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Resumo

Consideramos os atratores A,, n € [0,1], associados & equacio de ondas
amortecidas singularmente perturbada

Uy + 277A%ut + auy + Au = f(u)

em H}(Q) x L*(2), onde Q é um dominio limitado com fronteira suave em R3.
Para ndo linearidades dissipativas f € C*(R,R) que satisfazem |f"(s)| < c(1 + |s]|)
para algum c > 0, provamos que a familia de atratores {A,,n > 0} é semicontinua
superiormente em 7 = 0 nos espagos H'**(Q2) x H*(Q) para quaisquer s € (0, 1).
Para ndo linearidades dissipativas f € C*(R,R) que satisfazem limsj500 ! "3(3) =10
provamos que o atrator Ao para a equagao de ondas amortecidas (7 = 0) é limitado
em H*(Q)x H*(Q) e portanto compacto em C**#(Q) x C**#({2) para todo p € (0, 3).
Como conseqiiéncia das limitagdes uniformes obtemos que a familia de atratores
{A,,n €[0,1]} é semicontinua superiormente e inferiormente em C?#(Q) x C**#(()
para todo € (0, 3).




REGULARITY OF THE SOLUTIONS ON THE GLOBAL ATTRACTOR
FOR A SEMILINEAR HYPERBOLIC DAMPED WAVE EQUATIONS

A. N. CARVALHO! AND J. W. CHOLEWA?

ABSTRACT. We consider attractors A,, n € [0, 1], corresponding to singularly perturbed
hyperbolic damped wave equations

Ut + 217A%ut + aut + Au = f(u)

in H} () x L*(Q2), where Q is a bounded smooth domain in R3. For dissipative nonlinearity
f € C?*(R,R) satisfying |f"(s)| < ¢(1 + |s|) for some ¢ > 0, we prove that the family of
attractors {A,,n > 0} is upper semicontinuous at n = 0 in H*¢(Q) x H*(Q) for any
s € (0,1). For dissipative f € C3(R,R) satisfying limjs|—0 f—uéﬁ = 0 we prove that the
attractor Ao for the damped wave equation (7 = 0) is bounded in H*(Q) x H3(Q) and thus
is compact in the Holder spaces C2+#(Q) x C*+#(Q) for every p € (0,1). As a consequence
of the uniform bounds we obtain that the family of attractors {A,,n € [0, 1]} is upper and
lower semicontinuous in C*T#(Q) x C**#(§Q) for every pu € (0, ).

Mathematical Subject Classification 2000: 35B25, 35L05, 35B33, 35B40, 35B41, 35B65.
Key words and phrases: singular perturbations, wave equation, global attractors, regularity,
upper semicontinuity of attractors.

1. INTRODUCTION
We study a singularly perturbed damped wave equation
Uy + 277A%ut +au+ Au= f(u), t >0, z € Q,
u(0,z) = uo(z), w(0,z) = vo(z), z € Q, (1.1)
u(t,z) =0, t >0, z € 09,
where Q is a smooth bounded subdomain of R3?, A denotes the negative Laplacian in L?(2)
with the domain D(A4) = H%(Q) N H}(Q), a is a fixed positive number, f : R — R satisfies
suitable regularity and growth conditions and n € [0, 1] is a parameter.
It is known that for a dissipative f € C*(R,R) with limsup,_,q, |{_|_(12 < 0o there exists

a CY semigroup {Ty(t)} associated to the problem (1.1) with n = 0, which has a global

attractor Ag in H () x L?(Q) (see e.g. [2, 3, 5, 11] and references therein). It is also known

that for n > 0 problem (1.1) with dissipative lims_e %I%I)} = 0 defines a C° nonlinear

semigroup {7,(t)} in Hg(Q2) x L*(£2), which has a global attractor A, (see [6, 7, 8]).
In [5] it was shown that, if dissipative f satisfies lims—o0 L';(;;) = 0 (N > 3), and if
0¢ o(—A+ f'(uy)) whenever ug € Hy(Q) and ug= A" f(uo), (1.2)

1 Partially supported by grant # 300.889/92-5 CNPq and grant # 03/10042-0 FAPESP, Brazil.
2Partially supported by grant 05/52551-4 FAPESP, Brazil.
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2 A. N. CARVALHO AND J. W. CHOLEWA

(which is known to be a generic property, see [4]) then the family of attractors for the
semigroups {7;(t)} is continuous at n = 0; that is

s inf — i inf — — *, (1.
angﬁnaoer”ao 77“H3(Q)><L2(Q)+a§2}20a:gAn llao — agllms@yxr2@) = 0 as n— 0%, (1.3)

The growth of f was limited in [5] to the one needed to obtain existence of the global
attractor for the problem (1.1) with n = 0 and, simultaneously, to the one needed to ensure
compactness of the Nemytskii map f¢: Hj(Q) — L?(Q) associated with f, which condition
was essentially used in the proof of the lower semicontinuity property.

