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The suspension isomorphism for homology index braids

M. C. Carbinatto e K. P. Rybakowski

Resumo

Sejam X um espago métrico, 7 um semifluxo local em X, k € N, E um
espago normado k-dimensional e 7 o semifluxo gerado pela equagao

y = Ly,

onde L: E — E é uma aplicacdo linear cujos autovalores sdo todos com parte
real positiva. Mostramos que para todo conjunto w-invariante isolado S esté
bem definido um isomorfismo 8(S) de grau —k entre homology categorial Conley-
Morse indez de (m X 7, S x {0}) e homology categorial Conley-Morse index (m, S)
tal que a familia de tais isomorfismos comuta com as seqiiéncias longas de indices
homolégicos. Em particular, mostramos que dada uma decomposicdo de Morse
(M;)iep de S existe um isomorfismo de grau —k entre a tranga indice homoldgica
de (M; x {0})iep e a tranga indice homoldgica de (M;)icp e, portanto, as ma-
trizes de C-conexao de (M; x {0})icp sdo as matrizes de C-conexdo de (M;);cp
transladas por k a direita.
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ABSTRACT. Let X be a metric space, m be a local semiflow on X, k € N,
E be a k-dimensional normed space and 7 be the semiflow generated by
the equation y = Ly, where L: E — FE is a linear map whose all eigenvalues
have positive real parts. We show in this paper that for every admissible
isolated m-invariant set S there is a well-defined isomorphism of degree —k
from the homology categorial Conley-Morse index of (7 x 7, S x {0}) to the
homology categorial Conley-Morse index (, S) such that the family of these
isomorphisms commutes with homology index sequences. In particular,
given a partially ordered Morse decomposition (M;);cp of S there is an
isomorphism of degree —k from the homology index braid of (M; x {0});ep
to the homology index braid of (M;);e p, so C-connection matrices of (M; X
{0})iep are just C-connection matrices of (M;);e p shifted by k to the right.

1. Introduction

Let Hy, g € Z, be the singular homology functor with coeficients in a fixed
I'module G, where I' is a commutative ring. Let X be a metric space, 7 be a
local semiflow on X, k € N, F be a k-dimensional normed space and 7 be the
semiflow generated by the equation y = Ly, where L: E — E is a linear map
whose all eigenvalues have positive real parts.
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Consider the local product semiflow m X7 on X x E defined by (z,y)r x 7t :=
(zmt, ymt) whenever zt is defined.

Whenever S is an isolated m-invariant set having a strongly m-admissible
isolating neighborhood, then S x {0}, where 0 = O is the zero of E, is an isolated
7 X T-invariant set having a strongly 7 x 7-admissible isolating neighborhood.
This means that the homotopy (Conley) indices h(mr, S) and h(r x 7, S x {0})
are defined. Moreover, we have the well-known formula

(1.1) h(m x 7,8 x {0}) = h(m, S) A Z*.
Thus applying standard results from homology theory to (1.1) we have, for ¢ € Z,
(1.2) Hy(h(m x 7, S x {0})) = Hy—i(h(m, S)).

Now formula (1.1) simply means that whenever (N1, N2) is an arbitrary index
pair in some strongly m-admissible isolating neighborhood of S and (Nl, 1\72) is
an arbitrary index pair in some strongly 7 x 7-admissible isolating neighborhood
of S x {0}, then the pointed spaces (N;/Ny, [N3]) and (Ny/Na, [N2]) A (S, s0)
are homotopy equivalent, where (S¥, sq) is a k-dimensional sphere with a base-
point. Again, formula (1.2) only means that, for ¢ € Z, there is some I'-module
isomorphism between H,(N; /Ny, {{N2]}) and H,_(N1 /N2, {[N2]}).

It is the purpose of this paper to refine formula (1.2). More specifically, we
show in our main theorem that for every S there is a well-defined isomorphism
6,(S) from the homology categorial Conley-Morse index Hy(S) := Hy(C(m x
7,5 % {0})) of (r x 7, S x {0}) to the homology categorial Conley-Morse index
Hy_(S) := Hqg_x(C(m, S)) of (,S) such that the family of such isomorphisms
commutes with homology index sequences. This means that, whenever (A, A*)
is an attractor-repeller pair of S relative to 7, then (A x {0}, A* x {0}) is an
attractor-repeller pair of S x {0} relative to m X 7 and we have the commutative
diagram
(1,3) ——>~H¢;(A)—>-Hé(5)———->—H{I(A*)-——-—->-Hé_1(S)———>-

|eata) Joats) [oatar) |oa-rca)
— Hy_i(A) — Hq—k(S) — Hg-k(A*) — Hq_g-1(4) —

Here, the upper (resp. lower) horizontal sequence is the homology index sequence
of (m x 7, S x {0}, A x {0}, A* x {0}) (resp. (m,S, A, A*)). This implies that
whenever P is a finite set, < is a strict order relation on P and (M;);cp is a <-
ordered Morse decomposition of S relative to 7, then (M;x{0});cp is a <-ordered
Morse decomposition of S x {0} relative to 7 X 7 and there is a module braid
isomorphism from the homology index braid of (7 x 7, S x'{0}, (M; x {0})icp)
to the homology index braid of (m,S, (M;)icp) ‘shifted to the left by k’. In
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particular, shifting a C-connection matrix of (m, S, (M;)icp) by k to the right
gives us a C-connection matrix of (m x 7, S x {0}, (M; x {0})icp).

The proof of our main theorem is somewhat technical. A crucial step in the
proof is an important result from homological algebra which, though already
familiar to, say, Bourbaki, was only recently proved by M. Scott Osborne [12] in
the explicit and general form required here. This result asserts that given a 3 x 3-
matrix of chain maps, the diagram composed of the connecting homomorphisms
of the third row, first column, first row and third column anticommutes!

The outline of this paper is as follows: in Section 2 we establish and collect
some preliminary results required in the sequel. In particular, in Proposition 2.2
we prove existence of ‘symmetric looking’ F'M-index pairs for product semiflows.
We also extend some concepts and results from [5] about image modules of con-
nected simple systems under covariant or contravariant functors (Definition 2.3
and Propositions 2.4 and 2.5). In Section 3 we state our main result, Theorem 3.1
and reduce its proof to the proof of a special case, Theorem 3.5. In Section 4,
Theorem 4.8, we establish the existence of the suspension isomorphism claimed
in Theorem 3.5 through a series of propositions and lemmas. In Section 5 we
present some preliminary algebraic results. In particular, we quote Osborne’s re-
sult (Proposition 5.4) and extend it to 3 X 3-matrices of chain maps with weakly
exact rows (Proposition 5.5). We also present a technical result guaranteeing
injectivity of singular chain maps (Lemma 5.7). In Section 6 we establish a
technical result, Theorem 6.1, which implies the commutativity of the suspen-
sion isomorphism with respect to homology index sequences of attractor-repeller
pairs. This completes the proof of Theorem 3.5 and thus also the proof of The-
orem 3.1. Finally, in Section 7, Theorem 3.1 is used to establish the existence of
the braid isomorphism mentioned above.

In this paper we use the notation and results from [5] without further expla-
nation.

2. Preliminaries

In this section we will establish and collect a few preliminary results which
are required for a precise statement and proof of our main result.

PROPOSITION 2.1. Let Y be a topologzcal space and My, M, Ml, M2 be
closed in'Y such that My C M, C Ml, M, C Mz, Ml\M2 C M; and MzﬂMl
M;. Then the inclusion induced map

f: Ml/M2 — ]T/fl/ﬂz

is a base-point preserving homeomorphism.
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PROOF. Proposition I.6.2 in [14] implies that f is a continuous map. Define
g: My /My — M, /M; by

) q(z), if z = §(z) with z € M \ Mo,
2) =
[M3], otherwise,

where g: My — My /M and §: M; — M,/ M, are the canonical projection maps.
Since Ml \ Mz C M, it follows that g is well defined. Moreover, g is an inclu-
sion induced map in the sense of Definition 1.6.1 in [14] which is continuous by
Proposition 1.6.2 in [14]. Clearly, both f and g are base-point preserving.

We need to show that g is the inverse of f. Let 2 € My/M,. If 2 ¢ q(Ml)
then My = 0 and z = [M3] so (go f)(z) = z. Ifz € < g(My) thenlet z € M, C M
be such that z = g(z). Thus f(z) = §(z). If z € M; \ M, then the definition of
g implies that g(f(2)) = q(z) = z. Otherwise it follows that z € M; N My C M,
so, on the one hand, g(f(z)) = [M;] and, on the other hand, z = [Mj], hence
9(f(2)) = 2.

Let z € Ml/ﬂz. If z = g(z) where z € M, \Mz, then g(z) = ¢(z) and
z € My \ M. Therefore, f(g(z)) = g(z) = z. Otherwise, z = [Mz] and so
flg(2)) = 2. O

Now let X and X be metric spaces and let , respectlvely 7, be a local
semiflow defined on X, respectively X. Let S, respectively S, be a compact
m-invariant, respectively 7-invariant.

Set D := {(¢,(z,Z)) € [0,00[ x X x X | zwt and z7t are defined }. Define
(z,Z)m x 7t = (zwt,T7t) for (t,(z,Z)) € D. It follows that 7 X 7 is a local
semiflow on X x X called the product semiflow of m with 7 (cf Section 1.10 in
14)).

We have the following result.

PROPOSITION 2.2. Let (N1, N2) (resp. (ﬁl,ﬁz)) be an FM-index pair for
(m,S) (resp (7, S)) and let N be a closed subset of X such that Ny C N. Then
(Ny x Ny UN x N, Na x Ny UN x Ny) is an FM-indez pair for (m x 7,8 x S).

PROOF. It is clear that S x §, Ny X ]Vl UN x ng and Ny X Nl UN x ]Vg are
closed subsets of X x X. Since Ny C N, it follows that Ny x Ny UN x Ny C
Ny X f\;'l UN X ﬁz. We claim that

(2.1) Nax NyUN x Nj is N1 x Ny UN x Ny-positively invariant relative
to ™ X 7.

