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Continuation of the connection matrix for singularly perturbed hyperbolic equations

M. C. Carbinatto e K. P. Rybakowski

Resumo

Sejam € RY, N < 3, um dominio limitado com fronteira suave, v € L2(Q)
arbitrario e ¢:R — R uma funcio de classe C! satisfazendo uma condicdo de
crescimento subcritico. Para todo ¢ € ]0, oo considere o semifluxo m. em Hj () x
L?(Q) gerado pela equagdo da onda amortecida

eduu+Ou = Au+ ¢(u) +v(z) z€Q, t>0
u(z,t) =0 z € 0N,t>0.

Além disso, seja 7’ o semifluxo em H}(§2) gerado pela equagdo parabdlica

Ou =Au+o(u)+v(z) z€Q, t>0
u(z,t) =0 Tz € 0N, t>0.

Seja I': H2(Q2) — H}(Q) x L?(Q2) o mergulho u — (u, Au+ ¢(u) + 7). Mostramos
neste artigo que sempre que K’ é um conjunto m'-invariante isolado e (M,)pep
é uma decomposi¢iao de Morse parcialmente ordenada de K’, entdo os conjuntos
K =T(K') e M,r = I'(M,), p € P, continuam, para € > 0 pequeno, a um
conjunto me-invariante isolado K., uma decomposi¢do de Morse (Mp ¢ )pep de K.,
relativamente a 7., tais que a tranga indice homoldgica de (7, K¢, (Mp,c)pep) €
isomorfa & tranca indice homoldgica de (7', K',(M,)pep). Isto, em particular,
implica um principio de continuagdo para matrizes de conexao.



CONTINUATION OF THE CONNECTION MATRIX FOR
SINGULARLY PERTURBED HYPERBOLIC EQUATIONS

MARIA C. CARBINATTO — KRZYSZTOF P. RYBAKOWSKI

ABSTRACT. Let Q C RN, N < 3, be a bounded domain with smooth boundary,
v € L%(Q) be arbitrary and ¢:R — R be a C!-function satisfying a subcritical
growth condition. For every € € 10, oo| consider the semiflow 7 on H}(Q) x L2(2)
generated by the damped wave equation

edpu + Ou = Au+ ¢(u) +y(z) z€Q, t>0
u(z,t) =0 z € 0Q,t>0.

Moreover, let 7’ be the semiflow on H}(Q) generated by the parabolic equation

Ou = Au+ p(u) +v(z) z€Q, t>0
u(z,t) =0 z € 9Q,t>0.

Let T: H2(Q) — H}(Q) x L2(2) be the imbedding u — (u,Au + o(u) +v). We
prove in this paper that whenever K’ is a compact isolated m'-invariant set and
(M})pep is a partially ordered Morse decomposition of K’ then the imbedded sets
K = I'(K') and Mpr = I‘(M;,), p € P, continue, for ¢ > 0 small, to an isolated
Te-invariant set Ke a Morse decomposition (Mp,e)peP of Ke, relative to me, such
that the homology index braid of (e, Ke, (Mp,e)pe p) is isomorphic to the homology
index braid of (n/, K’, (Mj)pep). This, in particular, implies a connection matrix
continuation principle.

1. INTRODUCTION

Let N € {1,2,3} and Q C RY be a bounded domain with smooth boundary,
v € L*(Q) be arbitrary and ¢: R — R be a C*-function such that, for N > 2, there
are constants 7 and C € [0, oo with |¢'(u)| < Cl+|uff)forueR If N =3we
also assume that 7 < 2, i.e. that ¢ has subcritical growth.

For every € € ]0,00[ consider the following damped wave equation

o el u + Oru = Au+¢(u) +v(z) z€Q, t>0
(Hyp) u(z,t) =0 z € d,t> 0.
It is well-known that equation (Hyp,.) generates a local semiflow (actually, a local
flow) me on H}(Q) x L*(Q).
Setting, formally, € = 0 in equation (Hyp,) we obtain the parabolic equation
Ou = Au+ o(u) +v(z) z€Q, t>0

(Par) u(z,t) =0 z e dN,t>0.

The research of the first author was partially supported by the grants CAPES-Brazil 0710-12/04
and CNPq-Brazil 302854/2002-9. The research of the second author was partially supported by
the grant DAAD-Germany D/04/40407.
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2 M. C. CARBINATTO — K. P. RYBAKOWSKI

Again it is well-known that equation (Par) generates a local semiflow 7’ on H} ().
It is a natural question to ask whether, for e — 0, solutions of m. converge,
in some sense, to solutions of 7', properly imbedded into H}(Q) x L3(Q). This
question was considered in the context of attractors by Hale and Raugel [12] and
in the context of Conley index theory by the second author in [17].
In fact, in [17] the following result was proved.

Theorem A. Let K' be a compact (in H§(Q)) isolated invariant set relative to
o' Then K' C H?(), and there is an & > 0 and for every € € ]0,Eo] there s
a compact isolated invariant set K. relative to me such that the Conley index of
(e, K¢) is equal to the Conley index of (n',K").

Moreover, let (Mp)pep be a ~-ordered Morse decomposition of K' relative to
n'. Then (My)pep continues to a <-ordered Morse decomposition (Mp,e)pep of Ke

relative to 7, € € ]0,&o).

We refer to [17, Theorems 6.1 and 7.4] for the precise statement of a more general
result.

The main goal of this paper is to show that a continuation result holds for
homology index braids. More precisely, we shall prove

Theorem B. Let K’ be a compact isolated invariant set relative to ' and let
(Mp)pep bea <-ordered Morse decomposition of K' relative to w'. Then there exists
an ¢ € ]0,00( and for every € € 10, €0] there exist a compact isolated invariant set
K. relative to me and a ~<-ordered Morse decomposition (My ¢)pep of Ke relative
to m. such that for all € € ]0,&0], the homology index braids of (', K', (M})pep)
and (¢, Ke, (Mpe)pep) are isomorphic.

We recall that if two homology index braids Hi and H, are isomorphic, then,
by [10, Proposition 1.5], H1 and Ha determine the same collection C-connection
matrices. Thus Theorem B shows that, for small € > 0, the Morse decomposition
(M, ¢)pep of the invariant set K relative to the damped wave equation (Hyp,) has
the same set of C-connection matrices as the Morse decomposition (M)pep of the
invariant set K’ relative to the reaction-diffusion equation (Par).