In the present work upper semicontinuity result of [5] is proved for critically growing
nonlinearities. This is based on the uniform bound on the approximating attractors in
H?*(Q) x H*()-norm obtained with the aid of Alekseev’s nonlinear variation of constants
formula (see [2, 7]).

If f € C?(R,R) is dissipative and lim|s| 00 ! ;(23) = 0, the approximating attractors are
shown in the present work to be uniformly bounded in H3(Q) x H2(f2) and therefore compact
in the space of Hélder functions C'*#(Q) x C*(Q), n € (0,%). This together with (1.3)
guarantee compactness of Ag in C**#(Q) x C*(QQ), p € (0,3). If, in addition, f € C*(R, R)
then Ag is shown to be bounded in H*(2) x H*(Q2) and compact in C?+#(Q) x C*#(Q),
ne (0, 3).

Simﬂ;r regularity properties of Ao are proved in [12, Theorem 2.21], where Galerkin
method have been used to obtain sharp time and space regularity properties of Ag. In
particular, in [12] it is proved that, if f(?)+# satisfies suitable growth assumption, then A,
is bounded in H3(Q) x H?(Q2). We prove that

lim Fs) _ 0 and f € C'Y(R,R) implies Ay C H*(Q) x H*(Q), j=1,2.

[s|2c0 S

We remark that no Holder continuity is required for f” (or f”') to obtain the above mentioned
regularity of Aj.

The article is organized in the following way. In Section 2 we establish a suitable functional
analytic framework to study nonlinear semigroups associated to (1.1) and properties of their
attractors. In Section 3 we show that in the case when f € C?(R,R) is dissipative, and
|f"(s)] < c(1+]s|), for some ¢ > 0, the approximating attractors are uniformly bounded
in H*(Q) x H'(Q). For such f we conclude upper semicontinuity of {A,,n € [0,1]} at
n=0in H? (Q) x H'" (). Under the same assumptions as in Section 3, we obtain in
Section 4 a uniform H3(Q) x H?(Q)—bound for the approximating attractors and upper
semicontinuity of the family of attractors in H3™ () x H* (Q). If, in addition, we assume
that limjs—co w = 0 we obtain H3(Q)x H2(Q)NC*z (Q)xC2 (Q)—regularity of Ag and
continuity (upper and lower semicontinuity) of the family of attractors in H3 () x H? ().
In Section 5, assuming additionally that f € C3(R,R), we establish H*(Q) x H3(Q) N
C?t2 () x C'*2 () —regularity of Ao and continuity (upper and lower semicontinuity) of
the family of attractors in H*™ (Q) x H3 ().
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2. FUNCTIONAL ANALYTIC FRAMEWORK AND EXISTENCE OF ATTRACTORS

In this section we establish the functional analytic framework to study (1.1) and indicate
how one can obtain the existence of attractors for the nonlinear semigroup associated to

(1.1).

Let X, = LP(Q), p € (1,00), and denote by {XZ,a > 0} the fractional power scale
generated by (A, X,). It is known that, for suitably smooth 2, A has bounded imaginary
powers (see [15]) and spaces X =, o € (0,1), p > 1, coincide with [LP(Q), B ((V)]e =
H2%(Q) (see [16]).

Consider damped wave operators

0 -I

1 1 1
Ay D(Ay) C XZ x Xo = XJ x Xy, Ay = [A W%W] ., D(A,) = X! x X7, n>0.

Note that
1 1
A;l : X7 X Xy — Xzé x X, _,4;1 = [QnA‘%_-}-aA—l AO‘I] for n > 0. (2.1)
Recall from [5] that there is certain d > 0 such that
-1y [¢ ¢ ¢ ¢ 1y 2
N0y o <M L8] g, SAIENN,, g e @) [$]eXixxE. (22

Let Y5 = Y be the extrapolated space (see [1]); that is, the completion of the normed space

(XQ% X Xo, || AT - I|X% . ). For some d > 0 (independent of € [0,1]), we have that
g XA2
-1y A=1 ¢ ¢ iA=L [® ¢ 3
FIAT (803, SV s SAAT [T Sl e Xt xze 29
1 1
. 3 =1 5 g . 5
Thus the completions of (X7 x Xy, [|A;*- “xé ><Xz) and (X7 x Xo, || - szxxgé) coincide with

1
equivalent norms independent of € [0,1]. Then Y3 = X5 x X, 2.
The operator A, has the closed extension to Y3 with domain Y3' and it generates (both in
Y, and in Y3') a compact C°-semigroup of contractions {e 7! : ¢ > 0} which is uniformly
exponentially decaying; that is, there are positive constants ¢ and w such that

e, 3, S e 620, e (0,1] (2.4)
2

Furthermore, this semigroup is analytic for n € (0, 1] and the fractional power scale generated
by (A,,Ys) is characterized as (see [6, 10])

Ve = XFx X, T, a>0. (2.5)
With this set-up we consider problem (1.1) in the form
1+ A =F (3], t>0, [Tl = [w], (2.6)
where n € [0,1] and
1
P2 =[], F@(@) = fu@) forall ue X{, ze Q.
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Since we are working in space dimension N = 3, we assume that

FEC*R,R), [f'(s)|<c(l+]s]), s €R, (2.7)
and
Iilm sup f_isz < M (2.8)
s|—o00

where ), is the first positive eigenvalue of A.