Let (z, Z) € N ><N1UN><N2 and let t € [0, 00[ such that (z, :1:)7rX7r[0 t] C
N1><N1UN><N2 We will show that (z,Z)m x 7 [0, t]CNzXNIUNXNz
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First assume that (z,Z) € N x N,. Since (z,%)m x 7[0,1] C Ny X NLUN x
N, N1 c N and N, C Ny, it follows that zx [0,] C N and Z7 [0, t] c N
Since N, is Ni- posmvely invariant relative to 7, we have 7 [0,t] C N, and so
(:c .’I))ﬂ'Xﬂ'[O t]CNzXNlLJNXNQ

Now assume that (z,%) € Nyx N; and let 7 € [0,]. If (z,Z)7 X7 [0,7] C Ny X
N1, since Nj is N;-positively invariant relative to , it follows that zm [0, 7] C N,
and so (z,Z)m X TT € N X Nl C Ny X N1 UN X N2 Suppose there exists a
t' € [0, 7] such that (a: Z)m x 7t ¢ Ny x Ny. Hence (z,%)m x 7t' € N X N, and
so Z7t' € Nz Since N, is Ni-positively invariant relative to 7 and 7 [/, 7] C
z7 [0,t] C Ny, it follows that Z7 [t/, 7] C N, and so (z,Z)7 x 7T € N x Ny C
Ny x Ny UN x Nj. Claim (2.1) is proved.

We also claim that

(2.2) Nz x N;UN x N is an exit ramp for Ny X N1 UN x Na, relative to

T X T

Let (z,Z) € Ny x Ny UN x N, and suppose there exists a t' € [0,00[ such
that (z,Z)m x 7' ¢ Ny x Ny UN x N,. We need to show that there exists a
to € [0,¢'] such that (z,Z)m x T[0,29) C N1 x N; UN x N and (z, )T X 7ty €
Nz x Ny UN x Na.

If (z,z) € N x Ny, setting to = 0 we are done. Hence suppose that (z,Z) €
Ny % Krl. There are two cases to be consider:

Case 1. Assume that z7t’ ¢ N;. Since N, is an exit ramp for Ny, it follows
that there exists a t” € [0,t] such that zw [0,t"] C Ny and zmt” € Np. If
Z7[0,t"] C Ny, it follows that (z, m)7r x 7 [0, t"] C Ny xNy CNyxNiUN x N,
and (z,z)m X 7t"” € Ny x N1 C Ny x N1 UN x N2 and we set tg = t”. Otherw1se,
there exists a ¢ € [0,t”] such that Z7¢ ¢ N;. Since N is an exit ramp for Nl,
it follows that there exists a tg € [O t] such that 7% [0, to] C Ny and Z7tg € Ny.

Hence, (z,z)m x 7[0,t0] C Ny X N, C Ny x NiUN x N, and (z,T)m x Tty €
N1XN2CN2XN1UNXN2.

Case 2. Assume that Z7t' ¢ Ny. Since N, is an exit ramp for Ny, it follows
that there exists a t” € [0,¢] such that 27 [0,¢"] C N1 and Z7t" € Np. If
zm [0,t"] C N1, it follows that (z, z)m x 7 [0, t"] C Ny x Ny € Ny x N{UN x N,
and (z,Z)m x Tt"” € Ny x Ny C Ny x NjUN x N, and we set to = t”. Otherwise,

there exists a ¢ € [0, t"] such that znt ¢ N;. Since N, is an exit ramp for Ny,
it follows that there exists a to € [0,%] such that z [0,%0] C Ny and 7ty € No.
Hence, (z,z)m x 7[0,t0] C Ny X Ny C Ny x NiUN x N, and (z,z)m X Tty €
Ny X ﬁl C N3 % K’l UN X Kfz. This completes the proof of claim (2.2).
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To complete the proof we need to show that

(23) S X S" C IntXx;(((Nl X N] UN X Ng) \ (N2 X ]Vl UN X ﬁz)) and
S x S is the largest 7 X m-invariant set in Cl, 5 ((N7 x N, UN x
N2) \ (N2 X Nl UN x Nz))

It clear that (N; x Ny UN x 1\72)\(1\/2 x Ni UN x Np) = Ny \ N, xﬁl\
N2 Therefore, IIlV,rx.,r(CIXxX((Nl X N1 UN x Nz) \ (N2 X N1 UN x NQ))) C
Invrex7#(Cly y (N1 \ Nz X Ni \ N3)) = Invyez (Clx (V7 \ Vz) % Clg (N1 \ N)) =
Inv,(Clx (N, \ N2)) x Inv;,(Cl)?(]Vl \JV2)) = S x §. Moreover, there exist an
open s set V in X, respectively Vin )? such that SCV C Vp \ Nz, respectlvely
ScVrc N1\N2 Hence SxS C VxV ¢ (N, ><N1UN><N2)\(N2 ><N1UN><N2)
which completes the proof of claim (2.3).

Claims (2.1), (2.2) and (2. 3) imply that (N3 X Ny UN x Ny, N ><N1 UN x No)
is an FM-index pair for S x S relative to T x 7. O

Now let K be a category and C be an object of [K], i.e. a subcategory of K
which is a connected simple system. Suppose ® is a covariant (resp. contravari-
ant) functor from C to the category Mod(I") of modules over the (commutative)
ring I'. Let S = Sc o be the disjoint union of all ®(A), where A is an arbitrary
object of C. Thus, formally we have

S=Sca:= |J @(4)x{A4}.
A€eObj(C)

On S define a relation R = R¢,¢ as follows:

(z, A)R(y, B) if and only if y = ®(f)z (resp. z = ®(f)y), where f is

the unique morphism in C from A to B.
Clearly, R is an equivalence relation on S. Let S/R be the set of equivalence
classes of R and Q@ = Q¢,6:S — S/R be the canonical quotlent map. In the
sequel we write 3(C) := S/R. *

For each A € Obj(C), themap Q4 = Qc,5,4: (4) — <I>(C) glven by Qa(z) =

Q ((z,A)) for z € ®(A) is easily seen to be bijective. Moreover, if (z, A)R(y, B)
and (%, A)R(7, B), then (z +4 %, A)R(y +5 §,B) and (A -4 z, A)R(\ -5 y, B)
for every A € I'. Here, for every C € Obj(C), +¢ (resp. -¢) is the addition
(resp. scalar multiplication) in the I-module &(C). Thfrefore, theFe is a unique
addition + = +¢ and scalar multiplication - = -¢ in ®(C) such that for every
A € Obj(C), the map Q4 is a Imodule isomorphism. The I'module 6(6’) is

called the image module of C under ®.

DEFINITION 2.3. Let C and C’ be objects of [K], ® be a functor from C to
Mod(T") and @' be a functor from C’ to Mod(T'). Assume that ® and &’ are
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both covariant (resp. both contravariant) and let A € Obj(C), A’ € Obj(C’) be
arbitrary. If F' is a morphism in Mod(T") from ®(A) to ®'(A’), then define the
map

(F) = (Fe,a.c,0: 8(C) = &'(C')
by

(F) := Qcer,4r © F 0 (Qe,3,4) ™"

It follows that (F') is a I'module homomorphism. Moreover,

PROPOSITION 2.4. Let C and C' be objects of [K]. Let @ be a functor from
C to Mod(T") and &' be a functor from C' to Mod(T'). Assume that ® and @ are
covariant (resp. contravariant). Suppose A, B € Obj(C), A’, B' € Obj(C’). If
the diagram

B(A) —E> (A  (resp. B(A) —— 3'(A)

q’(f)l l‘P'(f') ‘I’(f)T T‘I"(f')

%(B) —~ ¥(B)), &(B) —~ ¥(B'))

commutes, then (F) = (G), where f (resp. f') is the unique morphism in C
(resp. C') from A to B (resp. from A’ to B’).

PROOF. Suppose that both & and ®’ are covariant. Let n € ZI;(C) be
arbitrary. Then there exist an z € ®(A) and a y € ®(B) such that n =
Qc.e (@A) = Qco((y,B)). It follows that y = ®(f)z. Now (F)(n) =
(Qcr,ar,4r © F o (Qc,0,4)"1)(n) = Qere,4Fz and (G)(n) = (Qcrer,8 © G o
(Qc,,8)"")(M) = Qcr,e1,5/(Gy) = Qcr,0/,8G(2(f)z) = Qcr,0,8/(2(f')Fz).
Notice that Qc/ e/, B/ (2(f')Fz) = Qc',er ((2(f')Fz,B’)) = Qcr,0 ((Fz,A’)) =
Qc’, ¢, a'(Fz). This implies that (F)(n) = (G)(n). The proof is analogous in the
contravariant case. The proposition is proved. d

The following result is straightforward from Definition 2.3.

PropPosITION 2.5. Let C, C' and C" be objects of [K]. Let ® be a functor
from C to Mod(T"), ®" be a functor from C’' to Mod(T') and ®" be a functor
from C" to Mod(T"). Assume that ®, ® and ®" are all covariant (resp. all
contravariant) and let A € Obj(C), A’ € Obj(C"), A” € Obj(C") be arbitrary.
If F is a morphism in Mod(T") from ®(A) to ®(A’) and F' is a morphism in
Mod(T') from ®(A’) to ®(A”) then

(F'o F) = (F') o (F).

If (F,F') is ezact, i.e., ker ' =im F, then so is ((F), (F')).
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REMARK 2.6. Definition 2.3 and Propositions 2.4 and 2.5 were presented
in [5] in the special case of ® covariant and ®” = & = ®. However, it is the
more general concept and the corresponding results presented here that were
actually already used in [5].

Recall (cf. [7]) that a sequence

p

Cl i > Cz C3
of chain maps is called weakly ezact if kert = 0, poi = 0 and the map
Hy(p): Hy(Cy/imi) — Hy(Cs) is an isomorphism for each ¢ € Z. Here, the
map p: Cy/imi — Cj is the (uniquely determined) chain map with po Q = p,
where Q: C2 — C3/im1 is the quotient map.

