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Numerical control of Equisingularity for map germs
from C" to C3, n >3

V. H. Jorge Pérez* E. C. Rizziolli and M. J. Saial

Resumo

Neste artigo é dado o mimero minimo de invariantes que garante a equisingularidade de Whitney em
uma familia a um parametro de germes de aplicagdes holomorfos de corank um f : (C™,0) — (C3,0), com
n > 3. A principal ferramenta utilizada na determinacéo destes invariantes é a relacao entre os niimeros de
Lé que aparecem na hipersuperficie determinada pela imagem inversa por f do conjunto discriminante de f
e as multiplicidades polares associadas aos tipos estdveis do germe.

Abstract

We give the minimal number of invariants that is sufficient for the Whitney equisingularity of a one
parameter deformation of corank one finitely determined holomorphic map germ f:(C",0) — (C3,0), with
n > 3. We see from the work of Gaffney that the invariants needed to control the Whitney equisingularity are
the O-stable invariants and the polar multiplicities which appear in the stable types of a stable deformation
of the germ. The key tool to give this minimal number is to use the relationship between the invariants in
the stable types in the source and the target with the Lé numbers which appear in the inverse image by the
germ f of the discriminant of f.

1 Introduction

Gaffney describes in [3] the following problem: “Given a 1-parameter family of map germs F': (CxC™,(0,0)) —
(C x C?,(0)), find analytic invariants whose constancy in the family implies the family is Whitney equisin-
gular. ”He shows that for the class of finitely determined map germs of discrete stable type, the Whitney
equisingularity of such a family is guaranteed by the invariance of the zero stable types and the polar
multiplicities associated to all stable types.

Since the number of invariants depends on the dimensions (n,p) and it can be very big according to n
and p are big. Then a natural question is to find a minimal set of invariants that guarantee the Whitney
equisingularity of the family.

In the case of map germs in O(2,2) and O(2,3), Gaflney reduced the number of invariants by finding
relations among them. From the fact that they are upper semi-continuous, these relations allowed to reduce
the number of invariants required in Gaffney’s theorem. The method of Gaffney was applied in the cases
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of map germs in O(n,p), when n = p, [21],inn <p [22], and in (n,3) with 7. > 3, see [23]. However, we
remark that this method does not allow to find the minimal number of invariants for these dimensions.

More recently, Gaffney and Vohra in [10] studied map germs from n-space to the plane, with . > 3. In
this case, and also when 7 > p, there are some stable types which appear in the strata in the source which,
possibly are with non isolated singularities. Then they showed that the Lé numbers, associated to the top
" dimensional stratum in the source, i. e., the inverse image of the discriminant control lower dimensional
strata as well, and this leads to a considerable simplification, in terms of the numbers of invariants needed.
In fact, they showed that this stratum carries all information necessary to determine if the family of map
germs is Whitney equisingular. '

In this paper we study map germs in O(n,3) with n > 3 under this point of view. Tollowing this new
method of Gafiney and Vohra, we also show that the Lé numbers of the inverse image of the discriminant
control all information necessary to determine the Whitney equisingularity of the family.

2 Notation and preliminaries

We follow Gaffney in [3] and denote by O(n, p) the set of origin preserving germs of holomorphic mappings
from C™ to CP, O,(n,p) denotes the set of germs at the origin but not necessarily origin preserving.

For a germ f € O4(n, p), we denote the singular set of f by S(f), it consists of all points where the rank
of the derivative of f is less than m = min(n,p). The ideal generated by the set of m > m minors of the
derivative of f is denoted by J(f).

The critical set £(f) of f is the set of points x € C™ such that J(f)(x) = 0. The discriminant A(f) of f
is the image of T(f) by f. When n > p, the sets S(f) and (/) coincided.

We denote by R the group of local diffeomorphisms of the source (C™,0), and by L the group of local
diffeomorphisms of the target (C?,0). The action of the product L xR =: A leads to A—equivalence of
map-germs: f, g € O(n, p) are A-equivalent if they are equivalent by smooth coordinate changes of source and
target. Similarly the action of the semi-direct product K. := (R.L) gives rise to K-equivalence [also called
contact equivalence| of maps germs. A given map-germ f € O(n,p) is said to be k — G—determined
(G = A or K) if whenever g € O(n,p) and j*f(0) = j*g(0), then g is G-equivalent to f; [ is finitely
G-determined if it is k — G— determined for some k < co. In order to lighten notation, and in accordance
with standard practice, whenever we say “finitely determined” (without specifying whether A or K), we shall
mean “finitely A— determined”.