If (2.7) is satisfied, then F': Y;' — Vi is continuously differentiable and Lipschitz continu-
ous in bounded subsets of Vil Hence the problem (2.6) is such that, for each [%] € V! there
are constants 7 > 0 and 7 = T[wo] > 0 such that, for each [32] in the ball B {2 ]) c ¥

20
there is a unique mild solution

L) [wl =131 [%].n) € C(0,7],Y3)
of (2.6) and the map
B.([%]) 3 [w] = To() [%] € C([0,7], Yy)

is continuously differentiable. If, in addition to (2.7), the condition (2.8) is satisfied the
solutions of (2.6) are defined for all ¢ > 0 and are bounded, uniformly in bounded subsets
of ¥;'. That is a consequence of the properties of the functlonal L:Y! R,

w 1 ]' . w -
L)) = sllwill® ) + sllwal%, —/ f(s)dsdz, [u3] € ¥y (2.9)
2 xZz 2 aJo :
Namely, for some € > 0 and C, > 0, £ satisfies under the mentioned assumptions

LQRD 2 gl y + Flwaly, -G, (%] €73, (2.10)

u

decreases along solutions [y ] = [¥] (¢,[4¢],7) of (2.6) and

1 Ton vy < ecv/T+ L([3]) (2.11)

with a constant ¢, independent of 77 € [0, 1]. Consequently, all solutions of (2.6) are globally
defined and bounded uniformly for ¢ > 0 and [}S] in bounded subsets of Y;!.

Hence we have a nonlinear semigroup {7, (¢) : ¢ > 0} associated to (2.6) and next we
outline the proof that this semigroup has a globall attractor. In fact, to obtain the existence
of attractor for {T(¢) : ¢t > 0}, we only need to prove that the set of equilibria for (2.6) is
bounded and that {7;(¢) : t > 0} is asyrnptotically compact.

The set of equilibria & = {[}0] € Y} : A7'f¢(ug), vy = 0} is bounded in Y;2. Indeed,
from (2.8) we have

|AZugl|x, < ME, [1] € & (2.12)

1
and, since (2.7) ensures that f¢ takes bounded subsets of X7 into bounded subsets of X,

[Auollx, = [1/°(uo)llx. < sup  [If*(8)llx, = MF. (2.13)
oy <m§
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The asymptotic compactness property of {T;(¢) : ¢ > 0} is proved in [2] for the case 7 = 0
and is an easy consequence of compactness of the linear semigroup {e=4t : ¢ > 0} in the
case 17 > 0 (see [7, 8] for even faster growth).

¢From this, if n € [0, 1] and (2.7), (2.8) hold, then there exists a C'-semigroup {T;(t)} of
global solut1ons of (2.6) in Y;' which has a global attractor A,.

3. UPPER SEMICONTINUITY RESULT FOR CRITICALLY GROWING f

In this section we obtain uniform Y;?—bound on the attractors when f satisfies (2.7) and
(2.8). Under the same assumptions on f we prove upper semicontinuity of {A,, n > 0} at
= 0.

We start establishing the Y;2—bound for Uye(,114,. The proof will be divided into several
lemmas.

Lemma 3.1. If (2.7) and (2.8) are satisfied, then

sup sup  L([wy]) < sup L(['F]). (3.1)
nelnl g7 Jedy [¢]ee

Consequently, U, cjo) Ay is bounded in Yy —norm.

Proof: For n € [0,1] and [y ] € A,, there exists a precompact complete orbit through
[voy]- Denoting it by v, = {T;(t) [ver], t € R} we have that [307] = T, (k)T,(—k) [3o]

Vog

for arbitrary k£ € N. Sequence {T;,(—k) [ ]} has a subsequence {T,,(—k) [ve! ]} convergent
strongly in Y3 to certain element of the a-limit set oy, ([vor ]) of [4or ] Since as, ([337]) C &,

from (2.11) and (2.12) we have that
L([vq D) < L(Ty(=k1) [wog ),
L([wn D) < lim L(Ty(=k) b7 ]) < sup L([F])-

['¢]es
;From this and (2.10) it follows that
sup sup || [$ ]y < e sup AT EQED =:¢ (3.2
150 40, [“]ee
and the result is proved. O

Note that, from (2.8), there exists Ky > max{0, f’(0)} such that
“1(f(s) — f(0)) < K; for each 0 # s € R. (3.3)
Decompose f as f(s) = f( ) + f(s) where
F(s) = f(s) = f(0) = Kys, f(s)=f(0)+Kys, s€R,

and _
sf(s) £0for s €R. (3.4)

Denote by T,,(t) [“] the solution of
L18+ 4, (3= | pa | = FUED, £>0, [Elm=[%]. (3.5)