Given a weakly exact sequence

P

(h i i

and ¢ € Z, define 5;,:Hq(03) — H,_1(C1) by 5q = Ouq © Hy(p)~!, where
Ouq: Hy(C2/imi) — Hy_1(Cy) is the connecting homomorphism in the long exact
sequence induced by the exact sequence

0 O ey 22 G i | — 10,

Using elementary homology theory we obtain the following result.
PROPOSITION 2.7. (cf. [7]) Given a weakly ezact sequence

P

C,——C; Cs
the corresponding homology sequence

Hq(i) Hq(p) 3,
> Hy(C1) =5 Hy(C3) =5 Hy(Cs) —2» Hy—1(Cy) —

is exzact. Moreover, given a commutative diagram

O~ 5 Cs
fll lfz lfs
G —*6,—5+0Cs
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of chain maps with weakly ezact rows, the induced long homology ladder

~

i H, 3,
> H(C) 2 () L B, (Cy) —> Hoer (C1) —
Hq(fx)l qu)l lHq(fa) lHq-1(f1)
— Hy(Ch) e Hy(C,) e Hy(Cs) i e

q

18 commutative.

In the sequel we denote by A the singular chain functor with coefficients in
the I'-module G.

ProPOSITION 2.8. (cf. [7] and [8]) Let (N1, Nz, N3) be an FM-index triple
for (m, S, A, A*) with Clx (N1 \ N3) strongly m-admissible. Then the inclusion
induced sequence

(2.4) Np /Ny —2 Ny [Ny —Zs Ny /Ny
of pointed spaces induces a weakly ezact sequence
A(N2/N3)/A({[Ns]}) => AN /N3)/ A{[Ns]}) > A(N1/Na)/ A({[Ne]})

of chain maps.

3. Statement of the main result
We can now state the main result of this paper.

THEOREM 3.1. Let X be a metric space, m be a local semiflow on X, k € N,
E be a k-dimensional normed space and 7 be the semiflow generated by the
equation y = Ly, where L: E — E is a linear map with all eigenvalues having
positive real parts. Then there is a family of I'-module isormorphisms

Oy(m, 7, S): Hy(m x 7, S x {0g}) = Hyq—i(m, S),

one for each q¢ € Z and each isolated m-invariant set S having a strongly -
admissible isolating neighborhood, such that the following property is satisfied:
gwen any isolated m-invariant set S having a strongly m-admissible isolating
neighborhood and given any attractor-repeller pair (A, A*) of S relative to ,
the following diagram commutes:
(3.1)

—> Hy(n', A') — Hy(n',§") — H,(n', A*') —> Hy_1 (7', §') —

leq(‘n’,?r,A) leq(w,%,s) leq('/r,‘r"r,A‘) leq_l(w,%.A)
— Hg_(m, A) —= Hq_g(m, S) — Hy_p(m, A*) — Hg__1(m, A) —
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Here, the upper (resp. lower) horizontal sequence is the homology index sequence
of (n', 8", A", A*") (resp. (m, S, A, A*)), where we set n’ := w x % and for K C X,
K =K % {0}

The following result will reduce the proof of Theorem 3.1 to the proof of a
special case.

THEOREM 3.2. Let X and X' be metric spaces and let m (resp. ') be a
local semiflow on X (resp. on X'). Let v: X — X' be a homeomorphism which
conjugates m with w’.

(1) Let S be an isolated m-invariant set and (Y,Z) be an FM-indez pair
for (m,S) such that Clx (Y \ Z) is strongly w-admissible. Then ~(S) is
an isolated 7'-invariant set and (v(Y),v(Z)) is an FM-index pair for
(7', v(S)) such that Clx:(v(Y) \ v(Z)) is strongly 7'-admissible. Let
vv,z:Y/Z — v(Y)/v(Z) be the map induced by v and, for q € Z, let

Fy = Hy(1v,2): Hy(Y/2,{[2]}) = H,(x(Y)/7(2), {[v(2)]})

be the induced homology map.
(2) The map
(Fo) = (Fo)c g0, B(C) = 2'(C")

is independent of the choice of (Y, Z). Here, C (resp. C’) is the categorial
Conley-Morse indez of (m,S) (resp. (7',7(S))) as defined in [5] and ®
(resp. ®') is the restriction of Hy to C (resp. C'). Define the morphism
Kq(m,S,7): Hy(m,S) — Hy(n',v(S)) by kq(m,S,v) = (Fy). kq(m, S,7)
is a I'-module isomorphism.

(3) Given an isolated m-invariant set S having a strongly w-admissible iso-
lating neighborhood and an attractor-repeller pair (A, A*) of S relative
to m, then v(S) is an isolated w'-invariant set having a strongly =n'-
admissible isolating neighborhood, (y(A),v(A*)) is an attractor-repeller
pair of v(S) relative to 7 and the diagram

(3.2)
—— Hy(m, A) — Hy(m,S) — Hy(m, A*) —— H,_1 (7, A) —
| matmam }satmsim | matmarm }ra-rcmam
— Hy(n',v(A)) —= Hy(n',7(8)) —= Hy(',7(A*)) — Hy—1 (', 7(A)) —

commutes.

PROOF. Part (1) is obvious. To prove the independence of (Fy) of the choice
of (Y, Z), let (Y, Z) be another FM-index pair for (, §) with Clx (Y\Z) strongly
n-admissible. By Proposition 4.6, Lemma 4.8 and Proposition 2.5 in [5] we
obtain sets Ly, Ly, W and W such that (L;,Lz) C (Y N Y, Wn W), zZ CcW,
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Z ¢ W and (L1, Ls), (Y,W) and (Y, W) are FM-index pairs for (m,S) such
that Clx(L; \ Lz2), Clx(Y \ Z) and Clx (Y \ W) are strongly m-admissible. We
thus obtain the commutative diagram

H,(Y/Z,{12]}) —=2) . H((¥)/7(2), {[1(2)]})

H (YW, (W) —0) b (0 W), ()

Hq('YLl .Lg)

Hy(L1/La,{[L2]}) Ho(v(L1)/v(L2), {[v(L2)]})

Ho (8 W, {(IW])) ——22 o ()2, (I (W)])

Hq(’h‘/.z‘)

H,(Y/Z,{[Z]}) > Ho(v(Y)/7(2), {[1(2)]})

whose vertical maps are inclusion induced. Hence, by Proposition 4.5 in [5],
these maps are induced by the unique morphisms in C (resp. in C’) between
the corresponding objects of these connected simple systems. In particular, the
vertical maps are all bijective, and so we may invert the upward pointing arrows
and then compose the columns to obtain the commutative diagram

Hq('YY,Z)

(3.3) Ho(Y/Z,{[2]}) Hy(v(Y)/7(2), {[n(2)]})

L, |

Hy(V/2,{12]) —2 H, () /(D) A D))

where the vertical maps are induced by the corresponding morphism in C (resp.
in C'). Now an application of Proposition 2.4 to diagram (3.3) completes the
proof of part (2) of the theorem. To prove part (3) let (N1, Na, N3) be an
FM-index triple for (m, S, A, A*) with Clx(N; \ N3) strongly m-admissible. It
follows that (N, N3, N3) := (v(N1),v(Nz2),v(N3)) is an FM-index triple for
(7', 7(S),v(A),v(A*)) such that Clx:(y(N7) \ 7(N3)) is strongly 7’-admissible.
We thus have the following commutative diagram
(3.4)

A(N2/N3)/A({[Ns]}) = A(N1/N3)/A({[N3]}) = A(N1/N2)/A({[N2]})

A(YNg,N3) Y VAN .Ng) VA(INy Ny)
A(N3/N3)/A({[N3]}) = A(N1/N3)/ A({[N3]}) = A(N/N3)/A{[N3]})
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with inclusion induced weakly exact rows (in view of Proposition 2.8). Applying

Proposition 2.7 to diagram (3.4) we obtain the induced long commutative ladder

with exact rows. An application of the (-, -)-operation to that ladder and using

part (2) we obtain diagram (3.2). This proves part (3). O
The following result is well-known (cf. Lemma 3 in Section 22 of [1]).

PROPOSITION 3.3. Let k € N, E be a k-dimensional normed space and 7
be the semiflow generated by the equation y = Ly, where L: E — E is a linear
map with all eigenvalues having positive real parts. Let m be the semiflow on
R¥ generated by the ordinary differential equation w = u. Then there exists a
homeomorphism ay: E — R¥ which conjugates ¥ with .

THEOREM 3.4. Theorem 3.1 holds whenever k € N, E := R*, and ¥ := =,
where my, ts as in Proposition 3.3.

PROOF OF THEOREM 3.1 USING THEOREM 3.4. Let v: X x E — X x R¥ be
given by (z,u) — (z,0x(u)), (z,u) € X x E, where oy, is as in Proposition 3.3.
Then « is a homeomorphism which conjugates m x 7™ with m x m,. If S is an
isolated m-invariant set having a strongly m-admissible isolating neighborhood
then let

eq(ﬂ', Wk,S): Hq(ﬂ X T, S x {O]Rk}) — Hq_k(ﬂ', S),
be the I'-module isomorphism which exists by Theorem 3.4. Now use Theo-
rem 3.2 with our choice of . It follows that v(S x {Og}) =S x {Ogx}. Set

Oq(m, 7, S) = O4(m, Tk, S) 0 Kg(m, S, 7).

The family of these I'-isomorphisms clearly satisfies the conclusions of Theo-

rem 3.1. (]
The next result is the crucial step in the proof of Theorem 3.4.

THEOREM 3.5. Theorem 3.4 holds for k = 1.

PROOF OF THEOREM 3.4 USING THEOREM 3.5. The proof is by induction
on k € N. Theorem 3.5 implies that Theorem 3.4 holds for £ = 1. Suppose that
Theorem 3.4 holds for some k. Let X be a metric space and let © be a local
semiflow on X. Notice that the semiflow 7 X 741 is conjugated to the semiflow
(7 x m) X m by the homeomorphism ¢: X x R¥*! — (X x R¥) x R given by
¢($, Uiy ,uk+1) = ((.72, Ui,y... ,uk),uk+1).

