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Resumo

Consideramos sistemas de equacoes diferenciais impulsivas de segunda ordem retardada. Pelo
método de funcionais de Lyapunov, nogoes de estabilidade exponencial por impulsos e
estabilidade exponencial por impulsos periédicos, provamos que sistemas nao-impulsivos
podem ser estabilizados pela imposic¢ao de controles de impulsos apropriados.
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This paper is concerned with systems of impulsive second order delay dif-
ferential equations. We prove that unstable systems can be stabilized by im-
position of impulsive controls. The main tools used are Lyapunov functionals,
stability theory and control by impulses.

1. INTRODUCTION

The theory of impulsive differential equations has become an important part of differ-
ential equations. In recent years, significant progress has been made in the qualitative
theory of differential equations. There are recent results dealing with the stability of so-
lutions, for instance, see [1, 2, 3, 5, 6]. Impulses can make unstable systems stable or,
otherwise stable systems can become unstable after impulse effects. The problem of stabi-
lizing the solutions by imposing proper impulse controls has been used in many fields such
as physics, pharmacokinetics, biotechnology, economics, chemical technology, population
dynamics and others.

In [1], we proved that the zero solution of certain second order retarded differential
equations can be made exponentially continuous with respect to initial data by impulses
on some interval [to,T"). In the present paper, we deal with a more general equation and,
by means of Lyapunov functionals, we establish sufficient conditions for the stability of
solutions by imposing proper impulse controls. Our results also encompass [5].

This paper is organized as follows. In Section 2, we define exponential stabilization by
impulses and exponential stabilization by periodic impulses. Section 3 is devoted to the
main results. In Section 4, we give examples.
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2. PRELIMINARIES

Given a continuous function 2(t) : R — R, let z/(¢) denote its right derivative and
2"(t) = (2'(t))". If 2(¢) is piecewise continuous, then z(s~) and z(s*) denote, respectively,
its left and right limits as ¢ tends to s.

Let a constant 7 > 0 represent an upper bound on the time delay of our system. By
PC([-T,0],R™) we mean the Banach space of piecewise right continuous functions taking
[—7,0] into R™ with norm given by ||¢|| = sgp |1(s)|, where | - | denotes the norm in

8<0

R". If z € PC([to — 7,0],R"), where to € R, o > 0, then for each ¢ € [to,o] we define
zy € PC([—7,0],R") by z:(s) = z(t + s) for —7 < 5 < 0.
We consider the following equation

z‘”(t)+f(t,a:(t),z’(t))+g(t,:v(t),:z:(t—7')) =O, tZtﬂy t7étk: k:1a2)

Tty =@ (1)

z'(to) = Yo
where {tx}%2, is a monotone increasing unbounded sequence of real numbers, f, g : [to, 00) x
RxR — R are continuous functions such that f(¢,0,0) = ¢(¢,0,0) = 0 and @, ¢’ : [-7,0] =
R have at most a finite number of discontinuity points all of them being of the first kind,

and are right continuous at these points.
We also consider the impulses at times ¢, £ =1,2,...,

z(te) = Ie(2(ty)) and  a'(t) = Ji(2' (})), (2)

where Iy, J; : R — R are continuous and I;(0) = Jx(0) =0, k € N.
Throughout this paper we assume the following hypotheses hold:

(H1) There exists a constant F' > 0 such that for all ¢ > ¢, and all u, v in R,
|F(tu,0)| < Flul.
(H2) There exist a constants G > 0 such that for all ¢ > ¢y and all u, v in R,

l9(t,u,v)| < G ]

Now we define a solution of the impulsive problem (1)-(2).

DEFINITION 2.1. A function z : [to — 7,0 + @) = R, a > 0, is a solution of problem
(1)'(2) through (th(P;yO) if

(i) z(t) and z'(t) are continuous on [to,to + c) \ {tx; k¥ € N}, admit lateral limits at 2,
k € N, and are right continuous at tx, k € N;

(ii) z(t) satisfies (1);

(iii) for each k € N, z(tx) and z'(t) fulfill (2).
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We denote by z(t) = z(t; to, ¢, yo) the solution of (1)-(2) starting from (to, @, o).

Remark 2. 1. Defining y(t) = z'(t), the non-impulsive equation in (1) is transformed
into the following system

{#0=v0 -
yl(t) = _g(tvm(t)aw(t - T)) - f(t,m(t),y(t)), t 2 to.

