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Mixed Multiplicities for Arbitrary Ideals and
Generalized Buchsbaum-Rim Multiplicities

R. Callejas-Bedregal* and V. H. Jorge Pérez!

Abstract

We introduce first the notion of mixed multiplicities for arbitrary
ideals in a local d-dimensional noetherian ring (A4, m) which, in some
sense, generalizes the concept of mixed multiplicities for m-primary
ideals. We also generalize Teissier’s Product Formula for a set of
arbitrary ideals. We also extend the notion of the Buchsbaum-Rim
multiplicity (in short way we write BR-multiplicity) of a submodule
of a free module to the case where the submodule no longer has fi-
nite colength. For a submodule M of AP we introduce a sequence of
multiplicities e%R(]VI), k=0,---,d+ p— 1 which in the ideal case
coincides with the multiplicity sequence co(I, A),...,cq(I, A) defined
for an arbitrary ideal I of A by Achilles and Manaresi in [AM]. In
case that M has finite colength in AP and it is totally decomposable
we prove that our BR-multiplicity sequence essentially falls into the
standard BR-multiplicity of M.

Resumo

Introducimos primeiro a nog¢ao de multiplicidades mixtas para ideais
arbitrarios em um anel noetheriano local (A, m) d-dimensional, no qual
em algum sentido, generaliza o conceito de multiplicidade mixtas para
ideais m-primdrios. Também generalizamos a férmula do produto de
Teissier para um conjunto arbitrdrios de ideais. Também extendemos
a nocao a multiplicidade de Buchsbaum-Rim de submddulos livres
para o caso onde o submédulo ndo tem colongitude finita. Para um
Sumédulo M de AP, introducimos uma sequéncia de multiplicidades
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tWork partially supported by CAPES - Grant 3131/04-1 and PADCT/CT-
INFRA/CNPq/MCT - Grant 620120/04-5



ebp(M), k=0,---,d+p—1 o0 qual no caso de ideais é igual com
a sequéncia de multiplicidades co(I, A),. .., cq4(I, A) definida para um
ideal arbitrario I de A por Achilles e Manaresi em [AM].

1 Introduction

The theory of mixed multiplicities of primary ideals was introduced by Risler
and Teissier. The roots of this theory go back to a 1928 paper of Van der
Waerden (W] where he developed the theory of Hilbert functions of bigraded
algebras over a field. This was generalized by Bhattacharya in 1955 to bi-
graded algebras over artinian rings [B]. He applied this to obtain Hilbert-
Samuel polynomials of two ideals one of which is m-primary. The work of
Bhattacharya was further generalized by Risler and Teissier to several ideals
in a remarkable paper [T]. They applied them to the study of Milnor num-
bers of isolated singularities of complex analytic hypersurfaces. Risler and
Teissier also showed that the mixed multiplicities of two m-primary ideals are
Samuel multiplicities of ideals generated by generic elements, those which are
generic linear combinations of a generating system of the two ideals. This
notion of generic elements due to Risler and Teissier was further generalized
by Rees in 1984 who introduced the concept of join reduction of a set of
m-primary ideals [R]. He showed that each mixed multiplicity of a set of
m-primary ideals is a multiplicity of certain join reduction of them.

Mixed multiplicities have found numerous applications. In 1988 Katz and
Verma found a formula for the multiplicity of Rees algebras and extended
Rees algebras in terms of mixed multiplicities (cf. [KV], [H], [V].)

Risler and Teissier also proved the following Product Formula relating
the Samuel multiplicity of a product of m-primary ideals I, ..., I, in a d-
dimensional local ring (A, m), with their mixed multiplicities

d!
el IpA)= > T Ol U [ 22 | Iy

PR
lidotlg=d % a

This formula plays a key role in Teissier work on the characterization of
the Whitney conditions for families of isolated hypersurface singularities [T].
If we wish to generalize Teissier work for families of arbitrary hypersurface
singularities we have to generalize the notion of Samuel multiplicities and
the notion of mixed multiplicities for arbitrary ideals. The first target have
been attained by Gaffney and Gassler in the analytic case by means of the
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Segre numbers [GaG] and by Achilles and Manaresi for arbitrary ideals in
a local noetherian ring [AM]. Both approaches agree in the analytic case
[AR]. In this work we describe Achilles and Manaresi approach where they
associate to every ideal I of a d-dimensional local noetherian ring (4, m) a
multiplicity sequence co(I, A),...,ca(I, A) which when I is m-primary then
co(f, A) coincides with the Hilbert-Samuel multiplicity e(/, A) of I and it
is the only element of the sequence which is different from zero. In regard
with the second target, inspired by the work of Achilles and Manaresi, we
introduce a notion of mixed multiplicities for finitely many arbitrary ideals
which, in some sense, generalizes the concept of mixed multiplicities for m-
primary ideals (see Proposition 5.2, (2b)). This notion was first introduced
in [CJ] for two arbitrary ideals. We also generalize Teissier’s product formula
for a set of arbitrary ideals (see Theorem 5.3). This is one of the important
results we prove in this work.

