s = 0. At this point notice that

P(0,s) = 0 for all s, since A\ = 0 is assumed to belong to the domain D. Af-
ter some computations we obtain

[’) A(s) — Als)

S

8
[(s+1)
The above expression allows to deal with both ((0) and ¢'(0). In fact,

21(0) = =4(0),

z1(s) = — B(.s')} + 5% ha(s).
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~1

while taking the derivative near s = 0 and using the known expansion for the inverse
of the Gamma function we obtain

21(0) = =4'(0) = B(0).
The second term, z,(s), can be treated by using the expansions for the different,
S.

factors as functions of s. Writing

2(s) = %’H)c,,(as +1)F(s),

with

e 1 e~
F(s) = e - I\dt,
(8) ./0 omi |, (AN)dAdt,

¥

we obtain

«©

o1 )
= L4 —[Fo + (v + 1)yF]s + O(s2),

v Y

2(s)
and hence
2(0) = ey (F(s). 5 = 0),
and
2(0) = % [Reso(F'(s),s = 0) + y(a+ 1)Res; (F(s),s = 0)].
O

Notice that the above proposition gives a theoretical result that becomes effective
up to availability of the concrete expansion for ¢,(\); this is actually the case in
many interesting examples, as the ones we will deal with in the next sections or the
one studied in [21].

3. THE HOMOGENEOUS QUADRATIC CASE

In this section, we consider the quadratic case, namely the function defined by
the series

o0
Ca(s;a,0,0) = Z (nTAn)™* = Z [an? + bk? + 2enk] ™,
nk=1

HET‘{S

. . . a c\ .
when Re(s) > 1, and by analytic continuation elsewhere. Here A = . o) sa

real symmetric matrix with positive definite associated quadratic form on Ny. We
introduce the following notation: A = ¢* —ab = —detd, and we further assume
ab # 0. To compute the zeta invariants at s = ) we apply the SDL. Since ab # 0,
we have v = f# = 2, and

52 % g 1 &M
Ca(sya,b0) = ——— 7 — T(A, s)d\.
0 Ja, —A

where

ta(A) = —1 ﬁ I=g nE(=)) :
o == 200 an? 4+ 2enk + bk2 )’

k=1
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since an® 4+ 2enk + bk? = b (k. + ;—ﬂ)g - %nz. we obtain
n an?
:—]()gH<1+ ”“ >+l()gH<1+ )
k=1 (l‘+: 1) k=1 ("+/”)

Using the product definition of the Gamma function

: A —b(- t— A = b(=)
t,,(/\):logf<(+ 7 A Mn) +l<)gF<( { d \)71)—1—
)

J A t— L ==
—logl <( +b\/_”> —logl’ ((—z\/_x,)> + log <1 + _/\> .
a

The expansion for large n is

logI'((2x + y)n) +logL'((z —y)n) =

1 1 1+
12z 4+yn

1
= ((1 +y)n — —) log(x +y)n — (v +y)n +—l();,2~r+

1 1 1 1 1 ;
+ <(1 —y)n — —) log(x —y)n — (v —y)n + = 5 log2n + ———=+0n"%) =

120 —yn
_ 1 = 1
B 622 —y’n
. VA=b(=X) 1
with 7 = ¢ and y) = ‘ . Notice that A = 0 belongs to the domain where
the expansion is uniform. Th(‘ expansion of the whole ¢,,(A) will be
1 1
BaA) Sem =y — e

622 — 1//‘{ 622 —y3

that gives

Therefore,

e [ 1 [ e 1 1
F(s) = - =1 — 2 ) dXdt =
i) 6 /0 271 /\ - <(1, - A u.> Gals

o "0 1 g (‘~,\I 1
2o g [ea 1) andt =
6a /0 2mi o, —A <1 =A ) o

I c
=—a°* / I, ) dt = —a™*T(s),

6a Jo 6a

where we have used the definition of the incomplete Gamma function to compute
the last integral and get the last equality. Notice that in the integral defining F(s),
the constant term gives no contribution and F(s) is not regular at s = 0. Expanding