If we consider the function H : [tp,00) x R® — R given by
H(t,zo,z1,32) = g(t, %o, 1) + f(t, To, T2),
then for all (¢,v) € [to, 00) x PC([—T,0],R2), ¥ = (11,%2), we can define
h(t,9) = (92(0), —H(¢,%1(0), 1 (—7),%2(0)) ).
By hypotheses (H1), (Hz), h: [to,00) x PC([-T,0],R?) — R? is continuous and satisfies
|ht, )] < (14 F + G)|l¢]l-
By Theorem 3.5 in [4], there exists a (local) solution of (1)-(2) and any such solution can

be continued to [tp — T, 00).

Notice that conditions g(¢,0,0) = f(¢,0,0) = 0 and Ix(0) = Jx(0) = 0 imply that z =0
is a solution of (1)-(2) with ¢ =0 and yo = 0.
Next we define the exponential stabilization by impulses of the solutions of (1).

DEFINITION 2.2. The zero solution of problem (1) is said to be exponentially stabilized
by impulses, if there exist a > 0, a sequence {t}ren with

lo<t1<t2<...<tp—00 as k— o0,

and sequences of continuous functions, {I;} and {Ji} such that for all € > 0, there is § > 0
such that if a solution z(¢) of (1)-(2) fulfills

Vel +vo? <6, (4)

22(t) + 2/ () < eexp[—a(t —to)], ¢ > to. (5)

then

In particular, we can consider periodic impulses.

DEFINITION 2.3. The zero solution of problem (1) is said to be exponentially stabilized
by periodic impulses, if there are a > 0, a sequence {tx }ren with

to<ti <ta<...<tp —>o00 as k— 00,
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and ¢y — tx—1 = ¢ > 0, and sequences of continuous functions, {I;} and {J;} such that
Hhw=...=Luw=..., k=1,2,...,VueR
Jiw)=...=0kw)=..., k=12,...,VueR

such that for all € > 0, there is § > 0 such that if a solution z(¢; to, ¢, yo) of (1)-(2) fulfills
(4), then (5) holds.

3. MAIN RESULTS

Consider the following equation
z'(t)+az(t—71)+bx(t) =0, t>t (6)
We will prove that (6) is unstable for suitable coefficients a,b € R by means of its charac-
teristic equation
Mitae ™ +b=0. (7)

The fact that (6) is unstable follows from the existence of a characteristic root with positive
real part. Taking a,b such that 1+ ae™" + b = 0 one gets that A = 1 is a characteristic
root of (7). Therefore (6) is unstable. Notice that f(¢,u,v) = bu and g(¢,u,v) = av satisfy
(Hl) and (Hz)

In what follows, we prove that the zero solution of the more general problem (1) can be
exponentially stabilized by impulses.

THEOREM 3.1. Suppose (Hi), (Hz) hold and
GT < exp[-f7], (8)

where f = max{1,F + G}. Then the zero solution of problem (1) can be exponentially
stabilized by impulses.

Proof: Suppose (8) holds. Then there exist @ > 0 and £ > 7 such that
Gt < exp [—a(f + 7)] exp [-B]. 9)

Let @ and £ be as in (9). Thus we can choose a sequence {t; }ren such that tg < #; <
<ty <. andklim tr, = 00, with 7 < ¢t —tr—1 < L. Let
—00

I (u) = dru, Jr(v) = dyv, k=1,2,..., (10)

where

dp =pr — Gt
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and
Pk = exp[—a(ti+1 — ty +7)] exp [-B(tr1 — tk)].

Then d;. is a non-negative real number, since p; > G from (9).
For every € > 0, let

§ = 72(1‘1—&)@(;) [—a(t, — to)] exp [-B(t1 — to)]. (11)

We will show that, for each solution z(t) = z(¢; to, ,yo) of (1)-(2) such that

Vel +yo? < 6,
\/22(t) +2%(t) <eexpl—a(t—to)],  t>to.

Consider the Lyapunov functional

we have

V() =1 (0) + [2(0)| +G | [ga(s)lds,

7¢2 (t))

for ")b € PC([—Ta O]: R2)’ "/)(t) = (1/11 (t)
f (3) taking ¥ = z; and recalling that y = z', we find

Given any solution z; = (z4,y;) 0
0
V(t) =V(z) = |(t)| + |2’ (t)] + G/_ |z¢(s)|ds

We can easily see that

Va2 () +22(t) < Je(®)] + 12’ ()] < /2 [22(2) + 2 (8)].