On the other hand, the Buchsbaum-Rim multiplicity is a generalization of
the Samuel multiplicity and is defined for submodules of free modules M C F
such that F//M has finite length. These were first described by Buchsbaum
and Rim in [BR]. The BR-multiplicity has been generalized, in the finite
colength case, by Kirby [Ki], Kirby and Rees [KR1], Katz [K], Kleiman and
Thorup [KT] and Simis, Ulrich and Vasconcelos [SUV]. For an extensive
history of BR-multiplicity we refer to [KT].

In the last fifteen years the Buchsbaum-Rim multiplicity of a submodule
of a free module has played an important role in the theory of equisingularity
of families of complete intersections with isolated singularities (ICIS). The
BR-multiplicity has been used in the context to control the Af, W; and W
conditions (cf. [Ga], [GaK], [GaM]).

The usefulness of the BR-multiplicity is restricted to families of ICIS,
because it is only for these singularities that the submodules associated to
the equisingularity conditions have finite colength, hence only for these types
is the BR multiplicity well defined.

If we wish to generalize Gaffney’s work for families of arbitrary complete
intersection singularities we have to generalize the notion of BR-multiplicities
for submodules M of a free module F of arbitrary colength. This have been
done by Gaffney himself in [Ga2| by introducing a sequence of multiplicities
ei(M), 0 < i < d. This sequence satisfies a Rees type theorem: Suppose
that M C N C F are Ox, modules, F is free, and X? is a complex analytic
space which as a reduced space is equidimensional, and which is generically
reduced. Suppose that e;(M,z) = ¢;(N,z), 0 <i < d. Then N C M. Also,
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if M is of finite colength in F, then e (M) is the standard BR-multiplicity
for modules of finite colength, and the others e;’s are zero. Unfortunately,
for ideals of non-finite colength, Gaffney’s multiplicity sequence does not
coincide with the Achilles-Manaresi multiplicity sequence, or with the Segre
numbers of the ideal. Since Segre numbers are a good generalization of the
Lé numbers introduced by Massey [M], which plays a key role in studying
the Whitney condition for families of arbitrary hypersurface singularities, it
would be important from the equisingularity sight to have a generalization of
the BR-multiplicity for arbitrary submodules of F' which coincides with the
Segre numbers in case of ideals of arbitrary colength. In this work we extend
the notion of the BR-multiplicity of a submodule of a free module to the case
where the submodule no longer has finite colength. For a submodule M of A?
we introduce a sequence e (M), k=0, ,d+p—1 which in the ideal case
coincides with the multiplicity sequence co(I, A),...,ca(I, A) defined for an
arbitrary ideal I of A by Achilles and Manaresi [AM]. We prove also that if
M=15&.. &I, C AP has finite colength then e},(M) = p l(egr(M)) and
ebp(M)=0fork=1,...,d—1. Thus, for this kind of modules we have that
our definition of BR-multiplicity sequence coincides (up to constant multiple)
with the standard BR-multiplicity for modules of finite colength.

2 Hilbert functions of multigraded algebras

In this section we recall some well-known facts on Hilbert functions and
Hilbert polynomials of multigraded algebras, which will play a central role
along this work.

In the following, by a (¢ + 1)-graded algebra we mean an algebra

A o0
R =%, B, such that
1. Ryu,,..u, are additive subgroups,
2. Rruy,uy Roon,vg © Brbouytor,.ugty, fOrallrug, ... ug, 8,01,...,%,

3. Risan Ry __o-algebra finitely generated by elements of Ro,...1,..0, Where
1 occurs only as the i-th component, 1 =0,...,q.