F(s) = "(i— ~hgu+0@0,
6a \ s

and hence

¢
Reso(F(s),s =0) = ~&(7 +loga), Res) (F(s),s =0) = 6o

Next, we compute the expansion of p, (\) for large A,

1 iy T+
tilA) = (1 n— —) log(x? — y3)n? + nyy log £ + In27 — 2an+
T =y
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—log I‘(('r + yo)n) (= yo)n) + log(—=A) — 1(‘);; a4 Of=X1"1)%
s b . Setting yn = iuy, | kAt ’\ ~ V=, we can expand

with yy = Yxn = iUy, Uy =
T+ Yx e SEATR . (13N
nyy log = inuy lub = —2nu) arctan —n =
T UYX I?l)\ T
= —mnuy + 2zn + ()('u,:\'“ = —mnvV=X\+2en + O((=\)7"),

2

log(a® — y2)n? = log(=A) + log % +O((=Nh),
)
fN) = -+ 0((=N7"),
¢
to obtain

1 2
pn(N) = (;1:77, - E) (log(—)\) + log 7—;}—) —anv—X+log(=A) —loga + log 27+

—log I'((x 4+ yo)n)I'((x — yo)n) + e 2 O((=\)"h.
Gan

This means that ¢
¢

ay = -n+ -,

" 2

c+ VA ¢ — ¢ 1 n? e 1
= —log n | +log 27+ 70 — = ) log = ~log a+—~.
by, log I’ < 5 n) r ( ; 1)) +log2r+ (bn 2) log ; log a+ Gan

and gives

E

¢ 1
A(s) = Y = (28 — 1)+ —((23),
()= 3 aun™ = (20 = 1)+ 5¢(20)
(& 1 1 2¢
410) = —— — - A'(0) = —=log2m + —('(-1).
(0) 25 1 A'(0) 5 log 27 + 5 ¢'(-1)
We have obtained i
(i, C
»(0:a,b,¢) = = + — + —.
Gebe =1+ 3, t 1

Next

B(s) = Zn‘“b,z = Z {« log I’ <(‘+b\/xn) r <('._b\/—&—n> +

n=1 n=1

7 1 25
+ log 27 — loga + <l_)” - —) log ”I) + é;] n=°".

By Lemma 1, B(s) has an analytic extension regular at s = 0. We provide two
different representations. Let,

c+ VA e—=VA
log ' P I ] =
) )

6 1 an® VA e+ VA
log — + —nlog
b b = v\

2en .
+1()}.’,’27T — "[— + K,
)

l 2
where
1 < = 1 1
(1) 'l( =5 Z ¢ Z m-1 + m--1
2 (m+1)(m+2) — (k: i ,‘+l:/3”) (k; 4 e A”)

b
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or

(2) K=2 /00 [u(hn bt + arct bt } dt
= arctan ———=— + arctan . .
#0 (¢c+ VAN (c — VAR 2 — 1

The first gives

2 A : A 1
B(s) = I_)( - 51();,{: \/b_log%\!—\/; C(2s—1)— 3 log a(2s)+

] ¢ o < m [C (m + 1, E—t—{@n,) +C (m +1, ““{‘)/K'n,)} 1
(m+1)(m +2) " 3an

n= m=1

1 {2¢ VA c+ VA 1
BO)=—— [ ——~ ——logi———— i 4
(0) AR 1()g, a=— log VA -+ 1 log a+

1& | m [C (m + 1, '+‘F ) +C (m+ 1, "_,\'/Kn,)} e
~§Z ('m,-}-l)(m,+‘2) " 3an

n=1 | m=l

and

1 1 VA et VA I
"(0; ) = —log27 — | = + — =
C'(0;a,0,¢) 5 log 2w (4 + 12])) loga — 0 — log \/—A_ + — Gb + /6(1,+

< m |((m+1, c+VA +((m+1,= \/S"
C( 1) QZ Z [ ( (771,+1>)(111,+<2) )] —-Z%%

n=1 | m=I

Notice that to compute the limit for ¢ — 0 of the above expressions is not easy.
Using the second representation for K, equation (2). and assuming a, b and ¢
positive?

\ > 2ent It X _
(3) K=2 / arctan .,(“ 5 .)_( —log (1 = C*-T\/?n) -
J0 an? — bt2 27t — 1

This can be used both to see that the sum appearing in (5(0; a, b, ¢) is regular at
s =0, and to deal with the case ¢ = 0, as will be done in the last section. For the
first point, just consider that, for large n,

00 arctan —H e 1
nn-—l)l~
— M dt= ——+0
/0 =i 12an (™).

