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¢ sao discutidas as suas propriedades principais.
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0.1. Introduction. Consider the regularized Weierstrass product

X ;
2 ~p (1)) oJ
Bty = [ (14 ) oS0 S35
(=T (14 ) i
n=1
where 4 is real and positive, p = [%], and v3 = —log Fj3(1). We define the function

ﬁl(““) = ze?* Fy(z). This is a an analytic function of z for all z up to simple poles
for = = 0,-1%,=27...., and T5(1) = 1. The aim of this note is to announce
the main properties of the function T'y, details and complete proofs will appear
clsewhere. Since I'y(z) = I'(z), the function Ty is a natural generalization of the
Euler function and we show that all the properties that characterize the Gamima
function independently from the "linecarity”™ of the terms in the defining sequence
(sce section 0.2) hold in a very natural and simple way for I'y.  In particular,
we provide a functional equation, the Taylor series and the asymptotic expansion
for large z. Remarkably we obtain the latter by proving the existence of a full
asymptotic expansion for the associated heat function (lemma 3). The last is of
the type Z:“:! e~ for some sequence a,,, and it is in general very unlikely to
provide a full expansion for these functions. Already the case of the two sphere is
hard [4]. When > 1, the Euler formula of the Gamma function generalizes to

o (P22 +2)...(mF +2)
Fa(z) = lim 1920 mf

5

that extends to 4 < 1 with the opportune regularising factors. This formula tells
us that neither the Gamma’s functional equation nor the integral representation
arc likely to generalize for Ty, since they depend on "linearity” of the general term.

Beside the abstract interest [6] [8], motivations for studying this type of functions
arise from their appearance when dealing with the regularized determinant [5] [9]
of real powers of the Laplace operator on the circle! [3]: dete (—Af;:. +a) is given by
I';(a), that generalizes the Lerch formula (lemma 3). In particular, the asymptotic
of log '3 give the behavior for small and large mass term.

0.2. Spectral functions. Consider the sequence Sy, = {a, = n* 4+ a}, where
B # 1is fixed 2. S, is a sequence with finite exponent of convergence % whose
only accumulation point is infinite. We associated to S, the f()l]owing'sp('ctml
functions. The zeta function (4(s,a) = Z::‘ (0 4+a)~*; the regularized Weierstrass
product Fj;(z) that is an integral function of order xl_% and genus p = [,'—1], the

i . .
heat function fi(t,a) = Y e "9 and the resolvent function defined by

Ri(\a) =300 +—5— = =(s(l.a—A), when 4 > 1 and where A belongs to any

n=1 N—n"-a

02000 Mathematics Subject Classification: 331599.
3 shmr /=
Un the standard case I%(z) = 7—\/_‘{;
2Notice that when 8 = 1, the general term of the homogeneous sequence Sy is lincar in the
variable n: this property is in fact responsible of some of the main properties of the Gamma
function, and this is why such properties do not hold for the general non linear case p# 1.
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scctor not containing the numbers a,. For an arbitrary 4 we can only introduce
S P SO — (p) _— P < 1 - -
derivatives R ;7 (X a) = (=1)"p! 5" ", oo = —PG(p + La—A).

Using the Plana theorem as in [7], we provide a full asymptotic expansion for
the heat function.

Lemma 1. Fort — 07, f3(1,0) ~T (1 4 /'—,> =3 s 5 qu %(',,,t"’,

27y,
2 Jy e —

m-—1 ;
2, . T < 23
]+I 2j+1 0 g 2m=2j—-1 7 Y-
Com = 2 E ( 4 1> cos 2/)’ sin /3 ———(h/,

J=0
m 9 4
2m + 1 5 T s e o T Xy (2t 1)
Comt1 = 2 Z ’H . cos™ —f sin?mtto2 =/ ,—(11/
2j 2 2" Jy =

J=0

0.3. The zeta function. The main properties of the genceralized Hurwitz zeta

function (3(s,a) can be obtained by standard methods [2], but we present a simple
' 7 . |

proof of how the main zeta invariants are related to the Weierstrass product [9].

Lemma 2. (3(s,a) has a reqular analytic continuation to the whole complex planc
up to simple poles al s = /% — 4, for all j = 0,1,2,... when l ¢ N, but for
. 2+
0<y <3z L _ 1 when £ € Nyg;. Res, (Q,(s,a),s =1 ——‘7) = ,) ‘(, ”,)a,’.
El » A it (H J)
Corollary 1. The coefficients in the expansion of the heat function have the fol-
lowing alternative formula: ¢, = (3(—=m,0) = ((=pm).

Lemma 3. (3(0,a) ki e
. / ,a) = i L
" -1+ (-1)7a7, &e€Ng,
ﬂ p—1 1)
¢p(0,a) = —5 log2m + Z] T((ql)u — log Fj3(a)+
iz
S (Bp)ar, g ¥ Mipl
+ it 5 |
o i), ben

Proof. When |a] < 1, we expand the powers of the binomial in the definition of the

zeta function getting (3(s,a) = Z’; Ny ; Y¢s(s + 4, 0)al, where (3(s,0) = Q(/is) If

;—1 ¢ N, we can evaluate both the series and its s-derivative at s = 0. If 1 5 € No,

troubles come from the p-th term, that can be treated using expansions at s =
— 8N\ ; —1)7 : ; ; . :
(7)¢a(s + 3,0) = SEAR () + [Ro(G) + (v + 9 () Ra ()] s} + O(s7), where
. - ; v k=0,

Ri(i) = Resy(a(0,0),8 = §) = { e 0

H

Using lemma 3 we generalize the factorization lemma of Choi and Quine [1]:

Corollary 2. (5(0,a°%) = %[CH(O,i(L) + (3(0, —ia)],

2

r
1 ) i ey Y
Z;—l 5= o= ar, for even p = 3 € Ny 1,
otherwise.