Map germs which are finitely K— determined are called map germs of finite singularity type, [[27],
p.201]. Using the symmetry between the theory of A-equivalence and the theory of K-equivalence, we know
that, in particular if f € O(n,p) is finitely A— determined, then f has finite singularity type. In this
situation, the restriction fls(s) : S(f) = Af isa finite map |any point in the target has at most a finite
number of preimages|, and hence dim S(f) = dimA/J.

We say [ is a stable germ if every “nearby” germ is A-equivalent to f. A stable typeis an A-equivalence
class of stable germs. A stable type @ appears in a versal unfolding of f, F il for any representative
F = (id, f,(z)) of F, there exists a point (u,y) € C* x CP such that the germ fy : (c*,S) — (Cry) is a
stable germ of type @, S = f~1(y) N Z(fu). The points (u,y) and (u,z) with = € S are called points of
stable type Q in the target and in the source, respectively.

A finitely determined germ f has discrete stable type if there exists a versal unfolding of f in which
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only a finite number of stable types occur. In particular, if the numbers (n, p) are Mather’s “nice dimensions”



[which is true for (n,3), n > 3, our focus here] or on the boundary thereof, then every finitely determined
germ f € O(n,p) has discrete stable type.

Let F' : (C x C*(0,0)) — (C x C?,(0,0)), F = (t, f(t,x)), be a l-parameter unfolding of a finitely
determined germ f, such that f(t, —) preserves the origin for all t. Let T := C x {0}. F is a good unfolding of
[ if there exist neighborhoods U, W of the origin in C x C* and C x CP respectively such that F~Y(w)=U,
F maps UNE(F) =T to W — T and if (to,y0) € W — T, then the germ fy, : (C*, S) — (CP,yq) is stable,
where S = F~1(tg,y0) N Z(F).

A good unfolding is excellent if all the O-stable invariants are constant in the unfolding and f is of
discrete type.

An unfolding F' of f is Whitney equisingular along the parameter space T if there exists a regular strati-
fication of the source and the target, with 7' a stratum of the source and the target and these stratifications
are Whitney equisingular along T, i.e. satisfy the Whitney conditions a and b and Thom’s Ap condition.

One of the questions of main interest is to show when an excellent unfolding F : (C x C",(0,0)) —
(C x €?,(0,0)) of a finitely determined germ f € O(n,p) is Whitney equisingular.

Using the polar invariants, i.e, the polar multiplicities of the polar varieties of the stable types (defined
by Teissier in [25]) and Thom’s isotopy lemmas, Gaffney showed the following.

Theorem 2.1. ([3], p. 207) Suppose that F' : (C x C",(0,0)) — (C x CP,(0,0)) is an excellent unfolding of
a finitely determined germ f € O(n,p). Also suppose that the polar invariants of all stable types defined in:

1. the discriminant A(f:) = fi(Z(f:)),

2. the singular set X(f:) and also in the set
3. X(f) = (U (AR) - 2(f1),

are constant at the origin for allt. Then the unfolding is Whitney equisingular.

Remark 2.2. The theorem remains valid if we replace the term “an excellent unfolding” in the hypothesis
by “a l-parameter unfolding which, when stratified by stable types and by the parameter axis T, has only
the parameter axis 7" as 1-dimensional stratum at the origin” ([10]).

3 The stable types in O(n, 3)

According to the Theorem of Gaffney, the constancy of the polar invariants of all stable types defined in
A(ft), £(f:) and X (f;) is the condition for the Whitney equisingularity.

The first step in the strategy to minimize the number of invariants is to describe all stable types which
appear in these sets, as (7, 3) is in the range of the nice dimensions of Mather, any finitely determined map
germ f € O(n,3) is of discrete type, hence the stratification has a finite number of strata.

We can deal with the entire class of cases f : (C",0) — (C3,0), for all n > 3, ”at one stroke”, is a
consequence of the fact that in each case, the stable singularities which appear in the target are precisely
the same type, namely double points curve, edge cuspidal, triple point, swallowtail, cuspidal edge crossings
transversally with a plane and the regular part.

