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Resumo Neste artigo ¢ estudada a funcao zeta associada ao operador de Laplace
sobre SUx M onde M ¢ wmna vaviedade Riemanniana compacta. Pelos casos
particulares onde A ¢ wm toro on um box de dimensao D temos formulas
exatas que permite caleular rigorosamente as principais invariantes do modelo
fisico associado.
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Abstract. We express the zeta function associated to the Laplacian operator on
S M in terms of the zeta function associated to the Laplacian on M. where M
is a compact connected Ricmannian manifold. This gives formulas for the partition
function of the associated phyvsical model at low and high temperaturee for any compact
domain A7, TFurthermore. we provide an exact formmla for the zeta function at any
value of  when M ois a D-dimensional hox or a D-dimensional torus: this allows a
rigorons caleulation of the zoeta invariants and the analysis of the main thermodynamic

functions associnted to the physical models at finite temperature.

1. Introduction

The zeta himetion regularization procedure is one ol the most elegant and rigorons
methods to deal with path integrals in quantum field theory. A great effort has been done
in the last vears to produce exact caleulations in different cases of intevest [13] [10] [11]
[12] [3] with particular attention to exact calenlation of the heat kernel coeflicients [1].
Notice also some rigorous calculations appeared in the recent mathematical literature:
(7] [9] [20] [28] [29] [18]. The purposce of this note is to show the result ol a rigorons
application of the zeta lnetion regularization technique. In particnlar. we analyze the
hasic example considered by Hawking in [16]: a scalar field in-a compact domain of
the product space time b"',,/,;,ﬁ x M oal temperature 70— % and provide a complete
(reatiment of it. Our main motivation is that we can perforni all the calenlations in
a rigorous way and determinate all the quantities of interest without fntroducing any
approximation. Our main result is an effective formula expressing the partition function
at finite temperature in terms of the geometry of the spatial hackground. This allows on
one side (o deseribe the hehavior of the physical model at low and high temperature for
any spatial domain (cfr with [8]. where asimilar analysis was performed for A/ = HAT):
on the other side. to provide explicit fornmlas that desceribe the model for some particular

ceonmetries. namely the D-dimensional box and the D-dimensional torns. at any valne
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of the temperature. Onr technigue is likely to he generalized (o other sitnations, and
there are works in progress in various directions.

The partition function for a sealar field o with action [{o] = = [ o(r)Ao(r)d(rol ()
in the Euclidean space time and where A s a real clliptic sell adjoint second order
ditferential operator, can be formally described by the Fevnman path integral 72 =
[ Doper!#l = [(l(‘l(/).'\)]"% where p s some renormalization constant with dimension of
mass or inverse length introduced by hand in order (o obtain a physically consistent
model [16]1. With periodic houndary condition in the imaginary time with period
3. the backgronnd geometry of the flat space time is described by the product space
A_S"',//QF x M. with producet metrie I bgo where (M. g) is a complete Riemannian manifold
of dimension D: in particular, we assime A to be compact connected.  Following
Hawking [16]. the path integral can he given a rigorous interpretation in terms of some
seta invariants associated to the nnderlying geometry. We introduce the zeta funetion
associated to the operator A, ((s:A) = Z/\lﬁm,\/\”“‘. (where SpyA denotes the non
vanishing part of the spectrum of A): then. defining the vegulavized determinant of A
[24] [1] by log detA = — %C(H: /»l)‘_\,:”. we get log Z = 3'(0: A) — £ 1og pC(0: A). Under
the identification T = % the partition function for the quantim theoretical model
corresponds to the one for a canonical ensemble at temperature 7.0 We will assuime
(his point of view. and we will work out the partition function Zp for a statistical
svstem calenlating the zeta invariauts of the nnderlying geometry. This will allow ns
to introduce and analyze other interesting thermodynamic functions and to get nsefnl
information on the svstem described at finite temperature 7. The main feature of this
approach is (hat we can describe completely the partition function for any theory in
the product space time at any value of the temperatnure. in terms of a zeta function
al null temperature (that we will call geometric zeta funcetion) depending only on the
gcometry of the space. namely of the hackgronnd physical domain. To get (his result.
alter introducing the zeta fimetion associated to the model in the proper Enclidean
setting. we use the particular form of the spectrnm to decompose the zeta function. We
casy get a function of the temperatire T smooth for all positive T hut the hard point
is to get the right analvtic extension at s = 0. in order to obtain the partition funetion.
In particular, the analytic continnation is not nuiform in 7° for small 77 and henee the
calculation of ¢/(0) mmst be performed at positive 7. We are able o get this result.
and we can do it uniformly in 7 for T in any closed interval of the real positive axis
(Proposition 3 of Section 2). Moreover. the resnlt is effective, and we can deduce from
it. both the hehaviors for low and high temperature.

Studyving the models al low temperature. we show that periodic bonndary conditions on
the spatial domain give an anomalous hehavior for the zevo vest mass scalar field that
can be corrected by adding a non zero mass term while studving the hehavior of the
pressure of the radiation as a fmetion of the volume at different fixed temperatures.

we prove the existence of aminimal non vanishing value of the volume below which

Jeside in this work we will not treal renormalization problems. we will give effective formulas for Z

=i

for any p.



the force hecomes attractive. as expected hecanse of the Casimir offect 2] [22]. More
precisely. the expansions at low temperature ol the thermodynamic fnietions show the
following cfleet of the bowndary conditions on the physics of the model: the presence
of a spatial zero mode produces an anomalous behavior of the entropy and the specific
heat at low temperature.  In particular, on a closed (compact. connected, with no
houndary) geometry, we always have a zero mode for the Laplacian. due to the constant
cigenfunetion, and this produces a log T term in the logarithm of the partition fmetion.
and hence a logarithmic divergence in the entropy and a non zero specific heat at low T
Such a term disappears when a bonndary is present and opportune boundary conditions
are asstumed. Furthermore. the presence of a non zero mass term cancels the logarithimic
term and recasts a correct behavior for small 7 on both the domains. independently from
the bonndary conditions. This is in agreement with the appearance of a logarithmic
divergence (infrared divergence) for a massless field classically (see for example [23]).
Particularly meaningful in this context is the case D = 1, whose associated zeta function
appears as the zeta lunetion for the Laplacian with a constant potential on a cylinder
or on a torus. Its s-expansion near s = 0 is well known since Eisenstein and Kronecker
(32]. and relates to the theory of modnlar functions and L-series. The coefficient of the
lincar term can be expressed using the Dedekind eta funetion. and nsing the modular
property of the last we can casily relate the behavior at low and high temperatnre of
the partition function of the physical model. Tt is clear why the presence of amass tern
cancels the singular hehavior at low Tt in fact. such a non homogencous term breaks
the modular property of the eta function. This will be discussed at the end of part 4.3.
The D dimensional version of the cta function appearing in the covollary of Proposition
3. has not been studied vet. It does not exhibit any periodicity. but possible modular
propertics should he very important. A deeper analysis of such function shonld he very
interesting both under a theoretical and applicative point of view.