Theorem B will be proved by an application of some abstract continuation re-
sults for regularly and singularly perturbed semiflows, recently established in our
papers [5] and [7]. Our approach to the proof of of Theorem B is similar to the
proof of Theorem A in [17]. Asin [17], the first attempt would be to make a change
of variables

®: (u,v) — (u,w) = (u,v — Au — o(u) —7)
in (Hyp,), consider the corresponding conjugate semiflows 7. = ®*me, € € 10, oo,
and then apply the results of [7] to the family 7, € € [0,00[, where 7o = .
However, as it was pointed out in [17], there is an inherent difficulty in the present
situation due to the fact that the transformation & is defined on the space H2(Q2) x
L2(£2), which is only a subset of the phase space H{ () x L*(Q) of the semiflows
7, 50 7 is not well-defined for ¢ € ]0, c0[. That is why we first study, in Section 3,
a finite-dimensional perturbation problem (equations (3.1) and (3.2) below), to
which a variable transformation like @ is applicable. Results from [7] then yield
a continuation result for homology index braids for the corresponding family of
finite-dimensional semiflows (cf. Theorems 3.1 and 3.6 below).

Combining the compactness and smoothing results for parabolic equations and
the boundedness and smoothing results for damped wave equations established
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in [17] with the results from Section 3, we then obtain, in last section of the paper,
our main result, Theorem 4.2, which implies Theorem B above.

2. PRELIMINARIES

The purpose of this section is to recall a few concepts from Conley index theory
and some preliminary results needed later in this paper. We assume the reader’s
familiarity with the infinite-dimensional Conley index theory, as developed in [14,
15] and expounded in [16], and with the papers [9], [11], [5] and [6]. Moreover, we
recall some results from the papers [1], [4], (7] and [17].

In this section, unless otherwise specified, Y is a metric space, ™ is a local
semiflow on Y and all concepts are defined relative to .

Suppose that Z is a subset of Y. By Inv,(Z) we denote the largest invariant
subset of Z.

7 is called m-admissible if Z is closed and whenever (zn)n and (tn)n are such
that t, — oo and z,7[0,t,] C Z for all n € N, then the sequence (xpmtn)n has a
convergent subsequence. We say that 7 does not ezplode in Z if whenever z € Y
and o7t € Z as long as xnt is defined, then zmt is defined for all t € [0,00[. Z is
called strongly m-admissible if Z is n-admissible and 7 does not explode in Z.

Let N and Z be subsets of Y. The set Z is called N-positively invariant if
whenever z € Z, t > 0 are such that 7 [0,t] C N, then z7 [0,t] C Z.

Let N, Z; and Zz be subsets of Y. The set Zs is called an exit ramp for N
within Z, if whenever z € Z; and ant’ ¢ N for some t' € [0, o[, then there exists
a to € [0, '] such that zm [0,t0] C N and zmto € Z2.

If Z, and Z, are subsets of Y then Z, is called an exit ramp for Zy if Z3 is an
exit ramp for N within Z1, where N = Z;.

Definition 2.1. ([11]) A pair (N1, N2) is called a Franzosa-Mischaikow-indez pair
(or FM-indez pair) for S if:
(1) N; and N, are closed subsets of ¥ with Ny C N; and N» is N, -positively
invariant;
(2) Ny is an exit ramp for Ny;
(3) Sisclosed, S C Inty (N; \ N2) and S is the largest invariant set in Cly (N1 \
No).

Given an isolated invariant set K having a strongly m-admissible isolating neigh-
borhood we denote by h(K) = h(m, K) the Conley-index of K and by H(K) =
H(m, K) = H(h(K)) the homology Conley index, where H is the singular homol-
ogy functor (with coefficients in some fixed R-module G, where R is a commutative
ring).

%‘Z)r the rest of this paper let P be a fixed finite set and < be a fixed strict partial
order on P.

A set I C Piscalled a ~_interval if whenever i, j, k € P, 1, kelandi<j =<k,
then j € I. By Z(<) we denote the set of all <-intervals in P. A set I is called a
<-attracting interval if whenever i, j € P,jelTandi<j,theni€ I. By A(x)
we denote the set of all <-attracting intervals in P. Of course, A(<) C Z(=<).

An adjacent n-tuple of <-intervals is a sequence (I;)7-; of pairwise disjoint <-
intervals whose union is a ~-interval and such that, whenever j < k, p € I; and
p € I, then p’ A p (ie. p < p' or else p and p' are not related by <). By Zn(<)
we denote the set of all adjacent n-tuples of <-intervals.
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Recall the following definition.

Definition 2.2. (cf. [11]) Let 7 be a local semiflow on Y and S be a compact
invariant set relative to .

A family (Mp)pep of subsets of S is called a <-ordered Morse decomposition of
S (relative to ) if the following properties hold:

(1) The sets My, p € P, are closed, m-invariant and pairwise disjoint.
(2) For every full solution o of 7 lying in S either o(R) C My for some keP
or else there are k, | € P with k < I, a(d) C M and w(o) C M.

Let C denote the set of all continuous functions from R to Y endowed with the
metric introduced in [1]. Let 7 be a subset of C. A set S CY is called T -invariant
if § = Invy(S), i.e. if and only if for every y € S thereisa o € T such that
o(R) Cc Sand y =0(0). Ifrisa local semiflow on Y and N C Y then we denote
by 7~ the set of all full solutions of 7 lying in N.

The previous concept can be generalized as follows:

Definition 2.3. (cf. [4]) Let 7 be a subset of C. A family (Mp)pep of subsets of
Y is called a <-ordered T-Morse decomposition if the following properties hold:
(1) The sets My, p € P, are closed, T-invariant and pairwise disjoint.
(2) For every g € T either o(R) C My, for some k € P or else there are k,leP
with k < 1, (o) C M; and w(o) C M.

It is easily proved that, for 7 and S as in Definition 2.2, a family (Mp)pep of
subsets of S is a <-ordered Morse decomposition of S (relative to ) if and only if
(Mp)pep is a <-ordered T-Morse decomposition, where 7 := Tr,s.

If A, B C Y then the 7 -connection set CS7(A, B) from A to B is the set of all
points y € Y for which there isa o € T with o(0) = y, a(¢) C Aand w(o) C B. If
m, S are as in Definition 2.2 and T := Ty, s, then we write

CSy.s(A, B) := CST(4, B).

Recall also the following definition.

Definition 2.4. (cf. [17]) We say that N is a T -isolating neighborhood (of a subset
S of Y) if N is closed in Y and Invy(N) C Inty (N) (with S = Invr(N)). fSCY
and there exists a set N C Y such that N is a T-isolating neighborhood of S then
we call S a T -isolated invariant set.

For the rest of this paper, unless specified otherwise, let (Xo,do) be a metric
space, o be a positive number and, for each € € ]0,¢&q], (Ye, d.) be a metric space
and . € Y. be a distinguished point of Y.. The open ball in Y; of center in v and
radius 3 > 0 is denoted by Be(v, B).

For each € € ]0,&0] define the set Z. := Xo X Ye. Endow Z. with the metric

FE((u,v),(u',v')) := max{ do(u,u'),de(v,v") }, (u,v), (W', V) € Ze.