In general, for any pair of dimensions (n, p) the description of the stable types can be done in terms of
subschemes of multiple points of a germ f, as we can see in [21] for the case n = p or in [22] for the case

n < p.



Here we use the Thom-Boardman stratification to describe the stable types which appear in the singular
set £(f), then we show the stable types in the discriminant A(f) of f and finally the stable types of
X(f) = (f~Y(A(f)) — =(f)). For any Boardman symbol i = (iy,...,i,), we denote by L*(f) the set of
points in X(f) of type i.

Stratification of source.
In the source there are two sets which are stratified, one of them is the singular set X(f) whose stratifi-
cation is done by the smooth parts of the following sets:

1. The 2-dimensional set X"~ 2(f) = X(f);
2. The 1-dimensional set "~ 21(f);
3. The 1-dimensional set of double points, denoted D3 (f|Z(f)).

The other set to be stratified in the source is X (f) = f~1(f(2(f))) — 2(f) C C*, which has its interior
in the regular set of f.

This stratification is obtained by the inverse image of f of the stable types in the target and also the
inverse image of the multiple points. It is formed by the smooth parts of the following sets.

1. The (n-1)-dimensional set X (f) = (f~1(f(2(f)) — =(f));

2. the (n-2)-dimensional set X1 (f) = (f~1(f(Z"~21(f))) — Z(f) N Z"=21(f));

3. the (n-2)-dimensional set X2(f) = (f~1(f(D{(f1=(/)))) — =(f) N DI (fI=(£)));
4. the (n — 3)-dimensional set f~1(0).

We remark that the set f~1(0) is an ICIS, while the other, possibly are not.

In the target the stratification is done in the discriminant of f, A(f) = f(X(f)). It is formed by the
smooth parts of the following sets.

1. The discriminant A(f) = f(Z(f)), which is 2-dimensional;
2. The 1-dimensional set f(Z™~21(f));

3. The image of the double points of f, which is 1-dimensional and denoted by f(D%(f|Z(f)))-

To a k-dimensional variety are associated k -+ 1 polar invariants. Since (f) and A(f) are of dimension
2 and the dimension of D?(f|Z(f)), E"21(f), f(E"~21(f)) and f(DI(f|£(f))) is 1, there are 14 polar
invariants defined on these sets. We also have 3n — 2 polar multiplicities of the sets X (f), X1(f), X2(f) and
n — 2 polar multiplicities of the set f~1(0).

Therefore to apply Theorem 2.1 to germs in O(n,3) we need the constancy of 4n + 10 invariants. In the
following sections we show how to obtain the minimal number of invariants which guarantee the Whitney
equisingularity, for any finitely determined map germs.



4 The Lé cycles and relative polar multiplicities

We now recall some general facts pertaining to our study: Lé cycles and relative polar multiplicities [see [18]
and [6]].

Definition 4.1. Let h: (C",0) — (C,0) define an (n-1)-dimensional, reduced analytic space germ X C C",
i.e., X = h=1(0). We consider the Blowup B of C* along the Jacobian ideal J(h):

b:B= BlJ(h)(Cn — Cn,
with exceptional divisor E :=b~1(v(J(h))) = b"1(S(h)).

We observe that the map b, called the struture map of Blowup, is a proper morphism and B equals the
closure in C™ x P*~1 of the graph of the following map,

J: (C* —v(J(h))) — Pt
2 ((hyy)(2) : ... (hy,)(2)).

The relative polar variety of h, of dimension, where k =0,... ,n— 2, denoted T*(h), is defined by:

o) =0, para k=0
T*(h) :=b(HiN...N Hy_p N Blyn,C®), parak=1,...,n—1
L% (Rh)=C", para k =n

where the H; are generic hyperplane of dimension j in P"~1 .

The kth relative polar multiplicity of h, where k =0,... ,n— 2, denoted my(h), is defined by:

my(h) = multy(T*(R)).
Definition 4.2. The Lé cycle of h of dimension i, withi =0,...,n—1, is denoted A*(h), and is defined
as the pushforward by struture map of cycle formed by intersecting the exceptional divisor E in the blowup
B with (n — i — 1) generics hyperplanes, i.e.,
A(h) :==b,([ENH;N...NH;)),fori=0,... ,n—1.
Note that each component of A'(h) has dimension i.

