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Resumo

Neste artigo tratamos a semicontinuidade inferior de atratores para equacoes
diferenciais semilineares (auténomas ou ndo auténomas) em espacos de Banach.
Assumimos que o atrator do problema limite é dado pela unido de variedades
instdveis de solugdes globais hiperbdlicas estendendo os resultados anteriores que
sdo apenas validos para o caso em que estas solugdes sao equilibrios. As ferramentas
empregadas sdo o estudo da continuidade das variedades instdveis locais das
solucdes globais hiperbélicas e o estudo da continuidade da dicotomia exponencial
da linearizacdo em torno destas solugoes.



LOWER SEMICONTINUITY OF ATTRACTORS FOR NON-GRADIENT
DYNAMICAL SYSTEMS

ALEXANDRE N. CARVALHO', JOSE A. LANGA!, AND JAMES C. ROBINSON*

ABSTRACT. This paper is concerned with the lower semicontinuity of attractors for semilin-
ear (autonomous and non-autonomous) differential equations in Banach spaces. We require
the unperturbed attractor to be given as the union of unstable manifolds of potentially time-
dependent hyperbolic solutions, unlike previous results only valid for gradient-like systems
in which the hyperbolic solutions are equilibria. The tools employed are the study of the
continuity of the local unstable manifolds of the hyperbolic solutions and a study of the
continuity of the exponential dichotomy of the linearization around each of these solutions.

1. INTRODUCTION

Results on the upper semicontinuity of attractors with respect to perturbations (‘no ex-
plosion’) are relatively easy to prove, and are now essentially classical. Results on lower
semicontinuity (‘no collapse’) are much more difficult: generally they involve assumptions
on the structure of the unperturbed attractor, and one then tries to reproduce a similar
structure inside the perturbed attractor. Currently these lower semicontinuity results are
restricted to the class of autonomous dynamical systems that are gradient or ‘gradient-like’,
i.e. systems for which the global attractor is given by the union of the unstable manifolds of
a finite set of hyperbolic equilibria.

The study of lower semicontinuity of attractors under perturbation, given this gradient
assumption, was set in motion by Hale & Raugel [12], who proved an abstract result and
considered applications to partial differential equations. Their proof of this result relies on
the continuity of the equilibria and lower semicontinuity of the local unstable manifolds under
perturbation (see also Stuart & Humphries [17]). Several applications have been considered
in [1, 2, 3, 4, 5] (including more complicated situations in which even the continuity of the
equilibria is not straightforward) maintaining the hypothesis of gradient structure for the
limit problem. In all these works a key step is to show the uniformity (with respect to
the underlying parameter) of the exponential dichotomy of the linearization around each
hyperbolic equilibrium.

One would expect, therefore, that any attempt to consider attractors with more general
structure would have to take into account linearizations around solutions that are time-
dependent, leading to problems concerning exponential dichotomies for non-autonomous
linear equations and their roughness under perturbation. Until now this has been a barrier

tPartially supported by CNPq grant # 305447/2005-0 and by FAPESP grant # 03/10042-0, Brazil.
tPartially supported by FAPESP grant # 06/51612-2, Brazil and Project MTM2005-01412, MEC-Spain.
*Currently a Royal Society University Research Fellow. Many thanks to the Society for their support.
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in the extension of lower semicontinuity results to more general attractors, and has meant,
for example, that it has been impossible to treat any attractor containing even a simple
time-dependent structure such as a periodic orbit.

In this paper we overcome this difficulty, and consider an unperturbed attractor that is
given as the union of the unstable manifolds of a (possibly infinite) number of hyperbolic
time-dependent solutions under regular perturbation. We conjecture that, in general, the
attractors of autonomous differential equations are given in this form. This is also the natural
starting point for the study of the effect of non-autonomous pertubations on autonomous
differential equations (see Langa et al. [15] and Carvalho & Langa [6]).

Given this assumption on the structure of the unperturbed attractor, we use results
adapted from Carvalho & Langa [6] on the continuity of stable and unstable manifolds under
non-autonomous perturbations to show that the attractor behaves continuously under regu-
lar perturbation. A similar result for the pullback attractors of a family of non-autonomous
problems also follows essentially from the autonomous argument.

Before we are able to state our results precisely we need to introduce some terminology
which will be used throughout the paper. Let B : D(B) C Z — Z be the generator of a
strongly continuous semigroup {e®! : t > 0} C L(Z) and consider the semilinear problem
on a Banach space Z

)= By + ,
1) =By + fo(y)
y(T) = %o
and a regular perturbation of it
L= By + ,
(12) y =By + fo(y)
y(7) = 0.

If we assume that, for n € [0, 1], f, : £ — Z is Lipschitz continuous in bounded subsets of
Z then the problems (1.1) and (1.2) are locally well posed. Assuming that for each yo € 2
the solution y(s — 7;90) of (1.2) exists for all s > 7, we can define a nonlinear semigroup
(T,(t) : t > 0} by T,(t)yo = y(t;%0). In this case T, (t)yo is given by the variation of
constants formula

t
(1.3) nw%=£%+/kmmnm@mm&
0

Assume also that, for n € [0,1], f, : £ = Z is continuously differentiable. If () : R — 2
is a global solution to (1.2), n € [0, 1], we consider the linearization of (1.2) around &;(-)

. 5 =Bz + f1(E(1)2

2(r)=2€ 2
and the associated linear evolution process {U,(¢,7) : t > 7 € R} which is given by
t
(1.5) U, (t,7)2 = €27z + / &P £ (£2(5))Uy (5, 7) 20 ds.