The complete formula for the derivative with the representation for A given in
formula (3) is stated in the following theorem, that generalizes the Kronecker first
limit formula to the function ¢ (s:.4). Notice that the assumption of positivity of
the coefficients a, b and ¢ in the theorem can be omitted if we use the representation

2A simple computation show that this formula holds for real or pure imaginary VA as well.

Moreover, the assumption that a, b, c are positive in not necessary; in general, the sign of the num-
s 1 : s o T

ber Re(z)/(1 +Tm(z)), where = = b/(c+ VA) will give the sign of the term —log (I —e TV ”)

appearing in formula (3).
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of K given in formula (1), but then we need to assume the quadratic from associated
to the matrix A to be positive definite on Np.

Theorem 1. The function C:(s; A) has the following expansion near s = 0:
Ga(53 4) = G2(05.4) + G3(0; 4)s + O(s7),

where A = <7 ;)) with real a,b,¢> 0, A = c? —ab= —detA,

1 ¢ ¢
505 A) = -+ —
G(054) 4 12a HETT 120"

and

1 1 ¢ VA c+ VA (
LAY Slop B — | = e 1 VA LeFVA e e
G(0;4) = 3 log2m <4+ 12a " 121) oga— poplos =t Gt gt

- ‘ ‘ % arctan —5ts ¢ 1
__C(_ _E\/i—log,v/( \/>> ZZ {/ W(it—m;

n=1

where n(z) = e [0, (1 — e*7"%) is the Dedekind cta function [5].

n=1

The value of ¢»(0; A) is consistent with the one given in [24] for the particular
case of matrix A with integer coefficients.

4. PARTICULAR SUBCASES

4.1. Case ¢ = 0. The case ¢ = 0 can be dealt with directly using the Kronecker
first limit formula ([15], [16]) or taking the limit of the result obtained in Section

3, and this shows that Theorem 1 reduces continuously to the classical Kronecker
formula. We get

(2(0;a,b,0) = —

47
1 1 ‘
¢5(0;a,b,0) = 5 log 27w — 1 Ina—1Inn (1 \/%> =
1 1 T or
:5111L7r—11();1(1+ Ll l()g.,}i[l (l—(‘ 2ny/ & )

42. Case A = 0. When A = 0, ¢ = Vab, an? + 2cnk + bk = (Van + Vbk)?, and

thus we reduce to the linear case, namely
Ca(s5a, b Vab) = ¢ (255 Va, \/E),

where ¢ (s;a,b) is defined for real positive a and b by the sum
~
Cils;a,0) = Z (an + bk)™?",

n.k=l

when Re(s) > 2, and by analytic continuation elsewhere. For completeness we give
the values of ¢, (0:a,b) and ¢} (0:a.b) that can be obtained from Theorem 1 or by
direct application of Lemma 1. We give two equivalent formulas for the derivative.

1 a b
1(0: a.l —_— 4 —,
G (0;a.0) = + 12b+ o0

i(1 —loga) + 1(log‘2r‘ —loga) — ZC'(—1)+

)
— (v — loga) + 120 b

- _
(1(0;a,0) = 28
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_[_ o4} oC m o a, —_ LL

2 Zn:l [Zm:l (m—f—l)(m—Hl)( (”)’ + 1’ b n+ 1) Ga n]
o) o X by D dt [

2 Zn:l [Zm:l .]() arctan oo oy — 5473] ’

If say @ = 1 and 0 < b < 2, the value of ¢ (0;a,b) can also Le computed by
applying cquation (19) of [1]. The result is consistent with the one stated here.

4.3. Case a = 0. The semi linear case a = 0, does not reduce to any other one, and
in fact it can be checked that we have a pole at s = % Beside, applying the SDL we
find out that the hehavior at s = 0 reduces to the behavior of an appropriate lincar
case. We have a = 2, 3 = 1, and we can chose to collect n or & when applying the
SDL. In the two cases, we get

; “a n(—A)
th = —log 1 : :
() e H < T ok + blf,-’) '

k=1

1 k(—\)
tr(N) = —log 14— .
k() 9% H < * 2en + bls:)

n=1
Using the first, we find out that the domain of validity of the asymptotic expan-
sion for large n does not contain the origin A = 0, and hence we can not apply the
SDL properly. Using the second expression, we see that this is the same function
appearing in the linear case of (i (s;b,2c), and hence

2(05 0,0, ¢) = (1 (05 b, 2¢),
(3(0:0,b, e) = ( (0;:h, 2¢)-
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