6 A. N. CARVALHO AND J. W. CHOLEWA

With this decomposition we write Alekseev’s nonlinear variation of constants formula (see
[7, Lemma 7]; also [2]),

Ty () [5] :Tn(t)[’$8]+/0 (0T3)(t = 5, Ty(s) [ ) (Ty(s) [ D)ds, ¢ >0, (3.6)

where 97, is partial derivative of the map (0, 00) x Y3 3 (, Vo) — T;,(t) Vs € Y3 with respect
to Vp and
F( 111)1;]): [wa10+f(0)]v [ﬁ;]EYQI
We recall from [13, Theorem 3.4.4] that (9T;,)(-,[“])EF([%]) is a solution of
d

ZW AW = F(T,(t)Vo)W, t >0, W(0)=F(Vp). (3.7)

In what follows we will derive suitable estimates for the solutions of (3.5) and (3.7).

Lemma 3.2. Iff 15 as before, for each r > 0 there are positive constants ¢, and w, such
that
sup sup  |[[3] (¢ (%], n)lly; < cre™", 20, (3.8)
€O I[58 ]l <r

where [&] (¢, [%3]n) is the solution of (3.5).

Proof: As in [2, 7] we consider for § > 0 a suitable Lyapunov type functional
- 1 1 w1
L (2D = glAbull, + Flunll, — [ [ Fo)dsda+ 6 [ wiwads, (39
Jo Q

[%:] € Y3 The integral [, [;" f(s)dsdz is nonpositive and from the Poincaré’s inequality
Mllwill%, < [|A2w||%, we have

1, .1 . 1. y
1Az, + llwal%,) < Ls([3:]), 0 <6 <do:=gmin{Ay, 1}, [} €Yy (3.10)

Estimating in a standard way and using (3.4) we obtain, for a suitable choice of § € (0, &)

d o= - 1. N N B N L8 m
SLa(81) = =alll, - 204518, + 515, + 8 [ @ (~Aa— oo - 2m4k0 + @) do
0 1 -
< —5(l4zal%, + 119ll%,), € (0,1];
(3.11)
In particular, for 6 = 0 we get
AT w %, + lwalk, < 2Lo([%)), (B3] € Y3, (3.12)
and J
— Lol PN < 0, 3.13
—Lo([3) <0 (3.13)

Since |f(s)| < (c + K;)|s|(1 + |s]?), we have

|Alﬁmwms@+mmwz+w&»
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Therefore, from (3.12), (3.13) and Sobolev embedding we infer that there is constant ¢y > 1

|// Flo)dsde] < e (1+ Lo([])) 433, (3.14)

;From (3.9), (3.11), (3.14) it follows that for each r > 0 there is a constant p, > 0 such that
d

%‘CJ( [ ] (UO,UOaTI) S —Pr Ed(ta [%] (U’O)UO)TI))) t Z 0: n € [O’ 1]7 “ %g] “Y21 S T.

With the estimate (3.10) condition (3.8) now follows easily. O

Below estimate solutions of (3.7) uniformly with respect ton € (0, 1] and V; € | A,

n€(0,1]
Lemma 3.3. If [¢:] € A, n€(0,1] and W = [¥] is the solution of (3.7) with W(0) =
F( [ig]) = [Kf¢n()‘|'f(0)]’ there are positive constants € and L, such that

I[XTlyy < Lee™, t2>0. (3.15)
Proof: As a consequence (3.2) we have

sup sup [|F([$1 )il < ¢ (3.16)
n€(0,1] [iﬂe

n
Note also that the equation for w can be rewritten as
Wy + 20 AW, + aw, + Aw = (f'(@,) — £'(0))w + (f/(0) — Kf)w (3.17)

with
£1(0) — Ky < 0. (3.18)
For § > 0 and [}] € V3! define

5 e 1 1 6
L5188 = sl + 506 = Ol + F14RwilR, +6 [ wnds.  (319)
Differentiating £; ([ ]) and using (3.17) we get

L ((x]) = —eLs ([%]) + Bse, (3.20)

where

%t ed/nwwtd:c

/ (f'(din) — F/(0)ywwedz + 6 /ﬂ (@) - F(O))wda -
3.21

—+—6/ - Kf)w 2ala:—c5||A2w|[X2 a||wt||X2—a6/wwtdz

€ € ; € il
Rse = sllwellk, + 5(Kr = £ O)llwllk, + 5142w

= 277||Aiwt||X2 - 2(577/thA7wdx + 5|lwt||X2.
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Applying (2.7) we obtain from (3.21)

€ € €, .1 €d )
Ric < Sllunlly, + 5Ky = Ol + S1A4%lE, + D lwl, + <,
a 2 c? 2 1~ |12 ~ 2
+ §|lwt|lx2 o ﬁllwnxs“unllxe(l + ||t || xs)

+ 6wl 1Tl xs (1 + 1]l xs) + 0(f'(0) — Kp)llwl%, — 6l A2w]%,
A0 a?d on, .1
e, + 2ol + 552 ol + 45nlal, + ARl + e,