Definition 1.1. We say that (1.4) has an exponential dichotomy with exponent w and
constant M if there exists a family of projections {Qy(t) : t € R} C L(Z) such that
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1) Qn(t)Uy(t,s) = Uy(t, s)Qy(s), for all t > s;
ii) Uy(t,s) : R(Qy(s)) = R(Qy(t)) is an isomorphism; we denote its inverse by Uy (s, t) :

(@n(t)) = R(Qy(s))

md

1Un(t, 8)(I = Qn())l] < M%) ¢ > 5
1Un(t, $)@n(s)ll < Me*t=9), £ <s.

Definition 1.2. A global solution &;(-) : R — Z of (1.2), € [0, 1], is said to be hyperbolic
if the process {U,(t,7) : t > 7 € R} associated to (1.4) has an ezponential dichotomy in the
sense of Definition 1.1.

(1.6)

We assume that {T,(t) : ¢ > 0} has an attractor A, for each n > 0. Also, we assume
that Ag is the union of the unstable manifolds W*(&(+)) of a (possibly infinite) collection of
global hyperbolic solutions & (+), ¢ € Z, where Z = {1,...,n} or Z = N.

For the regular perturbation we assume that

(1.7) lim sup [Ifa(2) = fo(2)llz + [1f3(2) = fo(2)llzez) =0,
z€B(0,r)

for all r > 0.
Under (1.7) it is easy to see that, for each T' > 0,
n—0

(1.8) sup sup ||T(t)z — To(t)z||lz — 0.
te0,T] |lz|lz<r

For a global hyperbolic solution & (-) for (1.1) (i.e. for which {Up(¢,7) : t > 7 € R} has an
exponential dichotomy), we prove that, given € > 0, there exists ng such that, for all n < np,
there is a unique global solution &7, () of (1.2) with

* * 0
sup (|67, (2) = E5o(8)l 2 7= 0.
teR
It follows from (1.7) that, for each T' > 0,
(1.9) sup sup ||Up(t+7,7)z — Up(t + 7,7)||L(2) L 3y
TER t€[0,T)

and from Theorem 7.6.10 in Henry’s monograph [13] that, for ng sufficiently small, {U, (¢, 7) :
t > 7 € R} has an exponential dichotomy, and consequently that 5:,]() is hyperbolic for all

n.
Definition 1.3. The unstable manifold of a hyperbolic solution & to (1.2) is the set
Wy (&) ={(7,¢) ERx Z: there is a backward solution #(t,7,¢) of (1.2)
satisfying z(t,7,() = ¢ and such that tl}x_noo l|z(t,7,¢) — &, (t)]| = 0}
The section of the unstable manifold at time T is denoted by W(§)(1) = {2z : (1,2) €

Wi (&)} In the case of autonomous differential equations all sections are the same and we
will, in this case, identify W,;‘(E,*’) with one of its sections.
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Under assumption (1.7) we prove in Section 2 that for each &; there is a § > 0 and an
ns > 0 such that, if

Vs(€s) ={(1,2) e Rx Z: ||§5(7) — 2]z <6, T € R}

and
Wy (&) = Wy (&) N V3(&s),
then
distu (W25(€), Ws(&)) =0 as 1 =0,
where disty is the symmetric Hausdorff distance, disty (B, C') = max(dist(B, C), dist(C, B)).

As a consequence of this, we are able to prove in Section 3 that, if (1.1) has an attractor
Ay that is the closure of the union of the unstable manifolds of a (possibly infinite) number
of global hyperbolic solutions, and if the equations (1.2) have global attractors A, such that
Uo<n<noAn is compact, then the family {A; : 0<n <} is upper and lower semicontinuous
at n =0.

We emphasize that we require neither that the attractor is a union of unstable manifolds
of equilibria, nor that there are only a finite number of these unstable manifolds. We discuss
some properties of our assumed structure of the unperturbed attractor in Section 4, and
in particular we show by means of a simple example that the limiting attractor may be
the closure of an infinite union of unstable manifolds of global hyperbolic solutions and the
perturbed attractors may be a finite union of unstable manifolds, while still maintaining the
lower semicontinuity. '

We note here, however, that while there is a strong connection between lower semiconti-
nuity results and knowledge of the structure of the unperturbed attractor, here we are not
able to characterize the whole attractor of the perturbed problem.

Finally, in Section 5 we obtain a similar continuity result for the pullback attractors of non-
autonomous equations, assuming an analogous structure for the attractor of the unperturbed
equation.

Acknowledgement: This work was carried out while the first author visited the Depar-
tamento de Ecuaciones Diferenciales y Andlisis Numérico of the Universidad de Sevilla. He
wishes acknowledge the great hospitality of the people at this institution.

2. EXISTENCE AND CONTINUITY OF HYPERBOLIC SOLUTIONS AND ASSOCIATED
UNSTABLE MANIFOLDS

In this section we show the existence of perturbed hyperbolic global solutions and asso-
ciated unstable manifolds by following, step by step, a procedure similar to that used by
Carvalho & Langa in [6], which treated non-autonomous perturbations of manifolds associ-
ated with hyperbolic equilibria.

We start by proving that near a global hyperbolic solution &(-) : R — Z of (1.1) there is
a unique global hyperbolic solution of (1.2).

