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Resumo Neste artigo ¢ estudada a funcao zeta associada ao operador de Laplace
de um cone sombre mn cirenlo. Em particular obtemos wna formula pela con-
tinnacao analitica da funcio zeta que permite o caleulo da valor da derivada na
origent. isso ¢ do determinante regularizado do operador de Laplace.
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AnsriractT. We give formulas for the analytic extension ol the zeta function
of the induced Laplacian L on a dise and on a cone. This allows the explicit
computation of the value of the zeta lunction and of its derivative at the origin.
and henee we get a formula for the regularized determinant of 1.

I. INTRODUCTION

The regularized determinant ol an elliptic differential operator was originally
introduced in geometric analysis to deal with the heat equation and the index
theorem in [2] and with the analytic torsion in [27]. and soon became object of
strong interest and intensive study in differential gcometry [12] [22] and conformal
geometry. where in particular it is studied as a function of the metvie for suitable
classes of operators (see c.g. [ and [26]. and also [5] where a formulais developed
for the quotient of the determinant of two conformally related conformal operators).
but also in mathematical physies. where it provides avegulavization of the functional
integral [19] [36]. Despite all these efforts. few explicit caleulations are available
(sce [30] for a review). In particulav. a complete answer has been provided for
the one dimensional case. namely for regular operators on the cirele in [9) and for
Sturni-Lionville operators on the line segment in [10] [20]. The main feature of
the analysis of Stirme-Liouville operators is that it allows to deal not just with the

regular case. but also with the singular one. This is obtained by using methods of
fumctional analysis. originally developed in the study of the asvinptotic expansion of
the heat kernel and the vesolvent of an elliptic operator [23]) [29] and subsequently
generalized to some classes of singular ones [11] [7]. The principal example of
such singular operators arises [rom a very natural geometrical problem: namely.
the Laplace operator for a manifold with a conical singnlarity. The analysis and
the geometry of spaces with singularvities of conieal type were developed in the
classical works ol Cheeger (see e.g. [13]. [ 1] and [15]). nsing methods of differential
geometry, while formulas for the first terms in the asymptotic expansion ol the
associated heat operator were given by Briining and Seeley [7] [8] for a larger class
of operators. The results mentioned suggest the possibility of tackling with suceess
the problem of the computation of the deterniinant for a suitable operator ona cone
and in particnlar on o dise. Consequently. some works appeared in the literature,
where the problem of ectting o deseription of the vegularized determinant for a
cone C(N) over some compact manifold N was faced [3] [21] [16]. The approach
is to deal not dircetly with the zeta function on the nanifold C'CN) but with the
correspondent zeta function on the product C'(N) x Stothat is to sav the finction
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that deseribes the funcetional determinant for the associated quantum field theory.
However. the explicit expression provided for the analytic continnation of the zeta
function on C'CN) is in general not effectivie. In this work we give a complete answer
to the basic case of the (lat cone in B that is to say when N = S the civele of
fixed radins 12 this answer is given by providing an effective analytic expression for
the zeta function that allows to compute the main zeta invariants. Our resnlt s
effective in the sense that we obtain a funetion of the angle of the cone. and henee
a number for the fat dise (hoth depending on 7). More precisely, the approach
deseribed in this work follows the line introduced in [30]. where the computation
of the regularized determinant is pursued by the comprehiension of the associated
zota function (vecall that for a suitable operator L: detl = exp(=¢'(0.1))). Beside
the importance of the particular application. omr main motivation is to establish
a ceneral effective method to deal with problems where o double sum appears in
the definition of the zeta funetion. In fact. our approach is likely to be generalized
to varions more general situations. incliding the case of a general cone. There are
works in progress in these directions.