Let R = @, u,Bru,u, DE & (¢ + 1)-graded algebra of dimension
d+q—1 and assume that Rq__ o is an Artinian ring. The Hilbert function of
R is defined to be
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For r,uy, ..., u, sufficiently large, the function hp(r,ui,...,u,) becomes a
polynomial Pr(r,us,...,u,), of total degree d — 2, the Hilbert polynomial of
R, which can be written in the form

'PR(T,UI,...,Uq) - Z ais.oto(R) ( 7]; ) < Zl ) ( Zq )

k,ll,--wquO
By e 2l € B2

with ak,[l,_“,lq(R) € 7Z and ak,[hm,lq(R) >0 if £+ ll 505 lq =d—2 (see [W])
Let 0, denotes (0, ...,0) € N°* and let

R0 (ruy, . ug) = ZhR(%Ul, Sy Ug).
1=0

From this description it is clear that, for r,uy, ..., u, sufficiently large, also

hg’Oq) becomes a polynomial with integer coefficients of degree at most d —1,
which can be written in the form

r U U
PI(%I,Oq)(’[‘, ul,...,uq) = Z afcl’l’?f.)"lq(R) ( L ) < lll ) ( qu >
kb, ... lg>0
E+L+.. .+, £d -1

with a0 (R) = aig,,..1,(R) fork, by, ..., 1y 2 0, k+h+...+l, <d-2.

Definition 2.1. For the coefficients of the terms of highest degree in P}(;,l’o")
we introduce the symbols

Iyl 1,0

e, (R) = agc,ll:l..).,lq(R)’

fork=0,---,d—1and l; +...+[; =d—1—k, which are called the Mixed
Multiplicity sequence of R.



Let R = @7, . Lrus..ug be a (¢ + 1)-graded algebra of dimension

d+q—1 with Ry o an Artinian ring. For each s € {1,..., ¢} consider the
(¢ — s + 2)-graded algebra

S . MmO
R:= ®r,u,us+1,...,uq (®u1+-.-+us=u Rr,u1,...,uq)

The formula bellow was incorrectly stated by Herrmann et al in the proof
of [H], Theorem (4.3) p. 329. Following their own notation, their wrote:

e(PS;k kpy1, .., k) = > e(Sik,... k)

k1+...+kp:k

where K+ kpt1 +... + k., =d— 1.

In fact, a careful reading of their proof shows that their induction argu-
ment and their previous p = 2 case of p. 331, 1. 11-14, was wrongly applied.
Following their own notation again, we observe that a correct version of their
formula of p. 330, 1. 2, must be written as:

e(pS;k‘7kp+17"'yk“r): Z e(S;klr"akr) (*)

k1. Akp=k—p+1

where k+ kpp1+...+ k., =d+p—2.
In our context, the above formula (%) should be written as:

ak,l,l3+1 ----- lq (SR) = Z a‘k,ll ..... lq (R)

L. +ls=l—s+1

fork+1l4+l+...+lg=d+s-3.
Then, as a direct consequence of the above formula we obtain the follow-

ing:
Proposition 2.2.
(110q—s+1) S — (110q)
ak,l,z_,+1,...,zq( R) = E A 1s...., zq(R)
L+ Hls=l—s+1

Jork+l+l+.. . +l;=d+s-2.



3 Achilles-Manaresi’s multiplicity sequence

Let R = ®%, R, be a d-dimensional bigraded algebra. Following the nota-
tion of the previous section, we consider the Hilbert sum

R rw) = hig(r,)
7=0

which for r,u > 0 becomes a polynomial of degree d that can be written in
the form

T u

- X @ () (1)
k1> 0
k+1<d

with a1} (R) = a{;”(R) for all k+1 < d — 1.

Definition 3.1. For the coefficients of the terms of highest degree in Pg’l)
we introduce the symbols

ck(R) = agy x(R),
for k=0, ---,d, and call it the multiplicity sequence of R.

The Hilbert-Samuel multiplicity of a m-primary ideal in a local ring (A, m)
has been generalized for arbitrary ideals by Achilles and Manaresi [AM].
They introduced a multiplicity sequence co(/, A), ..., ca(I, A) for an arbitrary
ideal I in a d-dimensional local noetherian ring (A, m) which when I is m-
primary then co(7, A) coincides with the Hilbert-Samuel multiplicity e(/, A)
of I and it is the only element of the sequence which is different from zero.

In this section and for the sake of completeness we describe their construc-
tion. Let (A, m) be a local noetherian ring of dimension d, I be an arbitrary
ideal of A and G(A) be the associated graded ring of A with respect to I.
It is well known that dim Gj(A) = dim A =: d. Put R = G (G[(A)). Then
R =%, Rru with

Ry = (m7I* 4 I*+) / (w10 4 1)
is a bigraded algebra of (Krull-)dimension d, and Ry = A/m is a field.