If y(t) is a solution to (1.1) and z(t) = y(t) — & (t), then z satisfies

z = Ao(t)z + ho(t, 2)

(2:1) 2(T) = 2o
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where Ao(t) = B + f5(£5(£)) and ho(t, z) = fo(&5(£) +2) — fo(§5(£)) — fo(&5 (t))2- Then Ao(t)

generates a linear evolution process {Uy(t,7) : t > 7 € R}. Moreover, 0 is an equilibrium
solution for (2.1) and ho(t,0) = 0, (ho).(¢,0) =0 € L(2).

Theorem 2.1. Let &(-) be a bounded hyperbolic solution for (1.1) and assume that (1.7)
holds. Then, there exists an nyg > 0 such that, for each 0 < n < 1y there is a unique bounded
solution §3(-) : R — Z of (1.2) that satisfies

iy sup €;(¢) ~ & (B2 = 0.
Furthermore, £:(-) : R — Z is hyperbolic for all n sufficiently small.

Proof. The proof of this result is completely analogous to the proof of Theorem 2.1 in [6]
and we include its main steps here for completeness only. Denote by y(¢, 7; o) the solution
of the initial value problem (1.2). Then, if we define @(t) = y(t) — &;(¢), we have

(22) 6(0) = Uo(t,7)60) + [ Uate )on(s, (661) s,

where g,(t, @) = fo(¢ + 1)) — fr(&5(t)) — fo(&5(t))é. Hence, if we project by Qo(t) and
I — Qo(t) and take limits as 7 — +o00 and 7 — —oo respectively, we get
t

Qo(t)(t) = / Un(t, 5)Qo(s)gn (s, (#(5))) ds

o0
and

(I — Qo(®))é(t) = / Un(t, ) (I — Qo(s))g(s, (6(5))) ds.

Consequently, a global bounded solution for (2.2) exists in a small neighborhood of ¢ = 0 if
and only if

T(¢)(t) = /t Uo(t, S)Qo(S)gn(S,(¢(S)))d8+/_ Uo(t, s)(1 — Qo(s))gn(s, (4(s))) ds

has a unique fixed point in the set
1d +R =+ 2mip le@®)llz < e}
€

for some e sufficiently small. The existence of such a fixed point follows from the hyperbolicity
of & : R — Z using a standard contraction mapping argument.
It follows in addition that f;() is uniformly close to £ and tends to & as n — 0.
Now, proceeding as before we change variables z(t) = y(t) — &;(t) in (1.2) and rewrite it
as
2 = (Ao(t) + By(t))z + hy(t, 2)

z2(1) = 2

(2.3)

where R 3 ¢ = By(t) = £1(61(0)) — f5(65(t)) € L(Z) and hy(t, 2) = Fo(&5(8)+2) = fo(&5(8) -
f1(&;(t))z. Hence, 0 is an equilibrium for (2.3), hy(t,0) = 0 and (h,).(t,0) =0 € L(Z).

The exponential dichotomy for (1.4) follows from Theorem 7.6.11 in Henry’s monograph
[13].
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Now we are ready to study the unstable manifold of a hyperbolic solution &(-).
We will show that the unstable manifold of &, is given by a map

Rx Z3(t,2) = Z7(t,Qn(t)2) € (I — Qn(t))2.
The points in the unstable manifold will be those of the form
(t, Qq(t)z + 27 (¢, Qn(t)2)) € R x Z with (t,2) € R x Z and z small.

Note that the way we obtained (2.3) allows us to concentrate on the existence of invariant
manifolds of global hyperbolic solutions around the zero stationary solution. Thus, if z is a
solution of (2.3) we write 27 (t) = Q,(t)z and 27 (t) = z — z*(¢). Then we have

gt = AF(t)zt + H(t, 2%, 27),

(24) T =A (t)z” +G(t, 2%, 27),
where
A7 (t) = (Ao(t) + By(1))@n(t),
Ay (8) = (Ao(t) + By (1)) (I — @n()),
H(t,2%,27) = Qu()hy(t, 21 + 27),
and

G(t,z%,27) = (I — Qu(t))hy(t, 2% + 27).

Since at (t,0,0) the functions H and G are zero with zero derivatives (with respect to z*
and z7), from the continuous differentiability of H and G, uniform with respect to ¢, we
obtain that given p > 0 there exists § > 0 such that if ||z||z = ||(2T + 27)||z < J, then

HH(t: Z+,Z_)”z < P

(2 5) |IG(ta Z+a z_)“Z < P,
' |H (¢, 2%, 27) — HE, 25, 27) ||z < p(llz* — 27|z + ||z — 27| 2),
(

“G ta Z+, Z—) o G(ti 2+72‘)”Z < p(||Z+ il 2+||Z 3 ||Z_ - 2_“3)

Firstly we can obtain the existence of the unstable manifold under the assumption that
(2.5) holds for all z = (z%,27) € Z with some suitably small p > 0. Also assuming that
(2.5) holds for all z = (2%,27) € Z, we get continuity of the unstable and stable manifolds.
Finally, we conclude the existence and continuity of local unstable and stable manifolds for
the case when h,, only satisfies (2.5) for ||z||z = ||z™ + 27|z < J with § > 0 suitably small.

