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Strongly damped wave problems: bootstrapping and regularity of solutions

A. N. Carvalho, J. W. Cholewa e T. Dlotko

Resumo

O objetivo deste trabalho é dar um tratamento unificado, em espagos de Banach, a vérios problemas
modelados por equagdes diferenciais parciais de segunda ordem em tempo. Os resultados sdo aplicados a
uma variedade de exemplos que aparecem na literatura e que podem ser considerados equagdes de ondas
fortemente amortecidas. Este trabalho estende consideravelmente os resultados conhecidos para existéncia e
regularidade de solugdes para estes problemas. Em muitos casos, estes problemas tinham sido considerados
apenas no contexto de espagos de Hilbert com os operadores presentes na equagao sendo auto-adjuntos. Aqui
é apresentado um contexto geral envolvendo operadores setoriais em espagos de Banach reflexivos.
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In this article we consider a class of mathematical models that can be regarded as strongly
damped semilinear wave problems. Our aim is to give a unified treatment to several different
special problems appearing in the literature and modeled by second order in time semilinear
partial differential equations with structural damping (expressed by the first order in time

Strongly damped wave problems: bootstrapping and
regularity of solutions

A. N. Carvalho! J. W. Cholewa!, Tomasz Dlotko®
October 2, 2006

*Departamento de Matematica
Instituto de Ciéncias Matematicas e de Computacio
Universidade de Sdo Paulo-Campus de Sao Carlos
Caixa Postal 668, 13560-970 Sao Carlos SP, Brazil
E-mail: andcarva@icmc.usp.br

HInstitute of Mathematics
Silesian University
40-007 Katowice, Poland
E-mail: jcholewa@ux2.math.us.edu.pl
E-mail: tdlotko@Qux2.math.us.edu.pl

Abstract

The aim of the article is to give a unified treatment in the Banach spaces to several
problems modeled by semilinear partial differential equations of second order in time.
Our results are applied to a number of examples appearing in the literature, which can
be regarded as strongly damped semilinear wave equations. The present work greatly
extends the known results on existence and regularity of solutions of such problems. In
many cases, these problems have been considered previously only within the setting of
Hilbert spaces with the operators appearing in the main part being self-adjoint. Here
we present a more general setting involving sectorial operators and reflexive Banach
spaces.

Introduction

term). Among the problems that can be included in this class we mention:

*Partially supported by CNPq 305447/2005-0, CAPES BEX 1353/06-3 and FAPESP 03/10042-0, Brazil
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e The sine-Gordon equation

Ut + Pus — Au — alAuy = —sinu + g(z), @, € (0, 00).

The perturbed wave equation of quantum mechanics

ug — Au — aAuy = —|u|"u — Blw|Pu + g(z), a € (0,00).

The perturbed viscous Cahn-Hilliard equation

et + up + APu — §Au; = A(h(u)), €6 € (0,00).

The wave equation with structural damping

Uy + 217(—A)%ut + Buy — Au = f(u), n € [0,00),8 € (0, 00).

Under suitable boundary conditions these problems, and many others in the class con-
sidered here, have the property that the solution operator associated to the linear part is an
analytic semigroup. This fact gives a parabolic structure to these second order (wave like)
semilinear problems. Our aim here is to consider such class of problems from the point of
view of parabolic equations. With this in mind we give a general result on local existence,
regularity and bootstrapping. We first prove that the above problems are locally well posed
not only in the L? setting (context in which they have already been extensively studied, see
[4, 5,6, 8,9, 10, 22, 26, 28]), but also in the L setting, context for which the theory has not
been fully developed (see, for example, [23]). To that end we prove that the linear part of
the equation generates analytic semigroup in this latter setting and study its regularization
properties. Next, we prove a local existence theorem and study the regularity properties
of solutions of the associated semilinear problem in the LP(f2) setting. We also obtain a
bootstrapping argument that will lead to more regularity of solutions which, in some cases,
will be classical. Lastly, we apply these results to the above mentioned examples comparing
our results with the results in the literature.

To present the results proved in this paper we introduce some terminology.

Definition 1.1. Let X be a reflexive Banach space, A: D(A) C X — X be a closed densely
defined operator, n >0 and 0 € (%, 1]. The triple (n,0, A) is said to be an admissible triple

i
d M

1+ ||
for some M > 0 and for all X in the sector £, = {A € C : ¢ < |arg|]A < 7 with ¥ €
(0,5)} U {0} and either

I+ A7 < (1)

i) 0€(31] or

[\



i) =1 and I > L+ arg(n+/n2 - 1).

Let (1,0, A) be an admissible triple and denote by X* the fractional power spaces (see
[1, 17]) associated to A. Consider the second order differential equation

{ uy + 2n A%, + Au = f(u) + g(uy), @)

u(0) = up € X2, u(0) = vo € X.

With this notation, all the above mentioned mathematical models are represented in the
form of equation (2). Also in all the examples cited previously the corresponding triple is
admissible.