Let S be an isolated w-invariant set having a strongly m-admissible isolating
neighborhood. We use Theorem 3.2 with y := ¢ to obtain the I'-module isomor-
phism g (7 X k41, S, ¢) from Hy(m X mgr1, S X {Oe+1}) to Ho((m X me) Xy, (Sx
{Ogx}) x {Or}) as in that theorem. Using Theorem 3.5 we obtain the I-module
isomorphism 6 (7 X g, 1, S X {Ogx }) from Hy((m X mg) X 1, (S % {Ogs }) X {Or})
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to Hy—1(m X mg, S x {Og«}), as in that theorem. Since the present Theorem 3.4
is valid for k, there is the I'~module isomorphism 84_1 (7, 7k, S) from Hy_q(m X
Tk, S X {Ogr}) to Hig_1)—k(m, S), as in this theorem.

Define the I'-module isomorphism

Oq(m X Tr41,S) =t Ho(m X Ty1, S X {Oge+1}) = Hgp-1(m, S)
by
0q(m X 41, S) i= Og—1(m, mk, S) 0 Og(m X Tk, m1, S X {Orr}) 0 Kg(m X T1, S, ¢).

The family 04(m X mr41, S) obviously satisfies the conclusions of Theorem 3.4 for
k+1. d
The rest of this paper is devoted to the proof of Theorem 3.5.
For the rest of this paper let X be a metric space and 7 be a local semiflow
on X. Since Theorem 3.5 is obvious for X = () we assume that X # 0.

4. Construction of the suspension isomorphism

DEFINITION 4.1. Let (N,Y, Z) be a triple of closed subsets of X with IV # 0
and Z CY C N. Define
E(Y):=Y x[-1,1]UN x {-1,1}
E(Z):=7Z x[-1,1]UN x {-1,1}
QY,2):=E(Y)/E(Z)
Define further Iy := {0}, I := [-1,0], I := [0, 1] and
Ex(Y,Z):=Y xI, UE(Z), ke{0,1,2}.
Let py,z: Y x [-1,1]UN x {—1,1} — Q(Y, Z) be the quotient map and define
(Y, 2) :=pyz(Er(Y, 2)),
QZ(Y, Z) = py,z(Ez(Y, Z))
Q(Y, 2) =N (Y,2)NQ(Y, 2)
and let zyz be the base-point of Q(Y, Z), i.e. {zvy,z} = py z(E(2)).
REMARK 4.2. It is clear that Qo(Y,Z) = py,z(Eo(Y,Z)). Moreover, for
k € {0,1,2}, Qx(Y,Z) and Ey(Y,Z)/E(Z) are identical, both as sets and as
topological spaces. In fact, since p{,’lz (py,z(Ex(Y, Z))) = Ex(Y, Z) and Ex(Y, 2)
is closed in E(Y'), it follows that the restriction of py,z to Ex(Y, Z) is a quotient
map from Ey(Y, Z) to py,z(Ex(Y,Z)) = Q(Y, Z).
For the rest of this section, let N # @ be closed in X, S be an isolated

m-invariant set and (Y, Z) be an FM-index pair for (7,S) with ¥ ¢ N and
Clx (Y \ Z) strongly m-admissible.
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The following lemma holds.

LEMMA 4.3. Let gy,z:Y/Z — (Y x {0})/(Z x {0}) be induced by the assign-
ment x — (z,0) and hy,z: (Y x {0})/(Z x {0}) — Qo (Y, Z) = Eo(Y, Z)/E(Z) be
inclusion induced. The map fy,z:Y/Z — Qo(Y, Z) defined by fy,z = hy,zogy z
is a base-point preserving homeomorphism. In particular,

Hy(fy,z): Hy(Y/Z,{[Z]}) = Hy(Q(Y, Z),{2v,2})
is bigective for all q € Z.

PRrROOF. The map gy,z:Y/Z — (Y x {0})/(Z x {0}) is clearly a base-point
preserving homeomorphism. An application of Proposition 2.1 shows that the
map hy,z: (Y x {0})/(Z x {0}) — Eo(Y,Z)/E(Z) is a base-point preserving
homeomorphism. O

PROPOSITION 4.4. Let Ly,z: (0 (Y, Z),%(Y, Z)) — (Y, 2),Q:(Y, Z)) be
the inclusion induced map. Then the corresponding homology map

Hy(ty,2): Hy( (Y, 2), Q(Y, 2)) — Hy(UY, 2), %(Y, 2))
1s bijective for every q € Z.

To prove Proposition 4.4 we will need several auxiliary results.
Recall that, for s € [0,00[, Z75(Y) is the set of all z € X such that, for some
t € [0,s] and for all 7 € [0,t], z7T is defined, znrT € Y and znt € Z.

LEMMA 4.5. There is an § € [0,00[ such that Z=5(Y") is a (closed) neigh-
borhood of Z inY.

PROOF. The lemma follows from the arguments given in the last part of the
proof of Lemma 3.4 in [9] and the first part of the proof of Remark 3 on page 83
in [13]. O

LEMMA 4.6. The set Qo(Y, Z) is a strong deformation retract of a closed
neighborhood of itself in (Y, Z).

PROOF. Set p := py,z and z := zy,z. Let a and b satisfy 0 < a < b < 1.
Let U(Y) (resp. U(Z)) be an open neighborhood of Y (resp. of Z) in N. It
follows that the set W/ = U(Y) x]—a,a[UU(Z) x [-1,1]JUN x ([-1, =b[U]b, 1])
is open in N x [—1,1] with Eo(Y,Z) c W’'. This implies that the set W' N
E\(Y,2) =Y x ([-1,-b[U]—-a,0]) U (Y NU(Z)) x [-1,0] U E(Z) is open in
E\ (Y, Z). It follows that whenever C is a closed neighborhood of Z in Y, then
Y x ([-1, =b]U[~a, 0])UC x [—1,0]UE(Z) is a closed neighborhood of Ex(Y, Z) in
E\(Y,Z). Set C=Z7%(Y),and A=Y x([-1,-b]U[-q,0])UC x [-1,0]UE(Z)
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where 5 is as in Lemma 4.5. There is a continuous map 7: [—1,1] x [0, 1] — [0, ]
with

ts if (s,t) € [-1,—a] x [0,1]
v(s,t) = (—t5/a)s if (s,t) € [—a,0] x [0,1]
0 if (s,t) € [0,1] x [0,1].

Define the map ¢: A x [0,1] — p(A) by ¢((z, s),t) = p(zmy(s,t),s) ifz €Y,
zmy(s, t) is defined, zm7 ¢ Z for all T € [0,7(s,t)], and ¢((z, s),t) = z otherwise.
Since C is Y-positively invariant relative to =, it follows that ¢ is well-defined.
We claim that ¢ is continuous. Suppose ((Tn,Sn),tn) — ((,$),t) in A x [0,1]
as n — oco. We consider several cases.

Case 1. There is a 7 € [0,7(s,t)] with zw7 defined and z77 ¢ Clx (Y \ 2).

If v(s,t) = 0, then z ¢ Clx(Y \ Z) then z, ¢ Clx(Y \ Z) for alln € N
sufficiently large. If v(s,t) > 0, then we may assume (by the continuity of )
that 7 € ]0,7(s,t)[. By the continuity of v, we see that for all n € N large enough
7 €)0,7(8n, tn)[, Zn77 is defined and z,77 ¢ Clx(Y'\ Z). Altogether, we obtain
from the definition of ¢ that ¢((z, s),t) = z and ¢((@n, Sn),tn) = z for alln € N
large enough. Thus ¢((zn, $n),tn) — ¢((z, s),t) in this case.

Case 2. Whenever 7 € [0,7(s,t)] and z7 is defined, then 77 € Clx (Y \ 2).

Since z = z70 it follows that € Clx(Y \ Z) and so, as m does not explode
in Clx (Y \ Z), we obtain that zm~(s,t) is defined so z,my(sn, t,) is defined for
all n € N large enough. Moreover, zn7 € Y for all 7 € [0,7(s,t)] and either
ezt ¢ Z for all 7 € [0,7(s,t)] so ¢((z, s),t) = p(zmy(s,t),s) or else znT € Z for
some 7 € [0,7(s,t)] so, by the Y-invariance of Z, zmy(s,t) € Z so in this case
o((z,s),t) = z = p(zmy(s,t),s). Thus, in both cases,

(4'1) ¢’((x’s)at) = p(:mr'y(s,t),s).

We shall prove that for every neighborhood V' of ¢((z,s),t) in p(A) there is an
ng € N such that ¢((zn,sn),tn) € V for all n > ng. Suppose this is not true.
Then there is a neighborhood V' of ¢((z,s),t) in p(A) and a subsequence of
((zn, $n),tn)n, again denoted by ((zn, sn), tn)n, such that

(4.2) é((@n, Sn),tn) ¢ V for all m € N,

By taking further subsequences, if necessary, we may thus assume one of the
three cases:

Case 2.1. Foreveryn € N: z, e N\Y.

Case 2.2. For every n € N: z, €Y and z,n7 ¢ Z all 7 € [0,7(sn, tn)].

Case 2.3. For every n € N: z,, € Y and z,m7 € Z for some 7 = 7, €
[0,7(sn, tn)].
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In case 2.1 we have s, € {—1,1} for all n € N so s € {—1,1}. It follows that
¢((Zn, $n),tn) = 2 for all n € N. Moreover, either ¢((z, s),t) = p(zmy(s,t),s)
or else ¢((z,s),t) = z. Since (zmy(s,t),s) € N x {—1,1} C E(Z) we obtain
#((z,8),t) =280 2 €V, 50 ¢((zn,8n),tn) €V for all n € N, a contradiction to
(4.2).