Given a subset V of Xo, 3 >0and € € 10, 0] define the ‘inflated’ subset [V]e,g of
Z. as follows:

[V]E,ﬁ = {(uav) €Z|ueV and v € CleB:(0e, ) }-
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Let mo be a local semiflow on X, and for every € € 10, €0] let me denote a local
semiflow on Z..

We say that the family (me)ee)o,e0) Of local semiflows converges singularly to
the local semiflow mq if whenever (en)n and (tn)n are sequences of positive (resp.
nonnegative) numbers such that e, — 0, tn — to as n — 09, for some to € [0, 00(
and whenever 1o € Xo and wn € Ze,,n €N, are such that T, (wn, (u0,0e,)) — 0
as n — oo and ugmoto 18 defined, then there exists an ng € N such that for all
n > ng, WnTe, tn 18 defined and T, (WnTe, tn, (uomoto, be,,)) — 0 as n — 0.

Let n be a positive number and N be a closed subset of Xo. We say that N is
a singularly strongly admissible set with respect to 1 and the family (Te)ee(o o) of
local semiflows if the following conditions are satisfied:

(1) N is a strongly mo-admissible set;

(2) for each e € 10, €0) the set [N,y is strongly m.-admissible;

(3) whenever (gn)n and (tn)n are sequences of positive numbers such that e, —
0, tp — 00 as n — 00 and whenever w, € Z¢,, N € N, are such that
wn e, [0,tn) C [Nleum ™ € N, then there exist a ug € N and a subsequence
of the sequence (WnTe,tn)n Of endpoints, denoted again by (WnTe,tn)ns
such that e, (WnTe, tn, (uo, 0e,)) — 0 asn — oo.

The following singular continuation result for Morse decompositions was estab-

lished in [4].
Theorem 2.5. [4, Corollaries 4.14 and 4.15] Assume (7e)ee]o,eo) is a family of local
semiflows that converges singularly to the local semiflow mo, B € 10, oo[ and N is
a singularly strongly admissible set with respect to B and (Te)eeio,e0]- Moreover,
suppose that So = Invm,(ﬁ) and (Mpo)pep 18 @ <-ordered Morse decomposition
of So relative to mo. For eachp € P, let V C N be closed in Xo and such that
M, o = Invag, (Vp) C Intxo (Vp). B

Let n € ]0,8]. Fore € 10,€0) and p € P set Se := IV, ([Nle,n) and Mp,e :=
Inva, ([(Vple,n)- Then there is an £ €10, 0] such that for every € € ]0,€) and p € P,

S, C Intz, ([Nlesn), Mpe C Intz, ((Vplem), P € P, and the family (Mpc)pep 18 @
<-ordered Morse decomposition of Se relative to Te.

Suppose that S is a compact invariant set relative to 7 and let (Mp)pep be
a <-ordered Morse decomposition of S (relative to ). An indez filtration for
(7, S, (Mp)pep) is a family N = (N(I))rea(<) of closed subsets of Y such that

(1) foreach I' € A(=), the pair (N(I), N(0)) is an FM-index pair in M(I),

(2) for each Iy, I, € .A(%), N(Il N 12) = N(Il) ON(IQ) and N(I1 U 12) =

N(I;) UN(I2).
N is called strongly m-admissible if N(P) is strongly m-admissible.

Let N be a strongly m-admissible index filtration for (m, S, (Mp)pep). For J €
I(<) the set M(J) is an isolated invariant set and we write H(J) = H(n,J) =
H(m,M(J)). If (I1,J) € To(=), then (M (I),M(J)) is an attractor-repeller pair
in M(IJ), where IJ := J U J. Hence there is the corresponding homology index
sequence

1 o
_—>Hq(1)—"—J>Hq(IJ)—p—"i>Hq(J)-£>Hq_1(I)——->

of (m, M(IJ), M(I), M(J)). Using the filtration N one proves that for every triple
(I; 4, K) € Z5(<) the following diagram, made up of the four homology index
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sequences defined by (I, J,K), commutes:

H(I K
WL o
14£ 7 H(1J) P )33
HUIIK) L > H)
m( HWK) )al

The collection of all the homology indices H(m,M(J)), J € I(=), and all the
maps ir,7, p1,s and 01,7, (I,J) € Ta(=), is called the homology index braid of
(m, S, (Mp)pep) and is denoted by H(m, S, (Mp)pep)-

For the rest of this section assume that, fori =1, 2, m; is a local semiflow on the
metric space Y;, S is an isolated invariant set and (Mp,i)pep is a <-ordered Morse
decomposition of S, relative to ;. Write M;(I) = My, s,(I), H;(I) = H(m;, M;(I))
and H; := H(m, S, (Mp,i)pep), for i =1, 2 and I € Z(=).

Suppose 0 := (0(J))sez(<) I8 2 family 8(J): H1(J) — Hz(J), J € Z(<), of maps
such that, for all (I,J) € Z2(<), the diagram

i o
e Hy (D) Hy o (1) 2 Hy () = Hi g1 (D) —
(2.1) 6(1) o(1J) 6(J) o(1)
__>H2’q(1)—Z)H“(IJ)'E._J)H“(‘])'a—,,THqu‘l(I)__’

commutes. Then we say that 0 is a morphism from Hi to Ha and we write 8: Hy —
H,. If each O(J) is an isomorphism, then we say that @ is an isomorphism and that
‘H, and Hga are isomorphic homology index braids.

We may analogously define the concept of cohomology index braids and mor-
phisms between them: just use cohomology instead of homology and reverse all the
arrows.

Remark 2.6. 1f H, and Ho are isomorphic (co)homology index braids, then, by (10,
Proposition 1.5], Hi and Ho determine the same collection of C-connection matri-
ces.

Proposition 2.7. Let X and X' be metric spaces, ™ be a local semiflow on X and
7 be a local semiflow on X'. Let v: X — X' be a homeomorphism which conjugates
= with 7. Let S be an isolated n-invariant set which has a strongly m-admissible
isolating neighborhood, and (Mp)pep be a Morse decomposition of S, relative to .
Set §' = 4(S) and M} = (M), p € P.

Then S’ is an isolated 7'-invariant set which has a strongly 7'-admissible iso-
lating neighborhood, and (Mp)pep is a Morse decomposition of S’, relative to .
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Moreover, the (co)homology breid of (m, S, (M) pep) is isomorphic to the (co)homo-
logy indez braid of (', ', (Mp)pep)-

Proof. Intuitively, this result is clear. A rigorous proof follows by an application of
(8, Theorem 3.2] in the case of homology and of [18, Theorem 4.2] in the case of
cohomology. O

We will require the following singular continuation principle for homology index
braids and connection matrices established in (7].