Problems like (2) appear in the literature under the name of strongly damped wave equa-
tions and in most cases A must be self adjoint. Our approach allows a great generalization
including much more general strongly damped wave problems then those considered so far.
In particular, we allow the elliptic operators to be in non-divergence form. Besides this, the
local existence results are improved significantly with respect to the nonlinear part of the
equation, since other spaces can be used instead of Hilbert spaces.

Problem (2) can be written as a first order Cauchy problem in X2 X X in the following
way

8+ Aw [ = F (3D, t>0, [39] =[%]. (3)
where 1 1
A(0)=[22;£9i|:D(A(o))CXEXX_)XEXX (4)
is defined by
-9
Aw [] = [AO(AI—%HW)] (5)
for ; 1
(9] € D(Aw) ={[¥] € X7 x X3; A%+ 2y € X°}
and

F([3]) = [ rtem] -

Remark 1.1. Though the condition i) in Definition 1.1 seems restrictive it can be verified in
all interesting applications for alln in (0,00). Unfortunately this condition cannot be avoided.
Ifne(0,1), 0 = %, Ap is the Dirichlet Laplacian in a bounded smooth domain 2, p # 2

and A = —e! G-V’ ~A,  then (n, %, A) is not an admissible triple and consequently
A(%) does not generate a C°-semigroup (see [18]) and (3) is an ill posed problem.

When X is a Hilbert space and A is a positive self adjoint operator, it has been proved
in [8, 9] that A is a sectorial operator and therefore it generates an analytic semigroup.
Under the same conditions, in [10], the authors gave a characterization of the fractional
power spaces associated to A, 0 € [%, 1]. In these works, the fact that X is a Hilbert space
and that A is a positive self adjoint is used in an essential way. We extend the results of
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[8, 9, 10] to the case when the operator A is not self adjoint and more generally we consider
the case when the space is a general reflexive Banach space.

The local existence for (2) in the critical exponent case have been considered in [4, 5]
when A is a positive self adjoint operator and X is a Hilbert space. In [7] the case when
A is the Dirichlet Laplacian in a bounded smooth domain Q and 6 = % is considered in
WyP(Q) x LP(Q) for subcritical nonlinearities. We extent the results in [4, 5, 6, 7] to general
2m-th order strongly elliptic operator, 6 € [%, 1] and critical nonlinearities.

Recently, in [13], the following general second order partial differential equation is studied
in the Hilbert setting

{ Mug(t) + Au(t) + k- D(uy(t)) = F(u(t), u(t)),

: (6)
u(0) = ug € D(AY?),u,(0) = wy € V = D(M?),

where A is a positive self-adjoint operator, k is a positive parameter, and operators D and
F satisfy suitable hypotheses. Of course, (6) covers many examples that do not fall into the
class of problems considered here. Also, in [13] the authors consider not only local existence
but also global existence and existence of global attractors. Nonetheless, if M = I and
D = A° (6 € [3,1]), that is in the case of the strongly damped wave equation considered
here, the space V in [13] coincides with the base Hilbert space H in which A is self-adjoint.
In this situation our assumptions may lead to a more general class of nonlinearities. For
example, if Ap denotes the Dirichlet Laplacian in a bounded smooth domain Q Cc R3, § =1
and D = A= -Ap, M =1, H=L[*Q), f: R - R and F(u,u)(z) = f(u(z)), the
growth that we obtain for f is 5, whereas in [13] it is 3. We remark that in the present work
we consider also operators A which are not necessarily self-adjoint as well as settings which
are not restricted to Hilbert spaces. Also, we never assume that the nonlinear terms in the
equation are monotone or quasi-monotone.

Let 2 be a bounded smooth domain in RY, L be 2m-th order operator in 2 given by
L= ) a,(z)D° (7)
lo|<2m

and {B;,j =0,...,m — 1} be boundary operators such that the triple (L, {B;},Q) forms a
regular elliptic boundary value problem (see [15]). For p € [2,00) define

AL :D(AL) C LP(Q) — LP(), D(AL) = H}ip, (),

(8)
Apu = Lu for ue D(AL).

Then Ay, is a sectorial operator in X = LP(Q2) and X7 = H"T{Bj}(ﬂ) (see [27] for the definition

»
of the HJ (5 ,(€2) spaces). Assume throughout the paper that (, 6, Ay) is an admissible triple
N 5j
and consider the problem

{utt + 27]Aiut + Apu= f(u) +g(w), t >0, z € Q,

. (9)
u(0) =wup € X2, u(0) =v € X.
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As a particular consequence of the results of this paper we obtain:
Theorem 1.2. Suppose that f,g are C' functions such that

i) [f(s)] < c(1+]s]”71), s €R, Wh€T€1<p<——ﬂ— pifmp <N, orpé€ (1,00) if
mp =N,

i) |g'(s)| < c(1+1s]“""), s € R, where 1 <v < FE2mel —.

Then, the initial boundary value problem (9) has a unique local solution through each point
[v] € (B; }(Q) x LP(Q2). This solution depends continuously upon the initial condition

and, for § < 2 5, 18 a classical solution.

In fact, we may consider nonlinearities depending on spatial derivatives of u. In particu-
lar, for the perturbed viscous Cahn-Hilliard equation in dimension three, the conclusion of the
above theorem holds for any C? function  and any initial data from H?(Q)NH(Q) x L*(Q)
(no growth condition is required and h need not to be a polynomial).