Definition 3.2. ( [AM], Definition 2.2) Following the notation of Defini-
tion 3.1 we call the sequence of nonnegative integers

ce(l,A) = c.(Gn(G[(A))), k=0,...,d
the Achilles-Manaresi multiplicity sequence of the ideal I of A.

4 Mixed multiplicities of m-primary ideals

In this section we recall the definition and some known facts about the mixed
multiplicities of a set of m-primary ideals in a local ring as introduced by
Teissier in [T).

Let (A, m) be a local ring of dimension d and Iy, ..., I, C A be m-primary
ideals of A. Let us consider the Bhattacharya function B : N? — N given by

B(uy,...,ug) = L(A/I}* - .- IJ9), for all (uy,...,us) €N
It was proved by Bhattacharya [B] for ¢ = 2 and by Risler and Teissier [T},

p. 302, in the general case that there exist a polynomial Q(u1,. .., u,) of total
degree d with rational coefficients such that B(us,...,uq) = Qu1,...,Uq)
for all uy,...,u, > 0. Suppose that the homogeneous term of degree d of
Q(u1, ..., uq) is written as

a’ll ...lq 1y l
= Uy w9,
Z Lleo gt q

Wsesasly 2 0

Lh+...+l,=d
The numbers e, 4 (I1 | ... | I;) = a4, where (l,...,ly) € N? and
li + ...+ 1, = d, are known as the mixed multiplicities of I1,..., I,

~ Here we recall an important result about mixed multiplicities which was
proved by Teissier [T] and that plays a key role in Teissier’s work on Whitney
equisingularity for families of isolated hypersurfaces singularities:

Theorem 4.1. (Teissier, [T]) Let I1, ..., 1, be m-primary ideals of A. Then,

d!
a(ly»»« Ly Ay = Z 1oLt et to(IL - [ 1o)
»




5 Mixed multiplicities of arbitrary ideals

In this section, inspired by the work of Achilles and Manaresi [AM], we ex-
tend the notion of mixed multiplicities to a set of arbitrary ideals in a local
ring. In some sense, this notion generalizes the concept of mixed multi-
plicities for m-primary ideals (see Proposition 5.2, (2b)). We also generalize
Teissier’s Product Formula (see Theorem 4.1) for a set of arbitrary ideals (see
Theorem 5.3). This is one of the important results we prove in this work.

Let (A, m) be a local ring of dimension d and Iy,...,I, C A be ideals of
A of positive height. Consider the multi-form ring

S = A[IlTl, . IT]/(Illq)
..... oo (0 T 0¥ 1309
= @Z.i ,u,,:OS“lwu ug*

Then S has dimension d+¢—1. Let R := Gn (S) = 7%, uy=0Fru1,..uqs
where

Rr,ul,...,uq =(m L. I;‘ll+];‘1+1 . ];q+1)/(mr+1_r;t1 ---I;“'+I;“+1 v ];q+1)_
Then R is a (q + 1)-graded algebra of dimension d + ¢ — 1.

Definition 5.1. For eve [y ki—= O ,d — 1 we define the kth-mixed mul-

113

tiplicity sequence c, . | I ) of the ideals Iy, ..., I, by

Al L )—cig """ “(R), hi+..+lg=d—1—F

The next result shows the relationship between the above definition of
mixed multiplicities and the one introduced by Teissier for m-primary ideals.

Proposition 5.2. Let (A, m) be a local ring of dimension d and let I ..., I,
be ideals of A of positive height. Then we have that

1. ci"(l),.u,la('l)(-[a(l) | oo | Iogg) = cf:' (I | ... | 1) for all permutation
o€ S, of{1,...,q} and for allk =0,...,d+q— 1,

2. If I ..., I, are m-primary ideals then
(o) Iy | | L) =0, k=1,...,d=1, li+...+l,=d—1—k,

9



Uiyeeil
(0) o (I | -+ | Ig) = 331 €t o, i+, Lt (T2 | -+ | 1)
wherelj + ...+, =d-1.

Proof. The proof of (1) is straightforward from the definition of mixed mul-

tiplicities.
Let us then prove the assertion (2). In order to compute the mixed
multiplicities ¢, ‘e "’ I | ... | I,) we have to consider the length
e S TR SOt B T
h(r,uy, ... uq) == ! e 4 .
mrHL L [y L e
Since Iy, ..., I, are m-primary ideals, we have that the product I; - - - I, also

is a m-primary ideal. Hence, for r > 0 we have that
mr+111u1 .. ,I;tq C Iit1+1 . I;zq+1'
Therefore, for 7 > 0 the sum transform becomes,