In case 2.2 we have ¢((Zn, Sn),tn) = P(Tn7Y(Sn,tn), sn) for all n € N, so
?((@n,y 8n), tn) — p(xmY(S,1),s) = ¢((z, s),t) in view of (4.1), a contradiction to
(4.2).

Case 2.3 implies that, on the one hand, ¢((zn, s,),tn) = 2z for all n € N, and
on the other hand, 277 € Z for some 7 € [0,7(s,t)]. The latter implies that
#((z,s),t) = z. This again contradicts (4.2).

It follows that, indeed, ¢ is continuous. Since ¢(E(Z) x [0,1]) = {2z}, ¢
induces a unique map ®: p(A) x [0, 1] — p(A) with @ o (px Idy,1j) = ¢. It follows
from Whitehead’s Lemma that ® is continuous. Moreover, from the properties
of «y it also follows that.

(4.3) ®(w,0) = w for all w € p(A4),
(4.4) ®(p(z, s),t) = p(z, s) for all (z,s) € Eo(Y, Z), t € [0,1]
and
(4.5) ®(p(z,s),1) = z for all (z,s) € C x [-1, —a].
There is a continuous function a: [—1,1] x [0,1] — [—1, 1] such that
(s(1—1t)—t if (s,t) € [-1,-b] x [0, 1]
s(1—t)—t+ (s+b)t/(b—a) if (s,t) € [-b,—a] x [0,1]
a(s,t) =< s(1—t) if (s,t) € [—a,0] x [0,1]
s(1—1t)+ts/b if (s,t) € [0,0] x [0, 1]
| s(1—t)+¢ if (s,£) € [b, 1] x [0,1].

The function ¥: Ax[0,1] — A, ((z,s),t) — (z, a(s,t)), is defined, continuous and
W(E(Z) x [0,1]) C E(Z). Thus % induces a unique map ¥: p(A) x [0,1] — p(A)
with ¥ o (p x Idpp,1;j)) = po 9. It follows from Whitehead’s Lemma that ¥ is
continuous. Moreover, from the properties of « it also follows that

(4.6) U(w,0) = w for all w € p(A4),
(4.7) U(p(z, s),t) = p(z, s) for all (z,s) € Eo(Y, Z), t € [0,1],

(4.8) U(p(z,s),1) = z for all (z,s) €Y x [-1,—b]
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and
(4.9) U (p(z,s),1) = p(z,0) for all (z,s) €Y x [—a,0].
Define the map T:p(A) x [0,1] — p(A) by

T(w, 1) = { ®(w, 2t) ?f (w,t) € p(A) x [0, (1/2)]

U(®(w,1),2t—1) if (w,t) € p(A4) x [(1/2),1].
It follows from (4.6) that Y is continuous. Moreover, (4.3) implies that
Y(w,0) = w for all w € p(A).
(4.4) and (4.7) imply that
Y (p(z, s),t) = p(z, s) for all (z,s) € Eo(Y, Z), t € [0,1].
(4.5), (4.8) and (4.9) together with the fact that ®, ¥ and so T are base-point
preserving imply that
Y(p(z,s),1) € p(Ey(Y, Z2)) for all (z,s) € Ey(Y, Z).

The lemma is proved. O

PROOF OF PROPOSITION 4.4. Lemmas 4.5 and 4.6 together with classical
arguments from algebraic topology (see e.g. Theorem 1.8 in [10] and its proof)
complete the proof of the proposition. O

Proposition 4.4 and standard results from algebraic topology (cf Theorem 1.4
in [10]) imply that there exists a long exact Mayer-Vietoris sequence

Qq

(4.10) Lo %8 g, 1

Ya Qg-1 ﬁq—l
T > Rg-1 > Pg-1

where, for q € Z,

(4.11)
Ry = Ry(Y, 2) = Ho(Q0(Y, 2),{2v,2}), Tg = Ty(Y, Z) = Hy((Y, Z), {2v,z}),

Sq = 5¢(Y, 2) = Hy((Y, 2), {2v,z}) ® Ho(0(Y, 2),{2v,2}),

py,z: (QUY, Z),{zv,z}) — (UY, Z), (Y, 2)),
(4.12) pky,z: (Y, 2), {zv,z}) = (Q(Y, Z), {2v,2}),

vky,z: (Y, 2),{zv,z}) = (Y, 2),{2v,2}), k€ {1,2}
are inclusions and
ag = He(p1,v,z) ® Hy(u2,v,2), Bq := Hq(11,v,z) — He(v2,v,2),
Vg = 0q« (1 (Y, 2),Q(Y, Z), {2v,2}) 0 Hy(ly,z) ™" o Hy(py,z).

Here, 04 (1 (Y, Z),%(Y, Z),{2y,z}) is the connecting homomorphism of the
triple (Ql (Ya Z)a Q0(},a Z)’ {ZY,Z})-

(4.13)
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LEMMA 4.7. Hq(ﬂl(Y, Z),{ZY,Z}) = 0 and Hq(Qg(Y, Z),{Zy,z}) =0 fOT
q €Z.

ProoF. The maps fi: E1(Y,Z) x [0,1] — E1(Y, 2Z), ((z, s),t) — (z,—]|s|(1 —
) — 1), and fo: Eo(Y,2) x [0,1] — Eu(Y,2), ((z,5),8) = (z,[sI(1 = £) + 1),
are defined, continuous and map E(Z) x [0,1] into E(Z). Thus, by White-
head’s Lemma, we obtain the corresponding induced maps F1: Q:(Y, Z) x[0,1] —
Q1(Y,Z) and F5:Q2(Y, Z) x[0,1] — Q2(Y, Z). These maps are continuous strong
deformation retractions of (Y, Z), resp. Q2(Y, Z), onto {zy,z}. The lemma

follows. (]
Lemma 4.7 implies that S; = 0 for all ¢ € Z. The exactness of dia-

gram (4.10) therefore shows that the map v, is bijective for all ¢ € Z. Recalling
that (Q(Y, 2),{2v,z}) = (E(Y)/E(Z),{[E(Z)]}) and that, by Proposition 2.2,
(E(Y),E(Z)) is an FM-index pair for (w x 71, S x {0}), and using Lemma 4.3
we thus arrive at the following result:

THEOREM 4.8.
(1) For every q € Z, the map

€ =&qv.2: Ho(E(Y)/E(2),{{E(2)]}) — Ho-1(Y/Z,{[2]})
defined by
€ = Hy-1(fv,2) 7 0 04(Y, Z) 0 Hy(ly,2) ™" 0 Hy(py,z),
18 bijective, where we set
0y(Y, 2) 1= (=1)"0ge (N(Y, 2), (Y, 2), {2v.2}).
(2) Whenever (Y, Z) is another F M -indez pair for (,S) such that Clx (¥

Z) is strongly m-admissible, then the diagram

(4.14) (A) —> o/(A)

d’(f)l l‘i"'(f')

3(B) —> ¥'(B)

commutes.

Here A = (E(Y)/E(2),{[E(Z)))), B = (E()/E2){[E2)]}),
A= (Y/z,{(2]}), B' = (Y/Z,{[Z]}), C is the categorial Morse index
of (m x m, S x {0}), C’ is the categorial Morse index of (m,S), ® is the
restriction of the functor H, to C, ® is the restriction of Hy_y to C',
F=&yvz G=¢ vz and f (resp. f') is the unique morphism in C
(resp. in C') from A to B (resp. from A’ to B').
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(3) (F)c,a,c',9 = (G)e,a.cr\@ -

REMARK. The reason for including the factor (—1)? in the definition of v,z
is crucial and will become apparent in Section 6.

PROOF. We have just proved part (1). Part (3) follows from part (2) by
Proposition 2.4. To prove part (2) let us first assume that (V,Z) C Y. 2).
Given g € Z Consider the following diagrams in the category of I'-modules:

Hy(UY, 2), {zv,2}) —=222) . H(Q(Y, 2),Q2(Y, 2))

| |

. Hq(py 2) st A o
Hy(QY, 2), {2y z}) H,(Q(Y,2),Q2(Y, Z))

Hy(QY, 2), (Y, 2)) 227 g(,(Y, 2), 90(Y, 2))

l Hq(lff,z)_l l

HQ(Q(?’ Z)’ QZ(Ya Z)) iR Hq(Ql(Y’ Z)’ QO(Ya 2))

Hy(0(Y, 2),00(Y, 2) —2X2 o Ho ((0(Y, 2), {2v,2))

L e |

H(QU(Y, 2),92(Y, 2) —=22 o Ho_1(Q0(P, 2), {29.2})

e (O, )\ ) BB, otz {I200)

l Hoe-1(fp 5)7 ! l

Hy-1(Q0(Y, 2), {25 21) =2 Ho_1(V/2,{[2])).

Here, the vertical maps are inclusion induced and 0O, 4 (resp. of the triple 3*4)
is the connecting homomorphism of the triple (2, (Y, Z), (Y, Z), {2y,z}) (resp.
(Y, 2),9(, 2), {2y 2})). All these diagrams clearly commute (the third
diagram commutes by the naturality of connecting homomorphisms of space
triples). Composing these diagrams we thus obtain the commutative diagram

(4.15) H,(E(Y)/E(2),{[E(2)]}) —=X2 ~ H,_,(Y/Z,{(2]})
Hy(E(¥)/B(2), {(B(2)]}) —222— H,_\(V/2,{2])})

with inclusion induced vertical maps. Diagram (4.15) is just diagram (4.14)
spelled out. Now an application of Proposition 4.5 in [5] completes the proof
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of part (2) is in the special case (Y;Z) C (¥,Z). In the general case we use
Proposition 4.6, Lemma 4.8 and Proposition 2.5 in [5] to obtain sets Ly, Ly, W
and W such that (L1, L;) ¢ (YNY,WNW), Zc W, Z Cc W and (L1, L),
(Y,W) and (Y, W) are F M-index pairs for (7, S) such that Clx (L;\ L), Clx(Y'\
Z) and Clx (Y \ W) are strongly m-admissible. By the special case just proved
we thus obtain the commutative diagram

€a.v,2

>~ Hy-1(Y/2,{[2]})

Hy(E(Y)/E(2),{[E(Z)]})

§q.v,w

Hy(E(Y)/E(W),{{E(W)]}) Hq1(Y/W,{[W]})

Eq,Ll,Lg

Hy(E(L1)/E(L2), {[E(L2)]}) ———— H,—1(L1/ L2, {[L2]})

§o, v, W

Hy(E(Y)/E(W),{[E(W)]}) Hy(Y/W,{[W]})

3

§q.v.2

Hy(E(Y)/E(2),{[E(2))}) Ho1(Y/2,{(2]})

The vertical maps in the above diagram are all inclusion induced, thus they are
induced by the unique morphisms in C(7 x 71, S % {0}) (resp. in C(m, S)) between
the corresponding objects of these connected simple systems. In particular, the
vertical maps are all bijective and so we may invert the upward pointing arrows
then compose the columns to obtain a commutative diagram of the form (4.15)
where the vertical maps are induced by the corresponding morphism in C(7 x
71,8 x {0}) (resp. in C(m,S)). This completes the proof of part (2) of the

theorem. a
In view of Theorem 4.8 we can now make the following definition.

