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RESUMO:

Neste artigo provamos um resultado sobre semicontinuidade inferior de atratores pullback
para sistemas dindmicos dados por equagoes diferenciais semilineares em espagos de Banach.
A situacdo considerada é tal que o sistema dindmico perturbado é néo-auténomo enquanto
o0 sistema dindmico limite é autdnomo e tem um atrator dado como unido de variedades
instiveis de pontos de equilibrio hiperbdlicos. Comegando com uma equagdo semilinear
auténoma que tenha um ponto de equilibrio hiperbélico introduzimos uma perturbacao
nio-auténoma pequena e provamos a existéncia de uma solugdo global hiperbdlica para o
problema perturbado préxima do ponto de equilibrio do problema limite. Provamos também
que as variedades estével e instdvel locais associadas a estas soluges sdo graficos (robusteza
da dicotomia exponencial desempenha um papel fundamental aqui). Além disso, provamos
a continuidade dessas variedades estdvel e instavel locais relativamente a perturbagdo. Com
este resultado provamos a semicontinuidade inferior dos attratores pullback.



NON-AUTONOMOUS PERTURBATION OF AUTONOMOUS
SEMILINEAR DIFFERENTIAL EQUATIONS: CONTINUITY OF LOCAL
STABLE AND UNSTABLE MANIFOLDS
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ABSTRACT. In this paper we prove a result on lower semicontinuity of pullback attractors
for dynamical systems given by semilinear differential equations in a Banach space. The sit-
uation considered is such that the perturbed dynamical system is non-autonomous whereas
the limiting dynamical system is autonomous and has an attractor given as union of unstable
manifold of hyperbolic equilibrium points. Starting with a semilinear autonomous equation
with a hyperbolic equilibrium solution and introducing a very small non-autonomous per-
turbation we prove the existence of a hyperbolic global solution for the perturbed equation
near this equilibrium. Then we prove that the local unstable and stable manifolds associated
to them are given as graphs (roughness of dichotomy plays a fundamental role here). More-
over, we prove the continuity of this local unstable and stable manifolds with respect to the
perturbation. With that result we conclude the lower semicontinuity of pullback attractors.

1. INTRODUCTION

Attractors for dynamical systems is a growing subject which has received a lot of atten-
tion in the last thirty five years. In the case of autonomous dynamical systems (nonlinear
semigroups) the theory for existence and upper semicontinuity relatively to perturbations
(singular or not) of attractors is quite well developed. The characterization of attractors for
infinite dimensional autonomous dynamical systems remains restricted to some very specific
cases (mostly gradient systems). The same can be said of lower semicontinuity of attractors
for it is connected to the characterization of attractors. Perhaps the most celebrated general
result known for the characterization of attractors of autonomous dynamical systems says
that a gradient, asymptotically compact, nonlinear semigroup with bounded set of equilibria
has attractor which is the the unstable manifold of the set of equilibria (if the equilibria are
isolated then there is only a finite number of them and the attractor is the union of the un-
stable manifolds of equilibrium points). On the other hand, the corresponding development
for the attractors of non-autonomous dynamical systems took place in the last fifteen years.
In this period, conditions for existence of attractors for non-autonomous dynamical systems
(nonlinear processes) have been established as well upper semicontinuity relatively to per-
turbations of attractors. The characterization of non-autonomous attractors in a Banach
space is lacking and consequently results on lower semicontinuity relatively to perturbations

tPartially supported by CNPq grant # 305447/2005-0 and by FAPESP grant # 03/10042-0, Brazil.

tPartially supported by FAPESP grant # 06/51612-2, Brazil.
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2 A. N. CARVALHO AND J. A. LANGA

of non-autonomous attractors are yet to be accomplished (see [16] for a finite dimensional
treatment of this problem).

We note that in the proof of lower semicontinuity of attractors of an autonomous dynamical
system under an autonomous perturbation (singular or not) it is only needed that the limiting
semigroup system is gradient and that all of its equilibrium points are hyperbolic. That is
saying that lower semicontinuity follows with the characterization of the limiting problem
and no characterization is needed for the perturbed problem.

Having observed this it is natural to pursue the lower semicontinuity of attractors of non-
autonomous dynamical systems for which the limiting dynamical system is an autonomous
dynamical system with known (hyperbolic) structure.

Before we proceed let us define attractors for autonomous and non-autonomous dynamical
systems.

Definition 1.1. Denote by C(Z) the space of the continuous (nonlinear) operators T : Z —
Z. A family {S(t,7) : t 27 € R} C C(Z) which satisfies
1) Slrse) = I,
2) S(t,0)S(o,7) = S(t,7), for each t >
3) (t,7) — S(t,7)zy is continuous for t

is called a nonlinear process. In the particular case when each S(t,7) € L(Z), t > T, we say
that {S(t,7): t > 7 € R} is a linear process.

In the autonomous case; that is, S(t,7) = S(t —7) for all t > 7 € R, we say that
{S(t) : t = 0} is a nonlinear semigroup (we will not distinguish S and S and will write

St,7)=S({t—1)).

In our context an attractor (for a nonlinear process or a nonlinear semigroup) will be what
is called in the literature a pullback attractor (see [10, 14]).

Definition 1.2. Let {S(t,7) : t > 7 € R} be a nonlinear process and {A(t) : t € R} be a
family of subsets of Z. We say that {A(t) : ¢t € R} pullback attracts a bounded set B C Z
under {S(t,7): t > 7 € R} if

lim dist(S(¢,7)B, A(t)) =0, ¥Vt € R.

We say that {A(t) : t € R} is invariant under the process {S(t,7) : t > 7 € R} if
S(t,7)A(T) = A(t) for allt > 7 € R. We say that {A(t) : t € R} is a pullback attractor
for the process {S(t,7): t > 7 € R} if the following is satisfied

e A(t) is compact for allt € R,

o {A(t): t € R} pullback attracts each bounded set B C Z and

o {A(t): t € R} is invariant.

Remark 1.1. We note that, in the particular case for which S(t,7) = S(t — 1) for all
t > 7 € R, the above definition coincides with the definition of global attractor for the
nonlinear semigroup {S(t) : t = 0} given in [4, 11, 15, 18, 19]. We also note that, in
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the mnon-autonomous case, the pullback attractor does not possess any forward attraction
(in general). The definition, characterization and continuity of forward attractors (different
from pullback attractors) for asymptotically autonomous processes will be the subject of a
forthcoming paper.

Definition 1.3. Let ) € [0,1] be a parameter and Z be a Banach space. For each n € [0,1]
let Ay C Z. We say that {Ap}qep,

e Upper semicontinuous at n = 0 if lim,_,o dist(4,, 4y) =0,
e Lower semicontinuous at n = 0 if if lim,_,q dist(Ag, A,) =0,
e Continuous at n = 0 if it is upper and lower semicontinuous.

Let {A,(t) : t € R}yepa be a family of sets in Z we say that this family is upper (lower)
semicontinuous at n = 0 if {Ay(t)}nepo,1) is upper (lower) semicontinuous for each t € R.

In this paper we prove the lower semicontinuity of pullback attractors in the situation that
the perturbed dynamical system is non-autonomous whereas the limiting dynamical system
is an autonomous dynamical system which has an attractor given as union of unstable
manifolds of hyperbolic equilibria.

The proof of lower semicontinuity of attractors of autonomous gradient dynamical sys-
tems, for which all equilibria are hyperbolic, under autonomous perturbation relies on the
continuity of the equilibria and of the local unstable manifolds under perturbation. Once we
have these the continuity of the global unstable manifolds and the continuity of attractors is
obtained in the following way: given a point g, in the limiting attractor, we follow solution
through it backward in time until it enters the neighborhood of an equilibrium point where
we have the continuity of local unstable manifolds; we then approximate it by a point in the
unstable manifold of a hyperbolic equilibria of the perturbed problem and then follow the so-
lution starting at this approximation forward by the same time, obtaining the approximation
of 1o by points in the perturbed attractor.