Theorem 2.8. [7, Theorem 3.10] Assume the hypotheses (and thus also the con-
clusions) of Theorem 2.5 and let &> 0 be as in that theorem. Let Eo € )0, 8] be fized.
Suppose that there exists an Bo > 0 such that for all € € 10,e0) and alln € 10, Bo)
the set Cly, (B:(e,n)) is contractible. Then there exists an €. € ]0,E] such that the
homology index braids of (mo, So, (My)pep) and (me, Se, (Mp.e)pep)), € €10,&c), are
isomorphic and so they determine the same collection of C-connection matrices.

Theorem 2.8 refines the corresponding singular Conley index continuation prin-
ciple established in [2].

Remark 2.9. Analogous definitions and results hold for Alexander-Spanier coho-
mology (with coefficients in G) with the obvious modifications (cf. [6]).

3. A FINITE DIMENSIONAL PERTURBATION PROBLEM

In this section we state and prove a continuation principle for homology index
braids and connection matrices for a class of singularly perturbed ordinary differ-
ential equations defined on a finite dimensional space (cf. Theorems 3.1 and 3.6).
Throughout this section, we assume reader’s familiarity with the results from (17,
Section 3].

Let (E, |-|) be a finite dimensional Banach space. Given a C'-map g: E — E and
e > 0 let 7. ¢ be the local (semi)flow generated by the following ordinary differential
equation on E x E:

(3.1) w=uv, v=(1/e)(-v+gw), (u,v) € E.

Furthermore, let mg be the local (semi)flow on E generated by the following

ordinary differential equation on E:
(3.2) w=g(u), u€EkE

One of the goals of this section is to prove the following result.

Theorem 3.1. Let N’ C E be a compact isolating neighborhood relative to mg. Set
S’ = Invy (N') and let (M})pep bea <-ordered Morse decomposition for S’ relative
to m,. For each p € P, let Vj C N’ be closed in E such that M}, = Tnvx (V3) C
Intg(V,). For every a > 0, >0 and p € P, we set Sea = Invn, ,(Ng) and

- /
Mpea = Invm,g(vp,a): where

NA = Néz,g = {(u!v) lue N' and |v -g(u)| < al,
Vé,a = Vx;,oz,g ={(u,v) |u€ V, and |v - g(u)| < a}.
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Then for every a € |0,00(, there exists an €g = €o(c) € ]0,00[ such that for every
e € ]0,0), the set N/, is an isolating neighborhood of S¢,a relative to 7e g, and for
everyp € P, V;;,a is an isolating neighborhood of My ¢ o Telative to me g. Moreover,
the family (Mp,s,a)pep is a <-ordered Morse decomposition for Se o relative to me 4
and the homology indez braids of (7e,g, Se.a, (Mp,e,a)pep) and (g, S, (My)pep) are
isomorphic and so they share the same collection of C-connection matrices.

The proof of Theorem 3.1 will be based on Theorem 2.8. We proceed similarly
as in the proof of [17, Theorem 3.1]. Let U be a bounded open neighborhood of N’
and §: E — E be a C'-map such that g|U = g|U and supye(|g(u)|+|Dg(w)]) < oo.
The existence of § follows since E is finite-dimensional.

Since the differential equations defining 7. 4 and 7. 3 coincide on the open neigh-
borhood U x E of N’ in E x E it follows that N, (resp. V, o) is an isolating neigh-
borhood relative to ¢ g if and only if N}, (resp. Vj ) is an isolating neighborhood
relative to m 3 and

Invy, ,(Ng) = Seja = Inv,rt‘;(Né),
Ian,‘g(Vé,a) =Mpea = Inv,,c';(Vp',a), p € P.

Moreover, (Mp.e o)pep is a <-ordered Morse decomposition for S¢ o relative to m¢ g
if and only if (Mp ¢,o)pep is a <-ordered Morse decomposition for S o relative to

€,3"
Similarly, N’ (resp. V}) is an isolating neighborhood relative to my if and only if

N’ (resp. V) is an isolating neighborhood relative to Wig and

Inv,, (N') = HE Inv,rLg(N’) and Inv, (V) = M, = Inv,,:;(VI;), p€ P.
Furthermore, (M, )pep is a <-ordered Morse decomposition for S’ relative to mg
if and only if (M})pep is a <-ordered Morse decomposition for S relative to 7.
Thus the homology index braids of (¢ g, Se,a, (M, e,a)pep) and (w;,S’, (Mp)pep)
are isomorphic if and only if the homology index braids of (¢ 3, Se,a; (Mp.e.a)peP)
and (m3, S, (M})pep) are isomorphic.

Hence we may assume, without loss of generality, that

C = sup(|g(uw)| + |Dg(u)]) < oo.
ueE

In particular, g is globally Lipschitzian and so both m¢ 4, € > 0, and ﬂ; are global
semiflows. We write 7 := me g, € > 0, and 7’ := 7r’g for short.

Notice that the map ®: Ex E — Ex E, ®(u,v) = (u,w) := (u,v-g(u)) is a C*-
diffeomorphism with inverse &1 given by (v, w) = (u,v) := (u,w+ g(u)). Let
7. be the conjugate of . via @ i.e. (u, w)Tt = O((®7 (u, w))met), (u,w) € EXE,
t € [0,00[. Note that 7 is the semiflow generated by the equation

u=w+gu)

(3.3) w = —(1/e)w — Dg(u)(w + g(u)).

Let B, be the closed ball in E with radius o centered at zero. It follows that
®(N.) = N’ x Bq (resp. ®(V;,) = V) X Bq, p € P).
We have the following
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Proposition 3.2. For every o € 10, 00], there exists an eq = eo(a) € 10,00[ such
that for every € € 10,&0) and p € P, the set N' x By (resp. V, x Bg) is an isolating

neighborhood of §E,a (resp. Hp,s,a) relative to 7., where
8. o = Invs (N’ x Ba) and My o = Invz, (V; x Ba), p € P.

Moreover, the family (Mp,g,a)pep is a <-ordered Morse decomposition for §5’a rel-

ative to 7 and the homology index braid of (T, §5'a, (M e.a)peP) 18 isomorphic to
the homology index braid of (', S’ (M) pep).-

Proof. Define Xg = Y = E, 6. = 0 and do(u,u') = de(u,v') = |u — | for all
e>0and u, v € E. It follows that N’ X Bs = [N')e,o for all e > 0 and a > 0.
Notice that Cly, (Be(be,a)) = Ba, for alle > 0 and a > 0 and so Cly, (Be(6e,@))
is contractible. The proof of [17, Lemma 3.6) shows that the set N " is singularly
strongly admissible with respect to « and the family (7¢)e>o singularly converges
to 7. Now an application of Theorems 2.5 and 2.8 completes the proof. O

Proposition 3.3. Let a € ]0,00( and let 0 = eo(a) € ]0,00[ as in Proposition 3.2.
Then for every € € ]0,60] and p € P, the set N, (resp. V,,) is an isolating
neighborhood of Se o (Tesp. My,e,a) relative to me, the family (Mpe,o)pep 15 @ <-
ordered Morse decomposition for Se o relative to m. and the homology index braids
(e, Se,a (Mp,e,a)pep) and (Te, Se,a (Mp,e,o)pep) are isomorphic.

