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Resumo
Sejam a > 0,  C RY um conjunto aberto, limitado e com fronteira regular e —A o

operador laplaciano com condigao de fronteira de Dirichlet em 2. Estudamos o problema de
ondas amortecidas

Uy + auy + Au = f(u), t >0,

u(0) = ug € HF (), us(0) =vy € LE(Q),
onde f : R — R é continuamente diferencidvel, satisfaz a condigdo de crescimento |f(s) —
F@O) < Cls—t|(1+ [s]P~ +[tP7h), 1 < p < £22, (N > 3), e a condigdo de dissipatividade
lim supjy 00 igs—) < A1 (M1 é o primeiro auto-valor de A). Construimos solugdes globais fracas
para este problema como limite em 7 = 0 de solugoes correspondentes a problemas de ondas
amortecidas aos quais adicionamos o amortecimento forte nA%u com n > 0. Definimos
uma subclasse £S C C([0,00), L3(Q2) x H~}(Q)) de limites de solugdes e construimos um
conjunto fechado e limitado A de H}(Q) x L%(Q), que atrai qualquer conjunto limitado B
de HY(Q) x L*(2). Para N = 3,4,5 e dados iniciais regulares, mostramos que as solugoes
fracas globais da classe LS localmente unicas.
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ABSTRACT. Let a >0, 2 C RY be a bounded smooth domain and —A denote the Laplace
operator with Dirichlet boundary conditions in L?(2). We study the damped wave problem

ug + aup + Au = f(u), t >0,
{u(O) =y € H}(Q), u(0) =wvp € L2(Q),
where f : R — R is a continuously differentiable function satisfying the growth condition
|F(s) = F()] < Cls —t|(1 + [s|P~2 + [t]>~1), 1 < p < F£2, (N > 3), and the dissipativeness
condition lim sup| | £6) < ) with A being the first eigenvalue of A. We construct the

8
global weak solutions of this problem as the limits at = 0 of the solutions corresponding to

wave equations involving a strongly damping term nAZu with 1n > 0. We define a subclass
LS C C([0,00),L2(R) x H~1(N)) of the ‘limit’ solutions and construct a closed bounded
subset A of H}(Q) x L%(Q), which attracts any set B bounded in H!(Q) x L2(Q). For
N = 3,4,5 and smooth initial data, the global weak solutions of the class £S are shown to
be locally unique.

1. INTRODUCTION
In this paper we study damped wave equations of the form

U + auy — Au = f(u), t >0, z € Q,
u(0,z) = ug(z), w(0,2) = vo(z), = € Q, (1.1)
u(t,z) =0, t >0, z € 99,
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2 DAMPED WAVE EQUATIONS

where Q C R¥ is a bounded smooth domain, N > 3 and a > 0. We assume that f:R—=Ris
a continuously differentiable function satisfying for some 1 < p < % the growth condition

[f(s)l < C+]sl7) (1.2)
and the dissipativeness condition
, s
lim sup £(s) =: p1 < Ay, (1.3)
|s|]—o0 S

with A; being the first eigenvalue of the negative Dirichlet Laplacian in (.

Assuming conditions (1.3) and (1.2) with p € (1, £%2), we consider a parabolic type per-
turbations of (1.4) and, taking advantage of the smoothing properties of their solutions,
we obtain global weak solutions of (1.1) for initial data ug € H}(Q), vy € L?(Q). We also

construct a bounded (in Hj(£2) x L?(2)) absorbing set for these weak solutions of (1.1).

Damped wave equations with fast growing nonlinearities have been considered before by
many authors. In [13] the author studied the damped wave problem in H'(Q)x L?(Q), when
Q was a N-dimensional Riemannian compact manifold without boundary and f satisfied (1.2)

N+2

with p < &%, N > 3. In [14] the wave problems were locally well posed in the whole of R,

N > 3, for ug € H'(RY), vy € L*(RY) and f satisfying (1.2) with p < ¥£2 and f(0) = 0.
The solutions were unique thanks to the Strichartz inequality, being the main tool to obtain
suitable a priori estimates in case of these special domains. Such results have not been

extended to bounded domains with Dirichlet of Neumann boundary conditions.