To extend this for non-autonomous perturbation the procedure is similar to the one
adopted in the autonomous case (see [1, 2, 5, 8]), namely:

e To prove that for each hyperbolic equilibrium point of the limiting dynamical system
and for small enough perturbation, there is a unique global hyperbolic solution of
the perturbed non-autonomous dynamical system; that is, a solution with the prop-
erty that the linearization of the non-autonomous dynamical system around it has
exponential dichotomy.

e To prove that these global solutions converge as the perturbation becomes smaller to
the corresponding hyperbolic equilibrium point.

e To prove, in a fixed neighborhood of the equilibrium point and for each small enough
perturbation, that the global hyperbolic solution has an unstable manifold.

e To prove that all the unstable manifolds of the hyperbolic solutions converge to
the unstable manifold of the corresponding hyperbolic equilibria in a small enough
neighborhood around the hyperbolic equilibria; that is, they behave continuously as
the perturbation tends to zero.
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e To prove that the continuity of the unstable manifold in a small neighborhood of the
hyperbolic equilibrium is enough to guarantee the continuity of the global unstable
manifold and of the pullback attractors.

This paper is devoted to follow this outline. The main step is to obtain the continuity
of local unstable manifolds and that will require that we study the continuity of the time
dependent projections associated to the dichotomy with respect to the parameter.

In order to be more specific about the results proved in this paper we will introduce some
terminology and basic known facts.

We consider the semilinear problem on a Banach space Z
y =By + fo(y),

1.1
y(7) = Yo (1)
and a non-autonomous perturbation of it
y=By+ f1(t9),
(9] (1.2)

y(7) = yo.
Assuming that, for n € [0,1], f, : R x £ — Z is continuous and uniformly (for ¢ € R)

Lipschitz continuous in bounded subsets of Z the problems (1.1) and (1.2) are locally well
posed and assuming solutions exist in |7, 00) for any 7 € R and yy, € Z we can define

t
Tn(ta T)yo = e%(t—T)yo +/ eB(t“s)fn(SyTn(sa T)yo)dS, (1-3)

where {T,(¢t,7) : t > 7 € R} is a nonlinear process.

We assume {7, (¢,7) : t = 7 € R} has a pullback attractor {A,(t) : t € R} for each n > 0.
Of course Ay(t) = Ay is independent of ¢. Also, assume that (1.1) has a finite number of
equilibrium points 3}, 1 < 7 < n, all of them hyperbolic (see Section 2 for a definition) and
that Ay is the union of the unstable manifolds (see Section 3 for a definition) W*(y;) of the
equilibrium points y;, 1 <@ < n.

For the perturbation we assume that

lim  sup (£t 2) = fo(@llz + (Fn)=(t,2) = £5(2)lliz) = O, (1.4)
=0 (¢ 2)eRx B(0,r)

for all r > 0.
Under (1.4) it is easy to see that, for each 7" > 0,

sup sup sup ||T,(t+7,7)z—To(t+7—17)2|z 128 . (1.5)
7€R te[0,7] |1z z<r

Given a hyperbolic equilibria y; for (1.1), we prove in Section 2 that, given € > 0, there
exists 7o such that, for all n < 7, there exists a global solution &,(t), t € R, of (1.2) uniformly
(in time) e-close to y;. Moreover, &,(-) is the unique global solution satisfying this property
and it is also hyperbolic, in the sense that the linearization of (1.2) around &,(-) possesses
an exponential dichotomy with family of projections Q(t) : 2 — Z, t € R (see Definition
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2.1). Hence, we could say that hyperbolic global solutions are the natural generalizations in
the non-autonomous framework of hyperbolic stationary solutions.

By the change of variable z = y — ¢, we translate all the dynamics around &,(-) to the
zero solution, so that we can consider

z2=(A+B(t)z+ hy(t,2), z(r)=2z€Z (1.6)

where A =B + fi(ys), B(t) = (fy)y(&(t)) — fi(yg) and hy, : R x Z — Z differentiable with
hy(0) = 0, (hy).(0) = 0 € L(Z). Note that the limiting function hy : Z — Z is such that
ho(0) =0, A'(0) =0 € L(Z). Suppose that A is such that o(A) is disjoint of the imaginary
axis, o is bounded, the projection Q € L(Z) is defined and .A* and A~ are the restrictions
of A to the range and kernel of Q. The perturbation hypothesis (1.4) implies that

lim — sup  |lhy(t, 2) — ho(2)lz + [|(hy):(t, 2) — ho(2)lL(z) = O, (1.7)

10 (¢ 2)eRx B(0,r
for all » > 0. With this we obtain that the global solution found is hyperbolic.

In Sections 3 and 4 we prove the existence of unstable and stable manifolds around the
zero solution for (1.6). Moreover, these manifolds are locally given as graphs of Lipschitz
functions; that is, if V' is a suitably small neighborhood of z = 0 in Z (independent of 7),
with &,(t) € V, there exist (7, z) = Z%(1, Q(7)2), Z‘*S( (I Q(7))z) : RxV — Z, such
that the local unstable and stable mamfolds Wlocn(f,,) locn(§n) (the part of the unstable
and stable manifolds which are in V') for (1.6) are given by

Wioen(n)(7) ={w € V1 w = Qn(m)w + Zp*(7, Q(T)w) }.
and
Witeq(&n)(7) ={w e V1w = Zp%(r, (I — Q(r)w)) + (I — Qy(m)w)}.
Note that these manifolds have to be part of the associated pullback attractors for (1.2),

so that, in particular, we are describing part of the structure of these attractors and giving
lower bounds for the dimension of them.

Remark 1.2. Observe that once we have a complete hyperbolic solution for the limiting
problem, our result on the continuity of local unstable manifolds does not depend on the fact
that the limiting problem is an autonomous equation. We will pursue this further to obtain
continuity of attractors of semilinear autonomous problems which are unstable manifold of a
finite number of global hyperbolic solutions in a future work.

Section 5 is devoted to the analysis of the relationship between these perturbed manifolds
and the associated limiting one for n = 0. Actually, a result on the continuity on them can
be proven as it follows that

*.U * 'f)—>0
SUp Sup {1Q4(t)2 — Qzllz + 1 Z5(t, Qu(2)2) — Z5™(Q2)l|z} —
t<t ze€V
and

supsup {[1Qs(8)z = Qzllz + 15 (1 (I - Qu(8)2) - T (L - Q)2)l=} T3 0.

t>7 2€eV
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As a consequence of this and of the continuity of the processes associated to our equations,
we conclude in Section 7 upper and lower semicontinuity of pullback attractors with respect
n at n=0 (see [16]).

Our results, as they have been written, can be applied directly to hyperbolic partial differ-
ential equations (see Section 8), and with some minor (but followed with care throughout)
changes in the proof can be also applied to parabolic differential equations.

Finally, in Section 9, we comment the results in this paper and point out some of its
consequences that will be pursued in future works.

Acknowledgement: This work has been carried out while the second author visited the In-
stituto de Ciéncias Matematicas e de Computagdo of the Universidade de Sdo Paulo (ICMC-
USP) sponsored by grant # 06/51612-2 from FAPESP, Brazil. He wishes to acknowledge
the support from FAPESP and the warm reception from the people at the ICMC-USP.

2. EXISTENCE AND CONTINUITY OF GLOBAL HYPERBOLIC SOLUTIONS

In this section we prove that near a hyperbolic equilibrium of (1.1) there is a unique global
hyperbolic solution of (1.2). To that end we first need to give meaning to a hyperbolic equi-
librium for (1.1). We observe that since ‘B only generates a strongly continuous semigroup,
it is not enough to say that the spectrum of the linearization is disjoint of the imaginary
axis. The dichotomy property that leads to the saddle point property (nonlinear dichotomy)
needs to be imposed. This dichotomy property can be verified in most applications.

Suppose that yg is an equilibrium solution for (1.1); that is, Byg + fo(ys) = 0.
If y(t) is a solution to (1.1) and z = y — y;, we rewrite equation (1.1) as

5= Az + ho(2)

z[T) = 2p

where A = B + fi(ys) and ho(2) = folys + 2) — fo(vs) — fo(vg)z. Then A generates a
strongly continuous semigroup {e** : ¢ > 0} of bounded linear operators. Moreover, 0 is an
equilibrium solution for (2.1) and ho(0) = 0, hy(0) =0 € L(Z).