This paper is organized as follows. In Section 2 we show that the operator .A(g) generates
analytic semigroup, characterize its fractional power spaces (including extrapolation spaces)
and obtain an abstract local existence result. In Section 3 we consider the case when A is
a 2m-th order elliptic operator in LP(2), specialize the characterization of fractional power
spaces given in Section 2 to prove embedding of such spaces in suitable known spaces, obtain
a general bootstrapping result and consider some particular nonlinearities that appear in the
applications. Finally, in Section 4 we apply our results to some known problems including
the ones mentioned in the beginning of the paper.

Acknowledgement: This work has been carried out while the first author visited the
Institute of Mathematics of the University of Silesia in Katowice, Poland. The authors wish
to thank the Institute of Mathematics for supporting this cooperation. Also, the first author
wishes to thank the people at the Institute for the great hospitality.

2 Abstract Setting of the Problem

In this section we study the abstract properties of the operator .44 defined by (5). We also
establish local well posedness of (3) with nonlinearities f, g defined in appropriate subspaces
of X. Throughout the section we assume that (7,6, A) is an admissible triple.

2.1 Properties of the operator A,

Here we discuss the properties of A, 6 € [3,1], necessary to consider (3) as an abstract
parabolic problem on the extrapolation space Y{)_, of Y (the completion of (¥©, H.A ()ID)-

To that end we first prove that Ag) : D(Ap) C Y° — YO is a sectorial operdtor and
characterize its fractional power spaces.



In the case when X is a Hilbert space and A is a positive self-adjoint operator these
properties have been established in a sequence of papers [8, 9, 10]. If —A is the Dirichlet
Laplacian in a bounded smooth domain Q and X = LP(Q), the proof that A1) generates
analytic semigroup and an approximate characterization of its fractional powier spaces is
given in [7].

Remark 2.1. Note that

-l o ere

and that X' x X is a dense subset of D(Ag)). However the operator € : D(¢) C XixX —
X3 x X defined by D(€) = X! x X? and

¢ Lﬂ - B 2;£9] Lﬂ - th +—2wnA%]

is not a closed operator unless § = L. Note also that D(A1) = X' x X2 and that, for all

2 3

6 € (%, 1], D(Ag)) is not a cross product of spaces.

As shown in [2, 4], the knowledge of the scale of fractional power spaces and its embedding
into known spaces are the main tool to obtain local well posedness of a semilinear sectorial
problem (even in the critical growth case). In this sense, we obtain here the main working
tools for obtaining a general local well posedness result for (3).

Proposition 2.1. If Y° = X% x X and Ay : D(Ag) C Y° — YO is defined by (5), the
following holds:

1) A s closed,
2) 0 € p(Ag), and

3) If A has compact resolvent, then A(g) has compact resolvent for 6 € [3,1).
Proof: 1) To prove that A is closed we take a sequence ({;’Z”} Ay [:Z”]) in the graph

of Ag) which converges in [X% x X| % [X% x X] to (Lﬂ , [5]) ;From this we easily

conclude that & = ¢ and

1

b 2 ¢ = A0, X Al0g
Y 1)

and hence A'"%p, + ¥, — A% + 1. On the other hand
AP (A0, + o) — v
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;From the closedness of A? we have that A'~%¢ + ¢ € D(A?) and that

AY(A ) =

v
2) Follows immediately from the fact that

Hene m € D(Aw) and Ag, m = ﬂ

-1 __ 277A6~1 A1
e

3) Follows immediately from 2).

L]

As mentioned before, the proof of analyticity for A 1 and approximate characterization

of the fractional power spaces D(A‘("l )), o € [0,1] are given in [7] for general Banach spaces
2

X3 x X. Unfortunately the proofs of [7] cannot be extended to the case # € (3,1] nor
give an exact characterization of the fractional power spaces for § = % Next we prove the
analyticity and give an exact characterization of the domains of fractional powers D(A))

for 6 € [,1] in general Banach spaces X2 xX.

We prove that A, 6 € [-é—, 1], is sectorial. To that end we will follow the ideas of some

unpublished notes by A. Rodriguez-Bernal [24] and Lemma 5.1 of [3].

For 6 € (3,1], let By : D(Ag) C Y° — Y? be the operator defined by

0 0
D(By) := D(Ap) and By := A(p) + (0 LAl—(?) ;
2n

I 0 I 0 L A6 T
P, = _ , p—1=< _ > ’D:(%
(/] <515A1 0 I) /] _ﬁAl 0 I 0 0 27’],40

then Py : D(A(g) — X277 x X? = D(Dy), PsBy = DyPy and
Pp:XixX—X2xX
are isomorphisms. The operator

N 1 1-0
D9:=(2’7% 2(149>:X%‘9><X9CX%><X—>X%><X
n

is sectorial. Since e . {
(De—DO)D571X§ W e A R

is a bounded linear operator for 1 > v > 5, it follows from [15] page 177 that
Dy: X1 Ix X0 CXixX— XixX
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is sectorial and its fractional power spaces coincide with the fractional power spaces for the
operator Dy with equivalent norms and therefore are given by

D(D?) = Xatli~tla o xoa,

For9=—;-,17>0, a,,=n+\/7]2—1andc‘zn=n—\/n2—lwedeﬁneD%:D(D
XixXiCcXxX—XxXby

Dy = [a,,Ai 0 1] .
: 0 a,A2
= 1 1
P [anAlz I] C prie 1 [A3 —A-3 |
2 ap,Az I 3 dy — Gy |—0y an

then P%A(%) = ’D%P% and P% : X2 x X — X x X is an isomorphism.