In [17] the author studied asymptotic behavior of weak energy solutions to (1.1) in the
non-autonomous case. Some sort of the monotonicity assumption was considered for f but
no growth restriction was used to prove existence of the solutions of (1.1). The approach of
[17] comes back to the classical monograph [15], where the solutions were obtained for the
problem (1.1) with |f(s)| growing not faster than |s|N—IX’2‘ (N > 3).

We remark that when the nonlinear term f satisfies (1.3) and |f(s)| < ¢(1 + ISI%) for
s € R, it is known that no further assumption is needed to construct (a suitable notion of)
a global solution of (1.1). This can be found in consideration of [4, Theorem 4.3], where the

approach of [15] was followed.

In [4] previous results of [5] concerning generalized semiflows in metric spaces were also
applied to show the existence of an attractor for (1.1). For this an unproved condition (see
[4, p. 46]) that “every weakly continuous solution satisfies the energy equation” was assumed.

Since the question whether weakly continuous solutions fulfil the energy equation has not
been answered yet. We investigate the existence and asymptotic behavior of the solutions
of (1.1) based on the regularity and dissipativeness properties of solutions of perturbed
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(parabolic type) problems replacing the Galerkin approximation technique by a type of
Viscosity Method which (in this case) seems to lead to more interesting results.

In order to explain better the procedure we introduce some terminology. Let —A4 : D(A) C
L*(Q) — L*(Q) denote the Laplacian in L?(Q2), with the domain D(A4) = H2(Q) N HL(Q).
Then A is a positive and self-adjoint operator with compact resolvent. The closed extension
of A to (H$(R2))" with domain Hg(Q) will still be denoted by A and Az : H}(Q) C L2(Q) —
L*(Q2) be the half fractional power of A.

We consider the family of problems

Uy + AU + aug + Au = f(u), (1.4)
u(0) = uo € Hy(Q), u(0) = vy € L?(Q), '
which we rewrite as a first order system
£+ A =P8, >0, [Yoo =[] HI@ x LXQ),  (15)

where 7 is a non-negative parameter, 4, denotes the strongly damped wave operator;

0 -1
1
A 2nAZ+al

A= | |, DAy = HAQ) N H}(©@) x IX(®),

and
F((8) =[], f@)(@) = f(u(e) for u e HY(Q), ¢ € Q.

For f satisfying (1.2) with 1 < p < ¥£2/ N > 3, it has been shown in [7] (exploiting the
fact that A, generates analytic semigroup) that (1.5) is locally well posed for any 7 > 0 and
that its solutions are regular. Also, it is shown in [10] that bootstrapping methods can be
used to obtain additional regularity properties of solutions of (1.5).

For n > 0 and f satisfying (1.3) and (1.2) with 1 < p < ££2 it has been shown in [8] that
(1.5) is globally well posed. In addition, it was shown in [8] that the nonlinear semigroup
of global solutions associated to (1.5) has a compact global attractor, which results were

extended in [9] to almost critical nonlinearities; that is maps f € C'(R, R) satisfying

N +2
N -2

limsup s™"*!f'(s) =0 with p = for N > 3. (1.6)

|s]—o0

In this paper, we obtain the existence of global weak solutions of (1.5) with n = 0 when

the nonlinearity f satisfies (1.2) with p € (1, £%2) and (1.3). The procedure is to show that

the solutions of (1.5) with n > 0 converges along subsequences to a function which is, in a

sense to be explained, a solution of (1.5) with n = 0. We also obtain a bounded absorbing

set for such weak solutions without the need to assume any unproved fact. Here, if n > 0,
we will say that
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Definition 1.1. A bounded function [3](-,[%2],n) : [0,00) = HY(Q) x L*(Q) is a global
weak solution of (1.5) provided that maps[ ,00) Dt [3](+[%],n) € L*(Q) x H71(Q) and
[0,00) 3t = F([¥](t,[%0],m) € L*(Q) x HY(Q) are continuous and for each t € [0,00)

(31t [%8],m) = e~ [uo]+/0 eI F([8] (s, (3], m))ds. (1.7)

To be more specific about our technique and results note first that, for any [3] € H}(Q) x
L*(Q) and n > 0, the mild solution of the problem (1.5) with n > 0 is globally defined and,
moreover, its H}(Q) x L*(Q)—norm is bounded uniformly for > 0 and ¢ > 0. Hence, as a
result of the limiting procedure, with the same f and for the same initial conditions there
exists a global weak solution of (1.5) with n = 0.