In order to show existence of the function Z**(7,-) we will use the Banach contraction
principle. For this we fix D > 0, L >0, 0 <9 < 1 and choose p > 0 such that

eM < D, M1+ L)<9 <1,
(2.6) pM?(1 + L) P2 M2(14+L)(14+ M)
w—pM(1+1L) s L pM + 2w-pM(+L) ¥
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Definition 2.2. Given €0, denote by LB(D, L) the complete metric space of all bounded
and globally Lipschitz continuous functions R x Z — Z defined as (7,2) — X(7,Q,(7)z) €
(I — Qy(7))2Z satisfying
an "PU5C@ Mz, (r2) €Rx 2} <D,

D156, @u(n)2) - Z(r, @Mz < LIQe(r)z - Qu(r)3llz, ¥(r,7,5) €R X Z % Z,
where the distance between £, 5 € LB(D, L) is defined as

I2(,-) = ZC, )l = sup{||Z(7, Qq(7)2) — (7, Qy(7)2) ||z, (7,2) € R x Z}.
First of all, we need to prove a result on the continuity of projections @,(t) and Qo(t).

Proposition 2.3. Let Q,(-), Qo(-), be the projections associated to the linear dichotomies
introduced in Section 2. Then for any 7 € R

(2.8) lim sup ||Qy(s) = Qo(s)l|z(z) — 0
=0 s<r

and

(2.9) lim sup [|@y(s) — Qo(s)llz(z) —= 0.
n—=0 s>

Proof. The proof of this result is completely analogous to the proof of Lemma 5.1 in [6]
with the obvious changes needed to cope with the fact that & need not be a stationary
solution. We include an abridged version of the proof here for completeness. For ( € Z, let
R 3¢t — #,(t) € Z be the unique solution of

5 = (Ao(t) + By(t))z
z(1) = Qn(7)C.

Writing the variation of constants formula, projecting with (I — Qo(t)), and noting that this
solution is bounded in (—oo, 7], we have

(I = Qo(7))Qy(7)¢ = /_T Uo(T, 8)(I — Qo(s))By(s)z(s) ds, forall ( € Z.

i From this it follows that
(2.10) lim sup [[(7 — Qo(s))@n(s)llz) — 0.

S<T
Considering £ € Z, let R 3 t — z(t) € Z be the unique solution of
i = Ao(t)z = (Ao(t) + By(t))z — By(t)z
w1} = Qp(T)E:

and proceeding in a similar manner we obtain
T

(I —Qn(1))Qo(T)€ = ——/ Uy (7, 8)(I — Qy(s))By(s)z(s)ds, for all £ € Z.

Consequently,
(2.11) lim sup [|(1 — @n(s))Qo(5)]|z(z) = 0.
=0 s<r
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The proof of (2.8) now follows from the identity

(2.12) @n(s) — Qo(s) = (I — Qo(5))@n(s) — Qo(s)(I — Qn(s))-
To prove (2.9) we proceed in a similar way. For ( € Z, let R 3 ¢t — z,(t) € Z be the
unique solution of

5 = (Ao(t) + By(t))2
2(r) = (I = Qu(1))C.

Writing the variation of constants formula, projecting with Qo(¢), and noting that z,(¢) is
bounded in [7,00) we obtain

Qo(T)(I — Qn(7))¢ = /T Uo(t,8)Qo(8)By(s)z(s)ds, forall( € Z
and
(213) limup | Qo(s)( ~ @y (D z(22 = 0.

§>T
Similarly, for £ € Z, let R ¢t — z(t) € Z be the unique solution of
& = Ao(t)x = (Ao(t) + By(t))x — By(t)z
z(r) = (I — Qo(7))¢-

. From this we obtain
.

Qn(T)T = Qo(7))¢ = —/ Uy(T, $)Qy(s)By(s)z(s)ds, forall { € Z

and
(2.14) lim sup ||@Q(s) (I — Qo(s))|lz(z) — O,
n—0 s>T
and (2.9) follows from (2.12), (2.13) and (2.14). O

With the above results and notation, the existence and continuity of unstable manifolds
is now a consequence of the results of Carvalho & Langa in [6].

Theorem 2.4. (Theorems 3.1 and 8.5 in [6]) Suppose that all the conditions in (2.6) are
satisfied. Then, there exists a function X3%(7,-) € LB(D, L), such that the unstable manifold

W (0,0) for (2.4) is given by
(2.15) We(0,0) = {(1,w) € R x Z:w = (Qn(T)w, Z3"(7, Qy(7)w))}-
If in addition

w  w@w—-pM(+L)] "2

2172
,oM+ p*M?*(1+ L) <1

then, for any r > 0,

sup sup {[1Qn(8)(2) = Q(0E)llz + 153"(t: Qa(1)(2) =~ T (6 Qo) (D12} 30,

ST :z€
llzllz<r
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As a consequence of the previous results, we can conclude the existence and continuity of
local unstable manifolds when A, h, only sat1sfy (2.5) for ||z]|z = ||zt + 27|z < 6 with 6 > 0
sufficiently small:

Theorem 2.5. (Theorem 6.1 in [6]) For n € [0,1] suppose that h, : R x Z — Z is differen-
tiable, and consider the initial value problem

(2.16) 2=Ao(t)z+ hy(t,2), 2(1)=2 € Z.
Assume that hy : R X Z — Z is such that ho(t,0) = 0, (ho).(t,0) = 0 € L(Z), and that
z = Ao(t)z has an ezponential dichotomy with projections {Qo(t) : t € R}. Suppose that