The study of the thermodynamic function at finite temperature allows to analyze other
interesting phenomena. I particular. we investigate the pressure ol the radiation at
finite temperature as a fmnction of the volume, and we show the existence, for any fixed
temperatire. of a critical volimme Vi where the pressure ol the radiation changes sign.
hecoming attractive. The analvsis performed in part 4.5 of Section <+ shows that below
Vo thie pressure is al tractive and decreases like 1V S as expected by the Casimir effect
(2] [22]. We also show that. up to renormalization. the eritical volume depends on the

1

temperature by the law TyV,” = const, and the boundary does not affect this cffect.
The work is organized as follows. ITn Section 2 we briefly recall some basic information
about the geometry of the Laplace operator on compact manifolds. This will Tead ns
to define the zeta function that deseribes the physical models we want to study and
(o state our main result in Proposition 3 and its corollarv. In Section 3. we prove
asvinplotic expansions at high and low temperatnre. In Section 4. we study the zeta
function introduced in Section 2 for some particnlar geometries at finite temperature,

and we provide formmlas for the main thermodynamic funetions.



2. The zeta regularized partition function

We recall some known facts about the geometry of the Laplace operator on compact
manifolds. Let (M. M. g) be a compact connected Riemannian manifold of dimension
D with (possibly empty) bonndary OM. Let (Ay. BCY) he the Laplace operator built
using the metric g and acting on the opportune space ol functions with houndary
conditions BC on the bomndary of M. 11 the hboundary of Al is not emply. Dirvichlet or
Nemmann boundary conditions can e chosen. Let Sp(—=A ;. BC') denotes the spectrnm
of the associated houndary value problem. Then. Sp(—=Ay,. BC) is a discrete sel of non
negative (real) numbers: {Abren. 5 € NLand ker(—2A ) is a finite set of rank K. Let
Sp, denotes the set of the positive eigenvalues and IV the set ol their indices. T M
is empty. then K = #her(=2Ay) = L the constant funetion. o this situation. we have
2 I

|

(\'nL\/\’«)I/f{))ﬁ

the Wevl formmla. that gives the hehavior of the large cigenvalues. Ay ~

1)
where 3, is the unit ball in R and vol By, = ‘(—L‘—[) [19] [21] [25] [17]. and the heat

; D s L " S
kernel expansion Y-, e =173 37 sz when £ — 07 [15]. The formmlaz above

hold also il a regular potential term is added to the Laplacian and ¢g = ~oldl 115).
(1m)Z

Before introducing the zeta funetion. we need the following technical Temma. that can
he easily deduce from the Young's inequality.

al
+1

Lemma 1 For all real positive a and b, inleger positive noand bon® 4 K (k)

We are now able to introduce the associated zeta fumction. We want to do this in
slightly more general setting. namely we assume a possible mass tern and we consider
(he operator —Ayy + ¢. with real ¢ > 0. The kernel of this operator depends on . but.
its rank is discontinmons at ¢ = 0. We will see in the following, that all the resnlts
we are able (o prove. are true wniformly in g, for all ¢ in some fixed closed interval of
the positive real axis. This suggests to deal independently with the zero mass case.
On the other side. to simplify notation and avoid to give always two formulas. it is
preferable o choose the following alternative approach. Lets it rodunce the funetion
0O ilg#0
Koilg = 0.

for hoth the cases. ¢ = 0 and ¢ # 0. that is clearly non smooth in ¢ Also. we stale now

aud assune ¢ to be fixed. Then. we can write a unique formula

K, =

once for over that all the following formmlas are smooth and uniform in ¢ for ¢ in any
fixed closed interval of the positive real axis.
We first introduce the zeta function at null temperature,

Cls:00q) = (s Ay +q.BC) = Z (A +q)7°

heo Iy

for Re(s) > 2. where the notation means that the (possible) zero terms nist e omitted

in the stm: we will call this fietion the geometrie zeta lunetion associated to the model.
7 “ o J " . 5 -
Next . consider the product manifold ST x AL, with the producet metrie d=f g, Laplacian

A = (')—)_7 + Ay, and periodic hbomndary conditions u(0) = u(3) on S parameterized



by ¢ € [0.3]. Then. Sp(=A. BCY) = {(277T0)? + M boergen. and the associated zeta
fumction is§

!/

(. 2rls (/) Z(n k)il x I\'l(gﬂ—'l'”)z + /\/" -+ (/J S

. . - ) _I ; 2 Bl . . . . . . . .
for Re(s) > 258 by Lemma L. The zeta regularized partition funetions for a (possibly)
massive scalar field whose underlying geometry is (M. JM. g) is

- | | . | , .
log Z(T.q) = -5 log det(p(=A + ). BCY) = =(0:271.q) - 5 log pC(0: 271 q).

As stated in the introduction, our approach is to study the zeta [nnctions as
mathematical objects. providing all the zeta invariants, and hence to write down
formmlas for the partition function of the physical models and to calenlate the
thermodyuamic functions.  In the most general setting of this section, all basic
information about the zeta fanetion can be obtained using classical methods (see [15] or
[26]). We summarize them in Propositions | and 2. We also provide the findamental
analvtic representation for the zeta funetion. Proposition 3. that will be the starting
point for all the proofs in the following. From now on. we will use the variable y = 271
to simplify notation.