It follows from (1) and from the results of [19] that Az is a sectorial operator which
satisfies

=

1
2

If

M
11
1+ |\l (1)
for any A € Z% ={\eC: ¥ < |arg)\| < mwithy € (0,3)}. If £ > £+arga, then a,A? is a

sectorial operator and the fracltional power spaces associated to it coincide with the fractional
power spaces associated to Az with equivalent norms. In particular D(D$) = X7 x X 2.
2

I+ 45)7! <

Remark 2.2. Whenn > 1 both a, and a, these numbers are positive. Consequently, arg a, =
0 and the condition 5 > % + arg a, is automatically satisfied.

We extend the definition of By to the case § = £ setting B% = A(%).

The following result is strongly based on [3, Lemma 5.1].
Lemma 2.2. If By, Py and Dy are as above then,

1) By and Dy have the same spectrum,

2) By is sectorial,

3) Pye Bt = ¢=Pot Py for all t > 0,

4) Py: D(By) — D(Dg) is an isomorphism, and

5) For each o € [0,1] we have that
D(Bg) = { m L€ € X370 gnd A% + 2 € X("’} : (12)

In particular, for o € [0, 3],

D(BY) = X3+0-0a  x0e (13)



Proof: 1) Follows from the equality (A — Bg)™! = P;H(\ — Dy) 1P,
2) Let v € (0,3) and £y = {A € C: ¢ < |arg(\ + a)| < 7} such that
K

—1
||(/\+D0) “L(X%XX) —_ |)\+CL"

AN

The result now follows from
(A + Be)‘lllL( - ||P9_1||L(

< L] ]

~ A +aq

3) Follows from the fact that Pp(A + B)~! = (\ + Dy) ! Py and from the formulas

-1
X% xX) X'%xx)ll(/\+D9) ”L(x%xx)”P"‘”L(x%xx)

e‘B"t——-/e’\t(/\+Be)‘1d/\, e‘D"t=/e’\t(/\+D9)‘1d)\.
r

T
4) It follows from the formulas

O L
B=e — ta—l —Bgtdt Do = / a—1_-—Dgyt
? I'(a) /o ¢ ’ d C(e) Jo E= e

and from 3. that PpBB;* = Dy *P,. Since D(BY) = R(B;*), D(D§) = R(D;*) and Py(X3? x
X) = Xz x X, we conclude that Py(D(Bg)) = D(Dg). Finally, to prove that Py : D(Bg) —
D(Dg) is bounded with bounded inverse we note that
2
P,
i

.-l
Using the fact that Py : X Ix X — X%xXisan isomorphism we obtain the result.
5) To characterize the fractional power spaces associated to By simply noting that

Py(D(B3)) = D(Dg) = D(Dg) = X2+t(-0a . xoa

1
X2ZxX

.=
X2TxX l D(Dg)

Hence, for 6 € (3,1], Lﬂ € D(Bg) if and only if there exists {(‘O] € X2t(-0e y xbo

(%
1] @ _ ¢
8] = L aons - [

which is equivalent to say that & € X2+(1-0a and #Al‘eé + v € X%, Thus we have (12)
and it is easy to see that the spaces given by (12) coincide with the spaces given by (13) for
a €0, 3]

For 6 = % and § > —’24 + arga,, it is easy to see that B% is sectorial and that

such that

4+

D(BY)) = X5 x X% forall acl0,1] (14)
2
O

Next we prove that Ay is a sectorial operator and characterize the fractional power spaces
associated to it.



Theorem 2.3. For each 0 € [ 1], the operator A is sectorial in Xz xX and consequently
{emA®@t t > 0} is analytic semigroup. The fractional power spaces associated to Ag coincide
with the fractional power spaces associated to By with equivalent norms. Furthermore, if A
has compact resolvent and 0 € (1,1), then Ay has compact resolvent.

Proof: Note that, for 6 € (3, 1],

|6 200) ]

= LAy x < Ol A0t

A

<olpofg

X2ZxX

2(1-0) 20-1

1 )
X3xX XExx

0 0\,
(o iAl“") Bo)
2n

is bounded in X2 x X for any! 1> 3 > 2(1 — ).

Thus, for § € (3,1], Ap is sectorial (see [17, Corollary 1.4.5]) and the fractional power
spaces associated to it are given by (12) with equivalent norms (see [17, Theorem 1.4.8]).
The case 6 = % is proved in Lemma 2.2. O

;From [15] page 177 we notify that

Let Y° = X2 x X and recall (see (1]) that the extrapolation space Y(g)_, of Y generated by
A(o) is the completion of the normed space ( ||.A(9) llyo). Since A is a sectorial operator

in Y°, then its closed extension to Y(g)_, (denoted by the same symbol) is a sectorial operator
in Yo, with D(A).,) = Vi_, =¥°.