(2.17) rlz%,esgu(gr) 1hn(t, 2) = ho(t, 2)l|2 + [|(hn)(t, 2) = (ho)(t, 2)[|Liz) = 0

for some r > 0. Under these assumptions:

(1) For each n sufficiently small, there ezists a globally defined solution of (2.16) &
R — Z with limy_o supyeg ||€;(¢)||(z) = 0 and such that

(2.18) 2= (Ao(t) + (hy):(t,£;(2)))2

has an exponential dichotomy; that is, there is a a family of projections {Q,(t) : t €
R} such that the conditions in Definition 1.1 are satisfied and U,(t,T) is the solution

operator associated to (2.18).
(2) For any T >0

lim sup sup ||Uy(t +7,7) = Us(t + 7, 7)||(z) = O.
10 4e(0,7) T€R

(3) The family of projections {Q,(t) : t € R} satisfies

li t) — t =10
ngrngtgHgllQn() Qo()llz(z)

(4) There exists an ng > 0, a neighborhood V' of z = 0 in Z (independent of 1) with
£&(t) € V, YVt € R, n € [0,m] and, for each 0 < n < mo, a function (7,z) —
ZyMr,Q(r)2) « Rx V. — Z, such that the local unstable manifold Wi, (&) =
W“(§ )NV for (2.16) is given by

Wigen(&y) ={(m,w) € Vi w = Qu(r)w + Zp*(7, Q(1)w)}.

(5) Finally, the unstable manifolds behave continuously at n = 0 in the sense that
*,U *,U 0
SIDHLD {1Qn(8)z = Qo(t)2llz + 1Z5(8, Qu(1)2) — Z5™(t, Qo(t)2)l| 2} T 0.
t<T 2€V

Note that it would be possible to prove a similar result concerning the existence and
stability of local stable manifolds (as in [6]), but we do not need such a result here.
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3. LOWER SEMICONTINUITY OF GLOBAL ATTRACTORS

"The upper semicontinuity of attractors for autonomous dynamical systems is a relatively
simple matter depending only on uniform bounds on the attractors and continuity of the
nonlinear semigroups (see the paper by Hale, Lin, & Raugel [10], or the books by Hale [11],
Robinson [16], or Temam [18]). On the other hand, results on the lower semicontinuity
of attractors are much more difficult. The results on lower semicontinuity of attractors,
in general, rely on reproducing the structures present in the limiting attractor inside the
perturbed attractors. Because of this, a gradient-like structure for the attractors of the
limiting problem has always been taken as the starting point (for autonomous problems by
Hale & Raugel [12], Stuart & Humpbhries [17], and various authors in [1, 2, 3, 4, 5]; and for
non-autonomous perturbations of autonomous systems by Langa et al. [15] and Carvalho et
al. [7]). The following result replaces this very restrictive assumption and requires only that
the limiting attractor is the closure of the union of a (possibly infinite) number of unstable
manifolds of hyperbolic global solutions.

Theorem 3.1. Consider the family {T,(t) : t € R}, n € [0,1], of nonlinear semigroups
and assume that (1.8) is satisfied. Suppose that, for each n € [0, 1] the nonlinear semigroup
{T;(t) : t > 0} has a global attractor Ay, that Upejono) Ay is compact, and that Ay is given by
the closure of the union of the unstable manifolds of a collection of global hyperbolic solutions

(3.1) A= U We(€3(-))-

Assume further that, for each j € N,

e given € > 0, there exists an n;. such that for all 0 < n < n;. there ezists a global
hyperbolic solution &3, (-) for (1.2) and

sup [|€7,(¢) = &5 (D)2 <,
teR

e the local unstable manifold of &, behaves continuously as n — 0; that is, there exists
a 0; > 0 such that and

: U,04 [ ¢* U5 ¢ ek 0
disty (W% (€],), Wo" (&) == 0.
Then the family {A,,0 < n < mno} is upper and lower semicontinuous at n = 0, namely

(3.2) distg (A, Ag) =3 0.

Proof. First note that upper semicontinuity is a direct consequence of the continuity of the
nonlinear semigroups {7} (t) : ¢ > 0} and of compactness of Uyefo,5o)An; for the standard
argument see for example the books by Hale [11], Robinson [16], or Temam [18]. Here we
prove that the attractor is also lower semicontinuous. ‘

To prove that dist(Ao, 4;) 1% 0 it suffices to show that for each z € Ap there are sequences
ne — 0% and zy, € A, such that z, — =.
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Given z € Ag and € > 0 there exists z. € U, W*(£;) such that

(3.3) Iz — ze||z < %

Let j € N such that (¢, z.) € W*(&) and choose 7 > 0 such that To(—7)z, € W% (£}).
Choose r > 0 such that

(3.4 sup sup sup{ITy(r)(z + ) — Ty(r)zlls - 2 € Upsnzmdde) < -

llzllz <7 0<n<mo 4

Let ne < mp be such that
(3.5) sup dist(We (£3), W% (¢5,)) <

0<n<ne 0 2

and (using the convergence of T, to Tp in (1.8))

€

(36) Sup{|ITy(7)2 = To(r)zlz : 2 € Ungnen An} < <.