Assume that the equilibrium solution yg is hyperbolic; that is, assume that the spectrum
of A does not intersect the imaginary axis and that the set o™ = {\ € o(A) : ReA > 0}
is compact. If v is a smooth closed simple curve in p(A) N {\ € C : ReA > 0} oriented
counterclockwise and enclosing o™ let

(2.1)

1
9= 0= — /(/\I _ A)d) (2.2)
271 Joy
and define Z+ = Q(£), Z~ = (I — Q)(Z), and A* = A_,. It is clear that Z = Z* @ Z,
that A~ generates a strongly continuous semigroup on Z~, and that A" € L(Z7). Assume
that, for certain M; > 1, § > 0,

“€'A+t”L(g+) < A/fleﬁt, t < O,

. 2.3
HGA t“L(Z—) < M'le_ﬁt, t>0. ( )
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Remark 2.1. We note that if B were the generator of an analytic semigroup it would be
enough to say that o(B) is disjoint of the imaginary azis to ensure (2.3). In this aspect,
abstract parabolic problems (B generates analytic semigroup) are simpler than abstract hy-
perbolic problems (B generates strongly continuous semigroup).

Suppose the nonlinearity f, is a small non-autonomous perturbation of fy, in particular
assume that, for some r > 0,

lim = sup  {[Ify(t,) = fo(d)llz + (fa)y(t; &) = (fo)y (D)) } = 0. (2.4)

10 (t,¢)ekx B(ys )
Then we can prove the following result

Theorem 2.1. Let y; be a hyperbolic equilibrium solution for (1.1) and assume that (2.4)
holds. Then, there exists ng > 0 such that, for each 0 < 1 < ny there exists

Rat=§&(t)eZ2
a complete bounded solution to (1.2) such that
ey 163(t) — w5l z = 0.

Proof. Denote by (¢, 7; yo) the solution of the initial value problem (1.2). Then, if we define
» =y — vy, it satisfies

b= A9+ gn(t,) 29
whete g(t,6) = fo(t, &+ ) = £(46) = Ji(45)8, 50 that
t
8(8) = Ag(r) + [ A6, (8(5))ds. 20

Hence, if we project by Q and I — Q and take limits as 7 — +o0o0 and 7 — —oo respectively,
we get

Qs = [ A9 Qg, (5, (9(s)))ds

o0

and )

(- Q) = [ AT = Qanfs, (B()))ds.

Consequently, a complete solution to (2.6) exists in a small neighborhood of z = 0 if and
only if
t i
T@)0 = [ A2Q0,(s,(Bs))ds+ [ AT = Q)ay(s, (8(5)))ds

has a unique fixed point in the set
{¢:R—Z: SID I6()]|z < €}
€

with suitably small e. But note that this follows from (2.3) by a fixed point argument for 7
if we assume that, for @, ¢1, ¢o € B(0,¢€), ||g,(t,#)||z < 0 and that ||g,(¢, ¢1) — g(t, d2) ||z <
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6||1 — ¢2||z, with § > 0 suitably small, which follows from (2.4) for n small enough, since
d,e >0asn—0.

Hence, we get that &;(-) is uniformly close to y§ and tends to y§ as n — 0.
O

These solutions &(-) plays the role of an hyperbolic equilibrium for (1.2). Now, proceeding
as in the autonomous case we change variables z(t) = y(t) — §;(¢) in (1.2) and rewrite it as

z=(A+ By(t))z + hy(t, 2)
z(T) = 2
where R 3 ¢ = B, (t) € L(Z) is strongly continuous and defined as By (t) = (f,):(&;(t)) —
fo(ys), and hy(t, 2) = fo(t, 6 () + 2) — f(t,€:(t)) — (fp)=(&:(t))z. Hence, 0 is a globally

defined bounded solution for (2.7) and h,(t,0) = 0, (hy),(t,0) =0 € L(Z2).
Consider now the linear problem associated to (2.7)

z2=Az+ B,(t)z
2(T) =2z € 2.

(2.7)

(2.8)

Note that

lim sup | By (8)12) = 0. (2.9)

It is well known that problem (2.8) has a unique mild solution U, (¢, 7)zo for each zp € Z
which satisfies

t
Uy, (t,T)z = etz +/ eAt=9) B, (s)U, (s, T)zods. (2.10)

The family U, (¢, 7) is a linear process (see Definition 1.1).
From (2.10) is is easy to see that, for any 7' > 0,

At”L

lim sup sup ||U,(t+7,7) — €™||z) — O.

10 4¢(0,T] T€R

Next we study the existence of exponential dichotomy for (2.8).

Definition 2.1. We say that (2.8) has ezponential dichotomy with exponent w and constant
M if there exists a family of projections {Q,(t) : t € R} C L(Z) such that
1) Q,()Uy(t, 8) = Uy (t, 5)Qn(s), for all t >
i) The restriction Uy(t, $)|pq, ), ¢ 2 § 15 an zsomorphzsm from R(Qy(s)) into R(Q,(t))
and its inverse is denoted by U, (s,t) : R(Qy(t)) = R(Qy(s)).
iii)
10Uyt )T = Q)] < Me-“ P

U, (2, 5)@n(s)]| < Me* 9 ¢ < s, (2.11)
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The existence of an exponential dichotomy for (2.8) follows from Theorem 7.6.11. in [12],
i.e., it holds that given w < f and M > M, there exists o > 0 such that, if ||B,(¢)|rz) =
d < & then (2.8) has exponential dichotomy.

A global solution of (2.7) &(-) satisfying it is defined for all £ € R and that the linearization
around it has exponential dichotomy will be called a hyperbolic solution.

3. EXISTENCE OF UNSTABLE MANIFOLDS AS A GRAPH
Now we are ready to study the unstable an stable manifolds of a hyperbolic solution §;()

Definition 3.1. The unstable manifold of a hyperbolic solution &, to (1.2) is the set
W (&) ={(1,¢) € R x Z: there is a backward solution z(t,T,() of (1.2)
satisfying z(7,7,() = ¢ and such that tlim (¢, 7,¢) — & ()| = 0}.
——00

The stable manifold of a hyperbolic solution &;(+) to (1.2) is the set
We(&) ={(7,{) € Rx Z: there is a forward solution z(t,7,() of (1.2)
satisfying z(7,7,() = ¢ and such that tli-{r}i lz(t,7,C) — f;(t)“ =},
— 100

We will show that the unstable and stable manifolds of £} are given by maps
RxZ53(tz)— 2%t Qnt)2) € I - Q)2
Rx Z 53 (t2)— 20t (I — Qut)z2) € Qu(t) 2.
The points in the unstable manifold will be those of the form
(t,Qn(t)z + X" (t,Qy(t)2)) € R x Z with (¢,2) € R x Z and z small,
and the points on the stable manifold those of the form
(t, (I — Qn(t))z + Z%(t, (I — @y(t))2z)) € R x Z with (t,2) € R x Z and z small.

After that we will show, under suitable assumptions that, as 7 tends to zero, the unstable
and stable manifolds above approach the unstable manifold and stable manifolds of the
autonomous problem (1.1).

Note that the way we got (2.7) allows us to concentrate on the existence of invariant
manifolds of complete hyperbolic trajectories around the zero stationary solution. Thus, if
z is a solution of (2.7) we write 2% (t) = @Q,(t)z and 27 (t) = z — z*(t). Then we have

zt=At(t)zt + H(t, 2+, 27),

g =A"([t)z =G, 2%, 27); (3.1
where
AT(E) = (A+ By(1)Qy (1),
A™(t) = (A+ By(1))(I — @n(2)),
H(t,z*,27) = Qu(t)hy(t, 27 + 27)
and
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(as there is no possible ambiguity, to simplify the notation we do not write the dependence
on n of H and G).

Since at (t,0,0) the functions H and G are zero with zero derivatives (with respect to z*
and z7), from the continuous differentiability of H and G, uniform with respect to ¢, we
obtain that given p > 0 there exists § > 0 such that if ||z]|z = ||(z* + 27)||z < J, then

HH(t’ 2%, z~)[lZ < P
HG(t’ Z+,Z_)“Z < Ps (3 2)
|H(t, 2%, 27) — H(t, 25,27)||z < p(|l2F — 2¥]|z + [l27 — 27| |2), '
IG(t, 2%, 27) = G(¢, 2%, 27) ||z < p(ll2* = 2|z + [|l27 — 27 |2).
Remark 3.1. It is possible to extend H and G outside a ball of radius 6 in such a way that
the conditions (3.2) hold for all zt € Z%, 2= € Z~. Indeed, given a W-valued function
g on the ball of radius § contained in V x Z, where V,Z,W are Banach spaces, define
gs:VxZ->W

N B e AL
gs\z ", 2 )= szt d2~ -
e <||z++zz‘||z’ Ilz++zz‘llz) 2"+ 27z > 8
The extension gs becomes globally Lipschitz and simultaneously its Lipschitz constant is the
Lipshitz constant for g restricted to the ball of radius §.