Therefore, from Lemma 3.1 and Lemma 3.2, there are positive constants 7, &, and w, such
that

€ e € & On 1
e {5 € o 2 _[s_€_€© 0 07 112
Rue <= (5-5) (0= il - (6- 5 - 55— 5 - ) abul,
P (3.22)
_f{&_ 5 g B o4 2 4o omwrt|] A, 12
(5-5-0-5 - o - 460) I, + el Akl G € 0,1), >0
;From (3.18), (3.20), (3.22) we can choose € > 0 and § > 0 such that, with the aid of (3.8),
d 4 w A w = —wrt p w
T (X)) < —eLs (XD +ae™ L ([X])), 20, ne(0,1] (3.23)
Solving differential inequality (3.23) and using (3.16), (3.19) we get the result. O

1ta -3
We will next strengthen (3.15) to X,? x X’ —estimate with o € (0, 3). Let us show first
that there is a constant d > 1 such that

A-—l a i
N lage, g < 143 op <11 g Y€ 0,1 (3.24)

For this we recall from [6, Proposition 1 (vi)] that
ALy < e, te R, ne(0,1). (3.25)

As a consequence
D(A2) =Y, D(Ay)]a, a €(0,1), n € (0,1],

and

a7 AT Ul < - g peagia < dllA7 - Iy, @ € (0,1), 7 € (0,1], (3.26)
where d is independent of i € (0,1] (see [1, §1.2.9 (2.9.9)]). Since (2.2) ensures that 147 - [lvz
and || - |lyz are equivalent norms uniformly for n € (0,1], we infer that || - [|v2 pa,). and

| - llv;,v2). are also equivalent uniformly for n € (0, 1]. Recalling that [V, Y] = X5 x
X% =Y, o€ (0,1), (see [6, Proposition 3]), we get (3.24).
Lemma 3.4. If [i:’,] € Ay, ne(0,1], a€(0,1) and W = [¥] is the solution of (3.7) with

W (0) = F(| %" |) there are positive constants d” and w" such that
(2]

HX e g <d"e™™, t>0. (3.27)
2 2
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Proof: For o € (0, 3) and the solution W = [¥] of (3.7) with W (0) = £( [ZZ:’I]) we obtain
A=Y =e"A"tA;‘,‘F([$j’])+/0t A=A [ k] ds, £330
and from (2.4)
145 21 < e A5 [2 )g 0 [ e 0NAG [aone] g, 3 0. (329

As a consequence of (3.2) and (3.24) for each o € (0,1) there exists ¢, > 0 such that

sup —sup || ASE([ 1 ])llvy < dllEsdy + SO 5 < G

0 (o] ca, : (3.29)
and
145 [ #@yw-rjw] vy < JHA%( '(ﬂn)w—wa)sz (330
= A% A ) — Ky,
;From [1, Theorem 1.3.8 and 1.4.12], we have
145 A3 (@) = Kyw)lxy = A3 (S @) — Kpw)l], oz
= 1A i = Kyl ey < KallAH (G = Kl 5
As a consequence of (3.30), (3.31) we thus get
1Y [ sray-rw] vy < KallV(f (@g)w — Ew)llx o -
< Kall (@) Vigw + /() Vo = K V0)1x_, -
Since o € (0, 3), from (2.7) we have
1 (@) Vw—K;Vullx < lle( + @) Vollx ,_ +KlVwllx_,_
< e+ K Vullx_,_ el [Vl n (3.33
<K' (lAbwllx, + A4, %, 14 w)lx, )
and
17 (@) Vagwllx g < lle(L+ [ D)llxelVigllxallwllx_g 530

1
IA_-%Ew”Xr

<K (1+ [ AFayllx, ) 1433 x,

By (3.8), (3.15) and (3.32)-(3.34) there are positive numbers d’ and w’ such that

145 Lrands] g < e (14 ol s ) 430 (3.35)
2
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Inserting (3.29), (3.35) into the right hand side of (3.28) and using (3.24) we then have

t
w 72 —wt 7 —w(t—s) —w's w
111 g < e ¢a+cdd/0 et <1+H[X]||X21_453><X?>ds, £>0

and therefore (3.27) follows from Gronwall’s inequality. O

As a consequence of Lemma 3.4 we obtain the following result

lta a
Lemma 3.5. For every o € (0, 1), A, is a bounded subset of X, 2 x X.7.
2 n€(0,1] 440 2 2

Proof: Tt follows from the proof of [5, Lemma 3.5] that any complete orbit v,([52"]),

[vy ] € Ay, is precompact in ;. Hence, there exists a subsequence {T},(—k;)[%]} con-

vergent in ¥y’ to an element of the a-limit set ay([4er]) C €. Letting Ty, (¢)Ty(—ki) [ 2] =
[on] (¢, Ty(=ki) [v7],m), from (3.5) we then have

(2] @ TR .00 = TR [+ [ e DR8] o, Tk 151, ),

and, since £ is bounded in Y7 (see (2.13)), choosing n > 0 we find certain N, € N such that
for all & > N, ([vor])

