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Resumo.

Neste artigo estudamos a continuidade da dindmica assintética de problemas parabdlicos semi-
lineares da forma
u; — div(p(z)Vu) + du = f(u),
em dominios limitados e suaves 2 C R" e com condi¢des de fronteira de Dirichlet, quando o
coeficiente de difusibilidade p torna-se grande em uma subregido 2y que € interior ao dominio
espacial Q. NGs provamos, sob hipdteses bastante gerais, que a familia de atratores globais €
semicontinua superiormente e inferiormente quando a difusibilidade p explode em €.



CONTINUITY OF ATTRACTORS FOR PARABOLIC PROBLEMS WITH
LOCALIZED LARGE DIFFUSION

VERA LUCIA CARBONE, ALEXANDRE N. CARVALHOf, AND KARINA SCHIABEL-SILVA*

ABSTRACT. In this paper we study the continuity of asymptotics of semilinear parabolic problems
of the form

g — div(p(z)Vu) + du = f(u)
in a bounded smooth domain 0 C R™ and Dirichlet boundary conditions when the diffusion coeffi-
cient p becomes large in a subregion £y which is interior to the physical domain Q. We prove, under
suitable assumptions, that the family of attractors behave upper and lower-semicontinuously as the
diffusion blows up in €.

Mathematics Subject Classifications: Primary 35B41; Secondary 35B25, 35B42,35K55

1. INTRODUCTION

In this paper we consider semilinear parabolic problems of the form

ué — div(pe(z) Vu) + Au® = f(uf), inQ
we =0, in 99 (1.1)
ut(0) = up,

where 0 C R" is a bounded smooth domain and ¢ € (0, ¢ is a parameter. The parameter ¢
represents the fact that, as ¢ goes to zero, the diffusivity p. becomes very large in a region £
which is interior to 2. This situation can be seen in models for heat conduction in composite
materials where heat may diffuse much faster in one parte of the region than in others.

Such problems have been studied previously in [10], where the author studies the linear theory,
and in [4], where the authors study the above semilinear problem and obtain the upper semicon-
tinuity of attractors. In [5], the authors prove the continuity of attractors for n = 1 exploiting the
fact that the linear operators involved have spectrum with large gaps which allow them to study the
continuity properties of the attractors from the continuity properties of exponentially attracting in-
variant manifolds where the attractors lie. This procedure cannot be applied for n > 1 for the spec-
trum of the linear operators no longer present large gaps. Here we prove the lower-semicontinuity
of attractors for the case n > 1.

In order to state the main results proved in this paper we introduce some terminology and for
that we follow closely [10].

tPartially supported by grant # 300.889/92-5 CNPq and grant # 03/10042-0 FAPESP, Brazil.
*Partially supported by CNPq.
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Let 29 be a smooth sub domain of 2 such that Qy C Q. Let m € N be the number of connected
components of )y = UQOZ and assume that Qg; N Qq; = 0 if 4 # j. Denote Q; = Q\Qy, T' =

00, Iy; =00, fori=1,--- ,m,and 'y = UFOI

The diffusivity p. : 2 C R® = R is assumed to be a bounded smooth function in €2, satisfying
0 < my < pe(z) < M, forallz € Qand 0 < € < €. In addition, assume that diffusion becomes
large in €2y as € — 0, more precisely

() { P@), wiformly on . (p € C'((, (0,00));
Pe 00, uniformly on compact subsets of 2.

In what follows we derive heuristically the limiting problem to (1.1). So we will try to present
arguments based on intuition and rather than provide exact proofs. The proof that it is in fact the
limiting problem will be done throughout the paper. To simplify the presentation let us assume for
the moment that m = 1.

Since large diffusivity implies fast homogenization, we expect that, for small values of ¢, the
solutions of the problem (1.1) become approximately constant on 2. For this reason, suppose that
u¢ converges to u as € — 0, in some sense, and that u takes a time dependent spatially constant on
o, which we will denote by ugq, (t).

If we formally take the limit in problem (1.1), we expect that, inside (2;, the function u satisfies

u; — div (p(z)Vu) + du = f(u) iny
uw=20 inl.

Note that since limit function u is in H*(§2), its constant value uq, in g may not be arbitrary.
Integrating the equation in €y and using the inward normal in the integration by parts, it follows

that o
/uf(az,t)d:v-l—/pe()a d:v—{—)\/ zctda:—/f (,2))

Qo To
Taking the limit as ¢ — 0 and dividing both sides by |QO |, we have the ordinary differential equation

i (8) + T / o+ vy (1) = (w8,

which is an equation relating the total heat flow from €, to Qg through I'y with the total heat input
in . It also relates the value of uq, with the values of u in Q; through the integral term along I'.
Therefore, when m > 1, the limiting problem should be

(u; — div(p(z)Vu) + Au = f(u) in
u = 0 inT
UQOl inQoyi,i———l,---,m
| (12)
Uq,,; + / +/\uQ01 flugy,) i=1,---,m
iQMl
FOz
( u(0) =
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Now that we have established the limit problem we can study the local and global well posedness
of (1.1) and (1.2). To that end we introduce some more terminology to be able to write (1.1) and
(1.2) as abstract equations in Banach spaces. Let X = L?(Q) and A, : D(A.) € X — X be the
operator defined by

D(A,) = {u € H'(Q) : —div(p(z)Vu) € X, u=0inT},
Acu = —div(pe(z)Vu) + Au, u € D(A,).

In the same way, let Xo = L3 () := {u € X : wisconstantin Qo}, HS () = {u € Hy(Q) :
Vu=0inQ} and Ay : D(Ag) C Xy — X be the operator defined by

D(Ap) = {u € H,(Q) : —div(p(z)Vu) € L*(), u=0in r'},

Agu=(—div(pVu)+Au)xa, + Z

IQO | a_, + )\uﬂo'i Xﬂo,m u € D(AO)’

1
0,

where g is the characteristic function of the set B.

It is easy to see that A, is a positive self-adjoint operator with compact resolvent, € € (0, ¢]. It
is shown in [10] that A, is a positive self-adjoint operator with compact resolvent. Hence, we can
define the fractional power spaces X associated to the operators A, 0 < e < ¢gand 0 < a < 1,

Xi= H{ () with the inner product
6),3 = [ 250642 [ gv
LXe 0 Q
and XO% = H{, () with the inner product

68) = [ pY6- Vo4 [ g
“*o0 91 Q
Also, for the analytic semigroups generated by —A,, 0 < e < 1, we have that
le™* | xa x8y S C 2P, (1.3)

with C' independent of e. Now we give conditions under which the problems (1.1) and (1.2) are
locally well posed. To that end we must assume some growth condition on the nonlinearity f. In
fact we assume that, if V = 2, for every > 0 there is a ¢, > 0 such that

1f(w) — F)] < cp(e™ + e™F)u —v|, Yu,veR (1.4)
and if N > 3, there is a constant ¢ > 0 such that
f(u) — ()] < clu— o] (Ju|¥ + || 72 +1), VYu,v€eR. (1.5)

1
Under these assumptions the problems (1.1), € € (0, €] and (1.2) are locally well posed in X¢ and
X2, respectively.
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We write (1.1) and (1.2) abstractly as
uf 4+ Acuf = fe(u)
1
ue(0) = uf € X2, €e€|0,¢)]

where f¢ is the Nemitiskii map associated to f. Following [3] we obtain the local well posedness
of (1.6).