The associated Lé number of dimension i is \'(h) = Ap—i(h) := multg A*(h), where i =0,... ,n— 1.
When the singular locus of h has dimension s, say, then the numbers Lé of larger dimension, namely
ASTL(R), ..., A™(h), are zero.

There are severals computational rules involving the objects above, namely:

1. The notation [E].H™ refers to the cycle [EN Hy; N...N Hy,| obtained when E is intersected by n
hyperplanes in P*~! that are general with respect to B; [see section 2 of [7] for details]. By
convention, [E].H? is just [E].

2. For a given cycle [S] := Y. ;W; C B, we define b,([S]) := >°, ¢;.b(W5), if dim W; = dim(b(W;)); and
0 otherwise.

3. A¥(h) :=b,([E.H;]), for i=0,... ,n—1.



4. The multiplicity [at the origin] of a given cycle [S] := Y, ¢;W; is multy S := > ci(multo(W;)).
5. At = multg(A?), for i=0,... ,n—1.

In addition, there is an another invariant, which involves Lé numbers and the relative polar multiplicities,
namely: Euler characteristic, [see [18], p.39 and [7], p.726].

Definition 4.3. The reduced Euler characteristic of the Milnor fiber of the h | H* at 0, denoted
x®) | is defined by

X®) = ma_g () + AR (h) — NP~ (R) 4 An=E=D(h) 4 4+ A%(R), n—s <k <n
with s = dim V' (J(h)).
The Euler characteristic, denoted just x(*), is the following sequence:

X(*) = (X(n_s)7 S X(n))

The next Lemma describes how the Lé numbers and the relative polar multiplicities are related.

Lemma 4.4. ((3.4) and (6.1), [7]) Let M (h|H*) denote the j-dimensional Lé numbers of the restriction of
X (t) to a generic k-dimensional plane section H*.
The following relations hold between the Lé numbers N (h), the relative polar multiplicities mj(h), and

the Lé numbers N (h|H*), with k =n—s,... ,n, where s = dim V(J(h)).
(i) \(h|H?) = A"~3(h) + mu_;(h), for j=n—s,... ,n;
(i1) o~ (h|H*) = X"~¥(h), for i=n—s—1,...,k—1landk=n—s,... n.

Definition 4.5. The conormal of a given analytic space Y C C", denoted C(Y), is the closure in C™ x P 1
of the pairs (y, H), where y is a smooth point of Y, and H is a tangent hyperplane to Y at such a point.

Remark 4.6. Since the conormal C(Y’) encodes information about limiting tangent hyperplane to Y, it
plays a role [as also does its relativized version| in stating equisingularity conditions, such as the Whitney
conditions, or Thom’s Ay condition; [see [6] and [8]].

5 Numeric Control of equisingularity in O(n,3), n > 3

In this section we consider the following setup: Let f € O(n,3), n> 3 be a finitely determined map germ,
and F': (C x C" (0,0)) — (C x C?,(0,0)) be a one-parameter unfolding of f = fo, such that F is stratified
by stable type, and by the parameter axis T. For each f; : (C*,0) — (C,0) in the family {ft}, denote the
equation that defines the discriminant Af; with reduced structure, by g; = 0, where g; : (C3,0) — (C,0).
Let X = {X(¢)} denotes the family of reduced hypersurfaces X (t) := f;(Af,) in C™.

We show here that the inverse image X(t) of the discriminant of f carries all information necessary to
determine if the family of map germs is Whitney equisingular.

Lemma 5.1. In the setup above:
(i) S(f:), the singular locus of f;, is either empty or 2-dimensional;
(i) S(fe) N f71(0) = {0}, ¥f S(f:) # 0;

i) f71(0) is (n — 3)-dimensional;
t



(iv) g¢ is a submersion at each point of A\O;

(v) S(f:) € S(ge 0 fi) € S(f) U £71(0);
(vi) If hy := (gt 0 fi) : (C™,0) — (C,0), then X(t) = V(he), and T(X(t)) = (he).

Proof (i) Assume S(f;) # 0, we use the fact that the singular locus, is nonempty, of any smooth stable
map germ from C" to C3, n > 3, is necessarily of dimension 2. We recall also the following result that
relates finitely determined map germs and stable map germs, due to Mather: “ If f; € O(n,p) is finitely
determined, then there is an open neighborhood U of 0 in the source such that for each point z in U \{0},
the germ of f; at z is stable”.