The following result (adapted from [7]) provides a characterization of the extrapolation
spaces Y(?,‘) for o € [0, %] in terms of the fractional power spaces X associated to A.

Lemma 2.4. The following holds
1 1
Y., D X7 000 x -3+l a g [0, 7] (15)

Proof: Note that if ag € p(—.Ap), then [[A;'()|ly and |[(Ap + aol)™'(-)|ly give equivalent
norms in Y. Without loss of generality we may assume that Reo(.4p) > 0. Otherwise, as in
[17, p. 29], we replace Ay by Ag + aol with ag sufficiently large and the proof can be carried
out in the same manner.

1The restriction 1 > B > 2(1 — 0) excludes the case 0 = % and the sectoriality of A(g) as well as the
characterization of its fractional powers spaces, considered above, are only valid for § € (%, 1]. Fortunately
results for the case 6 = % can be obtained without using a perturbation argument with a simple change of
variables.
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Proceeding as in [4] we have that

_ isometric
isomorphism
> Y

(Agg)) 14! Vg ©)_pp —1<B<L0. (16)

=1

In particular,
Y(e)-u-a) = Y(g)_l: 0<a<l

(see [1, p. 267, Corollary 1.3.9]). From (16) and [1, p. 266, Theorem 1.3.8] we then obtain

I m v, =1 m oo, = M4y ™ m lyo = 1A%, Ag) m lyo = |lAg) Lﬂ g

Using characterization of spaces Y{3) given in (13),
}/(c;) — X%+a(1—9) % Xﬂa’

we next have

¥ —l4-1|¥ ~(1-0) 4 A~
(5] W, =148 [5] Dhomic e = 1 [ 28547 Ui o

i = —(1- - o
= |4z (n A== + A7) || xo + [|A%pl|xo

5—(1—a)(1- —5+a(l- o 1
= g d=0=10-0p 1 A~H=00y 0 + 4%, (6] €Y, a€ 0.3, 0 € (3,1

Consequently, since § — (1 — a)(1 — ) > fa for a €0, 3], 0 € [3,1], we obtain that

1% llvg, < max{c+n,1} (A2~ 0-20-0p| o + | A=5+a@-0p| 4
d) (0)—-1

= mac{e-t 1 4[] ch-mir g Pleveacnpoenn

Since YO is dense in X2~(1-0)(1-0) x x-3+a(1-0) the proof is complete. O

2.2 Abstract local existence result

In this subsection we establish local well posedness for the Cauchy problem (3). We would
like to study this problem in the phase space X 3 x X. To pose the problem in the mentioned
space we will need to consider the nonlinear term F as a map with values in the extrapolated
space Y{g)_, associated to A in Y°. Whenever F' maps Y? into Y3)_, for certain a € (0, 1),
then local well posedness result is known (see [17]). If F' does not possess this property we
will use the concept of e-regular maps and e-regular solutions to (3) (see [2]).

11



Definition 2.5. F is an e-regular map relative to the pair (Y°,Yp)_,) with constants C > 0,
p>1,e€ (0,%), and 1 > v > pe if and only if

IFC[2]) = F 2Dl

(0) 1
< OIS - [ e, (141081050 + NI ) (8] 15 e v,
(17)

If the above relation holds with € = 0 and vy € (0,1) then we say that F is subcritical relative
to (Yov Y(g)—l)‘

Definition 2.6. Lete >0, 7 >0, [0] € Y° and [1:8] . [0,7] = Y°. We say that [38} is
an e-reqular solution to (3) on [0, 7] if and only if

« [19] e ctio, ) v, ) e, v,

° [:8] satisfies the Cauchy integral formula:

EdELadt: ]+/OteA<i'3>F<[3§j)Dds t € [0,7]. (18)

Proposition 2.7. ([4, Proposition 6]) If F' is an e-regular map with respect to (Y°,Y(e_,),
then for each [22] € Y° there exists a unique e-regular solution to (3) on certain interval
[0,7]. When F =3¢ | F; and F; are e;-regular maps with constants p;,~;, C; and

min{7y(e;); 1 <i<n}=9>¢:=max{e; 1<i< n}, (19)
then there exists a unique &-reqular solution to (3). In addition, we have?

[483] € clo, 71, Y7 ) N CH©, 7, YT )

3 The case when A is a 2m-th order elliptic operator
in LP(Q))

Let Q be a bounded smooth domain in RY, L be 2m-th order operator in Q given by (7).
Then, Ay given in (8) is sectorial in X = LP(Q), p € (1,00) (see [15]). Assume that
Rec(AL) > 0 and that Ay has bounded imaginary powers.

Remark 3.1. Note that, if Ap is a mazimal accretive operator in a Hilbert space, then it
has bounded imaginary powers (see [20]). For conditions on (L,{B;},Q) ensuring that A
has this property in the LP-setting we refer to [14].

2Throughout the paper s~ denotes any number smaller than s € R.