(1.6)

Definition 1.1. Let Z be a Banach space, we say that a family {T(t) : Z — Z : t > 0} is a con-
tinuous semigroup if T'(t + s) = T'(t)T(s) forallt,s > 0, T(0) = I and [0,00) x Z > (t,2)
T(t)z € Z is continuous. We say that A attracts C' under the semigroup {T'(t) : t > 0} if

sup inf |T(t)c — all; =
ceC a€A
{T(t) : t > 0} if it is compact, invariant and attracts any bounded sets of Z under the semigroup

(see [8]).

To obtain the global existence and the existence of attractors we also assume that f satisfies the
dissipativeness assumption
_ U
lim sup & <0, (1.7)
|u|—o0 U

and following [2] we obtain the local and global well posedness.

0. A set A C Z is said to be a global attractor for the semigroup

1
For any u§ € XZ and ¢ € [0, €], the solution u(t, uf) of (1.6) starting at ug exists for all

t > 0. Therefore, we can define in Xe% the semigroup {7.(t) : t > 0} associated to (1.6) by
T (s =welt,uf), .2 0.

The existence of attractors and uniform bounds for the semigroups {7(t) : t > 0} associated to
(1.6), € € [0, €] are also established in [2]. In fact we have

Theorem 1.1. The semigroup {T.(t) : t > 0} associated to (1.1), € € [0, €o}, has a global attractor,
Ae, in X2 ife € [0, €. Furthermore

sup sup [|w| 3 < oo

€€[0, e0] wEA Xe
and

sup Sup ||w|| jeo(qy < 00

€€[0, o) wWE A

Proof: The local existence follows from [3], the existence of global attractors as well as the uni-
form L% (Q) bound follows from [2]. After this, we can assume without loss of generality that
f is globally Lipschitz and globally bounded. To obtain the remaining uniform estimate we can
proceed as usual employing the variation of constants formula and (1.3).

Hereafter we assume, without loss of generality, that f is bounded with bounded derivatives up
to second order.

1 1 ) 1 0
Of course X is a closed subspace of XZ and if u € X, then [Jul| o 3 | o We say that
- X

€

. S i, c—0
a sequence {u,} with u, € X2, X2 —converges to u € X if ||u. — ul| o 23 0 and we say that
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1 1
{uc} weakly— X2 —converges to u € X if

1

/pGVUEVQS + /\/ Ue) — pVuVe + )\/ up, Vo e XZ.
Q Q o Q

1 1
We note that {u.} XZ-converges to ug € X if, and only if,

/ pe| Ve — Vul? + /\/(uE — u)? 80 and / pe| Vu|® i 1
N Q o

By upper and lower semicontinuity of a family of sets we understand the following:

1 1 1
Definition 1.2. Denoting by d.(-,") : X& x X& — R* the metric in X¢ induced by the norm, we
say that:

(a) the family {A. : ¢ € (0, €]} is upper semicontinuous at € = 0 if sup de(ue, Ao) =21
Ue Ae

(b) the family { A, : € € (0, €]} is lower semicontinuous at € =0 if sup dc(u, Ac) 0.
u€Ap

In this paper we prove upper and lower semicontinuity of the attractors A, for the semigroups
{T.(t) : t > 0} associated to (1.6), 0 < € < €, when ¢ — 0, from the continuity properties of the
linear operators involved.

This paper is organized as follows. In Section 2, we obtain the spectral convergence of the
linear operators. Next, just requiring the compact convergence of the linear operators, we obtain
the convergence of the resolvent operators and a type of Trotter-Kato Approximation Theorem for
linear semigroups. In Section 3 we prove, using the Variation of Constants Formula and the results
on the linear semigroups of Section 2, that the family of nonlinear semigroups {T(t) : ¢ > 0}
associated to (1.1) is continuous in € at ¢ = 0 in compact intervals of (0,00). From this we
prove the upper semicontinuity of attractors and upper semicontinuity of the set of equilibria. In
Section 4 we prove the continuity of the set of equilibria. Finally, in the Section 5, we show lower
semicontinuity of attractors using the continuity of linear semigroups associated to the linearization
around equilibrium points and the continuity of local unstable manifolds of the equilibrium points
as e — 0.

2. LINEAR THEORY

In this section we introduce the notion of compact convergence and show that A7, € € [0, €],
converges compactly as ¢ — 0. Then we apply these results to obtain continuity of the spectrum
and convergence of the linear semigroups generated by A.. For that we follow [10] and [6].

We assume that X is a Banach space and that X is a closed subspace of X .

Definition 2.1 (Convergence). We say that a family of operators {S. € L(X) : € € (0, €]} con-
vergesto S € L(Xy) ase — 0if X 3> Scv, % gy e Xo, whenever X > v, Rye Xo, and we
denote this convergence by S, s
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Remark 2.1. Note that the convergence above is not just strong convergence in X since the limit
vector is in a specified subspace Xy of X. Much more general situations can be seen in [6].

Definition 2.2 (Compact Convergence). We will say that a family of compact operators
{S. € L(X):e€ (0,€]}

compactly converges to S € L(Xy) if Se 28 S and for any bounded family {v. € X : € € (0, €]},
there is a sequence {e,}, €, "= 0, such that {Se, v, } converges to an element of X,.

Lemma 2.1. Suppose that {S. € L(X) : € € (0, €]} compactly convergesto S € L(Xy) ase — 0
and, furthermore, that N'(I + S) = {0}. Then there are constants € and M > 0 such that

[(Z+S) 7 sy S M, foralle € (0,8, 2.1)
Proof: Because S, is compact for every ¢ € [0, €], the estimate (2.1) is equivalent to say that

1
e Ve € (0, €] and Yu, € X with ||ue|| = 1.

Suppose that this is not true; that is, suppose that there is a sequence {uy }, with u, € X, [Jun| =1
and €, — 0 such that ||(I + S, )un||x — 0. Since {S¢,u,} has a convergent subsequence, which
we again denote by {S., u,}, to u € Xy, |Jul| = 1, then u, + S¢,u, — 0 and u, — —u. This
implies that (I + S)u = 0 contradicting our hypothesis.