DEFINITION 4.9. Given an isolated 7-invariant set S having a strongly =-
admissible isolating neighborhood and g € Z, let

bq(m,m1,S): Hy(m x 71,8 x {Or}) = Hy—1(m, S)

be defined by 04(m,S) := (F)c,s,c’,@', where C is the categorial Morse index of
(m x m1,S % {Or}), C’ is the categorial Morse index of (m, S), @ is the restriction
of the functor Hy to C, @’ is the restriction of Hy—1 to C’ and F' = &, y,z with
&,.v,z defined in part (1) of Theorem 4.8. f4(m, 71, S) is a well-defined I-module
isomorphism, called the suspension isomorphism from Hg(m x m1,S x {Or}) to

Hq_l(ﬂ', S)
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REMARK 4.10. The existence proof of both the suspension isomorphism
04(m,m1,S) as well as general suspension isomorphism y(m, 7, S) of Theorem 3.1
does not use any particular properties of singular homology and so the result
holds for an arbitrary (unreduced) homology theory with values in I'-modules.
On the other hand, the existence of long exact homology sequences for attractor-
repeller pairs and the commutativity of the suspension isomorphism with such
sequences, established in Section 6 below, does depend on special properties of

singular homology.

5. Weakly exact sequences and anticommutativity
of the connecting homomorphisms

Recall the following simple and known result.

LEMMA 5.1. In any category, consider the diagram

D
7N

B ¢ C
P
B—>C
of morphisms. Suppose that the diagrams
1) o D_, B—>C D . Beits
AN N
B C YCc § K 6 B ~ YD
B¢ B—0

commutes and that Q is epic. Then the diagram
p—Lts>¢C
o~ 5 o~
g—*
commautes.

PROOF. We must show that po~yp = ¢ o p. Since Q is epic we only need
to prove that (poyp) o Q = (y¢ 0 p) 0 Q. The commutativity of the diagrams
in (5.1) implies that

(Porp)oQ=F0(1°Q) =50 (Qos) = (FoQ)os
=RKovp=19cok=7c0(poQ) = (ycop)oQ.
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The proof is complete. O
LEMMA 5.2. The sequence
0———>B/ima———c—>C’/im(ﬂoa)—n>C’/imﬂ—>0
induced by chain monomorphisms a: A — B and B: B — C s ezact.

PROOF. Consider the following commutative diagram of chain maps

(5.2) i 0 0
0—A—2>B—2 »B/ima—>0

Id B ic
g—=A T C —;~> C/im(Boa)—0

s I

0—>0—>C’/imﬁTC’/imﬂ—>0

l }

0 0 0

in which p;, ¢ € {1,2,3}, are quotient maps. Since the rows and the first two
columns of (5.2) are exact, the third column is exact by the 3 x 3-lemma. O

LEMMA 5.3. Consider the following commutative diagram

(5.3) A—>B-">C

\L’YA l"/B l‘YC

p LW
of chain morphisms in which the first row is weakly exzact and the vertical arrows
are isomorphisms. Then the sequence in the second row is weakly ezact.

PROOF. Since ¢ is injective, 74 and yp are isomorphims, the commutativity
of diagram (5.3) implies that 7 is injective. Moreover, KoT = (ygokovg')o(yp0
voyzt) = vco (kot)oy;! = 0 since the sequence in the first row of diagram (5.3)
is weakly exact. Let p: B/im7 — C be the (uniquely determined) chain map
with po Q = R, where @: B = B/ im7 is the quotient map. To complete the

proof we need to show that

(5.4) the map Hq(ﬁ):Hq(E/imD - Hq(é) is an isomorphism for each
q€EZ.

Since the sequence in the first row of diagram (5.3) is weakly exact, it follows

that the map H,(p): Hy(B/imt) — Hy(C) is an isomorphism for each ¢ € Z,

where p: B/im¢ — C be the (uniquely determined) chain map with po Q = &,
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where Q: B — B/im is the quotient map. We can thus write diagram (5.3) in
the form

A—‘>B—2>-B/imbp—>c

This diagram can be uniquely completed to yield the diagram
L Q : p
A—> B—> B/imi—C

A—=F s B / im7 —>
in which = is an isomorphism and the first two squares commute. Lemma 5.1 now
implies that the third square commutes, too. Hence, for each ¢ € Z, Hy(p) =
Hy(vc) o Hy(p) o Hy(y)™! and so H,(p) is an isomorphism. O

We require the following important result from homological algebra, which
in its general and explicit form needed here is due to M. Scott Osborne:

PROPOSITION 5.4. ([12, Proposition 9.20]) Suppose that the diagram

(5.5) 0 0 0

oo

0— A1 — A2 —>A13—0

S T

0—> Az1 —>Ayo —> Az 3 —>0

b

0— Az — A3zg—> A3z3—0

oo

0 0 0

of chain morphisms is commutative and has ezact columns and rows. For every
k € {1,2,3}, let EL’;:Hq(Ak,;;) — Hy_1(Ak1), ¢ € Z, be the connecting homo-
morphism of the long homology sequence associated with the k-th row of (5.5)
and 6(’;: Hy(A3x) — Hg—1(A1k), g € Z, be the connecting homomorphism of the
long homology sequence associated with the k-th column of (5.5). Then

(5.6) 6;_1 o 33 = —3;_1 o 53, q €Z.
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PROPOSITION 5.5. Suppose that the diagram

(5.7) 0 0 0

Voo,

231 1
Al,l —- Al,g — - A1'3

S B

AI,l vy Az,z i Ai.a
Ai,l = Ai,z - Ai,a
0 0 0
of chain morphisms is commutative, has ezact columns and weakly ezact first two
rows. If ker ag = 0, then the third row of (5.7) is weakly ezact. Furthermore, for
every k € {1,2,3}, let 0%: Hy(Ak,3) — Hq—1(Ak,1), ¢ € Z be the connecting ho-
momorphism of the long homology sequence associated with the k-th row of (5.7)
and 5{;: Hq(As k) = Hy-1(A1k), q € Z, be the connecting homomorphism of the
long homology sequence associated with the k-th column of (5.7). Then

(5.8) 108 =-8l,08, qe.

PROOF. Since 2 0 a; = 0 and the chain map from Aj; to Az; in (5.7)
is an epimorphism, it follows that 3 o a3 = 0. Thus for each k € {1,2,3}
there is a uniquely defined chain map px: Aj 3 1= Ak 2/imar — A3 such that
Pk © Pk = Br, where pg: A2 — A;c,a is the canonical quotient map. Moreover,
there are uniquely determined chain maps from Aj ; to A3 ; and from Aj ; to
Aj 3 such that the diagram

(5.9) 0 0 0

!

aq pP1 /
00— Al,l — Al,g — A1,3 — 0

0—= Az e Az i A'js == i)

/
00— A3,1 —a—3> A3,2 ? A3,3 —(

0 0 0

is commutative, has exact rows and exact first two columns. It follows from the

3 x 3-Lemma that the third column is also exact. For every k € {1,2,3} and
qEZ,let 8";': Hy (A} 3) = Hg_1(Ak,1) be the connecting homomorphism of the
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long homology sequence associated with the k-th row of (5.9) and 63': Hy(A33) —
Hg_1(A] 3) be the connecting homomorphism of the long homology sequence
associated with the 3-th column of (5.9). Lemma 5.1 together with the commu-
tativity of (5.7) and (5.9) implies that the diagram

(5.10) 0 0

commutes. Passing to the long commutative homology ladder
(5.11)

3/
— Hy(A13) — Hy(Ay3) — Hy(A33) —— Hy-1(A13) —

Hq(m)l Hq(PZ)l lHq(ps) lHq—I(pl)

— Hg(A1,3) — Hy(Az3) — Hy(Asz3) - Hy 1(Ay,3) —
q

induced by (5.10) and using the fact that both H,(p1) and H,(p2) are bijective
for all g € Z, it follows from the 5-Lemma that H,(p3) is bijective for all ¢ € Z.
This proves that the third row of (5.7) is weakly exact.

Now, applying Proposition 5.4 to diagram (5.9) we obtain that

(5.12) 53108 =-81_,06%, gez
(From diagram (5.11) we obtain that
(5.13) (Hg-1(p1)) 7" 063 = 6% o (Hy(ps))7?, g € Z.

Now 52 = 83 o (Hy(p3))~! and 5;_1 =01 0(Hy-1(p1))", g € Z. This together
with (5.12) and (5.13) implies (5.8). O
Note the following simple and known result.

LEMMA 5.6. Let Y and Z be topological spaces and let f:Y — Z be a con-
tinuous and injective map. Then the inclusion induced chain morphism

A(f):AY) - A(2)



26 M. C. CARBINATTO — K. P. RYBAKOWSKI

18 injective. O
LEMMA 5.7. LetY and Z be topological spaces and let Yy, CY and Z; C Z.