;From (3.5) we choose z, € W#’Jj( 7 p) such that
|2 = @enllz <7
and from (3.6) and (3.4) it follows that if y., = T, (7)z., then T,(7)z., € A, and
e = Yenllz = 1 To(T)To(—7)ze — Tn(T)Tenll2

< [ To(m)To(=7)ze — Ty(7)To(=7)zel |z + [|T5(7) To(—7)ze — Ty(7)Zenllz < 5-
;From (3.3) we have y., € Ay, and ||z — ycy|/z < €. This concludes the proof. a

Observe that the perturbed bounded global solutions and their associated unstable man-
ifolds have to be part of the global attractors for the perturbed problems (e.g. Theorem 3.3

in Chapter VII of Temam [18]), i.e.,
(3.7) UweE) € Ay

Thus, we are still able to describe some part of the structure of the perturbed attractors,
and in particular we can obtain lower bounds on their dimension (see below). It would be
very interesting to prove that we have equality in (3.7), but currently this is only known
when the unperturbed attractor has a gradient structure (see Carvalho et al. [7]).

4. THE STRUCTURE OF THE UNPERTURBED ATTRACTOR

We now discuss the structure (3.1) that we have imposed on the unperturbed attractor
Ayp. In all previous results on lower semicontinuity, the ‘hyperbolic solutions’ £ were in fact
equilibria, and it is relatively simple to prove that there can only be a finite number of such
hyperbolic equilibria (cf. Theorem 3.8.5 in Hale [11]).
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However, it is possible to have an infinite number of hyperbolic solutions in the attractor,
as the following simple example shows. Consider the ordinary differential equation in R?
given in polar coordinates

7’":{ W‘(l(l—r)"‘sin—lf—r, r<l1

(4.1) —(1=r)? r>1

f=1

We observe that r =1 and r =1 — %, k € N, correspond to periodic solutions with period
2m. The periodic solution &, with r = 1 is stable but not asymptotically stable, and is not
hyperbolic. The periodic solutions &, ¥k € N, with r =1 — % are global hyperbolic solutions
such that, if k is even the orbit is unstable (with a two-dimensional unstable manifold) and if
k is odd the orbit is stable (with a two-dimensional stable manifold). In this case, it is easy to
see that the attractor Ay - precisely the unit disc - is the closure of the union of the unstable
manifolds of the countably infinite collection of global hyperbolic solutions {¢}; : k € N}.

Nevertheless, a small C'! perturbation of (4.1) can produce a situation in which the attrac-
tor is a finite union of unstable manifolds of hyperbolic solutions. Indeed, for each m € N,
the problem

‘ ' s 1
P = { X 2m+1 2)33m137> r<l-—sm
(4.2)
0=1
has an attractor A, = {|r| <1 - %%I}, which is the union of the unstable manifolds of £,
1<j<2m+1.
Note that the nonlinearities in (4.2) converge to those of (4.1) in such a way that the condi-

tions of Theorem 3.1 are fulfilled, and so our result suffices to ensure the lower semicontinuity
of the attractors in this example (although here we can see this lower semicontinuity explic-

itly).

It is nevertheless of interest to consider situations in which we can guarantee that the
attractor is given as the union of a finite number of such solutions. In this direction we have

the following lemma:

Lemma 4.1. Let £(-) be an hyperbolic solution of problem (1.1). Then &(-) is isolated
(uniformly in t).

Proof. The proof follows closely the argument used for Theorem 2.1 since, if we define ¢(t) =

y(t) — & (t) then
6(1) = Un(t, 7) /Uotsgo (s,
with go(t, 8) = fo(¢ + &(t)) — fo(&5 () — fo(&5(t))¢ and

@0 = [ Uot, $)@o(s)ga(s, (#(s))) ds + / Ua(t,3)(T = Qo(s))an(s, (6(5)) ds

o0
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has a unique fixed point in the set
{¢:R— Z:sup|lg(t)]|z < e}
teR

for € sufficiently small. This follows from the hyperbolicity of £; : R — Z via a contraction
mapping argument. O

One situation for which we can ensure that there are only a finite number of global
hyperbolic solutions is given in the following theorem:

Theorem 4.2. Let Ay be the attractor of the problem (1.1), and assume that Ay is the
union of the unstable manifolds of a (possibly infinite) number of hyperbolic solutions. Let
Cp(R, Ag) denote the space of continuous functions from R into Ao equipped with the supre-
mum norm. If %A := {€ € Cp(R, Ap) : £ is a global hyperbolic solution of (1.1)} is a compact
subset of Cg(R, Ao) then there are only a finite number of global hyperbolic solutions in Ag.

Proof. Suppose that £ : R — Ag, n € N are a countably infinite number of distinct hyper-
bolic solutions. From the compactness of 2 we may assume that there is a £ € Cp(R, Ay)
such that & — & i.e., limn o Supyeg [|65(t) — €(¢)|| = 0. Clearly ¢ is a global bounded
solution of (1.1). Since a hyperbolic solution is necessarily isolated, £ is not hyperbolic. On
the other hand, since A is the union of unstable manifolds of hyperbolic solutions, there is
a hyperbolic solution £* such that £ € W*(&*).