The above consideration suggests to obtain first the result concerning existence of the
unstable and stable manifolds under the assumption that (3.2) holds for all z = (27,27) € Z
with some suitably small p > 0. Also assuming that (3.2) holds for all z = (2%,27) € Z,
we will prove continuity of the unstable and stable manifolds. Finally, we will conclude the
existence and continuity of local unstable and stable manifolds for the case when h, only
satisfies (3.2) for ||z||z = [|2* + 27|z < 6 with § > 0 suitably small.

Thus, assume additionally that h, is such that H and G satisfy (3.2) for all 2% (t) € Q,(t)Z,
27 (t) € (I—-Q,(t))Z with certain p > 0, which will be defined below via (3.4). Let W*(¢,0,0)
be the unstable manifold of equilibrium solution (0, 0) to (3.1). We will show that there exists
a bounded and Lipschitz continuous function Z}*(t,-) : Qy(t)2 — (I — Qy(t))Z such that

WE(t,0,0) = {(t,2%,27) : 27 = Zp*(t, 27), 2T € Q,(t)Z}.

Remark 3.2. Observe that we are looking for a function Z;""(t) such that, if T € R and
(¢, Zp(1,¢)) € Z, then the solution of (3.1) such that ZH(r) = ¢, 27 (1) = Zp*(C) is such
that z(t) is in the graph of Zy*(t,) for all positive and all negative time t. This means that
27 (t) = Zpu(t, 2% (t)) for all t and thus (3.1) becomes

= At(t)2t + H(t, 2T, Ty (¢, 27)),

= A (B LG, B 20))
Also, the solution (z*(t), 27 (t)) should tend to zero ast — —oo (in particular, it should stay
bounded as t — —o0). Since

27 (t) = Uy(t, to) (I — Qy(to)) 2™ (fo) +/ Un(t, )(1 = Qn())G(s, 27 (5), Z3" (5,27 (s)))ds,

to

(3.3)
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letting tg — —oo we have that
t

Z () = Z;’”(t, FrEY) = / Uyt s)(L — Qn(s))G(s,z+(s),Z,’;’“(S,z+(s)))ds

—0Q

and, in particular,
Zyt(m Q) = Zyt(r, 2" (1) =27 (1) = /_ Un(r, s)(I = Qq(s))G (s, 27 (s), £ (s, 27 (s)))ds.

In order to show existence of the function X}»*(r,-) we will use the Banach contraction
principle. For this we fix D > 0, L > 0, 0 < ¥ < 1 and choose p > 0 such that

eM < D, M1+L)<9<,
pM?(1+ L) p2 M2 (14+L)(1+M) (3.4)
g e R L b= e ]

Definition 3.2. Given n > 0, denote by LB(D, L) a complete metric space of all bounded
and globally Lipschitz continuous functions R x Z — Z defined as (1, z) — X(1,Qy(7)2) €

(I —Q,(71))2Z satisfying
sup{[|Z(7, @Qy(7)2)||z, (7,2) € Rx Z} < D,
12(1, Qy(7)2) — Z(7, Qn(1)2) ||z < L||Qy(7)2 — Qy(7)2||2, Y(7,2,2) ERX Z X Z,

where the distance of X, X € LB(D, L) is defined as
12(,) = Z(, )l := sup{|| Z(r, @u(7)2) — E(7,Qn(7)2) ||z, (7,2) € Rx Z}.

Theorem 3.1. Suppose that the above conditions are satisfied. Then, there exist X" (T, )
€ LB(D, L), such that the unstable manifold W (7,0,0) to (3.1) is given by

W, (0,0) ={(r,w) eRx Z:w= (Qn(T)w, 3 (7, Qy(T)w))} (3.6)

Proof: For 7 € R and arbitrary ¢ € Q,(7)Z, £ € LB(D, L) denote by z*(t) = 9(t,7,(, %)
the solution of
dzt

— AT ()2t + H(t, 2T, 2(t, 2%)), t <7, 2%(1)=( € Qy(T)2. (8.7

Next we define, for ¥ € LB(D, L),

(3.5)

DLENAL) = / U, (1, 8)(I — Qy(5))G(s, 2% (s), Z(s,27(s)))ds, (1,¢) € RxQy(7)Z. (3.8)
We will show that, for p > 0 satisfying (3.4), the map ® takes LB(D, L) into itself, is a strict
contraction, and hence possesses a unique fixed point in LB(D, L).

First note that, by (2.11), one has
T M
L P 39)

— w

and from (3.4) we have sup{||®(Z)(r, Qy(7)2)|lz, (1,2) ERx Z} < D.
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Next, suppose that £ and X are functions satisfying (3.5), ¢, ¢ € Qy(7)Z and denote by
) = vt 7, ¢, B), 7H(t) = ¥(t, 7, ¢, 5). Then
ZH(t) = 2 () = Uy(t, 1)Qu(7)(¢ = O)
+ U6, )@ B (s, *(6), Doy 2 (6)) — Hs, 775, Elo, ()N,
and with (2.11), (3.27) we obtain
1% (8) = 2 @) |z < M I¢ ~ (|2

M [ O, 2(5), 5,2 (6)) = B, 7(5), 5o, 246l
< M = o+ pMIE = 2] [ -9
+ ML+ D) [ )4 (s) = 5¥(s)l s
Let ¢(t) = e™=7]|z*(t) — 2*(¢)]|z. Then,

8(t) < MIIC = &l + pM / =945 S — S| + pM(1 + L) / o(s)ds

By Gronwall’s inequality

T

I24() = 2Oz < MG = Gl + pM [ -9 = Sfe-shti+e=n)
< [M|¢ = Clz + pMw™H|| Z = Z||Je~PMO+LIE=T),

(3.10)

Thus,
18(Z)(r,¢) = 2(X) (7,0l 2
<M / =TG5, 2+ (s), B(s, +(5))) = Gls, 7 (s), £(5, 5+(5))) | zdls

—o0
<oM [ e [+ D)l (s) ~ F ()llz + 15 - 5] do.
Using the estimates for ||[zT — 2T ||z we obtain

18(2) (7, ¢) = 2(2) (7, Ol

M M1 +L M2(1+ L . (3.11)
<M, oMUAD) |yp gy, PMALD 0 g
w w—pM(1+ L) w—pM(1+1L)
- M M@+ L) M2%(1+ L)
P pM(1 + p +
Is [1+w—p1W(1+L)} o ‘T w—pM(1+1L)

w
Since Iy < 24 (1 + L), it follows from (3.4), (3.11) that Ix <9, I < L and
®(2)(r,¢) — ®(r, 2)({)llz < LlI¢ = {llz + 9112 = 2. (3.12)
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The inequality (3.12) with & = ¥ and (3.9) imply that @ takes LB(D, L) into LB(D, L).
Due to (3.4), estimate (3.12) with ¢ = ¢ shows that @ is a contraction map. Therefore, there
exists a unique fixed point Iy = ®(X>*) in LB(D, L).

In what follows we will prove that, if (27(¢),27(¢)), t € R, is a global solution of (3.1)
bounded as t — —oo, then there are constants M > 1 and v > 0 such that
1o (t) — Tt 2+ )12 < MeT )27 (40) — (8, 2 (to))llzs to <t (313)

Making ¢y — —oco in (3.13) we will obtain that z~(t) = Z»*(t, 2¥(t)) for each ¢ € R. That
also ensures that X»*(t,0) = 0, since (0,0) is a stationary solution to (3.1).
Let ¢(t) = 2~ (t) — Zp*(t, 27 (t)) and y*(s,t), s < ¢, be the solution of

gt = At (s)yT + H(s,yt, Zp%(s,y™)), s <t, y*(t,t) =2"(t).