1Ty (=ka) [vog Nlvg < MT +1. (3.36)

Therefore, we get
Ay [ 5] & To(=k) [520] Mg < Nle™* el AaTn(— ko) (3201l
t P -~
" / el Ay (F([ 3 | (5 To(=0) (221, m)) [l (3.37)
t o~ ~
< e (ME + 1) + / eIy (F([52] (5, Tol—h0) [8521,m)) g
0
(From (2.7), (2.2) and (3.8) we have, for n € (0, 1],

1407 ([32]) Iz = 140 [ 78 ] g < L+ 20 S4B @) - £(0) = Kyl
< O (L +19[*) Vigllx, + IViyllx,) < (C + 1)||Viiy|lx, + C|l|dy[* V| x,
< (C + Dece™! + Cllitg| 3, || Viigllxe < (C + Dece™t + C||A2a, ||, || Ad,
< (C + 1)eceet + dCcle™ 4t | A, [] ly;-

2
){6 Xo

Joining (3.37), (3.38), solving the resulting integral inequality and using (2.2) we conclude
that there exists a positive constant ¢ such that

V[UOUJEA" vklZNn([zg:,’]) ” [ZZ:' (ta Tn(_kl) 1;8:;’] 777)”}’22 < é, tZ 0: n € (O) 1] (339)

‘Uon
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We now use (3.6) to conclude the proof. First note that, from Lemma 3.4, we have

up, P NOT G~ 5 T 0) (DT (D] e gds
<[ s s WOT)E— s [GDE(S D s gts  (aa0)
cA S

d” - dll
<L (- <L iz
w

w o
Connecting (3.40), (3.39) and (3.6) we get the result. O

Using Lemma 3.5 we derive the uniform bound on the attractors in Y;2—norm.

Theorem 3.1. If (2.7) and (2.8) hold, then Useo,1] An 8 a bounded subset of Y72, that is,
there is a positive constant C such that

sup sup | [;f,;] lya= €. (3.41)
WE( ) ] l:iz]eAn

Proof: Since a complete orbit ,(] 583])» [58,7] € A,, is precompact in Y, there exists a

subsequence {7, (—k;) [vor |} convergent in ¥;? to an element of the -limit set oy, ([ver]) C €.

Recall that £ is bounded in Y72, let T, (¢)T, ( k1) [vor ] =: [%7] and write the integral formula
o] = e™MT (—ky) [0 ] + /t e~ =R ([¥])ds, t > 0,
to obtain with the aid of (2.4) and (3.36) that0
1A [ Tl < le™ ™ looop AT (=R [n Tl + 1 (7 = e=**) F([§D) Iy,
+ [ eIy (P ~ P8 g
< ce ™ (M + 1) + (L + ce™)IF((3])lv

+AwaWA(u%D=mmmmw.
Then, for each 1 € (0, 1], we have

Mo (F (5 D) = F (8Dl = 145 [ swn-r)] Il
S OV (f(up) = FO)Ix, + all f(ug) = F(O)llx, = CIIf (ug) Vgl x, + all f(uy) = £(0)Ix,
so that, using (2.7) and Lemma 3.5 with o € [5, 1), we get

45 (F (1551 = F (18))llyg < CUICL + funf?) Vgl +1) 4
< Ol Vgl + 1) < Cllunlleg [Vunllx g +1) < Cllunll agn +1) < €. B4

;From (3.42), (3.43) and (2.2) we obtain (3.41). The proof is thus complete. O

(3.42)
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Theorem 3.2. Under the assumptions of Theorem 3.1 the family of attractors {A,, ne€
(0,1]}, is upper semicontinuous at n = 0 in Y3 ; that is

sup inf llao — ayllys = 0 as n— 0T,
an€A, 20E€A0 4

Proof. If n, — 0% and [ ] € A,,, then as a consequence of Theorem 3.1 and compactness
of the embedding Y;> — Y3} there exists a subsequence {[vo” ]} convergent in Y3 to certain

[2] € Yy Whenever [$*] — [$] in V3, from [5, Lemma 3.1] we have for every 7 > 0 that

tzl[ép] | T, (2) [3:] — To(t) [3] lyy =0 as 7, — 0F.

Therefore, it is possible to construct a complete bounded orbit of the limit semigroup {7p(t)}

through [°]. Since such orbit is contained in Ag, the proof is complete. a
As a consequence of the compactness of embedding Y? < Y;'** « € [0,1), we have that

Corollary 3.1. The family of attractors {A,, n € (0, 1]} is upper semicontinuous atn = 0 in
ita a , .

Xy? x Xy for each o € [0, 1); that is, sup,, ¢4, infa,ea, HaO_a””x;%ng? =0 as n— 07,

for each a € [0,1).