I+ Se)uellx >

We denote by Xe " the dual space of Xj , 0 < e < €. Since XO is a closed subspace of X ;
glven f. € X¢ ? we have that f, is a bounded linear functlonal defined in X¢ : and its restriction to
X (which we again denote by f) is an element of Xy : leen a sequence { ¢, } which converges
to zero, a sequence {f. } with f. € Xgn2 and fo € X, : we say that f., — fo if ||fe, —

f0|| 1 =¥ 0and f., (ue,) — fo(ug) whenever u, Xen—converges to ug.
0
Our next result assures that the family of solutions of the elliptic problem associated to (1.1)
converges to a solution of the elliptic problem associated to (1.2) as € — 0.
_1
Theorem 2.1. Let {¢,} be a sequence in (0, €] which converges to zero, { fe,} with fe, € X’
such that || fe, H -y < 1jorallnand {ue, } such that A, u., = fe,. Then, there is a subsequence

c

of {ue, }, which we again denote by {u., }, and u € XO such that {ue, } converges tou XE -weakly
1
and strongly mX Furthermore, if { fe,} C Xe : converges X 2—weakly to f € X,? then{u,}

converges to u X : —weakly and strongly in X, where w is the solution of
Aou = f

Proof: First note that if || f, < 1 there is a constant M/ such that || fe”“x‘% < M. Hence,
0

[

Aen

-1 n—00 1 ;
there is a fo € X, 2 such that f. (¢o) —> fo(go) for all ¢ € X§F. It is easy to see that
fe (de.) = fo(do) whenever {¢,, } X2 —converges to ¢y.
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Note that

—% ||u5n

€n

Huen

2 = /pfn (x) |Vu5n
Q

1
x2

2dz + )\ |Uen|2d$ < || few
Q

L
X X2

and therefore H'U/ERH\,I & L

Nen

Since 0 < mg < pe(), forall z € © and for all 0 < € < ¢, we have that

2
||X% <l

€n

mo [ |Vue, [2dz + A |ue,|* dz < |ue,
0 Q

that is, {[]uen Hl(n)} is bounded. Hence, there are a subsequence {uenk_} and u € H'(Q2) such

k—oo

that u., — wu weakly in H'(Q) and strongly in L*(€Q). It is easy to see that u., — u

weakly in H'(K) for any open set K with K CC Q. Then, it follows that /quenl2 dr <
K

lim ionf / |V, |* dz. On the other hand, for some M > 0,
E—
K

i (9 @)} [ 190, < [, (@) Ve, do <,
K K

and, since p., (z) — oo uniformly on compact subsets of {2y, we have that lirré/IVfuenl2 da =10.
€E—>

K
So, [ |Vul* =0, for all K CC €. Consequently, u is constant in K for all K CC €. From
K
oo 1
this and from the fact that Qy = [ J K , we obtain thatu € X .

=1
K;CCQo

1 1 1
Assume that X2 > ¢, XZ-converges to ¢y € X . It follows that ¢, converges to ¢g in X

n—oo

and since u,, — w in X, it follows that /uen e, dT —> /u¢ dz (in particular if ¢., = ¢ for
Q Q
all n € N). Hence,

/ Pe, (2)Vue, Vo, dz + //\uenqben dz =% / p(x)VuV e dz + //\uqSO dx.
o Q o Q
In this manner, if ¢ € XO%,
/pe,l(ac)Vueanﬁ dz + /Au6n¢ dz =/ Pe, (2)Vue, Vo dr + //\uﬁngzﬁ dx
Q Q Q Q

- p(x)Vqubdw-k/Auqbdm,
Q

1931
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and, from A, u., = f., and from the convergence (f.,,#) — (f, @), it follows that (Agu, ¢) =
(f, d), for every ¢ € X, that is,

(Ao, 6) = | p(@)VuTeda+ [ ugds = (f,).

For f € X, we have that
0:/ p(z )Vqub+/ Aud)d:n—/ f(/H—/ Augp — f¢ V¢6X2. (2.2)
(o) o (o)) Q0
Andif ¢ € CL{(Q,) C XOE, then pu,; € H'(Q;),1 < j < N, and

Oz/nlp(:c)VquJ—F/Ql/\uqﬁdx— o fo

—/ div(qu)gbdx+/ ugp— | fo.
o o o

This implies that
— div(pVu) + Au = f almost everywhere in ;. (2.3)

Using (2.3) and integrating by parts in (2.2) we have that

ou
0= IO d) Bn /QO A O it = </3Q0 o ' [0l Aua, — ’QO|fQo>

1 ou
|Qo| 0% an

and

+/\UQO—fQ § O

From compact convergence of resolvents we can obtain spectral convergence and the conver-
gence of the projections associated to determined part of the spectrum, which allows us to show
that unstable manifolds have the same dimension.

Theorem 2.2. The family {A6 X =2 X,0<e< eo} compactly converges to Ay : Xo — X,.

—

Proof: Let {h.} C X suchthat h, — h € X;in X. Then X % > h, —>h€X_5 and {||h|] _%}

is bounded. Since A, : XE — Xe 3 is an isomorphism, we have AZ'h, = u¢ € XZ. : Furthermore,

from Theorem 2.1, there exists u € on such that {u¢} converges to u XS -weakly and strongly in
X where Agu = h. Therefore,

A7'h, 28 A7'hin X,

€

; 1 =0 4
and we obtain the convergence 4,~' <5 Aj?

Next we show that the family {A. X X 0 < €< €} is collectively compact. F01 each

0 < € < ¢ fixed, the operator A7t 1 X — X is compact, since A X 3 — Xf is an
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1
isomorphism and XZ? < X compactly. Let {g.} be a bounded sequence in X. It follows that
{11ell \,_%} is bounded and, if v, is such that A.v, = g, we have

/ pe(@)| Vel de + / Aol dz = (g ve) < gell - lloell 3 »
Q 0 Xe X

1
and {||vcl| Y%} is bounded and {v.} has a convergent subsequence in X to u € X§, concluding

the proof.

2.1. Spectral convergence. The spectral behavior of the linear operators plays a fundamental role
in the study of the nonlinear dynamics of semilinear parabolic problems. Next we prove compact
convergence of resolvents and as a consequence we prove that eigenvalues and eigenfunctions of
A, converge as ¢ — 0 to the eigenvalues and eigenfunctions of the linear operators Ay. This is
proved in [10] but here is a direct consequence of the compact convergence.

Lemma 2.2. For any i € p(—Ay), there exists €, such that i € p(—A,), for all € € (0,¢,], and

=

Sap Nt 29 e <
Furthermore, (1 + A;)~" compactly converges to (. + Ag)~" as € — 0. From this we obtain that
SUD.e(0,¢,] | Ae(pe + Ae) M| 2ex) < 00 and consequently

su + A7 1 < 0o0.

eE(O,Ie)u] H (‘u ) HE(X,/\’?)

Proof: Let i € p(—Ap). Then the equality (1 + Ap) = Ao(I + pAy~") implies the existence of
(I +pAy~!)~L. From Lemma 2.1, there is ¢, € (0, €] such that (I + pA. ") 7" is well-defined, for
all € € (0, ¢,], and it is uniformly bounded. Thus, (1 + A.)~" = (I + A" A. 7! exists. Since
A1 compactly converges to Ay as e — 0, we have that {|JA7!]| : € € (0, ¢,]} is bounded. Hence,
the limitation of {(1 + uA-")™': 0 < € < ¢,} allows us to conclude that ( + Ac)~" compactly
converges to (p+ Ag)"tase = 0.