RO (r iy, ug) = Yo h(i ., Ug)
= (... I;q/mr—HI{u . ];‘q + I;H""l . -I;q+l>
= ¢(m...pv/mtt. .. qu+1)
= e(A/m ) — (A ). ()
But by definition of the mixed multiplicities of a set of m-primary ideals

due to Teissier we have that, for uy,...,us > 0, the highest degree term of
the polynomial ¢ (A/I}* -+ - I*) could be written as

Z @[1 ,,,,, [q(]] |.IIq) ul11~--ufl’l'

Baas )
Wy B it 1!
Hence, from equation (1) above we have that the highest degree term of
R0 (r uy, ... u,) could be written as

10



ey, g (Nl q) [, I l Ut lq
El1+...+lq=d AR (ur +1)% - (ug + 1) —u' - - g
_ q ery,.. 1o (I1l.|1q) il lj_l lq
= Zzl+...+t,,:d ijx Ty Ljuy "y T Ug
ey, tg (1l 1q) Li==1 l
M__—_ — T
Ez1+ AHlg=d Z] =1 Tl =1)l 1! ul Uy by

q
. G=1etytitltg(n]lg) g tg
= Zt1+...+tq=d-—1 iyl Uy - - Uq. (2)

But, by definition of the k. mixed multiplicity sequence (Definition 5.1),
we have that the highest degree term of h(:%)(r, uy, ..., u,) could be written
as

S o [T i
Z Z Tl tg] Thup g (3)

k=0 t1+..+tg=d—1—k

Thus, by comparing both terms (2) and (3) of the above equations which
describe the highest degree term of h(109)(r uy,... u,), we have that the
claims (a) and (b) holds. O

Theorem 5.3. (Product Formula) For all k =0,...,d — 1 we have that
d—1-k)!
(i Ig, A) = > e R0 T | e | T
It 1,
Lt tlyg=d—1—k 1

Proof. Let S* := Gh 1, (A) = @Iy 1)* /(I - 1)*F! =: @2, Ss. Let
R* = Gn(S®) := @5 O(R‘ ). We know that dim R® = d. Then the function
hRe(r,s) := Crs (R; ) is a polynomial of total degree d — 2 for all large r and
s which can be written in the form

PRo(’I‘,S)z Z bk,l(;)(?)
k,l>0
k+l=d—2

Define now h( O)(r, s) ==y . _ohre(u,s) and hg.’l) (me) =3 o hgéo)(r,v).
Then, hg. )(r, s) is a polynomial of total degree at most d — 1 for all large r

11



and s which can be written in the form

PO = Y b<1°>< k)(j)
k1> 0
k+l<d-1

d—1 (10)

bgac1—k -
= rks?=1=F 1 (lower degree terms)

e kl(d—1-— )

with b{19, = by for k,1 >0, k+1<d—2.
Also, hg.’l)(r, s) is a polynomial of total degree d for all large r and s
which can be written in the form

PAYrs) = Y e ( k) ( §)
k>0
k+1<d

d b(l ,1)
_ Z k, k,d— k rkgd— k (10wer degree terms) (1)

with b)) = Y for k,1 >0, k+1<d—1.
Hence, by deﬁnltion of the Achilles-Manaresi multiplicity sequence, we
have that

bildl)k =cp(ly--- I, A), k=0,...,d
On the other hand, let

S = @ _ump (11 [ia/IH+L. .. [l
and let R := G, (S). Notice that S5 = S;,...s, where

Supony = ([P T IoFt . [ratl)

12



Hence we have that

hg&o) (r,s) = BSOrs,...,s)

_ Z q{1:0) it S
= kliseolg k ll lq

kol eeiyly 20
ktb+...0,<d—1
d—1 a(lloq)
_ Z Z #““”l;—lrksd‘l‘k +(lower deg. terms). (2)
it gl

k=0 l1+...4+lg=d—1-k

Therefore, by comparing the coefficients of r*s?=1=% in both equations (1)
and (2) we get that

H(LO) 410
kd-1-k Z kl1,enorlg
(d—1—=Fk)! s Vi
Rd—1-R! |, &= KL
or, equivalently
Lo _ (d=—1-Kk)! @0
bralios = > SRS Sk
Wbiblg=ded=k T &

Hence, if k =0,...,d — 1, then

cx(fr--- I A) = bfcl,c’il-)k

(1,0)
bkak—1

(d=1-Fk)! @0,

- Vool ) kylayenly
i+ Hlg=d—1—k bl dg!

= 3 ok el (!

L1
Lt tlg=d—1—k ! q

As a consequence of this theorem we recover Teissier’s product formula
given in [T] (see also Theorem 4.1).