4. H3(Q) x H2(Q)NC™z (Q) x C2 (Q)—REGULARITY OF A
In this section uniform H3(Q2) x H?(2)—bound for the attractors is established. We also

obtain H3(Q) x H2(Q) N C2 (Q) x C2 () —regularity of the limit attractor Ag.
Consider

£(B21+A[B]1=1[8], >0, [H]o=[""1,/9], (4.1)
and the solution [u7] (¢, [42]) of
it [ﬁg] +An [33] - [f(gn)] , 1>0, [gZ]Fo = [33] € Y21- (4.2)
Define
u - - =
[gé] (t: un) = [UZ] — gt [uo_Auolf(O)] - [A of(o)] . (4-3)
Then [w;] (¢, u,) solves
[0+ A 8] = [ran—ro ], t>0, [8]=0 =[], (4.4)
and fulfils the integral equation
¢
[h] (8} = /O e 1) [ fun(eh-s0) ] ds, >0, (4.5)
whereas from (2.4) we have that, for all [}3] € 3!
[Je™Ant [#o=A SO ] [lya < ce™|| [H0=A4 O] |lya, t >0, 7€ (0,1]. (4.6)

It is easy to see that there is a constant d; > 0, independent of 1 € (0, 1], such that
di' (S llve < 2 [0] Iy < dull [§] llys, [5] € Y5 (4.7)
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Lemma 4.1. If (2.7) and (2.8) hold, then A := [‘ /0] +Uye(0,1) A s a bounded subset
of Y3 and the union of attractors Usneo) An is bounded in H3(Q) x HQ(Q)—norm

Proof: From (3.41) and

||An2 [ 0)] ||Y21 < dy] [f(¢n )—f(0) ] ||Y3 = d1|| [f(¢n f(o)} || xxl
= dlllA( ( n) = F(0))llx, = dullF"(8n)IVal® + F'(85) Adyllxs,
we have that
sup  sup || 4y? [ g0 2r0)] vy < C. (4.8)

O [4n]c s

If [47] is a solution of (4.2) with [%0] = [;ﬁ:’,] € A, then for [u3] (¢, u,) in (4.5) we have'

sup, - Sup 1A (23] (2, un) vy
1

c

< sup sup / [|le=An(t= [|L(y2)|]A ([ 7 un(s)) £(0) ])||Y1ds< C(l—e™), t>0.

n€(0,1] [¢ }
)

This together with (4.7) implies that

E |

w cd
sup sup sup || [w3] (2, up)lyp < — (4.9)

t>0 1e(0,1] ¢n] e
[zp,, Sén

Fix n € (0,1], [i:;] € A, and let v, = {T,(¢) [ ] ,t € R} be the double-sided orbit

through {fzg]. If k, — oo and [%"] = T, (—kx) [;f, } then (4.3) reads
(2] =Ttk 12221 = [ ] ()

n

= [52] (i, ) + ek [Bom A1) | 4 [475O)] | n N,

ny ¥ Vonn

where | “1 | is a solution of (4.2) with [40] = [3e"]. Since [3o"7] = T, (—kn) | > | € A,, from
n n n Uy n

v
(3.2) and (4.6), taking the limit in Y;! we obtain that
[m —[4yo] = klgnw[zé (kn, uy). (4.10)

'We remark that [37] (¢, [3:’,]) € A, forallt >0,n€ (0,1].
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With the aid of (4.9) we infer that quantity [33} - [A_lof (©] is simultaneously a limit of a

sequence convergent weakly in Y}, which translates into the bound

cd
sup sup || [i;] —[4 lf s < —10 (4.11)
This in the light of (2.5) and the elliptic regularity theory completes the proof.? O

Corollary 4.1. Under the assumptions of Lemma 4.1 the union of attractors UnE(O,l] A, is
precompact in C*#(Q) x C*(Q) for each p € (0,1).
Below we adress regularity properties of the limit attractor Ay.

Theorem 4.1. Suppose that (1.2), (2.7), (2.8) hold and that limy— e f—/s(;—) = 0. Then the
attractor Ao for the semigroup {To(t)} associated to (2.6) with n = 0 in Hg(Q) x L*(Q) is
bounded in H*(Q) x H*(Q) and compact in C***(Q) x C*(Q), p € (0, 3).

Proof: As shown in [5], the family of attractors A, is lower semicontinuous at 7 = 0 with
respect to the Hausdorff semidistance in Y;'. Therefore, if [fp’g] € Ay then [gg} is a limit in

Y3 of a sequence {[if’: ]} as 1, — 0%, where m’:’:] € A,,. As a consequence of Lemma 4.1

the sequence {[d”’"]} is bounded in H3(Q) x H%*(Q)—norm by certain positive constant

D > 0 uniformly with respect to n € N. The latter ensures that [¢g] is a weak limit of a
subsequence bounded in H3(Q2) x H?(Q2)—norm and thus is bounded by the same constant
D. As a consequence we get
sup || [ 2] ey m2(n) < o0,
[i"]er
which completes the proof. O

Corollary 4.2. Under the assumptions of Theorem 4.1, the family of atiractors {A,, 77 €
(0,1], } is upper and lower semicontinuous at 7 = 0 in C**#(Q) x C*(Q) for each p € (0, 3);
that 1s

+
sup inf [lap — apllcr+u@)xon@) + sup inf |lap — ayllcren@)xcn@) =0 as n—0
a,,;GAn ap€Ao apEAp a’leAﬂ

Jor each p € (0, 3).