Corollary 2.1. Given a compact subset K of p(Ap), there exists ex such that K C p(Ac) for
0<e<egand

sup sup sup ||(u+ A) 7 lexxe) < 0. (2.4)
a€0,1] e€(0,ex] LEK
Furthermore, if J is a compact subset of X, we have
_ _ 0
sup [|(u+ A) 7' = (u+ A0) |y = 0. 2.5)

2
pneK €
feJ

Proof: We first prove that

sup sup [|(1 + A lex) < o0
e€(0,ex] HEK
Suppose that there are sequences €, — 0 and p,, € K such that N(u, + Ac,) # {0}. We may
assume, taking subsequences if necessary, that u, — p € K. Since pu, AZ" converges compactly
to qu‘l we have a contradiction with Lemma 2.1. Thus, there is ex > 0 such that K C p(A,)
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forall 0 < e < ex. To prove the uniform bound we proceed in a similar manner taking sequences
¢, — 0 and p, € K with pu, — p € K such that

1(pn + Ae,)7HI = 0.

Again we obtain a contradiction from the compact convergence of MnAan to pAy". To conclude
the proof of (2.4) we note that

Ae(ﬂ' + Ae)_l =1I- ,u(ﬂ + Ae)_l (26)

and apply the Momentum Inequality. The proof of (2.5) is obtained in the following manner. Let
ue = (u+ Ad)"fand ug = (u + Ag) ™" f, then

[pdvu s 0w [ w= [ fu
Q Q Q
/ peVuE-VuowL()\Jru)/ueuO:/fug
o Q Q
/ p[Vu0|2+(A+u)/u§:/fuo.
o Q Q
Hence

| =) =/Qpeme?—/le\wauuw)/nu?— ) [ 0

= [ pVuc = Vual + (14 1) [ w = [ o= )V
Q Q Q
+ 2/ PV - Vug + 2(A + p) / Uy — 2/ p|Vug|> = 2(\ + ) / ug
(951 Q 95 Q

z/pe\Vuf—Vu0|2+(/\+u)/
Q

Q

=)~ / (pe — po) [V ?

x — 0, p. — p uniformly in ; and

Now the result follows from the fact that sup|lu, — ug
feJ

sup | |[Vwl? <o0. g
feJ Jo,

1 1
Lemma 2.3. Assume that {u}} X2—converges to u} € X¢ and that 0 ¢ o(Ay — f'(ug)). Then,
forany 0 < 0 < 1, there is € € (0, €] such that

{(A)°(Ac = f@))™ 1 0< e < e}
is collectively compact, uniformly bounded and (A¢)?(Ac — f'(u?))™! Lo (A0)° (Ao — f'(uz))™.

Proof: Note that A, (A, — f'(u?))™! = (I — f'(u)A;7Y)~" and that N(I — f'(uj)Ag") = {0}. If
there is a sequence z, with ||z x = 1 such that (I — f'(uc)A;")zc = 0, then from Corollary (2.1)
1 1

there is wy € X¢ such that { A7z} XZ —converges to wg. Consequently f(u}) A7 ze — f'(ug)wo
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in X and 2. = 2o = f'(uf)wp. This implies that f'(u) A7 ze = f/(ug)Ag'zo in X, ||20]lx = 1
and

(I = f'(ug)Ag Nz =0,
contradicting the assumption N(I — f'(u)Ag"') = {0}. Hence (I — f'(uf)A;") has bounded
inverse for suitably small e. To prove that (I — f'(u)A;')~" is bounded uniformly we proceed
in a similar manner assuming that there is a sequence z, x = 1 and such that (I —

f'(u¥) A1)z, — 0. Using compact convergence and proceeding as above we obtain a contradiction

with N(I — f'(u$)Ag') = {0}.
It is easy to see that (A, — f'(u?))™t = AZH(I — f'(u)A;")~" is bounded uniformly in € and
the proof of the lemma follows from Moment’s inequality.

With this, given a closed, simple and rectifiable curve ~ in p(Ag) around py € o(Ap), oriented
counterclockwise we have that there is ¢, > 0 such that «y is in p(A,) for 0 < € < ¢,. Define

Qc(o0) = ——zjm. /(A + A)7tdA
£
and W (p, —Ae) = Qc(t0) X, 0 < € < €.

Theorem 2.3. The following statements hold:

(i) Forany po € o(—Ay), there are sequences e, — 0 and {jin} , pin € 0(=Ae,),n € N, such

that pi, — po as n — oQ.

(ii) If for some sequence ¢, — 0, onde has ji, — 1o as n. — oo, with i, € o(—=A.,),n €N,
then py € o(—Ayp).

(iii) There is ey > 0 such that dim W (u, —A¢) = dim W (i, —Ao), for all 0 < € < €

(iv) Foranyu € W (o, —Ao), there is a sequence {u.}, u¢ € W (po, —Ac), such that uf 8 %

(v) For any sequence ¢, — 0, the sequence {u,} ,u, € W(p, —Ag,),n € N, with |luy| x = 1,
has a convergent subsequence and any limit point of this sequence belongs to W (110, —Ao)-

Proof: (i) Let o € o(—Ap) and consider U = U(uo,6) = {pn € C: | — po| < 6}, where 4 is
chosen such that U N o(—Ay) = {ug}. Our aim is to show that there exists € € (0, €] such that
Uno(—A.) # @, forall e € (0,¢.
Suppose that U C p(—A,), ¢ € (0,&. The function pu — (I + pAZ")~" is holomorphic, for all
p € OU. So, it follows from Maximum Modulus Theorem that
(T + poA7H) M| < max [T+ pA)TY < sup ||(I+pATH) 7Y =C < oo,
il

|n—pgl=4
€€(0,¢0]

for some constant C' > 0. Therefore, for v € X and ¢, — 0, we obtain
lull = ||(T + poAZH) ™I + poAZ ull < C || (I + poAZu

I

1 _ '
and then ||(I + oAy ul| > c ||| and o € p(—Ao), a contradiction. Hence, U (o, §) contains

some point of o(—A,), for e appropriately small.
(ii) Consider the sequences ¢, — 0 and {un} tn € o(—Ae,), such that p,, — pig as n — oo.
Let {u,} C X, with ||lu,|| = 1 and (I + paA_')u, = 0. Then

(T + noAg yun|| < [| (1 = pn) AG n]| = 0
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asn — oo. Since {AZ! : n € N} is collectively compact and ||u,|| = 1, taking subsequences if
necessary, we obtain that yo(Ac, )" u, — v and u, — —v, |lv|| = 1. Therefore, (I + poAg')v =
0, ||v]| = 1, thatis, u € o(—Ay).

(iii) Let us see that there is € such that rank (Q.(uo)) > rank (Qo(po)), € € (0,¢. Let
{vy,- -+, v} be a basis for W(uo, —Ag) = Qoluo)X; then it is easy to see that, for suitably
small €,

{Qc(po)vr, - Qo) v }
is a linearly dependent set in W (119, A¢) = Q1) X.

Now we assume that for some sequence ¢, — 0 we have rank (Qe, (10)) > rank (Qo(o))-
Then, for each n € N, there is u,, € W (po, —Ae, ), ||uall = 1, such that dist (un, W (g0, Ao)) =
||un|| = 1. From compact convergence, we can assume that Qe (110)tun = un = Qo(Lo)uo = Uo,
and then,

1 < Jlun — Qo(po)tinll = | Qe (10)tn — Qo(po)unll = 0,
a contradiction.
(iv) Let u € W (o, —Ag) and u¢ = Q¢(po)u. Since Qc(po)u — Qo(po)u and u = Qo (to)u, we
have u¢ — u.
(v) Suppose that €, — 0 and consider {u,} C X, un, € W(po, —Ac,), n €N, |lun|| = 1. Since
Q.(10) compactly converges to Qo (fi) as € — 0, up = Q, (1o)un has a convergent subsequence
{tn, }- Let us say that u,, — u, then

(% <_' U’nk — Qﬁnk (/’LO)’U’le _> QO (/‘LO)U’
and u € W(uo, —40).