Proposition 1 The function ((s:0.q) has an analylic continuation lo the whole

)_
complex s-plane up o a sel of simple poles al the value of s = LA for T =

0,1.2..... thal arc nol 7;()71—/)03‘//:/1'(' integers, with residua: Resy ((s:0. (/) g = ’),_;/) =
| 5

| =b" ST 176 neaaline inteoers. — = —1.-92 -3 .
WZ.I~/'E”-,I+3"':’ 2 (,r[ al zero and negalive inlegers. —m = 0. =1, -2, =3, ...

s = (=0 K,
C(=m:0.q) = (—=1)"m! Z,j./.-;rl.,/+2!.~:2m+/) el — T

Proposition 2 The function ((s:y.q) has an analylic contimualion lo the whole
compler s-planc, uniformly in y fory m (Il)[/ closcd -/'71./.("1'4'(11 of the posilive real axis. up lo
a sel of simple poles al the value of s = Dall forl = 0,1.2..... thal are nol ')1,()71—7)(1s"il'i‘('('

S TN B D o A_m-n A /T | [
integers, with residuall: Resy (C(s3y.q). s = - ) = IV(I)H Yy 2ozt b2hmt R et

I

s =0 is a reqular poinl and C(0:y,q) = \/ Z}, S0, 2k= D+ 1 (“]‘.l!) (",(/"' — Ko

Notice in particular the homogencous case ¢(0:0, 0) =cp—K.((0:y.0) = 4"/)»—1 - K.

Proposition 3 For all y > 0. fized ¢ = 0 and uniformly i s near s = 0.

: VT AW ' I

C(siyag) = ]'(,q)!/ T {5 — 5 Cls— 3 0,9 ) + 2K, 0" (p(2)+

{ A 12\:2/ n > 2 I (‘.’m; - >

L e )= _— (U Ao Fal.
[’(.s‘)'/ : YRR/ Ty B

4 Notice that the samne consideration introduced previously about the variable ¢ apply for the variable

7. but recalling the disenssion outlined in the introduction, we will assiine positive definite temperature
and will work ont the 77 = 0 limit once the right analvtic continnation hias heen achieved.

g 2K,
[ A farther term == appears at s o



Prool Let ap = A+ ¢. First. we isolate the (possible) vanishing terms:

C(s1y.q) Z Z yn) o ap]”" + 2y Cp(25):

=G eI
the second term needs no further conuents. for what concerns the first. we procecd
as follows. To start. assume y > 0 to be fixed. In such a cases we provide aformula
thal can be analytically continued in s near s = 0. and we prove that such extension is

uniform in y I'()r all g > 0. We apply fivst the Mellin transform,

I e + ,

E § I/II e ”’J -5 __ j" 5 I § (‘wy‘n“li e ”I"I(//.
I'(s) Jo .
n=-~x k&N ) n=—ng e N

and hence the mnlti dimensional Poisson stummation formula. we get

T /-“'"l*'z' Wy 2y -3 Z = Z ~dkl ) =
—_— 2 o "l £ — 2 (O @ dl =
yl(s) Jo yl(s) .

he I he W

the integrals are known and give (where [\',,(,:) is the Bessel [1111('( ion)

v | L dr* I/ - 5
:!/F(.s‘)r 8=5 )¢ .s'—«E.l).(/ , ZZ [\N_,%(”rlu/ b

n=I1 kel\

The sccond term is a integral function of s, and it is also casy (o sce (nsing classical
estimates for the Bessel Mmuctions) that convergence of the series is wniform in gy for
honunded y > 0. This means that the second term can be analytically extended for all s
simoothly in g > 0. The first term can have poles. but dependence on y and s are clearly
distinet. Using the results in Proposition 2. and the known expansion for the Gamma
function. we find out that there exists a closed neighborhood of 5 = 0 where there are
no poles independently from g, for all g > 0. This gives the thesis. O

Tu the following result is the main decomposition of the partition funcetion of the physical

model at any given temperature in term ol the geometric zeta fimetion.
Corollary 1
log Z(T.q) = #ker(—=Ay + ¢)log T = log H (l e

e

I L | L
—_—[—l\(‘\l, (L(H:().(/).h‘ == ~E> — ,-I—_(I — log 2)Res, (((s‘:().(/).s = —E> -+

L
—= l()ﬂ pC0:27 T ).
smoothly in T > 0 and for (:.H Sreed g =

Proof From Proposition 3. we just have to work out the first term. Recall that

ﬁ = s+ 482+ O, and T (s — 1) = =27 = 2y/7[2(1 = log2) — 7]s + O(s7).

and use Proposition 1 to write

| 5 R .
¢ <.u — 3:0'”) = (ot eps+0(s7) = =L Byt e+ 00,
4 S

o

when s — 0. where 17, = Res; ( (5:0.¢4). 5 = —-~) Then. ——I (s——)( (.s‘ — %:(].r/) —
-2/l — 27| Ry +2(1 —log2 ) I2i]s + O(s%). and lll(\(()]()ll.ll) follows. O



3. Low and high temperature expansions

We state onr vesults in the most general setting. using the zeta funetion introduced in the
previous section. The expansions for the partition [unction at low and high temperature
can be immediately obtained as corollaries (For an overview on the physical literature
on the thermodynamic on the zero mode and the high and low temperature expansions

the interested veader can have a look at [14] and to the references there).

Proposition 4 For y — 0. with fized ¢ = 0 and uniformly i s near s =0,

‘ vy~ LY | g =B 1
C(s1y.q) = m—r g— = 6 8= 5:()‘(/ + 2K,y Cr(28) + O <(‘ u) )

Proof This follows immediately from Proposition 3. 0

Corollary 2 For small T. and all fized ¢ > 0.

| o 1
log Z(T.q) = #ker(—Ax + q) log T — TFR(‘H“ <C(s: —Ay BCO). ~3> +

, [\ |
—(1 —log 2)Res, (g(s: — Ay BOY. —;) T-F

_1/.