To state owr main vesult. let L, he the Laplacian on o cone of angle aveseer and
length [ in the Euclidean space. with the metrie induced from the innersion and
Dirichlet boundary condition. Then:

Theorem 1. The zeta function ((s.1L,) associated to the Laplacian L, can be
analytically catended at s = O with:

0. 1,) = % <,, 2 /—l/> _
/ | | 7 /
J0L,) = G <1/ + /_/> log !l + iTF log 217 = 20 p(~ 1)+
{l Z [KII('J.IHI 1) - _l__] . Y\‘ n X\: 0 ,{
b 4 1] = (o D+ 2) 4= (on 4 k)]

o
4+
27N
+
I —

1 1 )
——logr — — [log 2 --
2 (81%

An alternative formula for the devivative using integrals of special fimctions
instead of series is given at the end of seetion B, The case of the dise (17 = 1) follows
as a particular case. namely:

Corollary 1. The zcta function associated to the Laplacian on a dise of radius 1
catends analytically at s =0 with:
|

(0. 1) = —.
5 LT

E

' ’
;Iu,u;ﬂﬂ': T + 2¢p(-1).

0Ly = =(log ! log2) 4

The remaining of these notes is dedicated to the proof of theorem Toop to
section 3 where the one dimensional case is ontlined. The work is organized as
follows. Our approach starts from the observation that the problenr on the cone
can be thought as a generalization of the one dimensional problen of the Laplacian
with a singular potential term on the line segment. Under this point of view. the
method consists in using an explicit expression for the cigenvalues of the Laplacian
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to write the formal series representation for the associated zeta funetion and henee
in getting a snitable alternative representation for the same zeta himetion, that
immediately gives an analytic extension at the origin. For this purpose. the analysis
of the one dimensional problem nust he performed using the method deseribed in
seetion 3. There are (wo clie points: first. we use the spectral decomposition of the
operator to construct a vegularized “spectral” decomposition of the zeta fumetion
(equation (1) in section 1): second. the regularization infroduced allows ns to use
the method deseribed in section 3 to get the desived alternative vepresentation of the
zota function. Eventually. some extra work is needed. consisting in producing the
right analvtic extension of some other funetions appearing in the new representation
of the zeta fanetion. to get the final vesult for the determinant. Al this is in section
. We delay commients and remarks to the last seetion.

2. DESCRIPTION OF THE PROBLEM

Lot €1 be the cone of angle areseer > 0 and length 1. Choosing the coordinates
(0.r) € 8" x (0.1]. the induced metrie is g = ()2 4+ 202 (d)? . and (after a
Liouville transformation) the Laplacian becomes

Ly, =

where the operator
|
Y aned
A ) = w2y - T
on S has the complete system {/\,,_,, =1t - ll: D) = il } 0cl0.2r]. ne

Z. cach A, ,, having nltiplicity 2. up to A, having multiplicity 1. Then. we have

a spectral decomposition of L, as

Ly = E Loty -

/H*Z

where

. | . A
Lo =~ + =Xy = =% + — (mr = —l> .
o € ]

With Dirichlet homndary condition at o = [ cach L., has the complete system

Jiti (35 G ot /1) . .
{/\,,,,,/‘ = b, () = XWI—HIT—} b€ N~ {0} where jup, 0 are the

= vilhelnl ok
(positive) zeros of the Bessel function /., () [35] 15.10. and henee L, has the
complete system

‘l—/u g
= —"I—“— O () Uy () § o 1= O£ L2 e L5 .

30 THE Z1TA FUNCTION ON THE LINE SEGNENT

In this section we present a method to deal with the zeta funetion associated to
the one dimensional problem that we will generalize in the next section to treat the
two dimensional problen. The results of this seetion are not new 201, and also the
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method uses classical tools (317 133] {1 but owr approach is different and expressly
conceived for the purposes of the general case (see also [31]). For the operator!

) o? 2 -
R
da? la
on the line interval (0.7]. with the discrete vesolntion
o)
Juoan ) VE~/:/(/\rl.r1"')
/\,/_,; = ) -”u_n(-") = :
i Lot Clrans)

where j,,, are the positive zeros of the Bessel funetion ./, (2). we introduce the zeta

function
% §.

flabl= 3 dan=F"Y
Flil iz
for Re(s) > % also called Bessel zeta function [32]. Using the Mellin transforn. we
gct the analytic representation
| X
C(5,9,) = = / V)l
I I'(s) Jo

where the trace of the heat operator is
X
() = Tre ' = Z el
0l

and from this the complex representation

/( 1. ) =

4!