12



Throughout this section we assume that (1,6, AL) is an admissible triple and denote
by X%, a € R, the fractional power spaces associated to A;. From the results in [27]
we have that X* = Hg?gj}(ﬂ), a € [0,1]; in particular, X7 = Hp,1(Q). We denote
2= H' 5,y (Q) x LP(Q).

p

Lemma 3.1. For o € [0, 3] and 6 € [},1] we have

vg_, D X4-0-90-0) « [a(Q) for g > Np

>
~ N+mp(l —2a(l —0))’ N>mp, p22 (20

Yire =Yg = Hylan® =) x H2med (). (21)

(0)-1 p.{B;} P

Proof: Denote by p’ the conjugate of p € (1,00). Note from [1] that

(X—:zl-+a(l—0))* - (X*)%—a(l—l?) — Hjl",’z(gj;a(l—a))(ﬂ) C Lr(Q)

for1<r< which completes the proof. ]

Np
N(p-1)-mp(1-2a(1-6))’

3.1 Bootstrapping

In the particular situation of this section we employ a bootstrapping argument, similar to
that used for parabolic equations, to obtain additional regularity of the solutions of (3).

Theorem 3.2. If F an e,.-regular map with respect to the pair of spaces (Y,2, Y(g)_l) for every
r > p with v(e,) = %, then e,-regular solution to (3) on [0,7] satisfies for each r € [p,c0)
the condition ; e -
. m+m(1-0))~ -r(mo)~

(48] € C((0,7), HUgn =" (@) x HUo (). (22)
Consequently, we have

[20] € (0, 7], Ctmm-9)™ (@) x Cm9” (@),

If6 < 2 and F takes Ctm+m(1=0)7(Q) x Cm+m1=0)7(0) into X x C(Q) for some v > 0,

then the solution to (9) is in fact classical, that is

[Léif;)m] € C(0, Tug.u0 ), C™ () x C() x C(Q)). (23)

uge ()

Furthermore, if 3 > pe,, then for B C Yy bounded the local solutions [3](t,[%9]) to (3)
with given 0 € (3,1), [13] € B exist until certain 7 = 7(B,0) > 0 and {[}](¢,[%]); [w] €
B}, {[4], (t,[%]); (%] € B} are bounded subsets of the product space ny'?g)ﬁ'?(l"e)) Q) x

H"(Q) for cach t € (0,7), 8 € [3,1) and 7 € [p,c0).
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Proof: First let us consider regularizing properties of the solutions uniform with respect to
the initial condition varying in bounded sets. Then condition (22) follows.

It is known (see (2, 17] and [7, Theorem 5]) that there is 79 = 79(B, ) > 0 such that the
sets

Be = {1516 [15],0); [%5] € B, € €.},
BC:{[v]t ’[ }9),[3]EB,t€[§,TO]},

are bounded in H("Eg";(l D7(Q) x H;"{I;) }(§2) for each ¢ € (0,79). We next have that:
i) if N > mp(l — ), then by the embedding properties these sets are also bounded in
H R }(Q) x L1 (Q) with ¢ = 'Aﬁ?%%—_w and qo := p. In addition, we have that £ =

=: 1 > 1 and following the regularization argument with Y° = Hm (Q) x

N-mp(1-0) ar »{B;}

L% (Q) we get boundedness of the sets B¢, B, in H T;’g(}l M7(Q) x H(T_n?B }(Q)

If N > mqy(1 — 6), we return to the beginning of i) and the procedure can be repeated.
Also, 2 will remain bounded from below by f.

What was said above proves the existence of a finite number k, such that after k rep-
etitions we reach certain gy > 2, for which N < mgg(1 — ) and the sets B, BC are

bounded in H(mJ{r;n(}l D7) x H T_ne{)B }(Q) Since finally obtained space is embedded in
) J
H 5,3 () x L7(Q) for every 7 € [p, 00), the proof is complete.

For § < 2 we have 2mf < m +m(1 —#6). Rewriting (9) in the form Apu = f(u) +g(u) —
— A, and using Schauder type estimate for elliptic equations, (23) follows. O

3.2 Local existence for particular nonlinearities
The following local existence results follows from Proposition 2.7 and Lemma 3.1.

Corollary 3.3. For p > 2 assume that
i) f: R — R s a locally Lipschitz continuous function if mp > N,
it) f satisfies the condition

|£(51) — F(s2)| < cls1 — sal(1+ [s1]77! + [s2|°7"), 51,82 € RY, (24)

with certain 1 < p < F2E =1 and ¢ > 0 if mp < N,
iii) condition (24) holds wzth arbitrarily large but fized p € (1 o0) if mp = N.