Let f:Y — Z be a continuous and injective map such that Z; N f(Y) = f(Y1).
Then the inclusion induced chain morphism

A(f): A(Y)/A(N) — A(Z)/A(Zy)
18 injective.

PROOF. Let g € Z. We must prove that, whenever v € Ag4(Y") is such that
Ag(f)(v) € Ag(Zy), then v € Ay(Y7). This is certainly true if v = 0, so suppose
v # 0. Thus v = Y ,c;Tk0k, where J is a finite index set, and for k € J,
re € G\ {0} and o%: A; — Y is a singular g-simplex such that oy # o; whenever
k # 1. Since f is injective it follows that f o oy # f o o, whenever k # I.
Since Aq(f)(7) = D opes Tk(f o o) and A,(f)(7) € Aq(Z1), it thus follows that
for(Ag) C Zy and so for(Ag) C Z1 N f(Y) for all k € J. Therefore, for k € J,
for(Ag) € f(Y1) and so the injectivity of f implies that ox(Ag) C Yi. The
proof is complete. a

6. The suspension isomorphism and attractor-repeller pairs

In this section we will complete the proof of Theorem 3.5. For the rest of
this section, let N # () be closed in X, (A, A*) be an attractor-repeller pair of S
relative to m and (N, N2, N3) be an FM-index triple for (m, S, A, A*) such that
N; C N and Clx(N; \ N3) is strongly m-admissible. For ¢,j € {1,2,3}, 7 < 7, set
Qi = Q(Ni,Nj), Qi’j = Ql(Ni,Nj), Q;’j = QZ(Ni,Nj), Qé’j = Qo(Ni,Nj),
Z99 = zn,N;, DY = PNy, = g, P = pag Ny, €9 = €y, N, and
€47 := & N;,N;» 9 € Z. (For the notations used here cf Definition 4.1, Lemma 4.3,
Proposition 4.4, formula (4.13) and Theorem 4.8.)

Theorem 3.5 will follow from Theorem 4.8, already proved, and from the

following result.

THEOREM 6.1.

(1) The inclusion induced diagram

(6.1)  A@Q%)/A({2*}) — A@QY?)/A({2H}) — A@Q)/A({H?)

A(p2.3)l A(pl‘a)l A(pllz)l
AP/ (@) —> AQM)/ AR} — A@2)/A@)?)
NG Sl s

AOQF)/A0F%) —= AO®)/A(05°) — A%/ A7)

is commutative with weakly ezact rows.



ON SUSPENSION OF HOMOLOGY INDEX BRAIDS 27
(2) The diagram

(6.2)
A(N2/N3)/A({[N3]}) — A(N1/N3)/A({[Ns]}) — A(Ny/Nz)/A({[N]})

a9 )| NGY
AR/ A({#3}) — AQ®)/A({z}) —> AQ)/A({2H?)),

is commutative with weakly exact rows. Here, the horizontal maps are

inclusion induced.
(3) The following inclusion induced diagram of chain maps is commutative

with ezact columns and weakly exact rows:

(6.3) 0 0 0

: l !
A@F)/A{3)) — AQF)/ AR — AQF)/A({242)

’ ’ |

AQ®)/A{223)) — AQ}®)/A({212)) — A@QF?)/A{?))

: l |

AQD)/AQ8%) — AQYY) /A Q) — AR/ A7)

: ) l

0 0 0

The proof of Theorem 6.1 requires several preliminary results.

LEMMA 6.2. The inclusion induced map 1: Q%3 — QY3 is continuous, injec-
tive and 1(2%%) = 213, Moreover, 1(Q7°) C Q7 and Q;° N (022) c (02?),
forie {1,2}.

PROOF. It is clear that ¢: 2% — Q13 is continuous and base-point preserv-
ing.
We will prove that the map ¢ is injective. Consider the following commutative
diagram:
E(N;) —— E(N)

lpms lpl,s
023 — > 1,3

where k: E(N3) — E(Np) is the inclusion map.
Let 2z, 2/ € Q%2 be such that ¢(z) = ¢(2’). Let w, w’ € E(N3) be such that
z =p*»3(w) and 2’ = p?3(w’). Hence +(p*3(w)) = ¢(p*3(w’)) and so

(6.4) p"3(w) = p"?(k(w)) = p"3(r(w')) = p"* (w').
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(6.4) implies that either w = w’ and so z = 2’ or else w, w' € E(N3) and so
z = p>3(w) = 223 = p?3(w') = 2’. Hence, ¢ is injective.

Let ¢ € {1,2} be fixed. Let z € L(Q?a) We want to show that 2z € Q}"”'.
Let w € E;(N3, N3) be such that z = ¢(p?*(w)). Since E;(Nz, N3) C E(Ny), it
follows that z = p3(k(w)). Now, either w € Ny x I; so w € E;(Ny,N3) and so
S Q;’s, or else w € E(N3) so w € E;(N1,N3) and so z € Qzls

Let 2z € 012 N 4(Q23). We will show that z € (%), Let w' € E;(Ny, Ns)
and w € E(N;) such that pt3(w') = z = 1(p?3(w)). Hence

(6.5) p3(w') = ph¥(w).

(6.5) implies that either w = w’ ¢ E(N3), so w € Ny x I; and so z € (Q2%), or
else w € E(N3) and so z = 1(z%%) € 4(Q>°). O

COROLLARY 6.3. (%) € Q5% and Qy° N1(Q%2) c (Q2?).

PROOF. Notice that Lemma 6.2 and the definition of the sets Qé’a, i€{1,2}
imply that ¢(22°) = «(Q3° N Q2% = (2% N u(Q2?) c QPP nald = Qb3
Moreover, 5% N ¢(223) = (23° N Q2% N (Q?3) = (2% N (Q23) N (23 N
L(Q23)) € o(22%) N1 (22%) = (22'%). The corollary is proved. O

COROLLARY 6.4. The inclusion induced chain maps A(Q2%) — A(?),
A7) = A(QP), A(Q2°?) — A(Q2?) and AQY?) — A(®) are injective.

PROOF. Lemma 6.2 implies that for ¢ € {1,2} the inclusion induced map
Llng.szﬂf’s — 07"° is well defined, continuous and injective. Moreover, Corol-

lary 6.3 implies that the inclusion induced map ngg.a: Qg,s — 9(1),3 is well de-

fined, continuous and injective. Moreover, 2% Q%% and Qé’s c % and so
3 3 213 ) 1| 3
the inclusions Q2° — Q3° and Q)® — Q7'° are well defined, continuous and

injective. Now an application of Lemma 5.6 concludes the proof. O
COROLLARY 6.5. The inclusion induced chain maps

AQ23)/A{2*7}) —» AQY)/ A,
AQ>3)/A(Q3°) — AQY)/A(9;7),
AT/ AQ3°%) — AQ®)/A9°),

AT /A({2*%}) — AQ®)/A({z")),
AQF*)/A(2*}) - AQ®)/ A,
A(N/N3)/A({[Ns]}) — A(N1/Ns)/A({[Ns]})

are injective.
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PROOF. Tt clear that {223} C 023, {z13} c Q13, 02° c q22, 0;° c b3,
028 ¢ 022, 3 c b, {23} c O}, (1%} c o, {PF) 23, {213} ¢
0% {[Ns]} € Np/N3 and {[N3]} C N1/Ns.

Moreover, since ¢: 2% — QU3 is injective, it follows that {23} N (Q*%) C
L({222)), {2131Nu(Q3%) € o({22}) and {23}Nu(Q5°) C 1({2*?}). Lemma 6.2
implies that Q3° N 1(Q%3) C L(Q2*). Similarly, {[N3]} N &(N2/Ns) C &({[Na]}),
where k: Na/N3 — Ni/Nj is the (continuous and injective) inclusion induced
map. Since 22° ¢ 03, Corollary 6.3 implies that Q3N 0P L(Q2%). Now
the proof follows from Lemma 6.2, Corollary 6.4 and Lemma 5.7. O

LEMMA 6.6. The following sequences

AQ*3)/A({223}) —— AQM)/A({z1}) —— AQ1)/A({24))

A(N2/N3)/A({[N3]}) — A(N1/N3)/A({[N3]}) —= A(N1/N2)/A({[N2]})

are weakly ezact.

PROOF. Since (N7, N3, N3) is an FM-index triple for (m, S, A, A*) such that
Clx (N7 \ N3) strongly m-admissible, Proposition 2.8 implies that the sequence

A(N2/N3)/A({[Na]}) — A(N1/N3)/ A({[Ns]}) — A(N1/N2)/ A({[N2]})

is weakly exact.
We will prove that the first sequence is weakly exact. Recall that m; is the
(semi)flow on R generated by the ordinary differential equation

T=z, z€LR.

It follows that ([-1,1],{-1,1}) is an FM-index pair for (1, {0}). It is clear
that (A x {0}, A* x {0}) is an attractor-repeller pair for S x {0} relative to
the semiflow 7 x m,. Notice that E(N3) C E(N;) C E(N;) and an application
of Proposition 2.2 implies that (E(N;), E(N3)) is an FM-index pair for (7 x
71,5 X {0}) and (E(Nz), E(N3)) is an FM-index pair for (7 x 7, A x {0}).
Hence, (E(N1), E(N2), E(N3)) is an FM-index triple for (7 x m,S x {0}, A x
{0}, A* x {0}). Moreover, Clxxr(E(N1)\ E(N3)) is strongly 7 x m;-admissible.
Now Proposition 2.8 implies that the sequence

A@*3)/A({z*%}) — A@Q")/A({217}) — A(QM?)/A({z1?})

is weakly exact. a
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LEMMA 6.7. For j € {0,1,2} the sequence
AQF%)/A({22%}) — AQ)®)/A({z2}) — AQ;?)/A({z12})

s weakly ezact.