Hence,

/ Ui (s, ) [HL(8, 57 (6, £), E3(0,y™(6,0))) — H(6, =" (6), 2~ (6))]d8

Iy (s,8) =z (s)llz =

zZ

< oM / =0 [(1+ L)[ly* (6, 8) — 2+ (0) 1z + IC(8)]]=] db.
If 9(s) = e[|y *(s,£) — 2*(s)l|» then

W(s) <pM(1+L)/ w(&)de—l—pM/ e0|c(6)]2d0, s <t

S

Using Gronwall’s Lemma we have

I¥(s,0) = =+ ()l < oM | OO ((0) | de, st (314
If s <ty <t, then
ly* (s,t) = y* (s, to)llz = ||Un(s, to)@n(to)[y™ (to, 1) — 2% (00)]||

/SUU(S: G)QT)(Q)[H(Q’ y+(9a t)? Z;!“(Q, y+(9’ t))) - H(Q, y+(6; tO)) E;’u(97 y+(0, tO)))]dg

to

_+_

z

t
gp]\/‘ﬂew(s—to)/ e—(w—p}V[(1+L))(0—to)”C(Q)”zdg

to

to
+ pM/ e’ G014+ L)|ly+(0,t) — yT (8, to)]| zd0
and using Gronwall’s Lemma we have

t
ly*(s,t) —y™ (s, %0)llz < pMz/ e mpMUTDIO=2)]1C(0) | zdf. (3.15)

to
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We use this to estimate ((¢). Note that

C(t) = Up(t, to) (I — Qn(to))<(t0)
27(t) = ZpU(t, 27 (1) — Un(t, to) (I — Qnlto))[2™ (t0) — Z (to, 27 (20))]

t

Uy(t, s)(I — Qn(s))G(s,27(s), 27 (s))ds

to

= Tyt 27 (1)) + Uyt to) (I = Qu(t0)) 55" (t0, 27 (t0))

= /tt Uy(t, s)(I = Qu(s))[G(s, 27 (s), 27 (s)) = G(s,y™ (s, 1), 3" (5,57 (s, 1)))]ds

0]

Thus, using (3.14) and (3.15), we obtain

IC(E) = Unlt, to)(I — @nuo)) ¢tz
< oM / ) [Il2+(s) — 5 (5 Dllz + 127 (5)) = Z5(s, 5™ (5, ) 1 2] ds

T pM(1+L)/ e~ ||yt (s, t) — y* (s, t0)| zds

—00
t

< oM [ e ()] 2ds

to

t t
) M A O
to s

to t
+ p2M3(1+L)/ e—w(t—s)/ e—(w—pM(H—L))(G—s)”C(e)szeds,

to

so that
t
1) = Ut t)(I — @olto))C(to)llz < oM / e 9| (s)]| s
to
t 6
+ p2A/[2(1+L)e—wt/ e—(w—pM(l—}-L))()”c(@)“g/ e(?w—pk[(l-}-L))sdsde
to to

¢ to
+ pQA/[S(l_i_L)e—wt/ e—(w—p]VI(l—%—L))Hllc(g)HZ/ e(?w—p]V[(1+L))std9
to —00
2072 t
P M (1 +L) :| / —w(t—s)
£ 74 v s)||zds
< [our+ D] [ eeooncias

2 3 g
PM3(1+ L) e—w(t—to)/ e~ (=PMOHLNO~0)) 10 (8) || zdf
2w — pM (1 + L) to

—/_t?]n(t, $)(I=Qu(s)IG(s,y™(s,1), 2" (5,47(5,1))) =G (s, y™(s, o), £ (s, y (s, £0))) ds.
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and therefore

wilti M1+ L b it
(o) <.Mmumu+[mw+zj_m&u+gjzkﬂ D (s)lzds

t
)/ ¢~ (2a=pM(+L))(st0) gu(s=t0) || (5)|| 5 ds
to

p2M2(1 +L)(1 +M) t e
w—pM(1+ L) ]/toe( N1¢(s)||zds.

p’M3*(1+ L)
2w—pM(1+L

< MM@MZ+VM+

Due to Gronwall’s inequality we have that

ICO |z < MI¢ (k)] z €775, (3.16)
where a2 L)( )
B p*M?(1+ L)(1 +
7““_{"M+ 2w — pM(1+ L) }

This proves (3.13) and consequently
Wn”(O, 0) C {(r,w) eR X Z:w=(Qy(T)w, E;’”(T, Qy(T)w))}.

We now prove that {(r,w) € Rx Z : w = (Qy(r)w, Zp*(r,Qy(T)w))} C W(0,0).
Consider zj € Q,(7)Z and the solution z*"(t) of the initial value problem

gt =AY ()2t + H(t, 24, 2048, 27)), 27(7) = 2.
This defines a curve (z%7(t), Zp“(t, 27(t))), t € R. Recalling (3.8) one can check that

S, 2 / Uy (t, ) (I — @y())G(s, 2" (5), Zo(s, 2+ (s))ds, teR.

Thus Z:*(t, 27" (t)) solves
T =A ()2 + Gt 2T (), Tt 2T (1), tER,

and we conclude that (z77(t), Z;“(t,z*"(t))), t € R, is a solution of (3.1), passing through
(28, Zpv(r, 28)) at time 7, with Z»*(t, 27" (t)) — 0 as t — —oo. Since Z;*(¢,0) = 0, the
reasoning that lead to (3. 10) can be used now to ensure that

I+ (@)l 2 < M|z || ze®-PMOHENED,

As a consequence z**(t) — 0 as t — —oo and the proof is complete. g

4. EXISTENCE OF STABLE MANIFOLDS AS A GRAPH

We assume again that h, is such that H and G satisfy (3.2) for all z*(t) € Qy(t)2
2= (t) € (I = Q,(t))Z with certain p > 0, which is defined below via (3.4). Let W?*(t,0,0)
be the stable manifold of equilibrium solution (0,0) to (3.1). In a similar way as in the
previous Section, and for this reason simplifying all the computations, we show that there is
a bounded and Lipschitz continuous function X**(¢,-) : (I — Q,(t))Z — Qy(t)Z such that

Wy (¢,0,0) = {(t,2%,27): 87 =T (t,27), 2= € (I — Qu(t)) 2}
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Remark 4.1. In this case we look for a function 2**(t,-) with the property that, if T € R
and (Z**(,(),¢) € Z, then the solution of (3.1) such that 2t (1) = X*%(1,(), 2= (1) =(, is
such that z(t) is in the graph of X**(t,-) for all positive and all negative time t. This means
that zt(t) = Z*(t, 27 (¢t)) for all t. Also, the solution (z7(t),z7(t)) should tend to zero as
t = +oo (in particular, it should stay bounded as t — +00). Since

27 (t) = Uy(t, 1) Qn(to) 2™ (to) +/ Un(t, s)Q@qy(s)H(s, L™*(27(s)), 2 (s))ds,
letting to — 400 we have that

(0 = 20 @) == [ Ut s)QuH (s (5,57 (5)), 7 (s))ds

Fix D> 0, L >0,0 <9 <1 and choose p > 0 such that (3.4) be satisfied

Definition 4.1. Given n > 0, denote by LB*(D, L) a complete metric space of all bounded
and globally Lipschitz continuous functions R x Z — Z defined as (1,2) — X(r,(I —
QRy(7))z) € Qu(7)Z satisfying, for all (1,2,Z2) ERx Z x Z,

sup{[|Z(7, (I = @(7))2)llz, (,2) eRx Z} < D,
12(r, (I = Qy(7))2) = (7, (I = @n(7))2)||z < LI = @y(7)) (2 — Z)]|,
where the distance between X and £ in LB(D, L) is defined as
I2¢,) = £, == sup{l|Z(r, (I = Qq(7)2) = Z(7, (I = Qu(7)2))llz, (7,2) € R x Z}.

Theorem 4.1. Suppose that the above conditions are satisfied. Then, there exist X**(r, ")
€ LB*(D, L), such that the stable manifold W*(r,0,0) to (3.1) is given by

We(0,0) = {(r,w) ERx Z:w = (Z°(1, (I — Qu(7))w), (I — Qy(7))w)}. (4.2)

Proof: For 7 € R and arbitrary ¢ € (I — Q,(7))2, ¥ € LB*(D, L) denote by z~(t) =
W(t,,¢, X) the solution of

(4.1)

% =A"(t)z” + G, E(t,27),27), t>7, 27 (1)=C€ (T —Qy())Z. (4.3)
Next we define, for ¥ € LB*(D, L),
+oo
o(X)(r,¢) = - Un(7,8)Qn(8)H (s, Z(s,27(s)), 27 (s))ds, (7,{) ERx Qu(T)Z. (4.4)

Following the lines of Theorem 3.1, for p > 0 satisfying (3.4), it can be proved that the
map ® takes £B°(D, L) into itself, is a strict contraction, and hence possesses a unique fixed
point in LB*(D, L).