13



Corollary 5.4. (Teissier [T]) Let I1,...,I, C A be m-primary ideals of A.
Then,

d!
Byl 3 e oyl [ ol 2

W1
byt iiblg=il T ly

Proof. Since I, ...,I, C A are m-primary ideals of A we have that I, --- I,
is also a m-primary ideal of A. Hence, by [AM] Corollary 2.4(i), we have that
e(l---I,,A) =0forall k =1,...,d and co(Iy--- I, A) = e(fy--- I, A).
Thus, by the above theorem we have that

e(ly-+I,A) = co(fr---1g A)

d=1)! 1,5t
= Zt1+...+tq=d—1 ?(1'—153;' CO1 q(Il I | Iq)- (1)

On the other hand, by Proposition 5.2(2b), we have that

Iyl -

COIW, q(Il | Sioic l Iq) = Zell,..‘, i1, Ui+, L, lq('[l | sen I IQ)' (2)
Jj=1

Thus, by equation (1) and (2) we have that

(d—1)! ‘
e(Il % @ i@ Iq7 A) = Zt1+...+tq:d—1 tl!"'](;aq! (Z_‘]III etl,...,t]'+1 ,,,,, tq (Il | S l Iq))
d—1)!
Dbt =d ety (In | -+ - | Ig) < oo 11!..-((zj—1)!---zq!)
ety.to (T}l Tg)
le+...+l,,:d c 111!..-2(,! = (d-1) ( 5 lj)

= le+...+lq=d lllLll(ﬂ 611,.--,lq(11 ' I [q)-

6 Buchsbaum-Rim multiplicity

In this section we recall the definition and some known facts about the
Buchsbaum-Rim multiplicity of a submodule, of finite colength, of a free
module (see also [BR]and [Ga))

Let M be a submodule of the free A-module AP of rank p such that
AP/M has finite length. The symmetric algebra S(A?) = @S, (AP) of AP is

14



a polynomial ring Afty,...,t,). If A = (hy,...,h,) € AP, then we define the
element w(h) = bty + ... hyt, € S(AP). We denote by R(M) = AR (M)
the subalgebra of S(AP) generated by {w(h) : h € M} and call it the Rees
algebra of M. Then R(M) has dimension d + p.

Theorem 6.1. ([BR]) Consider the function H(n) = CA(Sn(AP)/RL(M)).
Then there exist a polynomial Q(n) in n with rational coefficients and degree
d+p—1 such that H(n) = Q(n), for alln > 0.

In the conditions of the above theorem, if aq+p—1 € Q denotes the co-
efficient of n4+P~1 in the expression of ®@(n), we define the Buchsbaum-Rim
multiplicity of M, egr(M), as

CBR(M) i (d +p e 1)' Adtp—1-
It is proved that, if M # AP, then egr(M) > 0 (see [BR], p. 214). If I is an
ideal of A of finite colength, then the Buchsbaum-Rim multiplicity of I, with
I being considered as a submodule of A, is equal to the Samuel multiplicity
of I.

The next result has been proved by Kirby and Rees in [KR2], p. 444,
considering the notion of joint reduction of a set of ideals (see [R]) and it was
reproved by C. Bivia-Ausina in [BA], Theorem 4.9 who used a more direct
method based on a combinatorial lemma of J. Verma [V2], p. 221.

Theorem 6.2. Let I,...,I, be ideals of A of finite colength and let M be
the submodule of AP given by M = I, & --- @ I,. Then M also has finite
colength and

epr(M) = Yo en.n(l] |G,
byeoinly 20
h+...+l,=d
where ey, 1, (Iy | ... | I,) denotes the mized multiplicities of the ideals

Iy, ..., I, as defined in Section 4.

7 A generalized Buchsbaum-Rim multiplici-
ties

Let (A,m) be a local ring of dimension d and let M be a submodule of
the free A-module A? of rank p. In this section we introduce a multiplicity

15



sequence €% (M), ... ,edB?_l(M ), which in the ideal case coincides with the

multiplicity sequence co(1, A), ..., cq(I, A) defined for an arbitrary ideal I of
A by Achilles and Manaresi [AM].

Let u!,...,u® be a system of generators of M, where ui = (ui, ... L );
i=1,...,s. Let [M] be the matrix

Wy wew U
[M] := o
U wen W

We denote by Ii,(M) the ideal generated by the k x k minors of [M]. This
is the same as the (p — k)-th Fitting ideal of A?/M, hence is independent of
the choice of generators of M. From now on we assume that I,(M) # 0.