— / R HPWATAY

N

where the contowr® is A, = {\N ¢ C| [arg(A- ¢)] = 7/ 1}. oriented counter clockwise,
for some 0 < ¢ < j,. 1. and the trace of the resolvent is

| |
H(/\.I/) = Z "\—\—

n=1
We now observe that it is casy to express such funetion in terms of special fune-
tions. In fact. taking logarithmic derivative of the infinite product representation
of the Bessel function 1,,(z) [35] 15,11 we get:

I I d
RN ) = 52 3 e log /,,(12).
Here, = = VX we set arg(=A) = 0 on the line (=3¢, 0] and we fix the sector

s.={zeC]|argz| < m/2} for 2.

At this point it is worth observing that all information about poles and residna of
C(5.5,) can be obtained using the representation introduced. asymptotic expansions
for Bessel funetions and classical arguments [17] [21] [28]. This is an casy way for
producing the results vrelative to the so called “constant case” when studying regular
singular operators [L1] [7] [8]. Inorder to obtain the derivative at s = 0, we need

more. and precisely we introdnee the following:

"\With Dirichlet boundary condition ata = [

Tt R —. . ;
2See for example [37] 1222 for this type of Thankels integrals.
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Lemma 1. Supposc the zela function (s.0) = Z:—:l , ()7 has the following
representation (coerything smooth in )

| e [
z(s.0) = = / il / MR )AL
J0o M

(%) 2
where the contowr is as above. and there is a primitive function —T'(Noa) for the
function RINr) = - #’%'I'(/\. ). satisfying the following properties:
(a) T is analytic near X = ().
(h) Jor fired o and large X in some domain of the compler planc. the funetion
PN ) has an asymplotic copansion in terms of powers and logavithms s
the one considercd in [T) (see also [8] section 7). namely 37 (=N)" log" (= ).
where oo runs through o discrcte set of real numbers with oo =+ >0, and
fe= 0.1, I particalar, we will be interested in the constant and logarithmic

terms. so we write
T(Nr) =+ ALY log(=A) + Bla) +....
Then. =(s.0) can be analytically catended at s =0 and
2(0,0) = — A,
S0,0) = = Br) + T(0.r).

Proof. Integrating by part. lirst in A and hence in £. the given complex representa-

tion for z(s..r). we get

s B l "t e M
s(s.0) = / el — =T ()N
4]

l(\) . 2w Sy~ 7

Next. since by definition the zeta funetion is well defined for large s.
5

S 2 | M 5
Wsor) = ——— / f=d / TN )AL 4 57 [(s).
0 A

I'(s 4+ 1), 27,

where [ is regular near s = 0. Because of the pole at A = 0. we have to split the

complex integral as follows to use the expansion for Targe A (small 1):

[ =] [ =] von

where € is a civele around the origin of radius ¢, Morcover. by assuniption (I).

. A 3 v A
/ ‘ TN o )dN\ = / ( \'/'(,\//‘.r):l,\: co by A A log - Blr) ..
JA e SN T
where we have explicit-cd only the relevant part and the Fuler constant 5 = el
[18] 8.366.1 appears applying the following, formula
Lo et A Y O I
—/ lug(—A)dA = -‘——/ LIPS . .
2w Jyo, (ZA) da2mi [y  (=A) da l'(a) I"(a)

where we have used [Ih’] 83151, This means that we can write
5 | 9

Asa) = ———— v Ar) = Br) = =AW+ T0)]| + s7g(s).

(5.0) l‘(.w--kl){‘ (r) = Bla) = - () +T( '), (=)

where again ¢ is regular near s = 0. and fronn that. the thesis follows at once.