2.2. Convergence of Linear Semigroups. The properties of the operators A, € € [0, €], imply
the existence of a constant M,,, independent of ¢, such that

| sk S Mae™ @.7)
forallt > 0and forall e € [0, ¢o]. We use these estimates to show that linear semigroups associated
to these operators behave continuously at ¢ — 0.

t3 g~ At

1
Theorem 2.4. Let K be a compact subset in Xq and 0 < 0 < o Then there is a function
v:(0,6] = RT, v(e) 80, such that

by — e=Motyll | < wle) e, forallt 2 0. (2.8)
X2

sup He"A 3> — e

ue K

Proof: Let 0 < 0 < %be fixed and § € (0,1). We deal with the cases 0 < ¢t < d and ¢ > )

separately.
Thus, since v lies in a compact subset of X and 0 < ¢ < ¢, we have that

He‘Aetu — e’AOtuH o3 < 2M, t=0-3 vt
e

Recall that 1
et = b et A e D)

271
I
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where I is the boundary of ©_,, 5 = {p € C : |arg(pu + w)| < ¢} with § > ¢ >  is oriented in
such a way that the imaginary part of ; increases as y runs in I and w < \. In this case, we obtain

1
p(—Actw)t _ 27”/ Wt (1 + w4+ A, —w) My, €€ [0, €).
r

Changing variables y + w +~ u and denoting B, = A, — wl, € € [0, €], we can write
1
e Bt = o /e“t(u+B) Ydu, €€ [0,€,
To

where [y is the boundary of X 4. Our aim is to estimate, to ¢ > 0, the difference

1 _
27t He Bety, _ g=Boty,

X /t%@“t[(“Be)_lu — (u+Bo)uldpl| . @29)
To X

Let us see that the integral on the right hand in (2.9) is convergent. For u € T'y, we previously

obtained the sectorial estimative ||(u + Be = o for all € € |0, €0]. Hence,
L(X)

1+ |ul’

|B(p+ B)~tu x Flul[[(s+ Bo) ™l < M|

From Moment’s Inequality, we obtain

v < lu

M,
(b+ B lu %<——1|| ully
s B0 wls < T Ml
and then
s+ B~ = (u+ Bo) | < | | (2.10)

Therefore, we have

; 2M.
/tze”t[(/H'B) u— (p+ Bo) luldp|| <t 2/l ’”lrﬁ—% ully dp = Ms [Ju]l x -
To Xé' o H

For t > §, we proceed as follows: since the integral on the right hand side of (2.9) is uniformly
convergent in ¢, given i > 0, we can write 'y = 'y U T, with '] bounded and I'; satisfying

sup sup t%/e“t [(p+ B) ™ u— (4 Bo) "' u] dp <

e€(0,e0) uEK 1

n
ry Xeg

For I'] we note that, from Corollary 2.1,

sy(€) := sup sup ||( (b+ B tu— (u+ Bo) "t u
MEF" ueK Xe
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It follows from the fact that ¢ > § that there is € > 0 such that, for € € (0, €

t9+%/e“t [(p+ B)™'u— (u+ Bo) "u] dpl| < spyle) tﬁé/eRem dul < 2.

2
r7 X2 i
From this we have that, for € < €,
= - n _p—1
sup ||e”Pu — et 4 < =t =3 fort > 6.
uek xXé 2w

Therefore, there is a function v : (0, ¢g] = RT, with v(e) 8.0, satisfying

sup |e™%'u — e || 3 < v(e)e™t™70 for allt 2 0. g
uEK Xé

3. UPPER SEMICONTINUITY OF ATTRACTORS

In this section we obtain the continuity of nonlinear semigroups by using the continuity of
linear semigroups and Variation of Constants Formula. We also prove that the attractors are upper
semicontinuous at € — 0.

Theorem 3.1. Let u € X, {u‘} a sequence in X with ue — win X and 7 > 0. Then there is a
function v : (0, €g] — RT, with i(e) 28 0 satisfying

i Ry
T (t)us — To(t)uHXE% < vle)t™ze™, te(0,7).
Proof: Nonlinear semigroups T, (¢)u® are given by Variation of Constants Formula,
t
T.(t)uf = e~ 4ety® +/ e~ 49 £ (T (s)u) ds, € € [0, ).
0

Then,

ITe()u = To(@)ull gy < [le™but — ety

. /t He_AE(t—S)f(TC(S)uE) _ e‘AO(t_S)f(To(S)U)HX% ds.

€

From (2.8) we have that

—Act, € —Apt —Aetue —Act —Apt

—Adt
He U —e U X} < ||e — € U Xe% + He U — € U x}
< Mye @7 ||uf — ul| + v(e) et ™073.
Furthermore,
t
[ e 5 (Tuloyue) - e f(Tafsh g ds <
0 e

Xe

< [ e DA @ ) = e+ f T s
0

+/O ||e‘A‘(t_S)f(To(S)U) _ e“AO(t_S)f(To(s)u)H\’% ds.

e
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Since {f(To(s)u) € Xy : s € [0,t]} is a compact subset in X, we have that
t
/ H - e‘AO(t"s)]f(To(s)u)H gt ds < / v(e) (t — 5)"2 0ewt=5) g
X 5
o-1 (1
<v(ew’ 2T 5—9 .

[ e (@) = STyl g s

AE

Moreover,

t
< / M, (t = s)"2e L ||T.(s)us — To(s)u)H\’% ds.
0

L

Then,
w € —wty—0—1
e ITe(t)u = To(t)ull gy < Maut™ 73 flu — ully +v(e) et

<€

¢
+ M, L/ (t— 5)_%6“’3 ITe(s)u — To(s)ull g ds.
0

Note that the first two terms in the right hand side of the last inequality can be bounded by
Mi(e)t==2, M = M(r),as t € (0,7) and 7(e) 280, I (t) = et || To(t)u — To(t )u|| , We
have

t
ﬂngm@r“bumL/@—gﬁw@msemmﬁ%7<m.
0
From Gronwall’s Inequality it follows that
o(t) < CMp(e)t™" 2,
with C = C(M,,, L, T) constant.
Therefore, there is a function 7 : (0, &) — RT, with 7(e) <% 0 satisfying

IT.t)u = To()ull y <277, t€(0,7). g

Theorem 3.2. The family of attractors { A, : € € (0, o]} is upper semicontinuous at € = 0.
Proof: Let us consider a sequence {u,}, u, € A.,, n € N,and ¢, — 0. Since

Sup{““e”\,% P Ue € Ae; € E [0, 60]} < o0,

[U ]Ae is relatively compact in X, there is uy € X such that u,, — g strongly in X. Further-
e€(0,e0

more, we have

/pfn( )|Vu?|dx < M, for some constant M > 0.
Q

1
Thus, it follows that ug € X . It remains to show that 1y € Ay. For this, it is enough to prove that
there is a bounded complete orbit through ug. For each n € N, we have a bounded complete orbit



16 V. L. CARBONE, A. N. CARVALHO, AND K. SCHIABEL-SILVA

1
©On (-, uy) : R — X2 through u,. Fort > 0, it follows from the continuity of nonlinear semigroups
that

On(t, up) = Te, (t, un) = To(t, uo).