First note that, by (2.11), one has

oo M
12(2) (7, )]z < / p./V[e“’(T_s)ds = p—, (4.5)

and from (3.4) we have sup{||®(Z)(r, (I — Q,(7))2)|lz, (1,2) e R x Z} < D.
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Next, suppose that £ and £ are functions satisfying (3.5),¢, Ce (I —Qy(7))Z and denote
27 (t) =(t,7,¢(, X), 2 (t) = ¢(t,7,(, X). Then

27 () = 27 (8) = Uy(t, 7)(I = Qu(7)) (¢ = {)
+ /Un(t> $)(I = Qn())[G(s, Z(s,27(5)), 27 (5)) = G(s, X(s, 7 (s)), 7 (s))lds,
for which we can prove that

t

l2= () = 2= (®)llz < IMI¢ = {[lze™ ¢ +pM/ =) s|| & — ZJe-M+DET)
< [MIIC = {llz + pMuw 1| £ = EfJerMt+De),
(4.6)
Thus, we can arrive to
1®(£)(7,¢) = (£ (7, {2
pM [ pM(1+L) . pM2(1+ L) (4.7)
< 2L 14 LU D - 21+ 2 e - Gl
Let ,
_pM | pM(1+ L) _ pMP(1+ L)
Iz W _1+w—p]V[(1—i—L)] Al Ic_w—pM(l-i—L)'
Since I < 2% (1 + L), it follows from (3.4), (4.7) that Iy <9, I; < L and
18(2)(7,¢) = &(r, £)()llz < LI = Cllz + 912 = 2. (4.8)

The inequality (4.8) with ¥ = X and (4.5) imply that ® takes LB*(D, L) into LB*(D, L).
Due to (3.4), estimate (4.8) with ¢ = ¢ shows that ® is a contraction map. Therefore, there
exists a unique fixed point I** = ®(X**) in LB*(D, L).

Now, if (27(¢), 27 (¢)), t € R, is a global solution of (3.1) bounded as t = +o0, then it can
be proved that there are constants M > 1 and v > 0 such that

l2* () = 2% (t, 2~ ())llz < M ™|2* (t) — Z™°(t, 27 (0))llz, to > 2. (4.9)

Making ty — +oco in (3.13) we obtain that z*(¢) = (¢, 27 (¢)) for each ¢t € R. That also
ensures that X**(¢,0) = 0, since (0,0) is a stationary solution to (3.1).

We now prove that {(,w) € Rx Z : w = (Zp*(1,(I = Qn(7))w), (I — Qu(1))w)} C
W(0,0). Consider 2, € (I — Qy(7))Z and the solution z="(t) of the initial value problem

T=A"(t)z" + G, X, 27),27), 2 (T)=2.
This defines a curve (X*%(¢,277(t)),27"(t)), t > 7. Recalling (4.4) one can check that
t
Itz () = Uy, (t,8)Qn(s)H(s, Z**(s,27"(s), 27" (s))ds, t > 7. Thus Z**(t,z7"(t))

“+00
solves

t = AT(t)2t + H(t, Z(¢, 2 (1), 7" ([1), t =,
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and we conclude that (Z*%(¢t,27"(t)),z7"(t)), t > 7, is a solution of (3.1), passing through
(Z**(1,2y ), 25) at time 7, with Z**(¢,27"(t)) — 0 as t — oo. Since Z**(¢,0) = 0, the
reasoning that lead to (4.6) can be used now to ensure that

12~ ()2 < M|z || ze=PMOFDED,

As a consequence 2z~ (t) — 0 as t — +00.

5. CONTINUITY OF UNSTABLE AND STABLE MANIFOLDS

In this section we will prove only the continuity of unstable manifolds with respect to
parameter 7, since the continuity of the stable manifolds follows in a completely similar

manner.
First of all, we will characterize @, (t) as a function of B, (¢) and Q in such a way that we
can obtain the continuity result as follows

Lemma 5.1. Let @), Q, the projections associated to the linear dichotomies introduced in
Section 2. Then we have that, for 7 € R given

i sup |y (s) = Qllzz) = 0 (5.1)
and

lim sup ||@Q,(s) — QllLz) — 0. (5.2)

n—)O 327-

Proof: For ¢ € Z, let R 3 t — 2,(t) € Z be the unique solution of
z2=(A+ Byt))z
2T) = QulT)C.
This solution must stay bounded as ¢ — —oo and satisfy the variation of constants formula

t
2(t) = e 5(¢)) +/ e B, (s)z(s)ds.

to

Applying (I — Q) to the above equation and letting ¢ty — —oco we have
(I = Q)Qy(7)¢ = / AT=3)(I — Q)B,(s)z(s)ds, for all ¢ € Z.

From this it follows that
lim np (I = Q)Qn(3)llL(z) — 0. (5.3)

=0 s<r
Proceeding in a similar manner we consider £ € Z, let R 3 ¢t — z(t) € Z be the unique
solution of

t = Az = (A + By(t))z — By(t)z
(T =95

This solution must stay bounded as t — —oco and satisfy the variation of constants formula

2(8) = Uy (%, to)z(to) — /t Ui (1, 5)By(s)3(s)ds.
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Applying (I — Q,(7)) to the above equation and letting ¢y — —oo we have

(I —Qy(1)Q¢ = —/_T Up (T, s)(I — Qy(s))By(s)z(s)ds, for all £ € Z.

From this it follows that
lim sup [|(1 — Qy(s))QllL(z) — 0. (5.4)

n—0 s<T

Now we are ready to prove (5.1). In fact, it is enough to observe that
Qu(s) = Q= (I = Q)Qy(s) — QI — @n(s)). (5.5)
and the result follows from (5.3) and (5.4).
To prove (5.2) we proceed in a similar way. For ¢ € Z, let R 3 ¢t — 2,(t) € Z be the
unique solution of
2 = (A + By(t))z
2(7) = (I = Qy(7))C.

This solution must stay bounded as t — oo and satisfy the variation of constants formula

t
2(t) = A1) 5(10) + / A B, (5)7(s)ds.

to

Applying Q to the above equation and letting ¢ty — 400 we have
QI — Qq(7))¢ = / A=) QB, (s)z(s)ds, for all ¢ € Z.

From this it follows that
lim sup ||Q(I — @y(5))llzz) — 0. (5.6)
T]—)O 527-

Proceeding in a similar manner we consider £ € Z, let R 3 ¢t — z(t) € Z be the unique
solution of
&= Az = (A+ By(t))z — By(t)z
o(r) = (I - QF.

This solution must stay bounded as t — oo and satisfy the variation of constants formula
z(7) = Up(7,to)s(te) — / Uy (T, 8)By(s)z(s)ds.
to

Applying @,(7) to the above equation and letting ty — co we have

T

Qy(T)I — Q)¢ = —/ U, (7, 8)Qy(s)By(s)z(s)ds, forall £ € Z

From this it follows that
lim sup [|@y(s)({ = Q)|lzz) = 0, (5.7)
=0 s>r

and (5.2) follows (5.5), (5.6) and (5.7).g



20 A. N. CARVALHO AND J. A. LANGA

Remember that we can decompose a solution z,(t) of (2.7) as z(t) = Q,(t)(2(t)) and
5 (8) = (I - (1)) (=(®). Then

7tz 2), (5.8)

(

~()z, +Gylt, 2, 2 )s

where Hy(t, 2t 27) = Qy (t)h,,(t zt +2z7) and G(t, 21, 27) = (I — Qy(2))hy(t, 2} + 2;).
>

) 7]’ n
Let D>0,L>0,0<6<1,p>0 satisfy (3.4) and assume (3.2) for all z* € Z* and
B2

Theorem 5.1. Suppose that the above conditions are satisfied and (3.4) holds, so that there
exists a function I3 1 Z+¥ — Z7, such that the unstable manifold Wy (0, 0) of the equilibrium
solution (0,0) to (5.8) is given by
W, (0,0) = {(r,w) € R x Z: w = (@y(r)w, Zp*(7, Qy(r)w)) };
also, for any ¢ € Z% and n € [0, no],
Ly, €) =/ Un(t, 8)(I = Qu(8))Gy(s, 27 (s), Z3"(s, 27 (s)))ds.