C4(0,0%) = (0. i) +C} (0, —ia)— {25)‘”

9



0.4. Properties of the Gamma function. Qur first results follow from the def-
inition”.

o

Proposition 1. [y(i2)Tg(—iz) = €203 Tyy(z?).

Proposition 2. When 3 > 1, (1 — %) T Hc” (1 = ) — T#ls)

n=l1 1042 Ua(z—ur)”
As a consequence, it is ])()%‘i])](‘ to evaluate the general class of infinite products

I L g
of the form I =[], Qt;:")’ where P(x) and Q(x) are two polynomial of the same

degree J, and @ has no roots of the form n. Straightforward calculations give

bil's(=bj) .
I = w(b,—ﬂ])
H a;lp(— )(

i=1
where the aj, bj are the roots of the two polynomials P and () respectively.
The Taylor series for log T'; can be deduced from lemma 3 as well. Alternatively,
we can use the regularized resolvent function

- o 1 p—1 (_.»-).f
Ry(—2,0)=> v > | ¢
n=1 J=0

that will be essential in the proof of proposition 4. The above series is uni-

formly convergent on cach bounded domain and so are its first p (l(‘rivaliw'q S0

we can take derivative and with the appropriate normalization: 77 log Fi3(z) =
(k=1 . D =k

(—1)"1?; )(-—z,()). Taking the limit I?ff)(—z,()) =0, for 0 < k <p-=1. This

proves:
Proposition 3. For small z, logT3(z) = —logz — vz + Z;ipH (;;)—j(“(/ij):j.

Our last result is the asymptotic expansion for large argument. The proof is in
two steps. First, we use the Mellin transform as in the proof of lemma 2 to get

the p-resolvent function R(p)(/\,()) as the Laplace transform of the heat function;

thus the asymptotic expansion of R(’ )(/\,()) is given by substitution using the ex-
pansion of the heat function ])1()v1(1(‘.(l by lemma 1. Since integration of asymptotic
expansions is allowed, we obtain from the above expansion the expansion for the
logarithm of the Weicrstrass product, up to a finite set of constants b;. Here some
care is necessary to deal w1th the p()sml)le L term. We need to distinguish two

cases depending whether 1 g€ Ny, or not?. Tho second step is to determinate the
still unknown constants b;. For that, we need to introduce the foillowing analytic
represcntation of the zeta fun(,tl()u.

50 1 X
3(8,0) = L P MR (N, 0)dAdt,
G0 =g [ g [ R0

where Ay = {A € C | |arg(A = ¢)| = 21, for some positive real ¢ < 1 and 0 <6 <

7, modifies to a contour of Hanl\(‘l type. Integrating by parts first in A and then
in £, we get log F3 instead of the regularized resolvent and an extra s factor. The
presence of the last determinates a zero of second order at s = 0, and allows to

3Proposition 1 can also be obtained from corollary 2.
INotice that in the first case necessarily 4 < 1, and hence the second case contains the case

A > 1, p = 0. Notice also that L% can never vanish, since 8 is assumed finite.



5 5 2 % s
use standard techniques” (see for example [2]) and the know expansion for log Fj;
to compute residua at s = 0. By comparing with the values of the Riemann zeta
function and its derivative, we deduce the constants b;. We get®:

Proposition 4. For large z with avg(z) # 0:

1 4 ) o (-1)™ B
log T5(2) ~ =3 log 2 + 5 log 2m + ZI ——((=Am)zT" = et
) 13+ . . et 1 »
for SO + Gy if £ ¢Np=5]#0,
L x v
+ _si:%z“’ lf%¢N,]}:[#] =10
S RTETYE o N I .
P S () + (-1 v log 2 4+ 48], i =p € Nowi.

To conclude, notice that the constant 7 is a natural generalization of the Euler
constant v = ;. This can be seen by writing explicitly the defining series or
—goe (=D ; g seEilvE e Bls B
observing that vz = Z/\'=]>+| “——C(Bk). From the above results we also get

.od S d ., 1
0 = i o Tte) = iy omate) + ).

consistently with the classical case, and independently from the functional equation.
Ou the other side, for arbitrary /3, it is no longer true that the constant 3 coincides
with the non singular part of the associated zeta function (3(s,0) at s = 1.

REFERENCES

[1] J. Choi and J.R. Quine, Zeta regularized products and funclional determinants on spheres,
Rocky Mount. Jour. Math. 26 (1996) 719-729;

[2] P.B. Gilkey, Invariance theorems, the heal equation, and the Atiyah-Singer index theorem,
Studies in Adv. Math. CRC Press, 1995;

[3] C. Morpurgo, Sharp inequalilics for functional integrals and traces of conformally invariand,
operators, Duke Math. Jour. 114 (2002)477-573;

[4] H.P. Mulholland, An asymptotic capansion for S0 (2n + I)u""‘*%’z’, Proc. Cambridge
Phil. Soc. 24 (1928) 280-289;

[5] P. Sarnak, Determinants of Laplacians, Comm. Math. Phys. 110 (1987) 113-120;

[6] R. Shuster, A generalized Barnes G-function, Zeit. An. Anw. 11 (1992) 229-236;

[7] M. Spreafico, Zeta function and regularized determinant on projective spaces, Rocky Mount.
J. Maths 33 (2003);

(8] I. Vardi, Determinants of Laplacians and mulliple Gamma functions, SIAM J. Math. Anal.
19 (1988) 493-507;

[9] A. Voros, Spectral functions, special functions and the Selberg zela function, Comm. Math.
Phys. 110 (1987) 439-465.

n . .
?Some care is necessary to modify the contour.
SNotice that the last formula covers also the case p = 1.
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