For each ¢ = 1,...,p and each sequence 1 <14; < ... < i, < p define the
projection m;,, i, M — AT by m, i (a1,...,a4,) = (ai,.. ., a;,). Denote
by M;, . i, C A7 the image of M under this projection

Let
..... WIR(M:, ).

Then G(M;,,...;,) is a g-graded A-algebra of dimension d + ¢ — 1.
Let now

.....

11111

A(M’il,...,‘iq) = Gm (G(le iq)) = @'I‘,uil,...,ungo A(M)Tyui1,~~~,uiq .

Then A(M) is a (¢ + 1)-graded algebra of dimension d + ¢ — 1.
We define

S(]VLZI,...,'L',,) = qA(Mil,...,iq) = @?"o‘uzo (®u11+...+uiq:u fl(]\/f)r,'u.i1 ..... u,'q) .

Then S(M;,,...i,)) is a bigraded algebra of dimension d + ¢ — 1.
Let

[ a(S(My,. i) if k=0,....d+q—1
“k(Milv--’iq)‘{ 0 it k=d+gq,...,d+p—1

where ¢ (S(Mi,,..q,)), k=0,...,d+ ¢ — 1, is the multiplicity sequence of
the bigraded algebra S(M;, . ;, ), as in Definition 3.1.

Definition 7.1. We call the sequence of nonnegative integers

16



egrM) =) (p-l¢-1! Y (M), k=0, ,d+p—1

g=1 1<i1<...<ig<p

the Buchsbaum-Rim multiplicity sequence, or just BR-multiplicity se-
quence, of the A-module M.

It is clear from the construction that if I is an ideal of A then the BR-
multiplicity sequence of I just defined, with I being considered as a submod-
ule of A, coincides with the multiplicity sequence cx(I, A) of the ideal I of A
as defined by Achilles and Manaresi in [AM)]. Precisely, we have that

ehn(I) =ci(I,A), foral k=0,---,d.

Our next goal is to relate the BR-multiplicity sequence just defined with
the usual BR-multiplicity for modules of finite colength of a special kind. For
doing so, we need some preliminary results which we now develop.

Lemma 7.2. For allk =0,---,d—1, 1 < q < p and all choice of indezes
1<4 <... <1ty < p we have that

i Liy ool
ak(-Mil,...,i,,) = Z c q(A(Mil,...,iq))

lil +-~-+liq =d—-1-k

where c:" """ b (A(M,,. 4,)), denotes the Mized Multiplicity sequence of A(M;,,...i,)
as defined in Definition 2.1.

Proof. Notice that, by Proposition 2.2, for each k = 0,--- ,d — 1 we have
that

ar(Miy,..q,) = c(S(Mi,...4,))
1,1
= a‘l(c,d—)k(qA(Mil ..... ip))

1,0
= al(c,d—)l—k(qA(jwil,m,iq))
(1,04)
= Zlil+...+l,-,q=d~1—k ak,lill,...,liq(A(A/[ilw-,iq))

l; i
e Zl,‘l +...+liq =d—-1-k ckl ! (A(]V‘[il»“'v‘iq))'

.....

17



For the rest of this section we will assume that all modules are of the
formM=1,®...® I,, where I, ..., I, are ideals of A of positive height. In
this case, Iq(Milwiq) =1L -+ I;,. Thus

G(Mil,...,iq) = A[Iilfr‘ila § 84 quﬂq]/(‘[il T qu)'

Therefore

li ,...,liq li ’’’’’ [1.
ckl (A(Mil""liq)) = ckl q([il l e e | I‘iq)'

Hence, by Lemma 7.2, we get the following description of the BR-multiplicity
sequence for modules of the foom M =1, @ ... ® Iy

Proposition 7.3. For allk=0,...,d — 1 we have that

14

ebr(M) =Y (p—q)l(g-1)! ¥ > g || L.

=1 1S01<.<igSp iy ol =d—1—k

Next we prove a combinatorial lemma which will play a crucial role in
the sequel.

Lemma 7.4. Let p and d be any nonnegative integers. Let
{Xtyoty; t1t...+t,=d}

be a set of independent variables. Then,

p q
Zq:l /\q Zl§i1<...<iq5p Zl,-1+...+l,-q =d-1 Zj:l X0,~-~,0,li1,0,---,0,11'].+1,0,..-,0,liq ,0,...,0

=Pp ' Zt1+...+tp=d thy —u tp (1)
where Ay = (p — q)!(q — 1)!