—00

If in addition

pM p*M?*(1+ L) L
[ w  ww—pM(1+1L)
then, for any r > 0,
sup sup {1Q4(8)(2) — Q) + 125 (2, Qu()(2)) — Z3"(Q(2))l|z} =3 0
e

Proof: Note that we only have to prove that
*,U *,1 0
sup sup || Z3(, Qn(8)(2) — Z5(Q(2) |z 7= 0.

LT ezt
llzllz<r

If z € QZ with ||z||z < r, then
(1, Qy(1)2) — 207(Q2)

= [ Wit~ Qo) = AT = Qi 7, Ty, )

o
T

AT — Q)= , T (21)) — hn(s, 2, 20" (25))]ds (5.9)

+ o Xu(s, 27))]ds

n’—n 2]

/ Ar=9(T = Q){hn(s, 2> Ty () = h(s, 2
=: I,(n) + L(n) + I3(n).

Recalling sup,, [|@y(s) — Qllr(z) converges to zero and

Up(t, ) = Qn(7)) — eI = @y(7)) = /t =B, (5)Uy(s, 7) (I — Qn(7))ds
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we have from (2.9) and from (2.11) that I;(n) — 0 as n — 0. Also, I>(n) — 0 as n — 0 from
(2.4).
Next let us estimate I3(n). Recall that

t
210 = Uyt + [ Ut s)Quohalo, 2 5), 55(5, 5 (1),
from which similarly as in case of (3.10) one can get
27 (t)l|z < MelmPMAFDN=D]Q, (7)2] 2. (5.10)

When n = 0 we may also assume, without loss of generality, that M = 1.
Since

13(n)lz < pM/ e [||z (s) — 2 (s)llz + 125 (5, 27 (5)) — Z57(25 (5))ll 2] ds

< oM / [+ DIl () — 7 (]2 + 1255, Quls) 72 (5)) — Tg™(zi (sl ] ds
< pM(1+ L) / |52 (5) — 73 (5) s + | 5y = 55,
where
ISt - Sl =sup sup ([T (s, Qo)) — S ()= (5.11)

SST z(}::ezg.
llzg llz<r

Replacing this in (5.9) we have

| Z5(r, @n(7)2) = Z5(Q2)|| 5 < o(1) + EFIZ5 — Z5™Il-
+pM({ + L) / e=s7=9) || (5) — 23 (5)]] 2.

—o0

(5.12)
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We next have
127 (2) = 25 (D)l|z < ||Un(t, 7)Qn(7)z — €277 Q2|

+| /T [Un(t, 5)Qn(8)hn(s, 25 (5), Zy (s, 25 ()))ds — e Qh(2F (5), Z5™ (25 (5))))ds||

< HU,,(t, T)Qy(T)2 — gAt—7) QzHZ

+ / Uy (t, )@ (5) — X QA (5), Ty (i (5)))ds],

4 / Ui, 5)Qy(5) [R5, 2 (5), So (a2 (5))) = (e (5), Za(2it ()))] s

A / Ui, )00 () [hn(s, 22 (), S5, 2 ())) — (5, 2 (), Sy (a2 ()))] ds]
o(1) + pM tT EI(L+ L) |27 (5) - 2 (5)] 2

L IE(s, Q)7 (5)) — Z3™ (e ()l lds
of1) + 2 5y = S+ M+ ) [ s (s) = 2 o)

and, from Gronwall’s inequality,

M
I (t) = 25 (B)ll2 < (o(1) + 2 = Zg ) el T, (5.13)

Applying (5.13) to (5.12) we obtain that

. L E—
155(r,Qu(r)2) = Z5"(Q2) 1z < o(1) + 2= — 1z = 2ol

.
M
+ou+1) [ e-@w—pM““”“—” [o(l) + Pz — g, | ds
~c0 & (5.14)
pM pQJVIZ(l + L) U *,U
o(1) + |22 4+ L HCE TSIy - 5,
=: o(1) +0)Z7" = Z" I,
where 0 € (0,1) as a consequence of (3.4).
It follows from (5.14) that
125 = S5l < o(1) + 01 55" — Zg v, (5.15)

which completes the proof.

6. EXISTENCE AND CONTINUITY OF LOCAL STABLE AND UNSTABLE MANIFOLDS

In this section we use the results in Sections 3 and 5 to obtain the existence and continuity
of local unstable manifolds when &, h, only satisfy (3.2) for ||z]|z = ||z* + 27[|z < ¢ with
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d > 0 suitably small. We only consider the unstable manifold case since the stable manifold
case is completely similar.

Theorem 6.1. Let n € [0,1], hy, : R x Z — Z differentiable. Consider initial value problem
z2=Az+ hy(t,2), 2(r)=2€ 2. (6.1)

Assume that hy : 2 — Z is such that where ho(0) = 0, K'(0) =0 € L(Z), that A is such that
a(A) is disjoint of the imaginary azis, o is bounded, the projection (2.2) is defined and the
restrictions AT and A~ of A to the range and kernel of Q satisfy (2.3). Suppose that (1.7)
holds for some r > 0. Under these assumptions the following holds:

(1) For each suitably small n, there exists a globally defined solution of (6.1) £5: R — 2
with limg_o sup,eg [|§;(t)||(z) = 0 and such that

2= A+ (hy):(t,€(1))2 (6.2)

has exponential dichotomy; that is, there is a a family of projections {Qy(t) : t € R}
such that the conditions in Definition 2.1 are satisfied and U,(t,T) is the solution

operator associated to (6.2).
(2) For any T >0

A(t—T) ”L(

lim sup sup||U,(t +7,7) — zy— 0.

n0¢c0,T) 7€R

(3) The family of projections {Qy(t) : t € R} satisfies

lim sup 1@Qn(t) — Qllz) =

(4) There ezists ng > 0, nezghborhood V of z=0in Z (independent of n) with &,(t) € V,
Vt € R, n € [0,m0] and, for each 0 < n < 1o, a function (T, z) Z*“( Q(1)z) :
R x V — Z, such that the local unstable manifold Wy, (&) = Wit(€ ) to (6.1)
is given by

Wiae (&) = {(1,w) € V 1w = Qy(r)w + I (7, Q(T)w)}.
(5) Finally, the unstable manifolds behave continuously at n = 0 in the sense that
L —>0
supsup {[|@a(0)z = Qlz + |153(t Qa()2) - Z3(Q2)l1z} 3
LT 2€

Proof: According to Remark 3.1 and Theorem 3.1, we only need to ensure that, given ¢ > 0
there is 0 < ¢’ < & such that any solution (2% (t), 2y (¢, 27 (t)) on the unstable manifold which
satisfies |27 (to)||z + || Z; (to, 27 (to)) ||z < ' satisfies |27 (t)[|z + [|Z; (¢, 2t (t))|lz < 6, for all
t < to. However, since z7(t) is the solution of

T = AT(t)2T + Q) hy(t, zF, Tyt (27 (1)), t < to,
the variation of constants formula implies that

12 (#)lz < Ml PMUFENE=0I* (1) | 5. (6.3)
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Thus we have
| Z0(t, 2 () ||z < MLelPMIFENE=t0)|| 2+ (30) | 2

and the proof now follows easily.