The desired result now follows, because at each point z different from 0 in the singular locus, the singular
locus de f; is locally 2-dimensional.

(ii) We know that S(f;), is nonempty, is 2-dimensional, and it is clear that both S(f;) and f;"'(0) contain
the point {0} in the source. The desired result now holds because ftl S(f.) is a finite map.

(iii) Suppose f; := (¢, @, 9); since f;(0) = V(¢, ¢, %) C C™.

It follows that dim f; '(0) = dim V(¢, ¢,%) > (n — 3). We claim that dim V(¢, ¥, %) cannot be n, n — 1
or n— 2. To see this, note that dim V(¢, ©, ) is either n, n — 1 or n — 2, then the kernel rank of f, must be
strictly greater than n — 3 at points of f; *(0), implying that f; '(0) C S( ft), and hence that dim S(f;) > 2,
a contradiction of (i) above.

(iv) For all points Z € A(f;)\0 sufficiently close to 0, we know A(f;) is smooth at Z: since g; defines
A(f;) with reduced structure, we conclude that Dg,(Z) # 0.

(v) We first show that S(f;) C S(g¢o fi). It clear that this inclusion holds if S(f;) = 0; consider the case
of S(f;) # 0. Note that at any nonzero point in S(f;) close to 0, f; is locally a fold, so it follows immediately
that locally that inclusion S(f;) C S(g; o f¢) holds. As regard the point 0 € S(f;), the connecteness of the
curve S(f), together with the inclusion just established for nonzero points in S(f;) shows that 0 € S(g o f).

As regard the second inclusion S(g; o f;) C S(f;)Uf, *(0), consider a point z € S(g, 0 F)\S(f2); it suffices
to show that z belongs to f; '(0). At such point z, we know f; is a submersion, and D(g; o f;)(2) = 0;
it follows from the chain rule that we then must have Dg;(f;(z)) = 0. Since we also know that g; is a
submersion at each point of Af;\0, we conclude that fi(z) =0, i.e., z € f; *(0).

(vi) As X (t) C (C",0) is a hypersurface germ, the ideal Z(X (t)) is principal; say the principal ideal (h;)
corresponds to X (t), hs : (C*,0) — (C,0) non-constant; in particular, (h) := Z(X (t)), We also know that
by definition, V(h(t)) = X (), so the ideal containment (h;) C (h;) is clear. We claim that strict containment
is untenable; this give us the desired result. Now if ideal () is strictly contained in (iLt), then there must
exist a component X' of X such that the defining equation hj of X' is related to h! := (g/o f;) by hl = (Aly™
for some integer . > 3. In order to lighten notation, we may assume, without loss of generality, that X
is irreducible, and hence we must have (g; o f;) = (h*). We now consider the singular set S (gt o ft) of
ht = (gt o ft), namely S(g: o fr) == V(gt o ft, 8(%”;""), e B(g‘;f‘)) and derive a contradiction. Since we
have (g; o f;) = (h™), it follows that h, divides each of the functions defining S (g¢ o f;), implying that these
functions belong to the ideal (h;) and thus must vanish on X (£). But then S(g; o ft) is all of X (t), which
contradicts the fact that S(g; o f;) is at most (n — 3)—dimensional, whereas X (t) is (n — 1)—dimensional,
n > 3. O

Remark 5.2. The proof of part (v) above [and using] (vi)] shows that the inclusion S(f;) C S(gs o f;) is in
fact an equality if the defining equation g; of A(f;) satisfies Dg;(0) = 0; in this case dim S(h;) =n — 3.



Remark 5.3. From [part (v) of Lemma 5.1], and Remark 5.2, we can see that precisely one of the two
inclusions in the nesting S(f;) C § (gt o ft) C S(fi) U £ 1(0) is an equality, for a given f. The inclusion on
the left side is an equality iff f is a fold, and in this case the analysis is particularly simple, as singular locus
de X, namely S(h), is necessarily 2-dimensional irrespective of how large the integer n [of source space Cn}
is. In all others situations, the inclusion on the right side is an equality, and in the sequel, we shall assume
that it is this equality S(g; o f;) = S(f,) U [+ 1(0) that holds.