0



G MOSPREANFICO

Applying this argument to the fimetion ((s..5,). we have
F'(N) = vlogls ~logl,(1z) = log 2" (1 + 1),
and this T(A. ) is precisely the fanetion that we will use in the next section to deal
with the general case. For completeness, we conclude the computations for the one
dimensional case (compare with [31]). We have

1 ' |
Aw) = = = —log27 + <1/+ 3> log 1 = log 2" ' 4+ 1).

and this gives:

[ |
H(‘H”(((.‘*. ;s’,;)..\’ = “) = ‘; <I/ -+ ;) §

25 (1 + 1)

N

Reso (¢ (5.9,). 5 = 0) = log

I, THE Z17TA FUNCTION ON THE CONE

We introduce the zeta funcetion associated to the operator L, by the formal series

3 ~ ~x
—2s
s I ” § § ; I’H I = § Lk 2 z m: 1
R L 1=

h=1n-=
that. hy classical estimate on the zevos of the Bessel fimetions [.‘53} 1500 and stan-
dard argiment on double series [37] 2.0, is well defined for Re(s) > 1. The first
term can be treated by the means provided in the previons seetion. so the problems
lay in understanding the funetion

S ’/ Iz/nl
pikezz
The remaining of this section is dedicated to the proof of theorem I and its
corollary and is split in four parts: in the first we outline a guite general method to
deal with the zeta invariants of a double series, in the second we apply the method
to the case under study. in the thivd we complete calenlations and in the foirth we
give the proof of the covollary.

Spectral decomposition. The main feature of omr approach is the following
spectral decomposition” of the fametion z(s.7). For Re(s) > 1o we can reorder the

terms in the double series and write

~ % . -2
— D4 Jun
(1) Hsw) = (vn) 2D (—) :
e ”n
e fe= 1
This decomposition will allow us to deal effectively with the double smm by
using the tools introduced in section 3. In fact. thanks to the uniform convergence
of inteerals and series. we get the complex integral representation

A

8 I " L 32
Ssv) = ———/ pe '~—/ T(s. A )ddl.
Ui+ 1)/, 2wl Ji, —A
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where
X

TlsAov) = Z(m/) ).

n==1

and 1, (A ) is defined using the correspondent funetion on the line segment. namely

~ ©)
(rn)=(-N\)
ol Bet] = =3 log | 1A
Tz | Jt/n./.'
= —log L, (vnz) —vnlog2 4+ wnlog = = log Ulen 4+ 1) 4 viloglin).

To proceed further. we need a generalization of lemma 1o In fact. the fumetion
T'(s. A ) is not necessarily analytic in s at s = 0. This depends on the behavior of
1, (N 17) for large n: more precisely, asingular hehavior can appear only from a term
% in the expansion of £, This snggests to split it in two terms as follows. From
the definition (see also subscetion 1.2 helow). 4, (A7) has a uniforin expansion in
some domain of the complex A plane for large vn (vecall v is a lixed parameter).
Set pu(Aov) = 1,(A\.1r) - #_/'(,\.1/). where f(A.1) is the coellicient of the term in

# in the above expansion of £, (A v) for large vn. Then,

|
Lo(N) = pa(Now) -+ — [(\).

7N

and

( /h\/*“ : / Y e oAl

Sl B = e ——— S.A )/ -+

V= Tern ETl NN A
o~ M
g2 : SN )AL,
where
Pls Aoy =3 ()7 (A,
|

is vegular at s = 0. Thus. the st term in =(s.7) can be treated precisely by the

same means as in lemma 1o this gives

s g | | e M
_ [ — P(s. ANo)dNdl =
) :

(s + i Ly, — :

S|
= / I’”h A(sov) + Als.v)logl — Bls.v) + P(s.0op)]dl =
S 0

S |

= A ) = Bls.v) = =A(s.0) + P(s.0.0) ]
l (S b 1 1) S

plus a regular term, vanishing with its derivative at s = 0 here

p. 9 L=

AMs.v) = Z(I/n) S, (1), Bs.a) = Z(m/) 20, (1),
=1\

==l
and «a,, and by, ave the cocllicients appearing in the asvimptotic expansion ol p(Aorv)
for fixed noand Targe X in the appropriate domain®.