PROOF. Define Ry := {0}, R; :=]—00,0] and R := [0, 00[. Fix j € {0,1, 2}.
For i € {1,2,3} let M; = M := (N; x I;) U(N x (I; n{-1,1})) and let m ; be
the semiflow on R; generated by the ordinary differential equation

=2, .’L‘ERj.

It follows that (I;,I; N {—1,1}) is an FM-index pair for (7, {0}). Moreover,
(Ax {0}, A* x{0}) is an attractor-repeller pair for S x {0} relative to the semiflow
7 X m1,;. Notice that M3 C M, C M, and an application of Proposition 2.2
implies that (M;, M3) is an FM-index for (m x w1, ;, S x {0}) and (M2, M3) is an
FM-index for (m x m ;, A% {0}). Hence, (M;, M3, M3) is an FM-index triple for
(m x m1,5,8 x {0}, A x {0}, A* x {0}). Moreover, Clxxr; (M \ M3) is strongly
7 X m,;-admissible. Now Proposition 2.8 implies that the sequence

A(Mz/M3)/A({[Ma]}) > A(M1/Ms)/ A({[Ms]}) = A(M:/M2)/ A({[M-]})

is weakly exact. Notice that, for 7, £ € {1,2,3} with ¢ < ¢, M, ¢ M; C
Ej(Ni,Ne), M, C E(Ne), Ej(Ni,Ng) \ E(N[) C M; and E(Ng) NM; C M. It
follows from Proposition 2.1 that the inclusion induced map

M;/My — E;(Ni, Ne)/ E(Ny)

is a base-point preserving homeomorphism. Moreover, the following inclusion
induced diagram is commutative

(6.6) M,/ Ms; M, /M;3 My /M,

) } I

E;(Nz, N3)/E(N3) — Ej(Ni1, N3)/ E(N3) — E;(N1, N2)/E(Ny).

Notice that, by remark 4.2, Q3 = E;(N;, No)/E(Ny), 4, £ € {1,2,3}, i < £ and
7 € {0,1,2}, both as sets and as topological spaces. Hence, diagram (6.6) can
be rewritten in the following way:

A(Mz/M3)] A({[Ms]}) — A(My/M3)/ A({[M3]}) —= A(M:1/M3)/A({[M2]})

} ! :

MO/ AW —— A/ A1) —— A@))/A{2)),
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where the vertical arrows are isomorphims. Now an application of Lemma 5.3

implies that the sequence
AQF)/A({22}) — AQ;°)/A{2*}) — AQ;*)/A{=1?))
is weakly exact. O

LEMMA 6.8. For i and j € {1,2,3} with i < j, the inclusion induced se-

quences

0 — AQF)/A{2}) — AQY)/A({}) — AOY)/ A7) — 0

0—= A(QE)/A({z47}) — AQH)/A({z4}) —= AQ)/A(Q57) —0
are exact.

PROOF. The first of the above sequences is induced by the inclusion in-
duced chain monomorphisms A({z%}) — A(Q57) and A(Q57) — A(QY?), while
the second sequence is induced by the inclusion induced chain monomorphisms
A({z%}) — A(Q7) and A(Q%7) — A(QHF). The lemma now follows from
Lemma 5.2. O

We can finally give a

PRrROOF OF THEOREM 6.1. Diagram (6.2) is commutative by the definition

of the maps f"/ (cf. Lemma 4.3). Consider the following inclusion induced
diagrams of chain maps:

(6.7) 0 0 0

: ’ l

A(Q7°)/A{2}) — AQ;°)/A({22)) — A(Q3?)/A({z12))

: : :

A@2)/A({z53}) — A@)/A({z12)) — A1) /A({z42))

! ) !

AQP)/AQ5°) — AOM3)/AQ;°) — AQ?)/A037)

) : |

0 0 0

Both (6.7) and (6.3) are clearly commutative. Lemma 6.8 implies that the
columns in each of those diagrams are exact. It follows from Lemmas 6.6 and 6.7
that the first two rows in each of those diagrams are weakly exact. Now an ap-
plication of Corollary 6.5 and Proposition 5.5 implies that the third row of those
diagrams is weakly exact. Invoking again Lemma 6.6 we thus conclude that
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the rows of diagrams (6.1), (6.2) and (6.3) are weakly exact. The proof of the
theorem is complete. O
We can now complete the

PROOF OF THEOREM 3.5. For i, j € {1,2,3} with ¢ < j define the following

sets:
A = A/ A({ZY),

)/ A(
AT = AQM) /A7),
AY = AQY)/A957),
AP = A7)/ A({4)),
A7 = A7)/ A{=}),
Ag = ANi/N;) /AN
Using Proposition 4.4 and Lemma 4.3 we see that diagrams (6.1) and (6.2)

of weakly exact sequences in Theorem 6.1 induce the following commutative
diagrams in homology with long exact rows

(6.8) i Hq(A%s) - Hq(Aiys) - Hq(A}’Z) - Hq—l(A?’s) _—
| me me | Heaer
m— Hq(Ag'a) — Hq(Aé's) —— Hq(Aé’z) —H —l(Ag’a) -
lHq(ZQ,S)—I lHq(el,S)—l \LHq(el.Z)—l lHq_l(£2.3)—1
Hq(Ag’S) T Hq(Aé’s) g Hq(Aé’z) - Hq—l(Ag’s) —

(6.9) —= Hy(A3®) — Hy(Ag™®) — Hy(A5?) — Hp1(43°) —
Vs agt e et
- Hy(A2°) —> Ho(AF®) — Hy( Ay%) — Hooa(43°) —

Note that the commutative diagram (6.3) of exact columns and weakly exact
rows in Theorem 6.1 can be written as

(6.10) 0 0 0

oo

2
A§|3 __>A51)13 >Aé|

SR TR

Ais A13—>A12

SRR T

A23~—>A13——>A12

ol

0 0 0
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Let 53:Hq(A:1,’2) — H,_1(A3°), (resp. 5;:Hq(Aé'2) = q_l(A§’3)), q € Z, .be
the connecting homomorphism of the long homology sequence associated with
the third (resp. first) row of (6.10) while JS:HQ(A?,’Z) — q_l(Aé’z), (resp.
52: Hy(AY®) — Hoo1(A3®), resp. 61: Hy(A3°) — -1(42%), ¢ € Z, be the
connecting homomorphism of the long homology sequence associated with the
third (resp. second, resp. first) column of (6.10). Proposition 5.5 implies that

(6.11) Sl 0 =-8_,08, qe.
Thus we obtain the following diagram
(6.12)
53
— Hy(A3®) — Ho(Ay®) — Hy(A3%) —> Hy—1(A3°) ~ Ho-1(45°) ~
(-1)65y (-153) (-D78y DTy (DT
~ Hy_1(A5°) = Ho1(45°) > Ho-1(457) - Hoo(A5"°) > Hyo(A57)
q-1

The diagrams

Ho(A3®) —> Hy(45°) Hy(Ag*) — Hy(A3”?)
(-1)es} |2 and -2 }-ryees
Hy-1(A3°) — Hy-1(437°) Ho-1(A5®) = Ho1(A57)

commute by the naturality of (6%)sez, 7 € {1, 2,3} while the diagram
12y % 2,3
Hy(A3"™) —> Hq-1(A35")
(-3 }netsr,
1.2 2,3
Hy—1(4; )5T> Hy_2(A45™)
q-1
commutes in view of (6.11). It follows that diagram (6.12) is commutative.

Now, composing diagrams (6.8), (6.12) and (6.9) (from top to bottom) and
using Theorem 4.8 we obtain the commutative diagram

(6.18)  —> Hy(A}®) — Hy(A}") —> H(A}*) —> Ho_y (A7) —

e I ler L

—> Hy_1(A3”®) — Hy_1(Ag®) — Hy_1(AL?) — H,_5(A2®) — .

Applying the (-, -)-operation to diagram (6.13) and using Definition 4.9 together
with Theorem 5.1 in [5] we obtain diagram (3.1). This combined with Theo-
rem 4.8 completes the proof of Theorem 3.5. d
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7. The suspension isomorphism and homology index braids

In this section let P be a finite set, < be a strict partial order on P and
(M;)icp be a Morse decomposition of S relative to m. Using the notation of
Theorem 3.1 we have that (M);cp is a <-ordered Morse decomposition of S’
relative to n’. Given (I,J) € Zy(<), (M(I),M(J)) is an attractor-repeller pair
in M(IJ) (where IJ = I'UJ) relative to m, so (M(I)', M(J)') is an attractor-
repeller pair in M(IJ)' relative to ', Setting, for K’ € Z(<) and ¢ € Z, Hy(K) :=
Hy(n', M(K)"), Hy(K) := Hy(m, M(K)) and 64(K) := 04(m, 7, M(K)) and using
Theorem 3.1 we thus arrive at the commutative diagram

(7.1) -——>H"](I)——>-H('](IJ)—>H(’,(J)—> (’I_I(I)—:»
|eatny }oatrn xe) }oa-rty
— Hy_(I) — Hg—k(1J) — Hy_k(J) — Hy—g-1(I) —

Here, the upper (resp. lower) horizontal sequence is the homology index se-
quence of (w',M(IJ)',M(I)'",M(J)') (resp. the homology index sequence of
(m, M(IJ),M(I), M(J)) shifted to the left by k). We thus obtain the following

result.

THEOREM 7.1. (04(J))qez, J € I(<), is an isomorphism from the homology
indezx braid of (7', S’,(M])icp) to the graded module braid obtained by shifting
the homology indez braid of (7, S, (M;)icp) to the left by k.

Now the results of [6], [7] and [8] imply the following result.

COROLLARY 7.2. Let CA(i) = (CA(i)g)gez, © € P, be a family of graded
modules. For q € Z let Ay: @, p CA(i)g — Dicp CA(i)q—1 be a T-module ho-
momorphism. Suppose that A := (Ag)qez ts a C-connection matriz for the
homology indez braid of (m,S,(M;)icp). Then A i := (Aq+k)qez is a C-
connection matriz for the homology index braid of (7', S, (M])icp).
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