We are going to obtain the Whitney equisingularity of a family of map germs in O(n,3), n > 3. For this
purpose: let F': (C x C™, (0,0)) — (C x C3, (0, 0)) with n > 3 be a good 1-parameter unfolding of a finitely
determined map germ f € O(n, 3).

Theorem 5.4. ([9], p. 32) The pair (A(F), T) is Whitney equisingular iff the sequence (m1(g;), mo (9¢),x3,)
1s independent of t.

Theorem 5.5. The pair (X(F),T) is Whitney equisingular iff the sequence (ma(hy), ... ,mn_g(ht),xzt) is
independent of t.

Proof First we remark that if the closure of a stratum S of V(Xo(F)) = X(F) is the image of a component
of the exceptional divisors of the Blow up B = BI 1(xo(F)) C™*1, from the fact that the condition Ap of Thom
is generic and also from dimensional reasons, this component is the conormal space of S. Then, applying
the theorem 6.3 of [9], the Blow up of this component by the pullback of mr has a exceptional divisor which
is equidimensional over 7. From the theorem V.1.2 of (25], the pair (S, T) satisfies the condition W, hence
the Whitney equisingularity.

Therefore it is enough to show that each stable type is the image of a component of the exceptional
divisor of the Blow up B = Bl x,(r))C™ L.

First we show this for the mono germs. Here it is sufficient to show that if fg represents a minimal stable
type Q which appears with positive dimension in F, then the relative polar curve of X (fo) at the origin is
not empty, but this curve is empty if and only if the intersection H; N...N H, 1NBIl J(h)C™ is empty if
and only if the fiber over the origin is not a component.

Therefore we conclude that the origin is the image of a component of the exceptional divisor. Since X (fo)
is a cartesian product along the strata of X (F) which are different from T', the stratum which represents
the stable type Q is also the image of a component of the exceptional divisor.

We remember that if the multiplicity of the relative polar curve is not zero, then the polar curve is not
empty. Massey showed in ([19], p. 365) that this multiplicity is the number of spheres in the homotopy type
of the link of the singularity, independently of the dimension of the singular locus. Here we only need to
show now that this number is greater that zero.

For this we apply the theorem 3.1 of Damon in (2], pp. 14, which tell us that for ¢ and € small enough,
(Xo(fa))~1(0) N B. or (X(fo) N B¢) is independent of the stabilization fo and is homotopically equivalent
to a bouquet of n real spheres, since n > 3, this is different from zero.

Therefore the multiplicity of the relative polar curve is not zero, and we finish the proof for mono germs.

Now we consider the stable types of the multi germs. Here we have that if two smooth sheets of X (F)
intersect, then this has codimension 0 in E(Xo(F)), so this stratum must be the image of a component of the
exceptional divisor. Otherwise, we can assume that the set X (ft) is locally the union of two hypersurfaces
X1 and X, embedded in C¥ x C"~* with equations 91(21,. .. , 2) = 0 and g2(2k41,. .. , 2,) = 0. There are
two cases: one with k = n — 1 and g, = 2, and the other is with both 91, g2 defining singular hypersurfaces.



Suppose first that hy = z,. Then we can assume that ¢; parametrizes a branch of the polar curve
of hy and hy,, o ¢y is zero for 1 < i < n —2. As hy is in the integral closure of J(h;) we obtain that
(h1/h1.,_,) o ¢1 is an analytic germ ™. Call ¢ = (¢1,%y) then if f = z,hy f,, 09 =0for 1 <i<n-—2and
(fen = frn_1) 0@ = (h1 — 2301, ) 0o = 0. Hence ¢ parametrizes the branch of the polar curve of f.

Now suppose that f = hihg and assume that ¢; and ¢ are parametrizations of the branches of the polar
curves h; and hs, respectively. Then ¢ = (¢1, $2) parametrizes a polar surface of f and we obtain f, o =0
for 1 <i <k and k+1 < i < n. Therefore, for an appropriate choice of A and B, (Af., + Bf.,) o ¢ defines
a curve of singularities which branch is parametrized by 1), then ¢ o9 parametrizes a branch of the polar
curve of f and we are done. O

Remark 5.6. Note that, in this setup initial, from the results 5.3 and 5.5 we have that the independence of
the sequence (mi(hs), ..., mn-3(ht),X},) also guarantee the Whitney equisingularity of other strata of f;:

S(f:) and f;1(0).
Hence, we obtain

Theorem 5.7. Let F : (C x C*,(0,0)) — (C x C3,(0,0)) with n > 3 be a good 1-parameter unfolding of a
finitely determined map germ f € O(n, 3).
The family {fi} is Whitney equisingular if, and only if, the sequences:

(ma(ge), m2(gs), x,,) and (ma(he), ..., mn_3(he), X1,)

are independent of t.