PulAop) = o4 ay () log(=N) 4+ b, (1) + ...

Fhe existence of such an expansion follows from the definition.
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We have obtained the following expression for the function z(s.17)

.- !
(2) sl ) e e [ Nty ) = 5, ) = =l 10 4 PR Bt} |
F(st 1)
o 1>/‘\/"‘"' L e ot 4
=317 e e PNLS T e Al 7 T e S )
TR Ly | O /\ AR e U

where his analytic at s = 0. The method outlined is quite general, bhut to proceed
further we need the explicit expressions of [ and P2: this is in the next subsection.

I.2. The values of =(0.1/) and 2'(0.1). To get explicit expressions for (s, A1)
and [(X. ) we nse the representation [25] 10.7 of the Bessel function 1, (1)

I o60=) [
L) = — L+ =)+ (2
vvs) LA apo g (2 ) V2 (1 22)10 [ 1 ) bRl
where
& ) = \//l + 22 log -

T+ VT F 22

o I )
( ](M)vxm 2'(1" :'J)f;/‘l'

and 1o (2. 2) is the ervor term, bounded for large v uniformly in = in the opportune

domain. Inserting this in the expression of 1, (. ) we get

T v) = =U(V=A).

.
poNv) = ~log 1, (vmz) +vnlog(vnz) ~vnlog2 = log '(rm + 1) 4+ — (7 (z).
”n

We start by computing

X 1 p A N | . "
/ et / CF(N w)dAdl = — / et / o Ny
Jo 2mi Ja A Jo 27 Ja, = A
For ¢ > 1. consider
| S o Al
— / dA
27 JA, A (l = /\)”
this can be computed in the new variable z = X = 1 (see [37] 12.22, [18] 8.353.3).
1 i v 1 .
-—-ZT—/( ! /\ | (—+—1( s ls = ;.\'in(m:)l‘(l =)l (act).

Recalling the velation hetween the incomplete Gamnma function [18] 3.35 and the
probability integral [I8] 825, this gives

= Y e L s+ 1/2) /1
/ i / : LN ) ANl = —(—_—) <— +-.>> .
Jo 27 o, A 12y/m 5 )

Noext. we need the asyniptotic expansion of p, (A ) for Targe A and fixed n. By
classical asymptotics of Bessel and Gammia fiunetions [I8] 8UI5 15 8.3 L we get

oA ) = =V +a, (1) log(=A) + b, (1) + O((- ,\)""")).

where the interesting terms are:

|
a, () = 5 | v

| —
N ol



ZITA FUNCTION AND REGULARIZED DETERNINANT ON A DISCAND ON A CONIL 9

| I
(1) = 5 log 27 - <1/u 8 3> logrn - rnlog?2 - log ' (n + 1).

This gives

> &
o | s | N
A(s.1) = Z(l/'}/)""‘(:,,(//) = E//‘ “250 (28 = 1)+ -l-l/"“‘“(,,n(Qs).
B(s.1v) = Z(l/w)”“h,,(//) = Z(uu,)’":" log (vn+ 1) + ;l’“!'\ log (212 ) (e (25) 4+
n=1 jiEz| -

T v, I s 9
! B o S (2= 1) = 5 2 (28) = 0 TG 2s - 1),

The last step is P(s.0.7). Reealling the hehavior of £,(z) for small = [18] 8,115,
we evaluate

11
n “I = Sy
pullls ) 12 vn

and henee

5 I 5 )
Plsg Oul) = () =" p,(0.r) = V—l‘—)llm"'\_'l(,{(?h' ).
n=1 -
Now the explicit expressions for all the quantitios involved in the delinition of
the function z(s.7) are available. From equation (2). we get