1 ! =Lt -k K
o [ Z —_—c gt =K, 40O ((\ /') ;

2 ml v |

2 Vvl Jok20, 2k =D "
Proposition 5 For y — +oc. with fired ¢ > 0. and uniformly m s near s =0,

) P 5

2,' w2 D 5 J. D —9g
((s:y.q) = ((5:0,q9) + - lF( ) r ( 2+ - -5') Cul D4 L — 28" 2% £ aly™==2),
S

Proof Let ay = N\ + ¢. We first isolate the (possible) vanishing terms as follows:

X
C(s1y.q) = ZL Z[(yu)“’ +a] "+ C(s500,q):
n=1 ke X
let 0 = % then: (MW (siyq) = 42232 S e iln? +oa]™ = B (s0q). and we
stidy Co(s:g). We start assmming Re(s) = s > Q_,*—’ o € [, 1]. Since convergenee is

absolinte we can exchange summation indices as desired. Applying the Mellin transform

1 e ~x |
ALY . s=luy —n=l Loalay, .
Qﬂ (.\,(/ = / / 2 @ ( (//
) L(s) Jo ; Z

he N

splitting the integral at 1 = % in the fivst integral. af < Loand henee we can use the

heat kernel expansion for =2y, while the second integral gives a regular funcetion ol s
9 3 . )
for all 5. For the first term. we get (recall a = 2)

- . 1
—k X S i

¢
a 'y 7 pied el 72
c;022 E / fotg o=l =ity
['(s) '

=0 n=t 70




(\)

notice that we can not 1se the Poisson formula here. since we are interested in the small

a (".\'])alll.\'i()ll. Now. for cach j.

Z/ s+/-~u—~l -n? /(// S N T J Cp(28 — 200 + / Z/ k- =l 71,2/(//.

n=I n=1\

S

The first terin can just have simple poles at o — £ and « — Ld I fact the Gamma
function can have a pole only at non positive integer argument. but for even negalive

integers the zeta funetion vanishes. Thus, for cach j and all s # o = 4.0 — L)

]]]“ ‘)Z / +L»-4n - o -1t dl - Ml s —a + % C/‘.(‘ZH — 20 /)
=l B

where the analvtic extension of the above function of s is intended for Re(s) < o 4 4.

For Sl]l;l” 7. we can write

i i —alay(.r ey 3 ("’. —a -+t é) C/f(zﬁ — 2 + /) ;
T0s) / Z( Zv VI = Z at T(x) +o(l)

n=1 h=(0) =()

and this is a regular function of s for s closed to 0. independently from . and hence
pives the desired resnlt. The second term with 0 = o/, and using the Poisson formula

hecomes
20 o0

g 9}
(7”/ ."")Z(‘ Zv vy = a7 O(e” lf)
* n=1 h=0
for all s. since the second factor is a regular fction of s for all 5. Collecting and
recasting the correct functions we get the thesis. where we put in evidence the leading

term and use the Riemann’s functional equation to rewrite its cocfficient. O

Corollary 3 For large T.

o volA/ D+ 1
log Z(T. q) = @—F =

m 2

Cr(D + DT 4+ o(T").

4. Finite temperature results for some particular geometries

We turn now onr attention to the case of a scalar field of rest mass ¢ in two fixed
ceometries: a cibic box By of edge 1 and a D-dimensional torus TH = .S','/,ﬂ X ... X ’w,/,
at any fixed value of the temperature 7. The operator A in the action is llw negative
of the D-dimensional Laplacian A plus a coustant potential in the Euclidean space
and the difference in the two models is in the boundary conditions: Dirichlet houmdary
conditions on the honndary of the enbe and periodic bonndary condition for lhv closed
domain. A complete system of cigenvalues is then: A, (T g 1) = (27 Tn)? 4 o |A]

where n € 7 is an integer and A = (hy... .. k) is a positive integral veetor in (N(,)“ in
the first case. but is any integral vector in 7" in (he secoud one (20 is the length of the

cireles in the torus in the second case). The zeta funetions are

(o, (s:27T.q.1) = Z (271'n)? W =t




—&

' @, T
(2r'I'n)” + —//T|/;j" +q

Ll 2T o U = Z

(n.RyeZt+!

: o D+ e ‘ PR : :
for Re(s) > ——_j—' Using the results of Section 2. we just have (o study the associated
geometric zeta functions, nanely

()

|

. , 72
(8, (5:0,¢q,1) = Z /l—__,[/f’“ +ql . C(r,(5:0.q.0) = Z %[A'I‘ + g

he(Mp)? ezl

for Re(s) > % This is the aim of this section. that is subdivided in three parts. In
the first we introduce a mnltidimensional generalization of the Ricmann zeta function
useful to describe the geometric zeta iimetions. subsequently we caleulate the main zeta
invariants. and in the last part we give the partition fnuction and the thermodynamic

finctions. From now on we will assume 1D > 1 il not otherwise stated.

4.1, Mullidimensional quadralic zcla funclions

oy . . . .

Let ¢ e a complex constant that is not real and negative, noa D-dimensional vecetor
. . . ) . . . . o .

with integer components in Z”. and A a real synunetric matrix of rank £ with positive

definite associated quadratic form, then we can introduce the functions:

Enlsig) =Y (I +d*)

ne(Mo) P

Cp(s:Alg) = Z nTAn+¢*)™ =% + Colsin® An,q)

nez b

when Re(s) > % Notice that the definition introduced for (p(s: A, ¢) is ad hoe to avoid
problems for the homogencous case ¢ = 0. Iu fact. while the definition given for {p(s:q)
extends to ¢ = 0. in the Eisenstein st one must omit the null veetor when ¢ = 0. With
the definition above. this simply means to omit the ¢7# term in the homogencons case.
We will use the notation Cp(s:q) for Cp(s: I, q) in the following. Notice in particular
that Co(s;q) = ¢~ and 2€,(s:0) = Q (5:0) = 2¢p(25). Actually. the results we are going
(o give for the Epstein zeta functions hold true for a large class of zeta funetions. that
we introduce now. Let o€ Z7 and A he as above. b and 0 = () be real D dimensional

veetors, and asstume 0 < ;< L Then. we define the functions:

Cpls: Adboa.g) = Z [+ YT Al + 2) + b (/3}

nezb

Cols; Ab,a,q) = Z [(n+ DA+ )+ 00+ ¢

VAL
(=
n&iy

when Re(s) > £ Notice that ¢ must be non vanishing in the definition of
Cols:Abor.q). A ot is known about these multidimensional zeta functions. in
particnlar the homogencous case. namely the Epstein zeta: himetion. has heen deeply
investigated (see [31] for a good overview. or locally cited references). Here. we collect

a series of results that seem more interesting and nseful for the present purposes. As we
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will sce. it is casier to get more general results for the Epstein series. and this is essentially
due to the possibility of more effective use of the Poisson sunnmation formula. All the
proofs are based on classical techniques. namely the Mellin transform and the Poisson
sunmation formmla: sinee these tools were used for all the proofs in the previous sections
we omit (o give details here and refer the interested reader o the literature available
for a deeper account on this subject.