Also V (¢) satisfies
(1) V(@) 2 |=(@)] + |2’ (2)]-
(i) V(t) < 1+ Gr) ([lzell + ' (2)]), where ||lze[l = sup |zi(s)| = sup |z(s +1)],

—7<8< —-7<3<0

since

0
V() < lz@)+ 12" @O1 + lleellG [ ds < (1+Gr)(lleell + |2’ (2)]).

-T

(iii) V'(t) < BV (¢), for all ¢ € (to,t1), where V'(t) denotes the right upper derivate of
V (t) along the solution of (1)-(2). Indeed, we have
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V'(t) = o'(t)sgn[z(t)] + 2" (t)sgn[z' (t)] + Glz(t)| — Glz(t — 7)|
' (t)sgnlz(t)] + [~9(t, 2(t), z(t — 7)) — f(t,2(t), ' (t))] sgnlz’ (¢)]
+Glz(t)| - Glz(t — 7)|
| ()] + g(t, o(8), z(t — )| + | £ (£, z(2), 2" (1)] + Gla(t)| — Glz(t — 7)|
| ()] + Glz(t — )| + Flz(t)| + Glz(t)| - Gla(t — 7)|
lw ]+ (F + G)|=(t)]

B(lz®)] + |2'(#)]) < BV (2).

IAN I INIA

Solving V'(t) < BV (t), we obtain
V(t) < V(to)exp [B(t — to)], for all t € (to,t1). (12)
Therefore

V(t) < V(to) exp [B(t — to)] < V (ko) exp [B(t1 — to)]
(14 G1)(|lzt || + 12" (t0)]) exp [B(t1 — to)]

(1+ G7)V25exp [B(t1 — to)]

eexp[—a(t; — to)]

|lz(®)] + |=' (£)]

ININIA

IA

eexp[—a(t —to)]
and hence

\/22(t) + 2%(t) < |z(t)| + |2'(t)| < eexp [—a(t — to)], t € (to,t1). (13)

But from the right continuity of z(t) and z'(t), (13) also holds on [to, 1), that is,

\/22(t) + 2'%(t) < eexp[—a(t — to)], t € [to,t1). (14)

Now, we repeat the procedure above for ¢t € (¢1,¢2). Properties (i) and (i4) still hold
for ¢t € (t1,t2). Similarly to (12), by the definition of p; and knowing that 7 < ¢; — tg, we
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obtain

V(t)

IN

t+ exp [ﬂ(tz - t1 )}

D) + 1= &) + G/ |z(t, + s)|ds> exp [B(t2 — t1)]

z(t)| + |2’ (t1)| + G’/ Ids) exp [B(t2 — t1)]

t1—1
t1
|zt 7)) + 2"t 7))+ G |:z:(s)|ds> exp [B(t2 — t1)]

t1 —T

d BUD s (l=(@®)] + |’ (2)[] exp [B(t2 — t1)]

tlT

(i
=
- {InGe+ e a6 1|m<s>|ds)expw<tz—t1>1
{ar

IN

+ sup |z(t)|GTexp[B(t: — t1)]

t—7<t<t;
< (o + GT)t Lo (lz(®)] + |2’ (t)[] exp [B(t2 — t1)]-
(d1 + GT)E exp [— t1 — 1o — ’T)] exp [ﬂ(tz — tl)]

preexp [—a(ty —to — 7)] exp [B(t2 — t1)]
eexp[—a(ts — to)] < eexp [—a(t — to)].

I IA

Thus for t € (tl, tg)

22(t) + 2% (t) < |z(t)| + |2 ()] < V(¢) < eexp[—a(t — to)]-
Hence

22(t) + 22(t) S eexp[-alt —to)], € (t1,ta). (15)

In fact we have from the right continuity of z(¢) and z'(t) that (15) holds for ¢ € [t1,t2),
that is,

22(t) +2'%(t) S eexp[~alt —to)], ¢ € [t1, 1) (16)
Therefore by (14) and (16)
22(t) + 2'2(t) Seexp[~alt —to)],  t€ [to,t2). (17)

In this way, it follows that for k € N,

\/z2(t) + z'2(t) < eexp[—a(t — to))], t € [to,tx), k=1,2,....
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Hence
z2(t) + 2'2(t) < eexp[—a(t —to)], t>to

and the proof is complete.

COROLLARY 3.1. Suppose that the hypotheses in Theorem 3.1 hold. Then the zero solu-
tion of problem (1) can be exponentially stabilized by periodical impulses.

Proof: Choose a sequence {tx}ren such that tg < ¢, < ... <tr <...and klim tr = 00,

—00
with t — tr—1 = £. Let
It(v) =du, Jy(v) =dv, k=1,2,..., (18)

where
d=p—-Gr and p=exp[—a(l+ 1) exp[—B.
The proof follows as in Theorem 3.1.