(sow) = ﬁ)— [";A\(h.l/) =~ 13(s.17) l»x\(s.l/) + I’(.s.“.lf)} -4

S
gy 8% ‘ (s 1/2) (1 5 52
41/ P e O £ 3\ + | e _— e — + +/! S)
1" (s %--l)(',( ) v 125 12 I'(s+ 1) (
From this, by using the known behavior of the Riemamn’s zeta function (p(2)
near its singular point = = 1 [18] 9.533.2, that gives near s =0

o I
Cr(25 +1) = o=+ + o),

and the fact that all the other quantities arve regnlar at s = 0. we can compute

(0.17) \(())II I‘(1) l‘(())kl : +l*|
H0ow) = -A0 ) + — = —=1(p = =)+ — = — v = —.
o 2 TS ST TR T i

This proves the first part ol theorem Lo FEventually. we can derive with respect

1 5
y-log2w+ = | =
120 < ° 2

| )
27 - r2 - 520+ = |,
27 T log 2 + 5 ('\, log 217 + 2)

to s. and evalnate the derivative at s = 0. We get

J0.0) = P00 ) — A0 )~ BO.v) +

| =

|
=n(0,1) + —i]”

T

NS

where
2@

-2 . I ~ 25| o i
psr) = ZI(,/,,) log U(rn + 1) i Cp(2s + 1),

and to complete the proof of theorem I we need the explicit computation of 5(0.17):

this is done in the next subsection.
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1.3, Computation of (0. 1). By delinition n(s, 1) is regular at s = 0. On the
other side. it is clearly not allowed fo get its value at s = 0 by simple substitution
of the value s = 0in the defining expression. becanse the two terms are not regular
independently af this value of s, To get vid of the singularity. we nse the series
representation for the logavithm of the Gannna fiumetion [18] 8.313.2

2 -
s, ) = z_:l(lm) -2x {I(»‘L:l'(//n) %%} b log pCp(28) - T (28) =
= — s | | ‘ P |
= ”1‘(!/11‘) - {Iln low i - i - 3 log 7n + = log 27 4 T ; m}
+_1 Z\: m s 1 B LL +I/"‘)'“{] o 26) — (28] =
i) i+ L)(m +2) = (vn + kym+t 12un og 1Cr(28) = (y(25)] =

Dy . e | i B T [ _— 20
= 0 g (28— 1) = W TEC (2 = 1) = 0 T2 — 1) 5T log il 2)+

1 _, 1 Y .
—5:/“\';,(‘ s) + 5 log 2717251 (28) + M (s.0) + 8(s. 1),
where
VI (s.07) : i( I S B
/! S.V) = — ”n ! =it
: 12 &~ : = (it k2w
and
. = m (1) ™2
Vs, v) = = - :
As.v) 2 Z) (m+ D)(m+2) .l (rn 4 hym=!

Now. all the terms are regular at s = 0 and we can compute 5(0.7). In particular,
for what concerns A7 it is convenient to deconmpose it as follows'

- ) ; I I ; I
A e § ( =25 - (9. R E -2l
NMo(s. 1) T ,,(I/“) {»k/l( o+ 1) — l} B hl(uu) {mz(//n _*_ I)]
this eives
| — I I
] ) = — ¥ < <l = = A - \ L/
M(0.v) = T g_, [g,,(_).zm - 1) oy IJ 121/[, Fo(l+ L)

We can provide two alternative integral and series vepresentations for A/(0.1)

by using the Plana theorem [35] pg. L6

(1 l v
{ = — <& =y (2.1 + L= o — 2l N7} = L ¥,
MO, 1) IZ{ZLH("I ! l)ﬂ—l/[lnhl wv+ 1]+ N(w) 1/}
where
. 2o dy) 1) - G (2a0(1 - dy) + 1)
N(v) =1 — dy.
0 (=Tl 1
or
~ e 2]
\ — ‘Ii‘» )
. ,Z ST

"Where ¢ is the Hurwitz zeta funetion.
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and the 13, are the Bernoulli mmibers [18] 9.71. Eventually, the expression for
(0017) 3s
1 v | -
NIONGE ~fl—51/(lug =)~ v((—-1) - —llug‘u + A(0) 4+ o(0.017).

where A0, 1) is given above and
B 06
|

. 1 m

MO 1) = = .

i ; 2 ,Z, (e + 1) (m +2) = (0 A k)ym=!
n=4za H.N=

This completes the proof of theorem 1.