Proof. This follows from Proposition 2.7. O
Proof of Theorem 3.1. This follows from Propositions 3.3 and 3.2. O

We shall now generalize Theorem 3.1 to comprise isolating neighborhoods which
are more general than N,. As in [17], define T, to be the set of all functions
2R — E x E such that there is a full bounded solution w:R — E of 7g so that
2(t) = (u(t),g(u(t)) for all t € R. Thus, defining the map I'y: E — E x E by
Ty(€) = (€,9()), € € E, we see that 7, is the set of all functions z:R — ExE
such that there is a full bounded solution u:R — E of my with z = Fgou.

Proposition 3.4. Set g := 7' andT :=Tg4. Let K' be a compact isolated invariant
set relative to . Then T(K') is a Ty-isolated invariant set. Let N be a bounded Ty-
isolating neighborhood of T'(K'). Let B € 10, 0o[ and Bj be the closed B-neighborhood
of K' in E. For each a €0,00(, define

Bl o= {(wv) |ue B, [v—g(w)] <a}

Then there exist an o € ]0,00[ and a B € ]0,20[ such that Bj is an isolating
neighborhood of K' relative to 7' and Bé,’a Cc N. Moreover, there exists an €1 €
10, 00[ such that for every € € 10,€1], Invr, (Bj o) = Inv. (N).

Proof. This follows from (17, Lemma 3.8 and proof of Theorem 3.9. O
We also need the following auxiliary result:

Proposition 3.5. Set Ty = x' and T := Ty. Let K' be a compact isolated in-
variant set relative to 7' and K := T'(K'). Let T be the set of all (u,v) € Ty such
that (u(t),v(t)) € K for all t € R. Moreover, let (Mp)pep be a <-ordered Morse
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decomposition of K' relative to x' and define Mpr = T'(M,), p € P. For every
I € I(R) set
M'(1) = | CSm ke (My, My)

p,q€l

and Mp(I) := T(M'(I)). Then (M, r)pep is a <-ordered T-Morse decomposition
and

(3.4) Me(D) = | CST(Mp, M,), I €I().
p,q€l

Moreover, the sets K and Mpr, p € P, and Mr(I), I € I(=), are Ty-isolated
invariant sets.

Proof. Write M, = My and M(I) = Mr(I) for short. We see either directly or
using [4, Corollary 3.6] that M}, p € P, and M'(I), I € (<), are compact isolated
invariant sets relative to «’. By [17, Lemma 3.8], the sets K, Mp, p € P, and M (I),
I € I(<), are Ty-isolated invariant sets. Moreover, the sets M, are closed in E x E
(being compact in E X E) and pairwise disjoint (T being one-to-one). If p € P and
(w,7) € M, are arbitrary, then T € M,, so there is a full solution u of #' lying in
M, with T = w(0). Thus u lies in K’ and so z := Tou lies in M, C K and is an
element of 7,. Hence z € T, z lies in M, and 2(0) = (%, 7). It follows that My is
T -invariant.

Let (u,v) € 7 be arbitrary. Then u is a full solution of ' lying in K'. Thus
either u lies in MJ, for some k € P, which implies that (u,v) lies in M or else there
are k, | € P with k <[, a(u) C M| and w(u) C Mj}. In the latter case it is clear
from the continuity of I' that a(u,v) C M and w(u,v) C Mj. We have proved that
(M,)pep is a <-ordered T-Morse decomposition.

Now let p, ¢ € P be arbitrary. We claim that

D(CS. (M), M1)) = CST(Mp, My)-

If w is a full solution of 7’ lying in K’ with a(u) C M, and w(u) C Mj then, clearly,
z:=ToueTy, zliesin K, a(z) € M, and w(z) C M,. Thus

T(CSnr g (M, M})) C CST(Mp, My).

Conversely, if z € T with a(z) € M, and w(z) C M, then z = [ ou, where u is a
full solution of 7' lying in K'. Clearly, a(u) C M, and w(u) C M. Hence

(CSyr (M}, M4)) D CST(Mp, My).

This proves our claim, which, in turn, immediately implies (3.4). O
The generalization of Theorem 3.1 reads as follows:

Theorem 3.6. Assume the hypotheses (and hence the conclusions) of Proposi-
tion 3.5. Let N be a bounded T,-isolating neighborhood of K and N, C N be
a T4-isolating neighborhood of Mpr, p € P. For ¢ € |0,00[, set Te,g = Te,
K. :=Inv. (N), and Mper = Invg, (Np), p € P.
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Then there is an £y € ]0,00[ such that for every € € 10,&0), N is an 1solating
neighborhood of K¢ relative to m., and for every p € P, Np is an isolating neigh-
borhood of My relative to me. Moreover, the family (Mper)pep 15 @ <-ordered
Morse decomposition of K. and the homology index braids of (e, Ke, (Mp,er)peP)
and (7', K',(My)pep) are isomorphic and so they share the same C-connection
matrices.

Proof. Let B €]0,00[. Let B be the closed B-neighborhood of K’ in E. For p € P,
let B;, s be the closed B-neighborhood of M, in E. For each a € ]0, 00|, define

Bl o = {(u,v) |u€ Bg, v-g(u)l S a}
Blgo:={(wv)|u€Byg v-gwl<a}lpeP.

Proposition 3.4 implies that there exist an a € ]0,00[ and a 8 € 10, 00[ such that
Bj is an isolating neighborhood of K’ relative to 7' and By, 4 is an isolating neigh-
borhood of M,, relative to ', for p € P. Moreover, By, C N and B}, 5., C Np,
for p € P. Furthermore, there exists an €1 € ]0, oo such that for every € € 10,€1],
Inve, (Bj o) = Inv,, (N) and Invr, (B]'D’ﬂ'a) = Inv,, (Ny), p € P.

Define N’ := Bj and V, = B, s p€EP. Hence for every € € ]0,&1], we have

N! = Bj,and Vg, = B, p,o> P € P. Thus
(3.5) K'= Inv.(N') C Intg(N') and M;, = I (V) '€ Intg(Vp), p € P.
Moreover, for all € € ]0,¢€1],

K. =Inv, (N) = Invy, (Bj,e) = Invn, (NL),

3.6
B g = Tnve, (Np) = Invs, (Bppa) = Invr, (V) P € P

Now an application of Theorem 3.1 together with (3.5) and (3.6) implies that there
exists an g0 € ]0,€1] such that for all € € 10,&0), the family (Mper)pep is a <-
ordered Morse decomposition of K, relative to e and the homology index braids
of (e, Ke, (Mp,e,r)pep) and (n',K', (M})pep) are isomorphic. O

Remark 8.7. The results of this section also hold for cohomology index braids with
analogous proofs.