Then, the map F ([#3]) = [jetun)] takes Y into Y(o) and 1is Lipschitz continuous

on bounded subsets of Ypo, where oy = % in the case i) or m) or when 6 =1, and o =

min{3, %}—mﬂ}, p < p, in the case 11).

u(:)
(

u .)] € C([0, Tupo), Y2) to (3) through

Furthermore, there exists a unique mild solution [

(W] € YO and for o as above we have that

k
|

m-+2map(1-0) 2mag0
| € CUO. Tunmn)s Hpiay ™) x Haggh (),

2maj0)~

(m+2may,(1-0))~ ( »
] = Cl((OvTuo,vo) Hp{BJ} (Q) * HP:{BJ'} (Q))

L 'G

u(-
(-
(-
(

(e

14



If 4) holds with p = p, then
U\ ug e __ pe
1F (D) = F D llyyo < Cllfw) - f (U2)||Lmr_g%m(n)

< C”Ul = U2HHm+2m59(Q) (1 + |lu1| Hm(—i—zmsf)(Q + HU'ZHHm-rZﬂ;EB(Q)) (26)

= ol (21 = [y, (10T + 11 1z ).

where € € [0, 351, ¥(¢) = pe and [3}],[37] € Hyigh®(Q) x H27E0\ (Q).

Therefore, for each e € (0, Ziﬁ], the nonlinear map F ([3]) == [f:(u)] is e-reqular relative
o (Yy,Y(g)_,) with constant y(€) and there exists a unique e-regular solution to (3) through
[u5] € Yy satisfying both relations in (25) with «, = y(e) € (0, 3].

Proof: The result follows from Lemma 3.1, Sobolev embedding properties of spaces H;(§2)
into Lebesgue spaces, Holder inequality and Proposition 2.7.
In a similar manner as in the case of Corollary 3.3 we obtain

Corollary 3.4. For p > 2 assume that

19(s1) = g(s2)| < clsy = sa|(1+ [sa]"7" 4+ [s2]"™"), 81,85 €R, (27)
where L N+ 2mph s,
- N
Define €, = max{0, M"—;%%g—:"—pg}, take v(e,) = 5 and denote by g° the Nemytskii operator
associated with g : R — R. Then, we have
17 (%)) - F (% ”y(’;()s_ul) < Cllg*(v1) - ge(/UQ)||LN+mp(1—12\’-yp(e,_,)(1—8)j )

= llg*(vr) = g* ()l ey

< cfjvr = U2”H2"’5"9(Q) (1 + ”UIHH%(mgue + “U2“H2msue(9)>

=l (221 = (28] e (24 02T+ DTS ).

where [31],[v2] € H?{*gTE“G(Q) % HETFEV}(Q). Therefore the nonlinear map F ([4]) := [ 4l ]

is €,-regular relative to (Y, Y(g)_,) with v(e,) = 5.
Furthermore, there exists a unique €,-reqular solution [‘:E” € C([0, Tup), ¥) to (3)

through [43] € Y and (25) holds for o, = 5

Corollary 3.5. Suppose that the assumptz’ons of Corollaries 3.3, 8.4 hold and let F ([¢]) =

F([4])+F2 ([¥4]) where Fy ([4]) == [ 4| () | Bl = |, (v)] Then Proposition 2.7 applies

with 4y = % and certain € = max{l —} Thus, there ezists a unique €,-reqular solution

(23] € C0, Tuowo), ¥2) to (3) through [18] € Y and (25) holds for oy = }

15



The approach developed above works as well for nonlinearities depending on the space
derivatives of u. The corollary below gives a sample result of that kind.

Corollary 3.6. For 2p > N assume that h € C**Lipschitz(R R). For 2p < N assume that
1" (51) = h"(s2)] < cls1 = s2|(1+ [1]°7° + [52]*7%), 81,82 € R, (29)
with
i) p € (1,00) if N =2p, or
i) p € (1 ’N_Z—p] if 3p > N > 2p, or

iii) p € (1 ’Tv_'zp] if N > 2p and h is a polynomial.

1 0 . : .
Then F ([%]) == [h,,c ()| VulP+h’ (u)Au] is Elﬁ-regular with respect to the pair of spaces (Y}, Yy,
with v = -;— Therefore, there exists a unique Qip-regular solution [38] € C([0, Tug o) ypO) to

(3) through [%] € Y2 and (25) holds for oy =3, m=2,8 =3

Proof: In the cases ii) and iii), using Holder inequality and Sobolev type embedding, we
have that

(A" (u1) — B (42))| Ve[| oy < Cllun = uallarg e (1 + lluall iy + lluall Z )l )
18" (u2)(IVur|* = [Vual*) [ o) < Cliwa — uall gy (1 + “uQHHS?Q))”ul + Ual| (@)
(K (u1) = b (u2)) Aua || ooy < Cliwr — vallmye) (1 + llua i, g) + |\U21|Hs%9))

1A (u2) A(ur — un)| Loy < Cllur = vl (1 + lluallf; Q))

HIDE

where s = 2 + %, q= N—Nfﬁ is given by (20) with § = o = ; and m = 2. Hence

IF (5] - F (DI

%)

<Cltal-Lallly | v (1+Il[ ]ll”11+,1r+||[ ]II’”IE%)

3¢ ’Z -1 (,2) 1

(IS L

Consequently the assumptions of Proposition 2.7 are satisfied withn =1, v = % and € =
and the result follows easily.