Proof Recall that an unfolding F' of f is Whitney equisingular along the parameter space T if there exists
a regular stratification of the source and the target, with 7" a stratum of the source and the target and these
stratifications are Whitney equisingular along T, i.e. satisfy the Whitney conditions a and b and Thom’s Ap
condition. In this case, we consider four essential strata: the closure of the part smooth of S(f;), f; *(0), X (t)
(source) and A(f;) (target). So that this claim follows immediately from the Theorems 5.4 and 5.5.

]

Remark 5.8. From the definition of the “ Euler characteristic” 4.3 and [7], p.726 we can get the following
equivalences:

(i) (mi(he),...,mn_3(ht), x},) is independent of t iff (my(he),. .. ,mn_3(he), NO(Ry), ..., A" 3(hy)) is in-
dependent of t;

(i) (ma(ge), m2(g¢), x;,) s independent of t iff (m1(ge), ma(ge), A°(Re), A (ht), A%(hyt)) is independent of t.
Therefore, the theorem 5.7 can be rewritten.

Corollary 5.9. Let F': (C x C",(0,0)) — (C x C3,(0,0)) with n > 3 be a good 1-parameter unfolding of a
finitely determined map germ f € O(n, 3).
The family {fi} is Whitney equisingular if, and only if, the sequences:
(ml (h’t)’ wEw g mn—3(h‘t)’ ’\O(h‘t), i # 7’\n-3(ht)) and (ml (gt)v m?(gt)v /\O(Qt)v Al (gt))

are independent of t.



Now we wish to minimize the number of the invariants listed above and still to control the Whitney

equisingularity of the family {f;}.

Lemma 5.10. In the setup initial, if \°(g;), \'(g:) are independent of t, then the map

t—mg(h), k=0,... , n—3
18 upper-semicontinuous.

Remark 5.11. To show that the above map t — my, (ht), k=0,...,n—3 is upper-semicontinuous we then
must demonstrate that the fiber T¥*(H) N {0} x C" of I'*+1(H) over 0 specializes to I *(ho), because if so,
we can write my(h;) = e(m., Ol—‘lzc-i—l(H)m{t}an), [here m, denotes the maximal ideal (zi, ..., Zn)], and the
desired result follows from the upper- semicontinuity of the classical ideal multiplicity (see (15]).

The problem is that there may well exist a component

cc S(ho)

such that [**1(H) N {0} x C* = I'**1(hy) UC, and the inclusion C™ C DHl(hy) € THY(H) N {t} x C is
strict. More precisely, if there is no component of ['*+1(H) N {0} x C™ in S(ho), then we have the desired
specialization, i.e. I'**1(hg) = T*+1( H) N {0} x C™, and hence the upper-semicontinuity of the relative polar
multiplicities my,(h;), for k =0,...,n — 3.

Proof Since S(ho) = S(fo) U f3 '(0), it suffices by 5.11 above, to show that k — 0,..,m—3,: (i) no
component of I';*1(H) N {0} x C" belong to f;*(0); and (ii) no component, of ¥ 1(H) N {0} x C™ belong
to S(ho).

(i) Fix k and . Note first that at any point z € f ~1(0) — S(fo), the map, fy is a submersion. Also,
the hypothesis of A\°(g;), \'(g;) and \?(g;) are independent of t, by the generalization theorem of Lé- Saito
(19]), imply that Thom’s conditions Aq are satisfied by Q relative to the pair (C x C3,T), so it follows
that the map H := @Q o F satisfies the Ay condition for the pair (C x C*, F~Y(T)). This means that
every limiting tangent plane to fibers of H contains the tangent space to F~1(T); in terms of the blowup
b:B = BlyxCxC"— CxC" it follows, [since T*+!(H) := b(B N H,_x), (see p.47 [10]); that: there is
a k-dimensional component of I**1(H) N {0} x C” in f;(0) iff H,_, N EN b~(f5*(0)) has dimension k.
But since at a generic point, the dimension of b=1(f;1(0)) is n— 1, we get that H,_ N ENb~(f;1(0)) has
dimension (k — 1), so we are done.