4. CONTINUATION OF HOMOLOGY INDEX BRAID FOR
SINGULARLY PERTURBED HYPERBOLIC EQUATIONS

In this section we will state and prove the main result of this paper (cf. The-
orem 4.2). After recalling some notations from [17] we state a continuation result
for Morse decomposition proved in [17] (cf. Theorem 4.1). Then we state our
continuation principle for homology index braids and connection matrices for sin-
gularly perturbed hyperbolic equations (cf. Theorem 4.2). We assume the reader’s
familiarity with the results from [17].

Let X be a real Hilbert space and A: D(A4) C X — X be a positive selfadjoint
operator with compact resolvent. Then A is sectorial on X and so it generates the
corresponding family (X )aeo,00] Of fractional power spaces (cf. [13]). Let (#v)ven
be a complete X-orthonormal basis of X consisting of eigenfunctions of A. Let
P,: X — X be the orthogonal projection of X onto the subspace spanned by the
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first n eigenfunctions. Moreover, set Qn := I — P, where I is the identity map on
X.
As in [12] and [17], we will assume the following Standing Hypothesis:

N e{1,2,3}and 2 C RV is a bounded domain with smooth boundary
and such that X = L?(Q) and X' is continuously included in H?(Q);

(41) ~eL*(Q)and R - Risa C!-function such that, for N > 2, there
are constants 7 and C € [0, oo[ with [¢'(§)| < C(1 + |€|7) for all £ € R.
If N =3 then7 <2

Define the map f: X/2 — X by
Flu) = $u) +v, we X2

We denote by 7r'f the local semiflow on X'/2 generated by the abstract parabolic
equation (see [13])
4= —Au+ fu), weXV2

For ¢ € ]0,00[ we also consider the local semiflow m¢ 5 on X1/2 x X generated by
the damped hyperbolic equation

w=v, ©=(1/e)(~v—Au+ f(u)), (u,v)eXl/zxX.
Let Tj: X! — X1/2 x X be the map defined by
Ty(u) = (u, —Au + f(u)), uwe X'

Moreover, by Ty we denote the set of all maps z: R — X1/2 x X for which there is
a full bounded solution w of 7’ such that 2(t) = Ts(u(t)), t € R. In view of (17,
Corollary 4.7], every full bounded solution of 7r’f lies in X!, so the definition of T¢
makes sense.

The following result has been proved in [17).

Theorem 4.1. ([17, Theorem 7.4]) For € € 10, 00[, set ' =}, Te 1= Te,f and
I :=Ty. Let K' be a compact isolated invariant set relative to ©' and K := T(K").
Let T be the set of all (u,v) € Ty such that (u(t),v(t)) € K forallt € R. Moreover,
let (Mp)peP a family of subsets of K' which is a Morse decomposition of K' relative
to ' and let M, := T'(M,), p € P. For every I € (=) set

M/(I) = | CSm i (M, Mg)
p,q€l

and M(I) := T(M'(I)). Then (Mp)pep is a <-ordered T -Morse decomposition and

M) = | CST(Mp, My), I € I(=).
p,a€l

Moreover, the sets K, Mp, p € P and M(I), I € (=), are Tj-isolated invariant
sets. Let N be a bounded Tj-isolating neighborhood of K, Vp C N be a Ty-isolating
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neighborhood of My, p € P, and Vi C N be a Ty-isolating neighborhood of M(I),
I € I(=).

For € € ]0,00[ set K¢ := Invg (N), Mp := Inve (Vp), p € P and Mc(I) :=
Inv., Vi), I € Z(<).

Then there is an € € ]0, o[ such that for every € € ]0,€], N (resp. Vp, resp. Vi)
is an isolating neighborhood of K. (resp. My, resp. Mc(I)) relative to me, for all
p € P and all I € I(<), the family (M c)pep is a <-ordered Morse decomposition
of K. and

Me(D) = | O s (Mo, Mye), TET(<).
p.a€l

We can now state our main result.

Theorem 4.2. Assume the hypotheses (and thus also the conclusions) of Theo-
rem 4.1 and let € € ]0,00[ be as in that theorem. Then there is an €o € ]0,€]
such that for every € € ]0,€0), the homology index braids of (e, Key (Mp.e)pep)
and (', K',(My)pep) are isomorphic and so they share the same C-connection
matrices.

Theorem 4.2 refines the corresponding Conley index continuation principle es-
tablished in [17].

The rest of this section is devoted to the proof of our main theorem. The proof
of Theorem 4.2 follows from a series of lemmas. For the rest of this section, for
neNand6€(0,1],let fne: X'/2 — X be defined by

frno = (1- 6) f(u) + 0Py f(Pnu)
= (1-0)((u) +7) + OPa(@(Pav) +7), uw€ X2
The following lemma has been proved in [17].

Lemma 4.3. ([17, Theorem 4.3 and Proposition 4.4]) Let N’ C X1/2 be bounded
and closed. Furthermore, let (nm)m be a sequence in N with ny — 0o and (6m)m
be an arbitrary sequence in [0,1]. For every m € N, let um be a full solution of
., lying in N’. Then there is a sequence (my)x with my — oo and there is a
full solution u of 7' lying in N’ such that um, (t) — u(t) in X2, uniformly for t
lying in compact subsets of R.

Lemma 4.4. Let N’ be bounded and closed in X'/? with K' := Inv(N') C
Intyi/2(N'). For each p € P, let V; C N' be closed in X2 such that M, =
Inve (Vy) C Intxi2(Vyp). Forn € N, 8 € [0,1] and p € P define K, 4 =

Inv,r/jn‘a(N’) and My, o = InVr, e(VPI)' Then there is an ng € N so that when-

ever n > mo and 6 € [0,1], then K! o C Intxi2(N'), My .o C Int x1/2(Vy),
p € P, and the family (M;,n,g)pep is a <-ordered Morse decomposition of K, ,
relative to 7r’f"0. Moreover, for all n > ng and all 6 € [0,1], the homology n-
dez braid of (., K, g, (M}, . ¢)pep) is isomorphic to the homology index braid of
(ﬂ-/) Kla (M;;)pEP)'
Proof. This follows from [5, Corollaries 3.9 and 3.10]. O

Givenn € N we consider the local semiflow 7/, generated on the finite dimensional
space Yy 1= P, (X'/?) = P,(X) by the ordinary differential equation

= —Au+ Pof(Pau), u€ Yy, (4.2)
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The local semiflow 7/, is the n-Galerkin approzimation of m'.
Moreover, let 7, be the semiflow generated on Z, := Qn(Xl/z) by the evolution
equation
U= —Au, u€ Zy. (4.3)

By [17, Proposition 4.2] and its proof, the space Yy is positively invariant relative
to the local semiflow 773’", , and every bounded ﬂ"fn_l—invariant set is included in Y,
and is m/-invariant. Moreover, every ml,-invariant set is w}n’ ,-invariant. Setting
K! :=K!,and My, =M, .1, p€ P, we thus see that, whenever n > no, where
no € N is as in Lemma 4.4, the set K! is a compact m,-invariant set and the family
(M, ,)pep is 2 <-ordered Morse decomposition of K, relative to /.. Moreover, the
following continuation result has been proved in [5].