Proof. Let Xy, .. +,, with t; + ... +¢, = d, be one of the variables. We
want to prove that the coefficient of X;, t, which appears in the left hand
side of equation (1) is p !. Let s := #{j € {1,...,p}; t; # 0}. Since both
sides of equation (1) are invariant by permutations, we may assume that
/Ytl,..., ty ){th vy t5,0,...,05 with ti 7é 0 for i = 1, ey S and tl +...+t, = d.
Notice that among all terms of the form X, 0iy 0,0 0,li; +1,0,..,0,i5 0,0, With
s <¢g<pandl;+...+1;, = d-—1, the only ones that give rise to

18



Xty .., t,0,..,0 are the ones of th_e forms Xy, 141, 1,0,..0, J=1,...,8, with
li =t;if ¢ # j and [; = t; — 1, which amount in s of such a kind. On the
other hand, for each s < ¢ < p, we can choose ¢ — s indexes t;,,,...,%,,
all equal to zero, among the remaining p — s indexes in such a way that
ti+...+t,+ti,, +... +t;, = d. Summing up, we have that the number of
times in which Xj, ., 0,.0 appears in the sum

q
_5_ E E X0,.0.0,0,00,l1; 41,0,...0,li0,....05

1<i1 <. <ig<p iy +otliy=d—1 j=1

. : p—s
<g< . .
with s < ¢ <p,iss (q—s)

Therefore, the coefficient of Xy, . ., in the left hand side of equation (1)

i(p—Q)!(Q—l)!s(g:j>

q=s

3!(p~s)!i<'g:i>.

q=s

is
which is equal to

Now, repeatedly using the well-known formula

()=(nz) (),
>(121)=(2)

q=s

we get

Hence,

Z=s(p—Q)!(q—1)!S<§:z> = slp—s) L(Z:i)
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Lemma 7.5. If I, ..., I, are m-primary ideals of A then

(-~
5:1(29 - Q)KQ - 1)! Zl§i1<.,.<iq5p Zli1+..‘+l,’q=d—1 ' (Iz‘l | e l I )

=p! Zt1+...+tp=d Etis ey tp(II | sma] Ip)
where ey, .. t,,(Il, ..., I,) denotes the mized multiplicity sequence of the ideals
L,..., Iy, as defined in [T).
Proof. According to Teissier [T}, the number @t,-l,...,t,-q(lil | ... | I,) is equal

to the colength of the parameter ideal generated by ¢;; generic A-linear com-
binations of a given generating system of I;;, j =1,...,q. Therefore,

etil """ tifl (I’Ll | e l qu) = 807""09t 0,...,0,tiq,0,...,0(11 I = %2 I IP)‘

Hence the result follows directly from Proposition 5.2(2b) and the above
Lemma. O

i1

The next result shows the relationship between the above definition of
BR-multiplicity sequence and the Buchsbaum-Rim multiplicity introduced
by Buchsbaum and Rim in [BR] for submodules of finite colength of AP.

Proposition 7.6. If M = I, @ ... @ I, C AP has finite colength then
eQr(M) = p (egr(M)) and efz(M) =0 fork=1,...,d— 1.

Proof. Since M = I, @ - - - @ I,, has finite colength in AP the ideals Iy,..., I,
have finite colength in A. Thus, by Proposition 5.2 (2a) and Proposition 7.3,
we have that efp(M) =0fork=1,--- ,d— 1 and

p

(M) = (- lg-1)! > > eI | | By,

q=1 1<i1<...<igSp iy +etlig=d—1

Hence, by Lemma 7.5, we have that
ehp(M)=p! > ey .o(Ii]...| L)

where e, t,,(h, ..., I,) denotes the mixed multiplicity sequence of ideals as
defined in [T]. Now, by a theorem of Kirby and Rees [KR2] (see Theorem 6.2),

we have that
Z €t,..., t,,(Ih ey Ip) = eBR(M)-
ti+-+tp=d



Therefore,

epr(M) = p !(epr(M)).
0

As a consequence of Proposition 7.3 and Lemma 7.5 we get the following
version of Theorem 6.2.

Corollary 7.7. Let I1,...,I, be ideals of A of finite colength and let M be
the submodule of AP given by M = I, ® --- ® I,. Then M also has finite
colength and

B%R(M) =P ! Z €y, ..., lp(Il l e I Ip)’
L+ +lp=d
where ey, .. (Iy | ... | I,) denotes the mized multiplicities of the ideals

L, ..., I, as defined in Section 4.

Thus, the result obtained in Proposition 7.3 could be seen as a generalization
of Theorem 6.2, obtained by Kirby and Rees in [KR2].
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