(ii) Note that at a generic point 2 of S(fo) — Q(fo) — {0} where Q(fo) is a stable type 2-dimensional, fo
is a fold, or fo is a cusp. Using the hypothesis of constancy of #(g¢), we see that, for t small and by suitable
choice of coordinates, the Jacobian J(H) does not depend of t. Therefore, for each k, the relative polar
variety A1 (H) is independent of ¢ and hence specializes as desired, so that A*(ho) = Ak + 1(H)N(0x C").
O

Lemma 5.12. In the setup initial. If \°(h;|H®) is independent of t, then \°(g;), \}(g;) are independent of
t

Proof  Suppose that the hypothesis of constancy of the \°(h.|H?) holds, but that the value of
A%(g:), A'(gs) change at 0, we derive a contradiction.

We may suppose that the singular sets of the maps g, are of the form U.(S(gt)) = TUC, where C is a
curve in Cx C?, such that C is distinct from 7', and that TNC = (0, 0). Consider F~1(C)N(H?® x T); at each
point (¢,¢) € F~(C), we know that Dg;(F(t,¢)) = 0. This imply that the maps h¢|ps are singular along
F~1(C), which in turn means that \°(h|H3) cannot be independent of ¢, a contradiction of the hypothesis.

O



Remark 5.13. Consequently, the lemmas 5.10 and 5.12 above imply that if \°(hy|H?) is independent of t,
then the map

t—mg(h), k=0,...,n—3
1S UPper-semicontinuous.

Proposition 5.14. In the setup above, the n — 2 zero-dimensional Lé- numbers
XO(he H®), No(hy|HY), ..., AO(he|H™)

are independent of t, iff all the Lé- numbers of all generic plane sections of X(t), as well as the relative polar
multiplicities my(hy) fork =1,...n— 3, are independent of t.

Proof (=) Recall the notation \f(h;) = \i(hy|H™), and the fact that only the Lé numbers of dimension
less than or equal to the dimension of the singular locus, can be non-zero. The hypothesis regarding the
constancy of the Lé number \°(h,| H?3) implies, [see remark 5.13] that the relative polar multiplicities my(hy),
for k=1,..,n—3, are upper-semicontinuos.

Using this upper-semicontinuity property, and recalling that the L& numbers are lexicographically upper-
semicontinous (see cor. 4.5 [18]), it follows from formula of (é) of 4.4, that if the invariants XO(h|HY) are
independent of ¢, then so are all the relevant L& numbers of ht, namely \O(hy),..., A"=3(h;), as well the
relative polar multiplicities my(h;), for k = 1,....,n — 3. The remaining [possibly non-zero| Lé numbers are
Ni(he|H®), where i =n—s — 1, ~M=3; 8 =23,..,mn—1 but by formulas (ii) of 4.4 the Lé number X (he|H®)
can be seen to be equal to the Lé number A"~ H(he|H™) = A"~57%(h,), and the latter is already known to
be independent, of t.

(<=:) This result is trivial. o

6 The main results

From the main Theorem of Gaffney, we need the constancy of (4n+ 10) invariants to guarantee the Whitney
equisingularity, for example, in the case n = 4 we need 26 invariants.

To minimize this number we apply all results shown here to obtain the following:

Theorem 6.1. Let F(t,z) = (t, fi(z)) be an good unfolding of a finitely determined map germ f € O(n, 3),
commn > 4.
Then the family {f;} is Whitney equisingular along the parameter space T if and only if the following

numbers are constant at the origin for all f,:

mi(gt), ma(ge) and the n — 2 zero-dimensional Lé- numbers A2(Re| L3), NO(hy|LY), ..., AO(hy|L™).

Proof Tt follows immediately from results 5.9 and 5.14.

Finally, we reduce the number of invariants from 4n + 10 to n.

Remark 6.2. Remark that in the case n = 3 Jorge Pérez [20] reduces from 3 to 6, and we reduce from 6 to
3.
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