The procedure in Theorem 3.1 can be specialized to prove the exponential stabilization
for the second order differential equations

”(t-f—Zal o(t — i) + f(t,z(t),2'(t) =0, t>to, t#ty, k=12,...

=1 (19)
Tto (S) = (,0(3), —Tn <8< 0;
' (to) = vo,

and

+Z/ i(t — u)z(u)du + f(t,z(t),z'(£)) =0, t>ty, t#tx, k=1,2,...

o (5) = ¢(8), —TNSSSO,

z'(to) = Yo,
(20)
under the following hypotheses: 0 < 7, < 7 < ... < 7y, a;: [tg,00) = R, i =1,..., N, are
piecewise continuous functions, b; : [0,7;] & R, ¢ =1,..., N, are Lebesgue integrable, f is

continuous, f(t,0,0) = 0, for all ¢ > ¢y and (H;) holds. Conditions (21) and (23) below
are also assumed.

We also consider the impulses at times ¢z, k =0,1,2,..., given by (2).

In [1], we restricted ourselves to an interval [to — 7v, T, for a certain T'. Now we get the
existence of solutions for (19)-(2) and (20)-(2) on [to — 7w, 00) by taking

H(t, 20,21, ., TN, TN11) = — Y ai(t) 7i — f(t,T0, TN41)
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for problem (19) and

t+7;
H(t,xo,IEl, . ,ZN,IL‘N+1) = Z/ b,'(t - Ti).’lli du — f(t,$0,$N+1)

for (20) in Remark 2.1. Then the process of exponential stabilization of the zero solution of
(19) and (20) follows the steps of the proof of Theorem 3.1 with the Lyapunov functionals

V() = [a(t)] + |2 (¢ 1+Z/ Jai(s +71)]2(s) | ds

i=1

and

V(t) = |z(t)| + |z’ t)|+2/ . [/ |bi(u — s+ )| |z(s )[ds] u.

In what follows we formalize such results.

THEOREM 3.2. Suppose there ezists a positive constant A such that
la,(t)|§A, Z=17;N (21)

and (Hy) holds. If

AT < exp [-87], (22)

N
where T = ZT,- and B = max{1, AN + F}, then the zero solution of problem (19) can be

i=1
ezponentially stabilized by impulses.

THEOREM 3.3. Suppose there ezists a positive constant B such that for eachi =1,..., N,
| 1n@lds< B (23)
0
and (Hy) holds. If

BT < exp [-f7], (24)

N
where T = ZT" and B = max{1, BN + F}, then the zero solution of problem (20) can be

i=1

ezponentially stabilized by impulses.
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Remark 3. 1. Also following the steps of the proof of Corollary 3.1, one can prove that
the zero solution of problems (19) and (20) can be exponentially stabilized by periodic
impulses.

4. EXAMPLES

EXAMPLE 4.1.  Let us consider equation (6) again. Taking F = |b|, G = |a|, 8 =
max {1, F + G} and £ = 7, suppose

Grexp|[f7] < 1.
In this way, one can choose a > 0 in order to obtain
GT < exp [—2a7] exp [-A7].
Therefore
GT < exp [-fT].
We can choose the impulses at the instants ¢y, with ¢t — tx—; = £ = 7, given by

I(z(ty)) =dz(ty), Je(z'(ty)) =da'(t7), k=1,2,...,

where d = exp[—(2a + )7] — G7. Then the hypotheses in Corollary 3.1 are satisfied and,
therefore, problem (6) can be exponentially stabilized by periodic impulses.

EXAMPLE 4.2.  Consider the equation

z"(t) — 0.00324 (¢ — 2) — 0.00512z(t — 1) =0, ¢>0 (25)

whose characteristic equation is
A% —0.00324e7 2 — 0.00512¢™ = 0. (26)

By using the software Maple, one can find a characteristic root with positive real part.
Hence the non-impulsive equation (25) is unstable.

1
Consider A =0.00512,/=7=1+m =3 and a = 9 Then 8 = max{1,AN} =1 and
we can also verify that

AT < exp[—a(f+ 7)] exp [-BY) < exp [—[¢) = exp [—{].
We can choose the impulses at the instants ¢, with ¢, — tx—; =, given by

La() =da(t;),  J(@'(57) =da'(t), k=1,2,...,
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where d = exp(—3.66667) — 0.01536, then the hypotheses in Theorem 3.2 are satisfied and
hence problem (25) can be exponentially stabilized by periodic impulses.
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