Lemma 4.5. Let ng € N be as in Lemma 4.4. Then for all n > ng, the homology
index braids of (Tr’fn.l,K;, (M}, ,)pep) and (!, K}, (M}, .)pep) are isomorphic.

Now, Lemmas 4.4 and 4.5 imply the following result.

Proposition 4.6. ([5, Theorem 3.11]) Let ng € N be as in Lemma 4.4. Then
for all n > no, the homology indez braid of (=", K’, (M;,)pgp) is isomorphic to the
homology index braid of (my, Ky, (M}, )peP)-

Lemma 4.7. Let (Em)m, (Mm)m and (Bm)m be sequences in 10, 00[, N and [0, 1]
respectively. Suppose that em — 0 and ny, — oo. For eachm € N, let (Um, Um) be a
full solution of Te,, fu,. om lying in N. Then there is a subsequence of ((¥m,Vm))m,
denoted again by ((Um,Vm))m, and there is a full bounded solution u of 7! such
that (Um,vm) — (u,v) in XY/2 x X, uniformly on compact subsets of R. Here,
(w,v) =T ou.

Proof. This follows from [17, Theorem 5.13). O

Lemma 4.8. For e € 0,00, n € N, 6 € [0, 1, p € P and I € I(=), define
Keng = Invﬁ”"a(N), Mpeno = Inv,rz'/"‘”(Vp) and Meno(I) = Inve, , . (V).
Let € € 10,00 be "5 in Theorem 4.1. Then there exist ann’ € N and an g’ €10,
so that whenever n > n', € € ]0,€'] and 0 € [0,1], then Keno C Int x1/2 5 x (V),
Mcpno C Intx1/2xx(Vp), P € P, and the family (Mpen,6)pep S @ ~<-ordered
Morse decomposition of Ke no relative to Te f, -

Proof. It is well-known (cf. [3, Theorems 5.3 and 5.5)) that N is strongly 7, s, o-
admissible for all € € ]0,00[, n € N and 6 € [0,1].

It follows from [17, Lemma 6.4] that there exist an ny € N and an 5 > 0 such
that for alln > nj, € € ]0,€p] and 6 € [0,1]) the sets N, Vp, p € P,and Vi, I € Z(<),
are isolating neighborhoods relative to me f,, 4-

Notice that

(4.4) W C N implies that Invy, (W) = Invr(W).

Suppose the conclusions of the lemma does not hold. Then for all n' € N and all
¢’ €]0,£] there exist an n > n’, ane € ]0,¢'] and a 8 € [0, 1] such that the family
(Mp,en,0)pep is NOt & ~-ordered Morse decomposition of K no relative to me g, -
Hence there are sequences (€m)m in ]0,00[, (Mm)m in N and (0m)m in [0,1] such
that £y, — 0, i — 00 as T — oo and for all m € N, the family (Mp,e,.,nm.,6m)peP
is not a <-ordered Morse decomposition of Ke,, nm.0, relative to me £ 0.«
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For each m € N, let T¢, . n...0., denote the set of all full solution of 7, 7. 4.
lying in N. It follows that

Mp,sm,nm,om = Inv’rzm,nm,()m (VP)’ 4 € P’ m e N

and
Me,. nom (D) = Ianm‘"m.,,m(VI), Iel(<), meN

We claim that
(4.5) Tern i = T as m — Q.

In fact, let (mg)x be an arbitrary sequence in N with my — o0 and for every k € N
let (g, v) be a full solution of me,, .. 0., lying in N. Thus

sup sup || (uk(t), vk (t)l|x1/2x x <00
keN teR

so, by Lemma 4.7, there is a subsequence of ((ug,vk))k, denoted again by ((wky VE) ks
and there is a full bounded solution u of 7’ such that (ug,vx) — (u,v) in X1/?2x X,
uniformly on compact subsets of R. Here, (u,v) = I'ou. Since N is closed in
X1/2 x X, we see that (u,v) lies in N, so that (u,v) actually lies in K. Thus
(u,v) € T and the claim (4.5) is proved.

We also claim that

(4.6) T and T¢,, n,,0,., ™ € N, are compact in C(R — X!/2x X), translation
’ and cut-and-glue invariant.

Recall that

(4.7) T, nmsm = T

us
emSnm 0m

N, forallme N.

Now (4.7) and [4, Proposition 2.7] imply that for m € N, the set 7, nm,0m 1S
compact in C(R — X 1/2 % X), translation and cut-and-glue invariant.

In order to prove the compactness of 7, let ((ux, vs))x be an arbitrary sequence
in 7. Thus, for every k € N, ux is a full solution of 7’ lying in K’. Now an
application of (17, Theorem 4.6] (with fo = f) shows that there is a sequence
(Kn)n in N with £ — 00 and there is a full solution u of 7’ lying in K’ such that
Uk, — U in X1 uniformly on compact subsets of R. Thus (ux,,,Vx.) — (%,v) in
X1/2 x X, uniformly on compact subsets of R, where (u,v) = Tou. It follows that
(u,v) € T and so T is compact in C(R — X'/2 x X), as claimed. The translation
and cut-and-glue invariance of 7 is obvious. This completes the proof claim (4.6).

An application of [4, Theorem 3.3] together with (4.4), (4.5) and (4.6) shows that
there is an mo € N such that for every m > mo, the family (Mp,e,. nm, 0, )peP 1S &
<-ordered Tz, n.n. 0., Morse decomposition. This is a contradiction. The lemma is
proved. 0O
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Lemma 4.9. Letn’' € N and &' € )0,00( be as in Lemma 4.8. Then for alln > n',
€ €10,¢'] and 6 € [0,1], the homology indez braid of (e, fn0r Kem,0, (Mp e n,6)peP)
is isomorphic to the homology indez braid of (me, K¢, (Mp e)pep)-

Proof. Let n > n’ and € € ]0,¢’] be fixed. Let (6x)x be a sequence in [0, 1] such that
0 — 6o in [0,1]. Then fng,(u) = fn,g,(u) in X, locally uniformly in u € Xz,
This implies, by results in [16], that e s, , — e .4, Moreover, results in (3]
imply that N is (ry, ,, )k-admissible. Now Lemma 4.8 and the abstract regular
continuation principle [5, Theorem 3.7] complete the proof. [

Given ¢ € ]0,00[ and n € N we consider the local semiflow ., generated on
the finite dimensional space X, := P,(X'/?) x P,(X) by the ordinary differential
equation

w=v, 0= (1/e)(~v—Au+ Paf(Pau)), (u,v)€ Xq.