7. ON THE CONTINUITY AND STRUCTURE OF PULLBACK ATTRACTORS

The upper semicontinuity of pullback attractors for small non-autonomous and stochastic
perturbations of autonomous dynamical systems has been proved in [6, 7]. On the other hand,
in [16] it is proved the following theorem on the continuity (upper and lower semicontinuity)
of pullback attractors

Theorem 7.1. Consider the family {T,(t,7) : t > 7 € R}, n € [0,1], of nonlinear processes
such that Ty(t,7) = To(t — 7), for allt > 7 € R, and assume that (1.5) is satisfied. Suppose
that, for alln € [0,1], the processes {T,(t,7) : t > 7 € R} have pullback attractors {A,(t) :
t € R} and that {To(t) : t > 0} is a gradient dynamical system (in the sense of [11]) for
which all the stationary points {yf : 1 < ¢ < n} are hyperbolic. Assume that the unstable
manifolds of y; behave continuously in the following sense: there exists a & > 0 such that
for any € > 0 there exists an ny such that for all 0 < n < ng there exists a global hyperbolic
solution &}, (-) of T, with
supsup |£,(t) — ;| <e
j teR

and within a § neighbourhood of y;
sup disty(W*(&; ), W*(y; (1)) <€ forall teR.
J

im
Then

sup disty (A, (t), Ag) =+ 0 as  1n—0, (7.1)
teR

where disty denotes the Hausdorff distance between bounded sets B,C C Z, defined as
disty (B, C) = max{dist(B, C), dist(C, B)}.

This theorem is then applied in [16] to finite dimensional gradient systems. Note that,
in our case, we easily get the convergence of nonlinear operators in (1.5), related to (1.2)
and (1.1), from (2.4). Hence, from Theorem 6.1, it is now a straightforward application of
the above result to our non-autonomous perturbation of differential equations in a Banach
space. Actually, if we follow the proof in [16], we note that what it is proved there is the
lower semicontinuity of each of the perturbed unstable manifold to the associated limited
one; that is, for allt =1,...,n

suLg disty (W' (&) (1), W*(y;)) — 0 as n — 0,

te
and that is proved as follows: given any y € W¥(y;), there exists a sequence of points
Yo, € W (E£,)(t), such that limy ey, = y. On the other hand, observe that the above

M \S2,1)
continuity in the Hausdorff metric implies that

supdisty(A4,(t), A,(7)) =0 as  n—=0, for all 7 € R. (7.2)
teR
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Note that (7.1) and (7.2) implies that all the attractors Ag, 4, (t) are very similar for n small
enough.

On the other hand, bounded global solutions and consequently, unstable manifolds for the
perturbed systems have to be part of the pullback attractor (Lemma 2.1 in [16]); that is, for
all t € R,

UweE) @) c Ay,
1=0

so that, we are describing part of the structure on these pullback attractors, which, in
particular, would give us lower bounds for the dimension of these sets.

8. APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

Let © be a bounded smooth domain in R?. For n € [0,1], assume that g, : RxR = R
is continuous in the first variable and twice differentiable in the second variable such that it
satisfies

O9n : R? — R is continuous,
u
d%g,
—(t,u)] < ¢(1+Ju]), VYu € R and for some ¢ > 0,
Ou? (8.1)

0 , 0
sup <|gﬂ(t) ’LL) - gO(u)| + | agn (t7u) - gO(U’)|> 77_>} 07 Vu € R)
teR u

sup sup |g(t, u) — go(u)| < oo,
teR u€eR

and

lim sup
|u]—o00

where A : D(A) C L*(Q) — L*(Q) is —A with homogeneous Dirichlet boundary condition
and g is the first eigenvalue of A.

qu(J[u) < 60 < Ao (82)

Consider the non-autonomous damped hyperbolic equation
g + Bug — Au = gy(t, u) in Q (8.3)

with the boundary condition
u=0 in OS. (8.4)

The initial data for (8.3), (8.4) will be taken in the space Z = Hj(2) x L*(Q), where the
norm in H}(€) is defined by (¢l g1y = [IVellr2e), ¢ € H; (Q).

It is known (see [3]) that (8.3), (8.4) defines a nonlinear process {T;(¢,7),¢
Z where T(t,7) (0, %) = (u(t), u,(t)) with (u(t),u(t)) being the solution of (8.3),
that u(7) = ¢ and w(7) = .

We consider (8.3), (8.4) as an abstract evolutionary equation in Z:

> 7 € R} on
(8.4) such
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2 =02+ fplt; 2),
2(T)=2%n€2Z

pE <Z1> € Z,
%)
0 I
o= J)

el <9§?ZI)) ’

where g&(t,-) : Hy(Q) — L*(Q) is given by gi(t,21)(z) = gy(t,z1(z)) for z € Q, and A :
H*Q)N H(Q) = D(A) C L*(Q) — L*(Q).

Under the assumption (8.1) we have that g; is continuous in the first variable and contin-
uously differentiable in the second variable (see [3]). Hence, the same holds for f,. It is not
difficult to see that (1.4) is satisfied.

Using the energy V : Z — R defined by

1 1
V(Z) = §/Q|Vzl|2+5/ﬂzlzg+§/gz§+/Go(zl)
Q

for suitably chosen § > 0, where

(8.5)

where

Golar) = | " go(s)ds

it follows in a similar way as in [3] that (8.5) has a pullback attractor in Z.
We note that the equilibrium points of (8.3) with n = 0 are of the form 2§ = (ug,0) where
ug is a solution of
— Au = go(u). (8.6)
Furthermore, if u} is a solution of (8.6) such that 0 ¢ o(—A + gg(ug)I) (which is true
generically) then, (uj,0) is a hyperbolic equilibrium point of (8.3) with n = 0.
As a consequence of the results in the previous sections the following result holds

Theorem 8.1. Assume that (8.1) and (8.2) hold and that 0 ¢ o(—A + gg(ug)l) whenever
ug is a solution of (8.6). Then, the nonlinear processes associated to (8.5) have pullback
attractors {A,(t) : t € R}, n € [0,1], and this family of pullback attractors is upper and
lower semicontinuous at n = 0.

9. FINAL REMARKS AND CONCLUSIONS

All the results in this paper have been written for semilinear equations with the unbounded
operator 9B generating a strongly continuous semigroup which lead us to consider an applica-
tion to an hyperbolic partial differential equation. As a first remark we note that everything
proved here can be carried out for the case when 9B generates analytic semigroup. In this
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case many of the computations would have been a little more involved to deal with singular-
ities that appear in the integrals due to the fact that the kind of bounds for linear operators
are now of the type

1Un(t, )tsllze < Me ) (t — 5)77 [lus |, (9.1)

for 0 < o < 1 and positive constants § and M. The roughness of dichotomy theorem
(Theorem 7.6.11. in [12]) will also apply. Some aspects are simpler when B is sectorial, the
definition of hyperbolic equilibrium point is .

Another aspect that deserves to be mentioned is the following: Our proof of existence
and continuity of unstable manifolds for the perturbed dynamical system does not use in a
essential way the fact that the limiting dynamical system is autonomous. Instead, what we
use is that the limiting problem has a hyperbolic orbit (in the case described a hyperbolic
equilibrium). One could start from a limiting non-autonomous semilinear equation and
study the continuity of the union of its unstable manifolds under small perturbations. Since
our general expectation is that the attractor for a dynamical system consists of unstable
manifolds of hyperbolic orbits the results presented here are quite general. In particular, we
are now able to study the continuity of attractors for autonomous dynamical systems under
autonomous perturbation (singular or not) for situations which are more general than the
case when the attractor of the limiting dynamical system is the union of unstable manifolds
of hyperbolic equilibria.

Of course, pullback attractors do not enjoy (in general) any forward attraction property.
That is saying that the non-autonomous dynamical systems will posses additional structures
that need to be studied. In a forthcoming article, using the results developed here, we give
a characterization of pullback attractors for non-autonomous dynamical systems which are
perturbation of autonomous problems when the attractor for the later is the union of unstable
manifolds of hyperbolic equilibria. Using this we study asymptotically autonomous problems
(when ¢ tends to —oo and ¢ tends to 4+o00) and prove that if the autonomous limits are
gradient and their attractors are the union of the unstable manifolds of hyperbolic equilibria
(possibly different in —oco and +oc0) then the pullback attractors can be characterized as the
union of the unstable manifolds of the backwards limit whereas the forward attractor (in
the sense that it is invariant and attracts bounded sets forward in time) is the union of the
unstable manifold hyperbolic orbits (which converges to the equilibria). In this case we also
prove that any solution converges forward to a (forward) hyperbolic solution (in particular
to equilibrium points of the forward limit); that is, any point in the phase space is in the
stable manifold of some (forward) hyperbolic solution.

The sort of perturbations considered here are of very simple nature. In a forthcoming
article we will consider the case when the perturbations are of more singular nature. In
particular we will consider situations for which the unbounded operator B also depends

upon the parameter.
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