We begin by introducing some analytic representations. These will be usefnl to-get
all information about the analytic extensions of the zeta [unctions, as well as when

calenlations are involved to evaluate them al some particular value.

Lemma 2 &p(siq) = —3&p-1(s:q) + ]‘(/j T(s—3) & (s—5:0)+

il
;

e B2+ ¢\ .
it . . (270 \/|h
b T Z - N, i (2mn |h]? 4

(nh)e (NP

For the Epstein tvpe lunctions. we have the following lennma when ¢ # 0:

Lemma 3

. l‘("‘?%) 5 27t D e A ) T
Cpls: A0 g) = ———=———1 D g7 \ _— N b 2rqVnl 'n)
Videt A I'(s) vdet A'(s) o q 2
LY

yel = 2 2
'_<-_Q(,,.~.1‘,,u )T

Vet A I'(s)

27" - nt 4y 2 - ] |
e —_— N Ty ST LA B VTR B 70 PO T U/ Tl B A 1
VdetAT(s) 2:l,<q-’— 'II:’.\ ‘I)) L
”*‘.4”

Cps: A 00g) =

e
vl

When ¢ = 0. we need some more notation. Let a, ; be the elements ol A. Let Ay the
minor of a;, in A. and A, denotes the D — 1-cohmn vector whose elements are the
clements of the first line of A; . Let [), and .7 be the D — 1 vectors whose elements are
the last D — 1 elements of b and . respectively. Let B be the D — 1 square matrix whose

clements ave by j-1 = a;j — L'm”% where the indices ¢ and j run from 2 to D — 1.
: : VAl (s 2) 2 B ot s o - %)
Lemma 4 Corlst V0L 0) = ((sag g 00 0) + 'T.T‘T“’ {8 = 5 B0 0) + 700 =X

L
L Z 7 1 - i) DL LAWY i
b4 cos2m \npay 4+ —c(n n|{ VoL vn 11
. (n'! /iu){"(’ ) 2\ Vi

"y

N _x') / e In L~ L)
(Hlsi1ih.0.0) g|(~ apg.hp 0.0) -+ 'vT—(TT:_rL'“ | (.\' - =30, :J—l L s T]‘T R e <45
s 4 T s 5
e AN L(%\ul Vyan —r,"—l(;‘\[u{-h,]--)
= = | =
XN ol Doy Cos | (204 by)ny T
| L2 - , 30 1)
(w7 ﬁ\:\w-uy,,v-)
- £ -1\
Coroalst by 0.0) 4+ et B ( LB b dend T b LT '/,,) 4 2 x
£ RS SR BL R BT T e A L T (x) i PrTR W RN 120 4100 NATETR)

/ , = 3 I
. I v o omy n A L e 2, AT A 'h ey o Lhl AL iy
] Yo . o JY B LT = 11 T v 1 ! [ R ke R T e B
wiin” Ay 0 Ayl oy ¥ — ) \ \ [
v 1, Pt i U IS =
« (n' .y )

Lo ="
[N}

\
i

1
3
[ . R} -
(—I—-—‘—u $hy VTR T [("w>

. < ji ' S a—1 : ; o
where the last lwo representalions hold if _Iu—:: or —llbl’ ;le, are nol negalioc inlegers.
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More Chowla-Selberg type formmlas [6] [5] can be fonnd in [31]. We also reeall the
important reflection formula [27] [30)

Lemma 5 7 T(8)Cp(s: AL0.0.0) = Tl (% —5) (% —5:471.0.0.0).
0 i
/—lT \I‘(~{—,))(/I) D odd
Corollary 4 Cp(0:A,0,009) = ¢ V™ D -

z_CDZ oD even
Videt A %! / )

.~|~

VEN o (2mgV T A ).
\/(ITLZ:,) \ ( n n)

Sce also [6] and [31] for the Kronecker limit formula.
Corollary 5 Forn =1.2.3,...: Col=n:A4,0.0.0)=0: forn=0.1.2.....q # ()
, . 0 D odd
(o(=n:A0,0.q) = ¢*" + (p(—=n: A0.0.g) = ¢ -y "2y ¥ P D even:

(n+%)! VdetA

Eventually, using the representation introduced in the previons lennmas. or using

classical methods. we get all information about poles. residia and partienlar valnes.

Lemma 6 The [unclion Ep(s:q) colends analylically to the whole comples plane up

Lo simple poles al s = -’_7) “;' ..... 5 and s = —% — g = 0,020 000 wilh residua:
D
I —1) = Lo . )
Res, (g/)(“ q). E) = 3;(:['( 0 Z/—l Z/ 0,27 = j+k ,! < j >7"-”/ k= -D,-D +
, 3 o T D0 et =2 D g
[ A ¢2N i/)(”-(/)TT+ "'.37‘)—2‘,,‘4 < 2 —W)[-_
Notice that in the homogencons case there are poles al s = %% with residunm
A BRRYERY D i . "
Res; (Ep(s:0).s = é) = #—l)—(_—) ( ; ) 72, 4 =1,2,..., D.Ep(0:0) = %
Lemma 7 The analylic conlinualion ({/’Q;(ﬁ: A.0,0.q9) (1111/ Cp(s7A,0.0.0q) are reqular
on the whole complex s-plane up Lo a simple poles al s = 7 —j. =012, 4f D s
odd and s =2 —j. j=0.1.2..... 2 — 1 if D is coen. respectively. The vesidua are. for
) s N '/‘r" 2 ; .
both the funclions. Res, <C,)(.s': A0.0.q).s =2~ j) = (ﬁll')., ﬁ;g” ik Joas before.
= Jo Videt. o
) (0 D odd
Morcover: (p(0; A.0.0,¢) = 1+ (0: 4.0,0.¢q) = (—my 2,0 .
=D D cven
Notice that in the homogencous case the unique pole is at s = 1_,3 with residunm

LD

7;;(_1). and C(0: 4,0.0.0) = =1 for all D.