;From this we can deduce a contradiction. Indeed, observe that there is an € > 0 such
that, any solution ¢ that stays in an € neighbourhood of £* for all ¢ in an interval of the form
(—o0, 7] must be in the unstable manifold of £*. However, it follows from the convergence of
& to € in C(R, Ag) that there is a k € N such that &; stays in this e neighbourhood for all
¢ in an interval of the form (—oo, 7). It follows that in fact & € W*(£*) for all k sufficiently
large, and in particular that ||&;(¢) — £*(¢)|] — 0 as t — —oco. But £* is isolated (uniformly
in t), which is a contradiction. O

The main hypothesis of the above Theorem 4.2 (compactness of %) is, admittedly, some-
what difficult to check in applications, but here we give a corollary of the above result that
is of independent interest.

Corollary 4.3. Let Ay be the attractor of the problem (1.1). Assume that Aq 1s the union
of unstable manifolds of its global hyperbolic solutions (possibly infinite). Given T > 0, there
are finitely many hyperbolic periodic solutions of (1.1).

Proof. Observe that the set
A := {¢€ € Cp(R, 4p) : £ is a global hyperbolic periodic solution of (1.1) with period not exceeding T
is compact in Cg(R, 4q). The proof now follows that of Theorem 4.2. O

We conjecture that the structure
(4.3) Ao =W (),
j=1

is generic, at least in sufficiently smooth finite-dimensional systems. The Kupka-Smale
Theorem ensures that generically there are only a finite number of periodic orbits and that
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these are all hyperbolic [9], but to our knowledge there is no result along the lines of (4.3)
currently available. If the attractor is given in this form then we are able to give an exact
expression for the Hausdorff dimension of the attractor:

dimg(Ag) = jmax dimy (W*(£5)(t)) = max rank(Q;(t)),

- I=1n
where @; is the projection from the definition of the exponential dichotomy about the hyper-

bolic trajectory & for n = 0 (note that rank(Q;(¢)) is independent of t). The simple proof
can be found in the paper by Carvalho et al. [7].

5. CONTINUITY AND CHARACTERIZATION OF ATTRACTORS FOR NON-AUTONOMOUS
PERTURBED SYSTEMS

We now show that, with straightforward modifications, we can adapt our previous results
to deduce continuity of pullback attractors (assuming a structure analogous to that in (3.1))
in perturbations of non-autonomous equations. In particular, let 8 : D(B) C Z — Z be
the generator of a strongly continuous semigroups {e®* : t > 0} C L(Z) and consider the

semilinear non-autonomous problem on a Banach space Z
5.1) y =By + folt,y),
' y(1) = vo

and a regular perturbation of it
y - %y + fﬂ(t) y);
y(T) = Y.

Assuming that, for n € [0, 1], f, : R x Z — Z is continuous and Lipschitz continuous in the
second variable, uniformly on bounded subsets of Z the problems (5.1) and (5.2) are locally
well posed. Assuming that the solutions of (5.2) exist in [r,00) for any 7 € R and yo € 2
we can define

t
(53) Tn(ta T)yO = e%tyo + / e%(t_S)fn(‘S’ Tn(S, T)yO) dS.

(5.2)

The family {T;(¢,7) : t > 7} defined in this way is a nonlinear process.

If &(-) : R = Z is a solution to (5.2), n € [0,1], we consider the linearization of (5.2)
around &;(-)

£ =Bz 4+ (fn)(t, & (2))2

(5:4) 2(1) =2 € Z.

and the evolution process {U,(t,7) : t > 7 € R} given by

t
(5-5) Un(t?T)yO = e%(t_T)yo + / e%(t—s)(fn)z(sa5;(3))(]11(3, T)?JO ds.

T

We define exponential dichotomy for (5.4) as in Definition 1.1 and hyperbolicity of £ as
in Definition 1.2.
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One of the most useful concepts for describing the asymptotic dynamics of non-autonomous
differential equations is the pullback attractor (this concept originated with Chepyzhov &
Vishik (see [8] for example), who termed the sets A,(t) below ‘kernel sections’; the term
‘pullback attractor’ appears in the paper by Kloeden & Schmalfuss [14]).

Definition 5.1. A family {A,(t) : t € R} of subsets of Z attracts a bounded set B C Z
under {T(t,7) : t > 7 € R} in the pullback sense if
lim dist(T}(t,7)B, Ay(t)) = 0, Vt € R.

T——00

A family of compact sets {A,(t) C Z :t € R} is a pullback attractor for {T;(t,7): t >
7 € R} if it is invariant and attracts all bounded subsets of Z under {T,(¢t,7): t > 7 € R}
in the pullback sense.

Here we assume {T;(¢t,7) : t > 7} has a pullback attractor {A,(t) : ¢ > 0} for each n > 0,
and that (5.1) has hyperbolic global solutions &} such that Ag(t) is the union of the unstable
manifolds W*(¢) of them,

(5.6) Ao(t) = U W5 () (@)-

Since a hyperbolic global solution is the generalization to the non-autonomous setting of a
hyperbolic stationary point, assuming the pullback attractor to have this structure is very
natural, but none of the previous results in the literature suffice to prove lower semicontinuity
for this kind of attractor (although the papers by Langa et al. [15] and Carvalho & Langa
6] contain results for non-autonomous perturbations of autonomous gradient systems).