The local semiflow 7, , is the n-Galerkin approzimation of Te.
Moreover, let /., be the semiflow generated on Wy, := Qn(XY?) x Qn(X) by
the evolution equation

(4.8) w=uv, v=(1/e)(-v—Au), (u,v)€ Wn.

By [17, Proposition 5.3 and its proof], the space X, is positively invariant relative
to the local semiflow m¢ y, , and every bounded 7, f.,-invariant set is included in
X, and is 7 n-invariant. Moreover, every me n-invariant set is ey, ,-invariant.
Setting Ken := Ken,1 and Mpen = Mpen,1, P € P, we thus see that, whenever
n>n',e€)0,e], wheren' € Nand &' € ]0, 00[ are as in Lemma 4.8, then K n is
a compact e p-invariant set and (Mp,e.n)pep is a <-ordered Morse decomposition
of K, n, relative to men. Furthermore,

Lemma 4.10. Let 7’ € N and &' € ]0,00[ be as in Lemma 4.8. Then for n > n'
and € € 0,€’], the homology index braid of (Te,n, Ken, (Mp,en)pep) 18 isomorphic
to the homology index braid of (7e f,, 1> Kens (Mp,e,n)pep)-

Proof. Let e €]0,&'] and n > n' be fixed arbitrary. Let N o= (Nin(I))1ea(<) bea
strongly 7 n-admissible index filtration for (me,ns Keny (Mp,en)pep). (Strong me n-
admissibility means, in this finite-dimensional case, simply that N/ ,,(P) is bounded
in X,.) Let B = B, be the unit ball in Wy. Since lurl tlw, < e Pr*lulw, for
some 3, € ]0,00[ and all w € W, and ¢t € [0, oo] it follows that, relative to T ny B
is an isolating block for {0} with empty exit set, so in particular, B is positively
invariant.

We define N; (I) := N.,(I) + B= N¢ ,(I) X B, I € A(=). It is now a simple
exercise to show that N n = (Nen(I))rea(<) is 2 strongly ¢y, ,-admissible index
fltration for (mc s, 1, Ken, (Mpen)pep). We claim that

there is an isomorphism On: .. = (On7  Nen (D)) sez(<) from the
(4.9) homology index braid of (7¢,n, Ke n, (Mp,en)pep) to the homology index
braid of (me,f, 1> Kens (M, en)peP)-

In fact, let J € Z(<) be arbitrary. Choose I, K € A(<) with (I,J) € Ta(=<) and
K = 1J. Let ¢: N, ,(K)/N¢(I) — N n(K)/Nen(I) be inclusion induced and
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¥: Ne o (K)/Nen(I) — N .(K)/N¢ ,(I) be induced by the canonical projection
y+z—yof X1/2x X =X, W, onto X,. It follows that ¥ o ¢ is the identity on
N, (K)/NE’,H(I) while ¢ot) is homotopic to the identity on Nen(K)/Nen(I) via the
homotopy Nen(K)/Nen(I) x [0, 1] = Nen(K)/Nen(I) induced by the homotopy
(y+2z,7)—yt7z00 X1/2 x X = X, ® W,. The homotopy axiom for singular
homology now implies that the map

O NE,..(J): H(""s,na Me,n(J)) - H("rs,f,.,pMs,n(J))

e,nt

induced by ¢ is an isomorphism. Claim (4.9) is proved which in turn concludes the
proof of the lemma. O

Now, Lemmas 4.9 and 4.10 imply the following proposition.

Proposition 4.11. Let n’ € N and ¢ € )0,00[ be as in Lemma 4.8. Then for
n > n' and € € ]0,€'], the homology index braid of (Ten, Keny (Mp,e,n)pep) 18
isomorphic to the homology index braid of (e, Ke, (Mp,e)pep)-

Lemma 4.12. There exists an n; € N such that for every n > ni, the sets N
and V,, p € P, are Ty, , -isolating neighborhoods of Kn =Ty, ,(K3) and Mpn =
Ty, (M), PE P, respectively, where N' and V,, p€ P, are as in Theorem 4.1.

Proof. This follows from (17, Theorem 4.11). O
We can now give a

Proof of Theorem 4.2. Let ng € N be as in Lemma 4.4, n' € N be as in Lemma 4.8
and n; € N be as in Lemma 4.12. Define 7 := max{ng,n’,n1}. Fix n 2 n
arbitrarily. Proposition 4.6 implies that

(4.10) the homology index braids of (77, K}, (My n)pe p)and (7', K', (M;,)pep)
are isomorphic.
Notice that
Ky =Invg, (N') = Invae (N'NYq) C Inty, (N’ NY3),

My, = Inv,,:jm1 (Vé) = Inv,,;‘(\/; NY,) C Inty,(V,NYn), p€ P.
Moreover, with the notation introduced in Section 3, it follows from Lemma 4.12
Invy, (NNXn)= Ian,M(N) = Kn CIntxi2xx(N),
Invr, (Vo N Xp) =Invy, (Vp) = Mpn C Inty1/2xx(Vp), P E P,
where gn:Yn — Yn is defined by
gn(u) = —Au+ Pa(6(w) +7), u€Ya

Hence

Invy, (NN X,) CIntx, (NN Xn),

Invr, (Vo0 Xn) C Intx, (VN Xn), p € P
It follows from Theorem 3.6 that there exists an & € 10, oo[ such thag for all
e €]0,&), the family (Mp,e,r,, )pep isa ~-ordered Morse decomposition of K » and
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the homology index braids of (We,mf{e,n, (Mp,er,., )pep) and (!, K}, (M’,n)pep)
are isomorphic, where
Ren=Tnvg, (NN Xg)=Inve, , (N) = Ken,
Mper,, = Invg, . (VpN Xa)= Inve, , | (Vp) = Mpen, pE P.

Hence

the homology index braid of (¢ n, Ke n, (Mp,e,n)pep) and the homology

index braid of (n,, K%, (M}, ,)pep) are isomorphic, for all € € 10,&p).

(4.11)

Define £¢ := min{e’, &}, where &’ € ]0,00] is as in Lemma 4.8, and let € € 10, €0)-
Proposition 4.11 implies that

the homology index braid of (7e n, Ke,n, (Mp,e,n)pep) and the homology

(412)  ndex braid of (e, K¢y (Mp,e)pep) are isomorphic.

Now (4.10), (4.11) and (4.12) imply the homology index braid of (¢, K¢, (Mp,e)pep)
is isomorphic to the homology index braid of (n',K', (My)pep) for all e € 10, €0]
and the proof is complete. [J

Remark 4.18. Theorem 4.2 also holds for cohomology index braids with an analo-
gous proof.
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