5. H4Q) x H3(Q) N C* 2 (Q) x C'*2 (Q)—REGULARITY OF Agq
In this section uniform H*(Q2) x H3(2)—bound for approximating attractors is derived and
HYQ) x H3(Q) N C**2 (Q) x 2 (Q)—regularity of the limit attractor Ag is concluded.
Lemma 5.1. Suppose that the assumptions of Lemma 4.1 hold and, in addition, f €
C*(R,R). Then, the union of attractors U,¢(o 1) An is bounded in H*(Q) x H*(Q).

2The idea of decomposing the solution as in this proof comes back to [14, Theorem 2.4] however our choice
of the initial data in (4.1) is different than in [14].
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Proof: We differentiate (4.4) and substitute wy = Lw, to get
Ed? [gg] + ATI 55] = [f'('us,)vn] ) t > 0) [zg ]t=0 — [f(uo)o—f(O)] . (51)
We then have
t
[%ﬁ (t’ U’ﬂ) = g™t [f(uo)o—f(O)] +/ 6_An(t_S) [f’(u,,( )v,,(s)] ds, t > 0, (52)
0

and from (2.4)
A2 [2] (¢, unllyy < ce™ A2 [ fuoy-r() ] v

‘ (5.3)
+/O AL L1 unDpono)] Il ds, 2> 0.
For w:’]] € A, condition (4.11) ensures that 1, € X; and
cd
b sup [l < 08, (5.4

n€(0,1] [zn ] cA
n

whereas Lemma 4.1 implies that ¢, € X} N C'™*2 (Q) and

su sup 1- . < 00. 5.9
ne(ol,)ll [%]EA ll¢"l'Xé00‘+f (@) (5:5)
n
Since norms [|AZ - [lyz and || - || 4 are equivalent uniformly for n € (0, 1] (see (4.7)) and

X2 xX}
1/ (@n)¥nll ey = IACF @n)¥n)llxe = 1" (D0) [V bu*toy + F" ($0) Ay
+ (" () + £ (@) VrVehy + (6 At 1x, for [8n] € A,
then (5.4)-(5) lead to the estimate
sup sup [|f'(¢y)thnllxy < G (5.6)

O [¢n] e,
n

If [»7] is a solution of (4.2) through [0] = [i;J € A,, then (4.8), (5.3) imply
w = c
(A2 [ 3 (t, un)llyg < cC+ ngg A2 [f’(u,,( s 1) lyz, t 20,
s—.

which via (4.7) and (5.6) leads to inequality

d
sup sup sup || [wz] (£, uy)ll - < cd; <C—|— 1(;) (5.7)
t>0 1€(0,1] [1/1 JeA,, X %X}
n

For any fixed t > 0, n € (0,1]), function 2z := w; (¢, u,) can be viewed as the solution of

Az = —ws(t, uy) — aws(t, uy) — A%wg(t, ug) + (f(uy) — f(0)) =: H(Z, u,). (5.8)
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As a consequence of (5.5), (5.7),

sup s%pll[ SI}Jp (2, uy)llx < oo
20 n€(0,1] | ¢y A
e
Hence
sup sup  sup [wi(t,uy)llx; < D,
t>0 7ne(0,1) [5"]6-417
n

which together with (5.7) proves that

sup sup sup | [] (¢, uy)llys < D. (5.9)
t>0 ne(0,1] [zn]eAq
n

As in the proof of Lemma 4.1 for n € (0,1] and [1‘22] € A, let vy, = {T,(¢) [iﬂ ,t € R}

be the orbit through [f;:] If k, = oo and [wonr ] = Tpy(—kn) [i:], then (4.3) leads to (4)
and (4.10) holds with the limit taken in ¥3!. Thanks to (5.9) and weak convergence property

sup sup | 6] - [47¢@] Ihy < D. (5.10)
n€(0,1] [i;}]eAn

The proof is complete. O

Theorem 5.1. If the assumptions of Theorem 4.1 hold and, in addition, f € C*(R,R), then
Ag is bounded in H*(Q) x H*(Q) and compact in C***(Q) x C**#(Q) for each p € (0,1).

Proof: The result follows from property (1.3), Lemma 5.1 and Sobolev type embedding. I

Corollary 5.1. Under the assumptions of Theorem 5.1, the family of attractors {A,, 77 €
(0,1], } is upper and lower semicontinuous atn = 0 in C*+#(Q) x C*#(Q) for each p € (0, 3);
that is

sup 1nf llao — anllc2+u(@yxcr+n@y + sup inf Hao — Oyl c2ru@)xcr+u@y = 0 as n— 07,
an€A, 30E€A0 ag€AQ €A

for each € (0, 3).
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