Fort < 0, we set up the orbit through v in the following way: fort € (—k, —k+1], k € Z*, we
consider the sequence {¢,(—k, un)},eny 1N Ueg(0,c0)Ac Following the argument used previously
for the sequence {u, }, we obtain that o, (—k, u,) = @o(—Fk, uo). Hence,

99n(t,un) = (Pn(t+k, (pn(—kaun)) = Ten(t+ka @n(_kaun)) = TO(t+ka 900(“k>uo)) = ()50(t>u0)-

Finally, defining

_ To(t,’tbo), for t = O,
(po(t,uo) o { @0(?5,’&0), fort < O,

it follows that (g (t, ug) is a bounded complete orbit through ug. Therefore, ug € Ag.

4. CONTINUITY OF THE SET OF EQUILIBRIA

In order to obtain the lower semicontinuity of attractors we will need to obtain the continuity of
the set of equilibria and then study the continuity of the linearization around each equilibrium. In
this section we prove that the family {&, : € € [0, ]} is continuous at ¢ = 0. We start with the
proof of upper semicontinuity.

Definition 4.1. The equilibrium solutions of (1.6), € € [0, €], are those which are independent of
time; that is, the solutions of the elliptic problems

Au— f(u)=0. 4.1)
We denote by E, the set of solutions to (4.1), € € [0, €).

The upper semicontinuity of the family {&. : € € [0, €]} is an easy consequence of the compact
convergence. In fact

Proposition 4.1. The family {€,. : € € [0, €]} is upper semicontinuous at € = .

Proof: Note that & C A, and therefore sup{||ue||\,% cue € &, € € [0,6]} < oo and that

1
f: X2 — X is bounded. If u, € &, we have that u, = A7!f(u,) and the result follows from
compact convergence of A-! to Ag'.

The proof of lower semicontinuity requires additional assumptions. We need to assume that the
equilibrium points of (1.2) are stable under perturbation. This stability under perturbation will be
given by the hyperbolicity.

Definition 4.2. We say that an equilibrium u, of (1.2) is hyperbolic if the spectrum o (Ao — f'(ug))
of Ay — f'(uy) is disjoint from the imaginary axis.

Proposition 4.2. If all equilibrium points of (1.2) are isolated then, there is only a finite number
of them. Any hyperbolic equilibrium point ug of (1.2) is isolated.
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Proof: Since & is compact we only need to prove that hyperbolic equilibria are isolated. We note
that u € & is a solution of (4.1) with e = 0 if and only if v is a fixed point of

®(u) = —(Ao — f'(ug)) ™" (f (w) = f'(ug)u).
It’s not difficult to see that there is § > 0 such that ® is a contraction map from B;(uj) = {u €

i -
X¢ o ||lu—udll o < 0} into itself. Thus we obtain that uf is the only element in & in Bs(ug).
]

Proposition 4.3. Suppose that u is an equilibrium solution for (1.2) and that 0 ¢ o (Ao — f'(ug)).
Then there are € > 0 and 6 > 0 such that the problem (1.1) has exactly one equilibrium solution,

i
ut, in {we € X2 : ||we — USH\,% < 0}, fore € (0,€). Furthermore, ||u’ — uSH\,% —+0ase—0.
A e

Proof: First of all, we note that from Lemma 2.3, from the hyperbolicity of «; and from Corollary

2.1 it follows that o (A, — f'(ug)) is disjoint from imaginary axis. From Lemma 2.3 with § = T
we obtain a constant M/ > 0 such that

A= 7)™,
Now we note that if ¢ is a solution of (4.1), then
0= (A — f(up))[u + (Ae = £ (ug)) ™ (f ' (wp)u = f(u))].

Since (A, — f'(ug)) is invertible, to show that u is a solution of (4.1) we may equivalently to
show that ¢ is a fixed point of the application

De(u) = —(Ae — f'(ug)) 7 (f " (ug)u’ — £(u)).

<M, foree (0,¢].

1
X,XZ)

Observe that
* *\\ — f. % x €—0 *
®c(ug) = (Ac — £'(u5) (Ao — F'(u5))ug = us. (4.2)
Next we prove that there are 6 > 0 and € € (0, o) such that &, is a contraction map from
_ 1
Be(ut) = {uf € X2 : ||uf - USH,\'E% < 4} into itself, uniformly in (0, €]. First, let us see that @, is
a contraction. To do it, let u¢, v¢ € B§(u;) and note that
<

[[e(u) — @e(v) M|[f " (su + (1 = s)v) — f " (ug)) (u® — o)l -

Note that || f'(z) — f'(up)llx < Cllz —ugllx and || f'(2) = f'(ug)]| poo(qy < €' for some constant
C. Hence, we can choose § > 0 such that

. 1
M sup Ilf'(z) = f/(UO)HL”(Q) < 9
2€ B§(up)

[
X2

and . ;
1Dc(u) = ()l 3 < 5llu® v Ian%(Q) < gt =

To show that ®(Bg(ug)) C Bg(uy), observe that if u¢ € B§(ug) then

} .
X2

1 "
1) — gl y < 5 llue = wl_y + 10clud) = w51y



18 V. L. CARBONE, A. N. CARVALHO, AND K. SCHIABEL-SILVA

From (4.2) it follows that there is € such that ||®(ug) — USH,\'% < g, and, for any u® € Bf(ug),
we have ||®(u) — u(’jll\% < 0.

Thus, @, : Bs(uj) — Bg(up) is a contraction, for all e € (0, € and then there is only one fixed
point of ¢, in Bf(ug), that we will call u?.
1

Finally, let us see that u* — ug in X2 as e — 0. Indeed,

e b = I1®e(u) —ugll g < (1elue) = Peug)l] 4 + 1P (ua) —usll 3
1 * *
o) =il 4,
1 <2 ||De(ug) — uOH —0ase— 0.
5. LOWER SEMICONTINUITY OF ATTRACTORS
Next we show that the local unstable manifolds of g, for £ = 1,...,m fixed, are continuous

1 . L R
in X2 as e — 0. This fact and the continuity of the set of equilibria enable us to prove the lower
semicontinuity of the attractors at ¢ = 0. For this we will use the convergence results of the
previous sections and the convergence of the linearized semigroups proved next.

5.1. Continuity of the linearized semigroups. If Ac= A, — f'(u?), 0 < € < €, it follows from
Lemma 2.3 that A converges compactly to A;"'. Hence it follows that Theorem 2.3 holds with
A, replaced by A,. Again, if Q7 is the prQ]eCthIl dete1mmed by the part of the spectrum of A, to
the right of the imaginary axis and A, is the restriction of A, to the kernel of QF then from the
compact convergence of resolvents we obtain a result analogous to Theorem 2.4 for e

Hereafter we assume that all equilibrium points of (1.6) with e = 0 are hyperbolic.