4.2, Divichlel boundary condilions

[n this case, the spectrim of —Ay; is positive definite, and we can write the geometric

2 Jal
zela function using the function & (s:q) just introduced: (g, (s:0.q.1) = ==& (s" v
Notice that this extends continnonsly to the homogencons case ¢ = 0. Using

Propositions 2 and 3 in Section 2. and Lemma 6 of the previons part, we get:

Proposition 6 The function (s, (s:y.q. 1) celends analylically lo a reqular funclion on
the whole compler s-plane up Lo simple poles for all 1he s = DAV with j=0,1.2,...,
thal are nol non positive inlcgers, wilh residua (k= —D — 1, =D. =D + 1..... k¢ N):

N R T Gt D D\ (=L)y*2g
Res; ((B;K&.!/J[./),h = —§> ‘)1)//4 ‘F Z Z ; W

2 Y i=0 j=0.2j—i—1=k ) ST
Notice that in the 1 eneous case the poles are al, s = 281 B l
otice that in the homogencous case the poles are al s = ==, 5,... 3.

Proposition 7 For all y > 0. fived ¢ > 0 and 1 > 0. and uniformly in s ncar s = 0.

/'l.~ ] ﬁ
{
()

sy (siy.q.1) =

+
=
|
T
1ol=

(nh)e () P+1

As a corollary, we give the formula for the devivative al s = (0. Some care is necessary
to deal with the first term when ¢ # 0. In this case in fact. the funcetion ) (s:q) has a

pole al s = —%. Proceeding as in the proofl of the covollary to Proposition 3. we goet

Corollary 6 For all fived ¢ =20 and | -

Z D (—l)' 12/+](I/H

o (0iy.q, ) = ——R)— = ) >

<y (05 - 4. 1) [y 20y o 2i + | (i + 1) x

. 2T 2T ,'/;;)_\'3,_’

(b,)( y.q.l) = Aplq, /)—/ — 2log H <l —e WVt ”> )

Y A(-;(?‘»J())“

where Ap(q ) = —I [Ro -+ (2 = logdr + log N R]. B, = Ros, (€ (5 48) .5 = —1
where Ap(q.l) = =5 [Ro + (2 = log4m + log ) . Yo (€ (- ) (5= —5 |-
Notice (hat in the homogencons case the value at s = 0 is 0 for all D, Also. when
q = 0. &p(s:0) is regular al s = —L thus an explicit formula for the constant when
g = 0 is 4,,(() )= —%¢&n (—%:l)). hut it is more complicate otherwise. Using Lenuna
2.if ¢ = 0. when D = 1 we get twice the Riemann zeta finetion at s = —1. while

[or higll(*l‘ I) only nmumerical evalnations are possible and give: & (—%:(l) = (p(—=1) =
—%. & (—%:()) = 0.026127. &, (—%:[)) = —0.010015. Notice that these results can be

casily obtained using the representations introdneed in Lemma 20 sinee the series there

converges very fast. The same computation can be made using the reflection formmla



for the multidiimensional zeta function given in Lemma 5. bhut i that case the series

converges very slowly and a mnch longer computation is necessary.
We conclude this part with some remarks on the well know cases D = 0 and D = 1.
When D =0 [29].

4 ; \ 2 ) -5 —8 ¢ —25 (
(s yea) = sy m) = (0t )™ =T+ 27 (sz ﬂ) :

ne7, 4
for ¢ # 0. z(s:y.q) has a simple pole at s = 3 — g j = 0.1.... with residuum
(*_]‘I)ll_le/—f_:l)’); and 2 (0:,9) = 0, & (0. pq) = —2log 2sh¥. For g = 0. o lzg.0)) =
2725 R(25), has a single pole al s = % with residuum 1:; and 2 (0:4.0) = —1.
2(0:9.0) = 2logy — 2log 2.
When D = 1. we have the zeta fmnetion associate to the Laplacian plus a constant

potential on a evlinder [32] [29].

sa(siy,q) = (s (5. 7) = Z Z(!/"n"’ + k)

nez k=|I
~ [ 2L () s T SO\ T ‘ CTTRC ~3E /it y?
and 22(0; y,q) = ~7_:—Z 20(0sy,q) = (—)i —i{p—log2)-t ~2log | (l, — ey VI ) -
1 .
‘.:_7 ;C:z 2 (2= 1)/, In particnlar, when ¢ = 0. the fivst term of the s-expansion
. ]

near s = 0 of such zeta funcetion is well known

. o ml ¢ . - ; ‘——5’%” Y . /
25(0:y.0) = ET/ — _’l();‘,H (1 -0 ) = —2log 1y ((—/) .

n=1
where 7)(2) is the Dedekind eta funetion. Inosuch case, it is very easy (0 pass from the
small y to the large y expansion using the well known modular transformation ol the
') — \/Tfl/(r). It is also casy to sce how the presence of a

T

ota function, namely 7 (
non homogencous term breaks this synumetry. A deeper investigation abont this point
is performed in the next part.

A final observation is about the large y expansion.  As just noticed. this can be
immediately worked ont when D = 1. For higher values ol D. it s harvder. In fact.
we can not use (he analytic representation given in Proposition 7 for large y neither

we know how the zeta funetion hehaves nnder the modular transformation - — .

Despite that. a direct approach is still possible for fixed 2. consisting in expressing the
sota function in dimension D recursively in terms of the zeta fmetion in dimension
D — 1. and using the known behavior in dimension D = 1. Calenlations are tedions but
straightforward; the leading term in the expansion is consistent with the one obtained

using Proposition 5. but now we can get further terms.