I.1. Proof of corollary 1. The dircet computation of the limit for v = 1 of the
expression given in theorem 1is not casy ™ so we proceed in the following alternative

way. First, introduce the funetion (see also Tennna 2)
o
\(s)= Y (k)
0=

for Re(s) > 2. The double sum corresponds to the ordinary one

V(%) = Z(u - )yn=",

simply by recollecting the tens. Henee:
\(8) = Crls — 1) = Crls).

and \'(0) = (p(=1) + % log 27, On the other side. if we analyze \(s) by the same
means that we have used to analyze z(s. 7). we obtain

| o
"(0) = 1( L —log 27 + —.
AV (0) =50, 1) 4 I log - T
and therefore
| A
n(0, 1) = i log 27 + (p(—1) — l_/)

5. C'OMMENTS AND REMARKS

The value at the ovigin of the zeta funetion associated to the Laplace operator
on o compact riemamian manifold 1/ of dimension i with boundary is well known
[6]. Namely, provided the heat kernel operator has the expansion

~x

—-m)/2
E gt :

1=}
for stall 7. then (0. A y) = ay, - dimkerd . The first coellicients can he computed
in terms of Tocal geometric quantitios [6] [17] LA, in particular on the dise ) = (7

of radins 1. L, = % and

| ' 1
by = =— / .—)Il.l.r'i.r‘fl’/() =
Jab (

217 )

7.4\|1In>ug:,h. notice that A0, 1) can be simplified giving IL_, ( | "'—_)
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in agreement with corollary 1. The situation on the cone is more delicate. since
a singular term appears. This problem has been studied in [8]. by analyzing the
asymptotic expansion of the resolvent. and gives for the Laplacian on the cone (7,

| | '
ar=— v - =] +a,".
12 1 “
g

where the regnlar cocflicient. can he computed as above, and is alt = s
4 )

We conclude by providing an alternative representation for (0. L,,). This can
he obtained studying the two dimensional Hurwitz zeta function (Re(a) > 0).

x(s.0) = 2\: i(/ﬁ +an) "

=l k=l

that generalizes the function \ introduced in section 1.1 This function can he
studied using the Plana theorem as in [30]. As a result we get the following

Lemma 2. The function x(s,«) has a reqular analytic continuation to the whole
complex: plane up to simple poles at s = 1 and 2 with residua —5(1+ %) and %

respectively. The point s = 0 s reqular and

1 | 1
\/(().u):;log‘l'((\ + 1)+ =log2m — | — =Cp(—=Loa+ 1) = = (=10 + 1)+
J Qa o

[T D(a(l +il)) i
+ lop .
I-/» o I((1 = it)) e2m — 1

Alternatively, we can apply the method nsed in section 1 to compute \"(0.a):

1
~ = log ).
120 0 '
By comparison of the results we get the integral representation for the (0.a)

| [T F(a(l +7y)) dy
0.y = =(a = 1) - log 2
’,( 2 ')(” } /“ 08 |‘(“<| ,'!/)) o7y -]

|
V(0 a) = n(0.a) + 1 log 27 +

1 | |
+=log (e + 1) + —(1 =~ +loga) — = (= Lo+ 1).
2 120 a

and using this expression with a = v, we obtain the following alternative represen-
tation for the derivative of ((s.L,,) at s = 0:

1 1 |
(0, Ly,) = G <I/ + /—/> logl+v—1- Fl/l()g‘l + (7 - 2log2)—-
) j

497

= (vl +iy))  dy . 2
log ; , Flogl (4 1) - ==L+ 1).
/n & I'{e(1 ~ iy)) e*™¥ — 1 o T ) //L”( v+l
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