Proposition 5.1. Let {u* : € € (0, o]} be a sequence of solutions of (4.1) such that {u} X?—con—
verges to uj. If A, = A, — f (u?), then there exists € > 0 such that o(—A,.) doesn’t intercept the
imaginary axis, for 0 < € < and |(Ae — f'(u?)) 7| < C, with C independent of e. Moreover,
if QF denotes the projection defined by spectral set o = {1 € o(—A.) : Rep > 0}, then QF
converges compactly to QF as ¢ — 0 and the family of sets o is upper and lower semicontinuous
at € = 0. Furthermore, there are § > 0 and M > 1 such that, for € € [0, €], we have

He_“iftQjH < Met, t<0

£(X)

H —Q )” L S Mtie P 130, 5.1)
L(X,X2)

5.2. Continuity of local unstable manifolds. In this section we consider the continuity of local
unstable manifolds. Assume that {u}ccpo,) is @ sequence of solutions of (4.1) with ||u — u3||X%

— 0 as e — 0. It follows from the Proposition 5.1 that o(—A,) behave continuously as € — 0.
To deal in a neighborhood of the equilibrium point ;, we rewrite the problem (1.1) as

we S Aewe = f(we + ’U,:) - f(u:) - fl(u:)wey (52)
where w, = u, — u and A, = A, — f'(u}).
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To obtain the projections @ we proceed on the following way: we denote by {u}ss, the
eigenvalues of A, € € [0, €] (ordered and counting multiplicity), and by {¢¢}5°, a corresponding
orthonormal system of eigenfunctions. We order the eigenvalues such that p§ > ... > pf >
B>0>—0>puy > py>...,e€ (0,8, forsome f > 0and € € (0,¢). We consider

W, = [¢5,..., ¢ and Wt = {4 € X2 : /wqﬁ:O, forall ¢ € W.}. Let QF : X& — X7 be
Q

the orthogonal projections on W, € € [0, €],

TR - ¢ ge.
@ew—i;(/ﬂwz)az

If We, th = ¢ | ¢5 and
(VNS then v ;(/Slz/)gb)qban

Il 3 = (i(l + 145) (/QMS)z)%.

=1

Since the eigenvalues p§ — pf as e — 0 for 1 < 7 < oo, we have that I, is isomorphic to Wy,
for e € (0, €. Moreover, W, e € [0, € is isomorphic to R" through the isomorphism /. given by

W, 29— </Q¢¢;,...,/Qw¢>i) eR".

Note that 7, is a bounded operator with bounded inverse /! and that the norms of /. and I

are uniformly bounded, for € € [0, €

1 1
This fact allows us to decompose X¢Z in two spaces, R” and (I — Q) XZ. This space decom-
position induces a decomposition of the solution w, to (5.2), in the following way: we = v + Ze,

with v, = Xr:vi £y = / we$ and z. = (I — QF)w..
1=1
Hence, since v, = ijﬂe, Z.= (I — Q). and QF, (I — QF) commute with A, we have that
bkt = [ (oot ze D) = 1) = /D0 + 2]
and
tet Acze = (I — QF) (f(ve + 2e +ug) — f(u) — f'(ue)(ve + 20))
= f(we +ug) = f(ug) = f'(u)(we) (5.3)

=30 ([1rtwe+ ) = ) = e o
B (5.4)
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We denote v = (vy,...,v,)  and H¢(v, z) = (Hy(v, 2), ..., H:(v, 2))t, where

H;(v, z) =/Q !f <Zvi¢f+ze+u:> — ful) — f'(u) (Zviqﬁg—{—ze)

and also

%

Golv,2) = (I = Q) (ve + 2+ 2) = F(u2) = F'(ud) e + 20),

it results that H.(0,0) = 0 = G(0, 0). Furthermore, H, and G, are continuously differentiable and
aHe € 5 : i 5

satisfy (0,0) =0 = (0,0). Since the projections @, € € (0, €], are uniformly bounded

v, v, ¢
in © and the function f not depends of ¢ it follows that, given p > 0, there are € > 0 and § > 0

such that if ||v||g, + HZHX% < ¢ and € < €, we have

€

[He(v, 2)llgr < p;
HGG(U;z) X < p?

| He(v, 2) — He(0, 2)]

(5.5)

e <o (o=l + 2= 21y ),
AAE

HGE(U> Z) - G6<67 2)

x < (o= ol + 11z = 2l 4 )

The fact that we can choose p and ¢ uniformly for e € (0, €] satisfying the inequalities above is
the key point to obtain that the local unstable manifolds are defined in a small neighborhood of the
equilibrium point ¥, uniformly for € < €.

We can extend H, and G, outside B;(u?) in such a way that the bounds in (5.5) hold for any
ve € Wand 2, € Wt.

Denote by A+ = diag(p$, ..., pus) and AT = /L|W L Then we can rewrite the equation (5.2) as

ije + A:_'Ue = He('Ue; Ze)
Ze + Ae—ze = Ge(vea Ze)7 (56)

o=

where H, and G, satisfy (5.5), for any v, € R" and z. € (I — Q) X?.
Moreover, for some positive M, [, independent of €, ¢ < €, we have

2|4 S Me_ﬁtHZHXC%, i 20,

Ae

e A o
e htz| y SMETEe 2, 20,

£¥E€

ey t<0.

e~ Aty o < MePt ||v]
Next we show that for a suitable small p > 0 there is an unstable manifold for u,
W¢ ={(v,2) : 2=8!(v), v e R"},
where S : R" — (I — Qj)Xe% is bounded and Lipschitz continuous. Furthermore, for any R > 0,

* * e—0
sup [18:(v) = Sy ()] _y =3 0.

v€ Bgr (0,R) e
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Proposition 5.2. Let uj be a hyperbolic equilibrium of (1.2). Then by proposition 4.3, (1.1) has
only one equilibrium solution, u?, near u;. For D > 0, A >0, 0 < 9 < 1 given, let py > 0 be
such that, for all 0 < p < po,

pMB2T (%) <D

pM?*(1+ A) <-§—> i

p
2

2=
=
N
Do =
N
/AN
>

<28-pM(1+A)<B

ey pM(1+ A)
e () |1 g s ) <01

(5.7)

_ PP M*(1+ A)(1+ M)
y_ﬂ_{pM 26 — pM(1+ A) } ’

pME (3) + 0260+ 8) (28 pM (L + )T (3)]

N\

1
For the above choice of p, assume that H, and G satisfy (5.5) for all (v, z) € R" x (I — Q})X2.
Then, there exists S* - W — (I — QF)X& such that

1521 = sup || SE()ll
18¢ (v) = SE(D)]

21 <D
/\‘
€

-

=<
L

and

Furthermore, for any R > 0,

sup || (v) = S ()] 3 =3 0.
v€Bgr (0,R) Xe

Proof: For the proof of existence and exponentially attracting unstable manifold we follow closely

the proofs of existence of exponentially attracting invariant manifolds in [9], Chapter 6. For the

continuity of unstable manifolds we follow [1]. Let v (t) = ¥(¢, T, n, S¢) be the solution of

ve + ATve = H(ve, Se(ve)), fort < 7, ve(r) = 1. (5.8)
Consider
X ={5:R = (1-QNX2 SIS D, I5.0) = S|y < Aflo =g }