4.3, Periodic boundary condilions
Recall that in the present case the spectrnm of =Ayy is not always positive definite;

more precisely, K, = 1if ¢ = 0. but it vanishes if ¢ > 0. We need the funetions ¢ and



[

Cpp of .1 in order to write the geometric zeta finetion: Cry(s:0.q.1) = & lh (s —‘[—'>

_ 94 28 2 ql : 5 vy 5 s
g%+ e g (s: %) Due to the presence of the first tern, it is clear how this expression

does not extend to the homogencous case. In the present sitnation it is casicr (o deal
with the two cases independently. This does not affect, the poles, henee we can state the
following unique result using Propositions 2 and 3 in Section 2. and Lemma -4 of 4.1

Proposition 8 The funclions Cg,,(s1y.q.1) and (:7,)(.5*:;/.(/./) crlend analylically Lo a
reqular function on the whole complea s-plane up Lo simple poles [or all lhe s = L“,H — .
with. | = 0.1,2.....4f D as coen. and j = 0.1.2... .. !—)Tf—' — 1, if D is odd. The residua

are for both the functions: Resy (G, (siy.q 1), s = “_—:' —j) = FI—([—,_,—EI—,—I—) ff) , «l/

Notice that i11 the homogencous case, the unique pole is al s = —'—;— wilh residuum
]I)

— An analytic representation analogous to the one stated in Proposition

7TT|'< I).i) | /) /
7 of the previous part is

Proposition 9 For all y > 0.1 > 0. and uniformly in s near s = (.

/‘_’s -1 T - l ‘ ] \/ﬁ/
KT”('“‘:!/-(/-/) = T [‘(H).’/ I (“” - E) Cn (H - __; T o

il n .
g § S| —— K.

n=I pezl

|

tol—

uniformly in q for g in any closed subsel of the posilive real aris. while

g2 1 -
(Tn(" Ys 0. l) 26 |r\(/_) —IF( >CI) (-’“‘_

d/mlE 1 n\"T 2mn
SV 2 et Y Tk, k).
RO ZZ(VI) oy (Fm)

Corollary 7 Uniformly in q > qy > 0:

:()> + 25 p(28) +

S| o=

o 8 0 D cven
(O, .) = — 21, 2 i
; o _ — == - n
¢7,(0:y,q.1) ] '1!/ L,Tj].)—“_,'_:l/ D odd,
Yo or [ 72 Dk
Cir,,(”i.’ﬁ’/'/) = [},,((l.l)% — ‘ZIUQ‘IH, <l o a W N I> :
. 27r?
Cr,, 0y 0.0) = —_/—‘Hl'“ + 2(p(0) = —1,

G, (0:y.0.1) = B (0. /)

1 ‘)lu” '— — 2log II (J ~(»;‘IT"'>.

where Bp(q.l) = =2 [Ry+ (2= logdr + log )R] R = m&@( Wvﬁz—g.

and similarly for the halled ones.
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We get simple r‘xl)r(wi()ns’ for the constants when D is even or when ¢ = 0. In particular,
111 the second case, [3,)( ) = C/) (—— () ) Using L(‘nmm 4 and numerical evaluations:

G (=1:0) = 2p(-1) = =L, & (—5.0) = —0.2286. (3 (=1:0) = —0.26493.
Of particular interest is the case D = 1. As stated in the previons part. this is related

with the Dedekind eta funetion, n(z). Namely. assuming [ = 7 lor simplicity.

‘ , i
lim+ [Q}] (O:y.q.m) 4 log r/] = 2log y — 2log 27 — Llogy (—
q—0 Y

This suggest to define the function

e D)
I}(T, (/> _ _(\mTI)’g(q) (l o (‘ th[) H (l _ (‘27.-1'7'\/)13+{/3)

n=I

for real positive (/ and complex 7 with positive imaginary part. 1€ is casy to check that
linn, o+ ﬁ(—.l,:/q = *(7). It is also casy (o realize (hat the presence of the non homogeneons
term ¢, breaks modularity.  On the other side. the modular transformation for the
Dedekind cta function can be deduced nsing the svinmetry in the dehinition of the zeta
Mction G (s:y.¢%. ) nnder the exchange of the stmmation indices in the fivst term of
the s-expansion near s = 0. Using the same sviumetry for the function n(iy, ¢). we get
instead of the modular transformation the following relation

X 1

R il g 27 e 5
logn ( =.qy ) = logyGiy.q) = 7¢°ylog y + 271 ('~’>'v;’—l 24 22N -’)"('.3'—-| y)~!
og, }( 3 q/) ogy(iy.q) = w4 ylog y Y L | Cr(2) =y P Cr2) = Dqu)

> N 7 R

1=2
Since the behavior of 1(iy. ) for large y is clear, the above expression can he used
(exactly as it was for the Dedekind zeta function) to deduce the hehavior for small .
We get. for y — 0"

X &)
. T ) : ) 9 Y :
n(iy.q) = -~(;—U +rgylogy +7(g+ 1) {5 > Crl(2j— Dy~ + mr} 4o Cr(3) + 0",
: )

1.4. Thermodynamic funclions

We write now explicit formmlas for the partition function of the models introduced in
1.1. Such formmulas can be used to gel explicit expressions for all the thermodynamic
functions. In particular, the behavior for low and high temperature are given. The
partition [unction for a massive scalar thermal radiation at temperature T in a box of

volume 17 and on the torus 7y, are. for any fixed positive /,

log Zp,(T.q.1) = = \,)((/ /)_ — g I[ <l o hE

hee '(I)IJ
(_U/)Hl ‘ l :LI-J D (_I)I /‘.)lél(//
o BT Z:) 2l ) G+l o

0 D cven
D odd,
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these are smooth functions of the temperature T for honnded 772> 0. mniformly in the

mass Lerm ¢, for ¢ in any closed interval ol the positive real axis. When ¢ = ().

l()gZ[;,,(T.()./):—%g,) <—3 >,——lngﬁ H (1—e” rrik 1,

he (Mo )!