For the regular perturbation of the nonlinearity we now assume that

(5.7) limsup sup ||f,(t, 2) = fo(t, 2)llz + |(fn)=(t, 2) = fo(t, 2)llez) = O,
10 teR 2eB(0,r)
for all 7 > 0.
Under (5.7) it is easy to see that, for each T' > 0, and compact subset K of Z
(5.8) sup sup || T, (¢, 7)z — To(t, 7)2| = =
t€[0,T] 2€K

Then, by Theorem 2.1, for each hyperbolic global solution solution &;(-) for (5.1) there is
a unique hyperbolic equilibrium solution &, of (5.2) such that

n—0

sup [|&7,(t) — & (B)llz —
teR

As in Carvalho & Langa [6] we can prove the existence of the unstable manifolds associated
to the {;‘n(t). Moreover, these manifolds are locally given as graphs of Lipschitz functions;
that is, if V is a suitably small neighbourhood of z = 0 in Z (independent of 7), with

& ,(t) € V, there exist (7,2) — Zrv(r,Qi()z) - Rx V' — Z, such that the local unstable
manifold Wi (&F,), is given by

Wiken(€6,)(T) = {€1,(T) +w € &,(1) + V1w = Qy(r)w + T3 (7, @ (r)w)}.

0.
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Furthermore one can prove that these manifolds behave continuously as a function of 7, and
in particular
i i U i *, i 0
supsup {[1Q3(t)z ~ Q3(8)lz + 155, @3(1)2) — 5o (t, Q5(02) =} o
ST 2
As a consequence of this and of the continuity of the nonlinear semigroups associated to
our equations, it follows as in Section 3 that

sup distyg (A4, (t), Ao(t)) = 0 as 1 —0.
teR

As in the autonomous case, we know that the perturbed unstable manifolds are elements
of the perturbed attractors, and this gives us both a lower bound on their dimension and on
their ‘structure’. In fact, for each n € N, there exists i, > 0 such that

(5.9) UWHEE) € Ay(t), for all n < .

As in the autonomous case, it would be very interesting to prove equality here (this is only
known when the unperturbed attractor is autonomous and gradient, see Carvalho et al. [7]).

It is worth remarking that in place of (5.7) we could have considered the following weaker
hypothesis: there exists 7 € R such that
(5.10) lim sup sup ||fy(t 2) = folt, 2)llz + |(fa):(t: 2) — fo(t, 2)lle(z) = O,

) N0 te(—o0,7] 26 B(0,r)

for all r > 0. This would imply the existence of global solutions close to &;(t) that are
hyperbolic in (—oo, 7], and would therefore allow for lower semicontinuity of a family pullback
attractors that are not bounded as ¢ — +oo (i.e., Ur 4o0) An(t) unbounded in Z). This
reinforces the idea that in a non-autonomous differential equations the pullback behaviour
determines crucial properties of the future dynamics of the system.

Finally, as in Section 4, we briefly consider when we can guarantee that there are only a
finite number of global hyperbolic solutions in the attractor. First note that the analogue of
Theorem 4.2 holds with identical proof, that is:

Theorem 5.2. Assume that (5.1) has a pullback attractor {Ao(t) : t € R} that is the union
of the unstable manifolds of its global hyperbolic solutions. Denote by Cp(R, {Ao(t) : t € R})
the space of continuous and bounded functions R 3 ¢t — &(t) € Ao(t) and assume that the
set A = {&€ € Cp(R, Ay) : € is a global hyperbolic solution of (1.1)} is a compact subset of
Cp(R, Ap); then A is finite.

In general the characterization of non-autonomous attractors is a difficult problem. The
only current result in this direction is due to Carvalho et al. [7], and guarantees that the
pullback attractor resulting from a uniformly small non-autonomous perturbation of an
autonomous gradient system in which there are a finite number of equilibria, all of them
hyperbolic, has a similar structure, namely

(5.11) A =Uw &),
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where the £;(-) are global hyperbolic trajectories. Even in the case of a system that is
asymptotically autonomous as ¢ — —oo to such a simple autonomous system, it is an open
problem whether the pullback attractor can be written in the form (5.11) where the ;(:) are
globally hyperbolic.

6. FINAL REMARKS AND CONCLUSIONS

We have proved the lower semicontinuity of global attractors given as the union of unstable
manifolds of hyperbolic global solutions. In particular, this includes the case of attractors
containing periodic, quasi periodic or almost periodic hyperbolic solutions. The presence of
time-dependent hyperbolic solutions has been a crucial barrier to obtaining lower semicon-
tinuity results for such attractors for more than fifteen years. Here we have advanced the
theory by appealing to the recent results of Carvalho & Langa [6] that guarantee the exis-
tence and continuity of hyperbolic global solutions and their associated unstable manifolds
under regular perturbations of dynamical systems in Banach spaces.

We conjecture that such a structure, requiring the union of only a finite number of global
hyperbolic solutions, is generic for autonomous problems, at least for sufficiently smooth
finite-dimensional systems. Whether this is reasonable for general non-autonomous systems
is not clear, but it seems plausible for systems that are asymptotically autonomous as ¢t —
—00.

On the other hand, these results suggest a new set of problems for further study. Lower
semicontinuity results under singular perturbations of dynamical systems should be possible,
although the results on the robustness of exponential dichotomies that would be required
are yet to be proved (see, for example, the papers [1, 2, 3, 4, 5] for lower semicontinuity
of singularly perturbed gradient systems). It would also be very interesting to be able to
describe the geometrical structure of the perturbed attractors; the results of Langa et al. [15]
or Carvalho et al. [7] are not applicable here. Finally, the fact that our perturbations are
uniform in time prevents us from considering more general non-autonomous terms, or even
the important case of random dynamical systems. We intend to follow these lines of inquiry
in the near future.
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