It is easy to see that (X', ||-]|) is a complete metric space.
Let S, € X and define @ : X — & by

2(s)0m) = [ " AT C-9G, (ui(s), Sulvels)))ds. (5.9)
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It is not difficult to see that

12(S) Ol 3 < pMpB~:T <1> < D. (5.10)

and that, whenever n,7 € R", S, S. € X

Hq)(&)(") — B(S)(7)

1 1 /]
%gpMﬂ_§P< ) {1+ pPM(1+A)

2) 07 28— pM(T+ AJ o=l
wor(1+0) (£) 71 (3) Il

From our hypothesis on p, we have that

X

|20 - (S|, 4 < Alin = ller +9 IS~ &1 (5.11)

€

From inequalities (5.10) and (5.11) it follows that ¢ is a contraction map from A into itself.
Hence, there is only one fixed point S* = &(S) in X'

It remains to show that W* = {(v,S8?(v)): v € W} is an invariant manifold for (5.6). Let
(vo, 20) € WY, 29 = 87 (vp). Denote by v} (t) the solution of the initial value problem

Ve + A ve = He(ve, 5 (ve))
’U(O) = Vo.

This defines a curve (v?(t), S*(vi(t))) € WY, ¢t € R. However, the only solution of the equation
Ze+ A7 ze = Ge(vI(1), 87 (v(1)))

which remains bounded as ¢ — —o0 is

t T —

z(t) = / e~ UIG (V7 (5), 82 (v7(5))ds = S7 (VI (1))
—o0

Therefore, (v*(t), S*(v?(t))) is a solution of (5.6) through (vp, 20), and it proves the invariance.

Also, it follows that

12e(8) = S: (vl g < M7 1ze(to) = Se(ve(to))ll 30 to <t (5.12)

x2’

A€ €

Consequently, making to — —00, 2z¢(t) = Sfve(t) forall t € R.
Next we show that the fixed points S* depend continuously upon € at ¢ = 0, thatis,if 0 < e < €
is such that the unstable manifold os given by the graph of S¥, 0 < € < € we want to show that

IlS: = Ssll == sup [I8:(n) = Ss(mll 3 — Oase—0.
n€BR(0) A

First note that R” 3 vy — Go(vo, Sg(vg)) € X, takes bounded subsets of R into relatively
compact subsets of X since it is a continuous map.
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Therefore,

I5:) = S5l y < [

D —0

:
</
—0o0

+ / ‘G_A;(T_S)GE(UQ, SS (Uo)) - B—A;(T_S)Go(’l)o, Sg (’UQ))

!
—00

Denoting the last three integrals by Iy, I, and I3, respectively, we have:

e 4 =)@, (v, S* (ve)) — e TGy (vg, S (vp))

1 ds
r 2

“X€

‘e"A:(T_S)GE(UG, S:(ve)) — e_A‘—(T_S)GE(UO, S (Uo)). ! ds

€

1d8
2

A€

e~ A7 (T=5) Gy (v, S (wg)) — €5 TGy (g, S (vg))

L ds.
)

Fxe

I < / Me=#T=)(r — 5)72p[(1+ A) |Joe = vollg- + 157 — S5l ds

1 1 1
< oMATHT (5 ) 1S = Sill+ o1+ ) [~ e = )7 (s) = o) ds.

—00

Since QF = Qg uniformly on compact sets, we have that G, =4 (G uniformly for 7 in bounded
subsets of R" and I, goes to 0 as ¢ — 0 uniformly for 7 in bounded subsets of R". Moreover, it
follows from Theorem 2.4 that I3 is also o(1) as ¢ — 0 uniformly for 7 in bounded subsets of R".
Therefore,

1500 = S50l 3 < o)+ phe673T (3) 12 -

2

“e
T

LML+ A) / e =) (1 — 57} ue(s) — vols)|

—0o0

gr d5.

Thus, it is enough to estimate ||v¢(¢) — vo(t)||g-- Since |||z, < R, working as above we obtain

[[ve(t) = vo(?)

AF=m)p e—Ag(t—T)nl

n / A B (4 S*(0,)) — e~ A9 He(vo,Sa‘(vo))HR s
t ™

Rr

ds

L / e_Aj_(t_s)He(Uo, Sg (UO)) o e—Aj—(t—S)HO (UOa Sg (’Uo))‘
t RT

+ / &) Hy (v, S5 (w0)) — €= Ho un, S5 (v0))|| - ds
t

<o)+ oM [ Hdsl|S: = Sl + oML+ 8) [ ¢ = v
t t

Rr dS.

Let ¢(t) = €% ||lvc(t) — vo(t)||g--. Then

8(t) < o(1) + pM / "Pegglist — Sl + pM(L+ A) / B,
t t
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and we obtain

[ve(®) = vo(®)|lgr < [0(1) + pMB~ IS = Sil] € [oM(14+2)—B)(T—t)

Therefore

82 ~ Sy < o(1) + pMB" zr( )uws* sl

“Le

+pM(1+ A)/ el =20 MUE A=) (- — 5)72ds [o(1) + pM AT IIS; — S5l

—0o0

< o1) + pMAiT ( ) Is: - 51

+[or+ 2) 8- pprta+ ) (3) oo | st - il

Then it follows that
IS = Ssll < o(1)

+{orpin (1) + [ars0+ ) @o-ppaa + a7 Ar ()] st - il

and ||SF — S§|| = 0ase = 0.

Corollary 5.1. There is a 6 > 0 such that
1
Wetoe ={(v,2) € R" x (I = Q) XE : (v,2) € W, |lvllgr + Izl 3 <0}

is given by

1

Weioe = {(v,8:(v)) s v € R} {(v,2) € R" x (I = Q)X : o]

¢,loc

re tll2ll g <0}

5.3. Lower semicontinuity of attractors. As in [4] we see that {To(t) : ¢ > 0} is a gradient
semigroup and since all of its equilibrium points are hyperbolic there are only a finite number of
them and the attractor 4, is the union of its unstable manifolds.

Theorem 5.1. The family of attractors { A, : € € (0, €0]} is lower semicontinuous at € = 0.

Proof: Let ug € Ay. As Ty(t) is a gradient system, we have A, = [|J W¥(u*), and then
u*€ &

wy € We(ut), for some ujy € &. Let 7 € R and v € W} (uf) such that To(T)v = uo. Let

u’ such that u¥ — ug. From convergence of unstable manifolds there is a sequence {v.}, ve €

W“ (u}) such that ve — v as € — 0. Finally, from continuity of nonlinear semigroups, we obtain

loc
Tz (T)fu6 — Ty(T)v = ug. To conclude, we observe that if u, = Tc(7)v,, then ue € A, since

ve € U W¥(u}) = A and A, is invariant.
ur€ Ee

Corollary 5.2. The family of attractors { A € € [0, €]} is continuous at € = 0.
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