: i w ___r"
log Z7,(T.0,1) = —WL < 5 ) — + log T — log | | 1—( i) 4 —l();,/).
2 et
where some values for the nndtidimensional Ricmann zeta funetions are given in
1.2 and 4.3 respectively.  Using these expressions. we get the heliavior of the main
thermodynamic functions: partition function, cnergy. entropy. pressure of the radiation,

and specific heat. For low T, fixed ¢ and 1. we get on the hox

) | |
l()g AB[;(T' q. /) = 5-4/)((1-, ”?—%—

_ [ ] , R v
(_l)lH—l B 1 al D (_1)1 1,_74"(/14'] i
ML log p Z 204+ 1 J i+ 1) + Oe™T),

e
. | (=1)P = D (=) g S
B (Toa1.1) = =5 Apla-1) + i log p Z:) (2]_ g ) e O(Te ™ T).
Sup(T.q.1) = O(T e T), e, (Toq. 1) = O(T %7 T),
while on the torns. we must distinguish the ¢ = 0 case:
log Z7,,(T.q.1 = 1t fs = o e ; T P + O T
8 27, (T.q.1) = 5 Boly. )7~ glosrT (,_(17,_';. Dodd TOET)
Fr (T.q.1) = =~ Bplq.1) + = log e, DO +O(Te™T
7 (Toa.8) = =5 Bolq. ) 5 1o ( :)1*1{_] Dodq TOTET)
Sro(T.q.1) = O(T '™ 7). cr (Toq.l) = O(T™27T),

lvlr—

1
> +log T + —lugj/) + O(c ’l)

log Z7,,(T.0.1) = ——4‘ ( =

1 \ 7 ]
IjTh(F()/) = —] I()},] } ( < 7()) _)7 _ _[ l()" /) + ()(](\ T).

~|=
~—

l .
S, (T.0.1) = log T" + 3]()3,5/) £ 4 O(T¢

(:7’“('[‘_(). =1+ O(T -;3(‘,,%).
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Notice thalt the null mass case needs no independent (reatment on the box. Recalling
the remark at the end of 4.2 or the Proposition 5. we get. the hehaviors for high 7. fixed
q and [ (cfr [16] or [23]).

o e D+1\ . L
l<)glb~,,(],".(/./) = TEF —‘)—— Q[?(D ~|' l)T“ '|' ()([I)wl).

nwo=

’*I)‘-) | 2

/1

R D41
log Zz,(T.q.1) = (——)—-r (J—>g,,-(/)|» DNTP 4 orP-h.

4.5. Critical volune

As anticipate in the introduction, we will analyze in this section the dependence on the
volume of the pressure of the radiation at finite temperature. The analysis is performed
for the two models described in section 4, that only differ for the houndary conditions:
periodic or of Dirichlet type.  For simplicity. jnust consider the zero mass case. By
definition.
o J . e Lo .., . Lo .
P(rV) = —=Tlog Z(T.q.l) = =—(1'C(0:277.0.1)) — ==—=log p T'C(0:277T.0.1)).
AV 20\ 20V

Notice that applying corollary 6 for the Divichlet bonudary conditions. we always
have the vanishing of the zero mass zeta function at s = 0. namely C(0; 277,0,1) = 0
[or the box. For periodic boundary condition, we get a non trivial term involving the
renormalization constant p. Thus the analysis in the following holds for the torus only
if we assue the renormalization constant to be volume independent §. With this

assumption. we get at cach fixed temperature

g 2T b k|
Pr(T.V)= 5V > ————Hp
7 keZl arv T — ]
i T bl — ] —
Py, (T.V) = VD L e LD
keMo)? oD — |

where the constants are

] - 1 : Lo (_14
H,):_;g,) —=;0 J, ./\/)f—;in —5:0).

We show that for the periodie boundary condition there is, for all D. a value 15
ol the vohmne where the pressure changes sign. being altractive when Vo< Vo We
also show that the same happens for the Divichlet houndary condition at the phvsical
dimension D = 3. For (he torus. consider the funcetion
1k VD
gp(r) = Z T =75 1 + golr).

I‘.E;z;’ll) e —1 @ 8 ==

9 As observed in the introduction. we are not going to analyze here the renormalization aspects of
the model. Beside, notice that even with a renormalization parameter depending on the volmme. the
volume effect still exists. but eritical volume depends also on the explicit form of p. This one. as pointed

ont in [, gives the conection between the model and the physical reality.



for - > 0 and the following inequality
Lemma 8 If .r > ab and y >0 (v.y.a.b>0). then
ab al :
Rk ((‘m" — l_) < (e —=1).
Taking b =1 and a = ,L(, we get the following hounds for ¢y (). when . < ..

vD VD 1

—— X gpl) £ — R e v Cp(ro),
e =1 ew =1  ertee —1
1
) . Rt e | B oy .
where C'p(xg) = Z""’C"’zf:u) |kle” 0™ s apositive constant. It is thus clear that the

pressure changes sign for some value of V' (and fixed T') if the constant. Hy, is positive.
To show that this is the case. just nse the veflection formula (lenmina 5) that for the

function C,)(.s-: 0) takes the simpler form

& ) l) 5 -)
7 (s)Cn(x:0) = 75T (7 - ) ¥ (% o “> '

Using lenmma 8 with b = 2 for the box. we get for the function

k D
>, ul _f + Jolr).

V

-1 |

./‘I)(;I') =

ik

ke(Mg)? ¢

(r > 0) similar bounds when . < =2:

VD VD 1

VD ] < !//)(,l') < D ] <+ 21 ‘ L/)("'(l)‘
e —1 e — 1 o+ — 1
2
2 e . L. :
where Lj(ry) = Z};L(ivln)’-’—-{l} [hle 0™ s a positive constant.  Furthermore. using

simple bounds for the norm. we get a bound for the constant L ()

_ D s D
o ()
L])(.I'()) =< )z 3

— %) 2D
(l — e ‘*"u)

We can not. prove that. Ny is positive in general, but we can analyze explicitly the
low dimensional cases. We find that Iy is negative for D = 2, but it is positive for D = |

and 3. This indicates that. up (o renormalization. the presence/absence of a boundary

does not affect the Casimir effect in the physical dimension for the model nnder study.
Eventually, using the above bounds. we can provide hounds for the solntion » = ., of
In(r) = Kp. For example. il D = 3. we get Iy = 0.0050075. and with .rg = 1.5923.
Cy(rg) < 0.23433, and 0.19684 <, < 0.29613.
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