osl-

4 Examples

In the following examples we illustrate the applicability of our results showing that they
considerably generalize the results about local well posedness appearing in the literature.
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Example 4.1. (Generalized wave equation of quantum mechanics) The Dirichlet problem
for equation

uy — 2nAuy — Au = f(u) + g(us) (30)

in bounded domain Q c R¥, N > 3, has been studied in [16] within the Hilbert setting with
the growth restrictions

N
|£(8)] < c(1+]s|”) with p< th for N >3,
N +4

N

(31)
lg(s)] < e(1+]s|") with v <

In [4, 5] also the critical growth p = %—f% was allowed. In the present paper we extend these

studies to the Banach spaces and operators in non-divergence form. We thus consider the
problem

U + 2nLuy + Lu = f(u) + g(ue), t >0, z € Q,
Byu=...=B,_1u=0,1t>0, z €09, (32)
u(0,z) = up(z), v(0,z) = vo(z), = € Q.
where L is as in (7). If Ay is the operator given by (8) the above problem can be written in
the form (9). We note that (1,1, Az) is an admissible triple for each n > 0.

Based on Corollary 3.5 we allow that the nonlinearities f and g satisfy the following
growth restrictions

N
+mp for N > mp, p € [2,00),
N —mp

N +2mp
N )

which in the Hilbert setting coincide with (31) in the subcritical case and with [4, 5] in the

critical case. (From Corollary 3.5 we infer that the solution of (32) satisfies the condition

I£(s)] < (1 +s|?) with p <

(33)
lg(s)| < (1 +]s]) with v <

u(’) m m- m- ‘
[ 563 ] € OO, T Hi ) B ) % HE () (34)

It is clear that the sine-Gordon equation and the perturbed wave equation of quantum
mechanics can be considered as particular cases of (32).

Example 4.2. Here we consider a particular equation of the form (9)
Ugs + (—AD)3ut + (=Ap)tu= f(u) + g(w), t >0, z €, (35)

where Ap is Laplacian with zero Dirichlet boundary condition in LP(Q). We refer to [11]
for the proof that L = A* with Dirichlet boundary conditions defines a uniformly strongly
elliptic operator. For the proof that [(—AD)“]% = (—Ap)?® see [21]. If A is the operator
given by (8), the above problem can be written in the form (9). We note that (n,2, AL) is

an admissible triple for each n > 0.
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The local well posedness of (35) follows from Corollary 3.5 if f and g satisfy the following
growth conditions

N+4
F(s)] < clL+]sl?) with p< L for N> 4p, pe[2,00),
®
lg(s)] < c(1+|s]”) with v < :
Furthermore, as a consequence of Theorem 3.2, we have
u(-) 5 5~ 3-
Iig:t((..))] € C((O,Tuo,vo),Hrf{Bj}(Q) X HT":{Bj}(Q) ¥ Hf,{Bj}(Q)), 7> D (37)

Example 4.3. In a bounded domain @ C RM with C*** boundary consider a perturb
viscous Cahn-Hilliard equation:

Uy + U + Azu - 5AU,5 = A(h(u)), T e Q, t> O,

u=Au=0, x €N, t>0, (38)

u(0,z) = uo(), w(0,z) = wvo(z), =€,
(see [28] with & = 1) where § > 0 is a constant and h € C3(R,R). With A = A} in LP(Q),
p > 2, considered on the domain D(A%) = {¢ € H;‘(Q) ¢ =A¢p=00n0d0}, n= % and
6 = 1 this problem falls into the abstract formulation (9) with f(u) = R (u)|Vul|? + R (u) Au
and g(u¢) = —us. Since Az = —Ap we can choose the angle 1 for the sector E%_ in (11) as
small as needed (see [25]) and (7, 3, A) is an admissible triple for any n > 0.

There is an extensive literature devoted to the classical parabolic Cahn-Hilliard equation
(see [12, 22, 26] and references therein). Recently, problem (38) has been studied in [28]. In
what follows we describe the local well posedness for (38) in the LP-setting. We show that
at most some (rather general) growth conditions are needed for local existence; in particular
for dimension N = 3 and for p = 2 we require that the nonlinearity is C® with no additional

restrictions.
If the conditions of Corollary 3.6 hold, then Theorem 3.2 applies and the resulting 2—1[;-

regular solution [ ;] € C([O,Tuo,uo),Hf,,{Bj}(Q) x LP(Q)) of the abstract counterpart of (38)
satisfies

u(+) - -
liu‘('):l € C((O’Tuo,vo)?Hg,{Bj}(Q) = H'?,{Bj}(ﬂ) X Hrl,{Bj}(Q))v T p. (39)

uge(+)

Therefore, we have that {2‘8} e C1((0,7],C**(Q) x C*(f)), u € (0,1). Using Schauder

type estimate it is not difficult to see that [38] e C((0, 7], C+*#(Q) x C2+#(2)), p € (0, o)-
This proves that [1;8] is a classical solution.

The cases i) and ii) are of much simpler nature and checking that Proposition 2.7, The-
orem 3.2 and Corollary 3.6 apply is omitted.

Remark 4.1. If one wishes to consider the classical parabolic Cahn-Hilliard problem the re-
strictions on the nonlinear term will be ezactly the same as the ones obtained in Corollary 3.6
for (38). That is a direct consequence of the results in [2].
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