To describe a large class of global weak solutions of (1.5) with n = 0 which are obtained
as limits of the solutions of (1.5) with =7, — 07 we will prove the following result.

Theorem 1.2. Assume that f € C'(R,R) satisfies (1.3) and (1.2) with some p € (1, {22).

Hence, if n, — 0%, [49] belongs to H} () x L2(R2), { [Zg] }oo_ is a sequence in H} (Q)x L?(Q),
ug | _ uo
' [”3] [ve] HY(Q)xL2(Q)
ng
of (1.5) withn = n,, then there is a subsequence {[¥] <-, [uﬁk ] ,nnk)} and a bounded function
Yo

(6] :[0,00) = H() x L*(Q), being a global weak solution of (1.5) with n = 0, to which
this subsequence converges in L*(Q2) x H~(Q2) uniformly on compact subsets of [0,00); that

(620 ) - (] ®)

We then consider a following subclass £S of the global weak solutions of (1.5) with n = 0;

— 0, and if for n € N function [}¥] < [ ] nn) is a mild solution

18
—0 for each 7 > 0. (1.8)
L2(Q)xH-1(Q)

sup
te(0,7]

( [5] € LS if and only if there exists an element [}3] € H' () x L*() such

that the function [g] is a global weak solution of (1.5) with n = 0 for which

1.9
there is a sequence {[%] (-, [42],7.)} of solutions of (1.5) with n =n, — 0F )

[ and (3] (¢, [%0], ) 5 [%] (¢) uniformly for ¢ in compact subsets of [0, c0).

As follows from Theorem 1.2 for each [0] € Hj(Q) x L%(Q) there is (at least one) [3] €LS
with [z] (0) = [%2] and we will prove that

Theorem 1.3. Under the assumptions of Theorem 1.2 there exists a bounded and closed
subset A of H} () x L*(Q) (compact in L*(Q2) x H™'(Q)) such that, for any set B bounded
in HY(Q) x L?(Q),

ors inf ||[4]() - [#]lly "0, (1.10)
[“]ecs,[2]@eB [7]ea
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We also obtain that

Theorem 1.4. If N = 3,4,5 and f € C*(R,R) satisfies with certain p € [2, 542) the
condition '
£ ()] < e(1+]s7%) (1.11)

then, for each [39] € H*(Q) N HF(Q) x H(Q) and any [i] € LS with [3] (0) = [32], there
exists 79 > 0 such that [1‘2’] restricted to the inerval [0,7) coincides with a certain (uniquely
defined) element of the space of continuous functions C([0,7), H2(Q) N HL(Q) x HL(Q)).

The paper is organized as follows. In Section 2 we will establish global well posedness
of (1.5);>0, show boundedness of the solutions of (1.5),5¢ uniform for € (0,1] and prove
Theorem 1.2. In Section 3 we will construct a bounded absorbing set for (1.5),5¢ with the
entrance time independent of € (0,1] and [39] in bounded subsets of H}(Q) x L*(Q) and
we will complete the proof of Theorem 1.3. In Section 4 we will discuss briefly local well
posedness of (1.5) with n = 0 for [39] € H*(Q) N HF(Q) x H}(Q) and complete the proof
of Theorem 1.4. In the closing Section 5 we will view some additional properties of the
solutions resulting from Theorem 1.2, that come back to consideration of [4, 3, 15, 17].

Acknowledgement: This work has been carried out while the first author visited the
Institute of Mathematics of the University of Silesia in Katowice, Poland. The authors wish
to thank the Institute for supporting this cooperation. Also, the first author wishes to thank
the people at the Institute for their great hospitality.

2. EXISTENCE RESULTS

Let X%, a € R, denote the fractional power spaces associated to A. Then, X = [H?(Q)N
Hy(Q), L*(Q)]a =: Hf}(Q) and X~ = (HTf () for @ € [0,1], where [-,-], denotes the
complex interpolation functor (see [16]). In particular X := X° = L2(Q), X2 = H}(Q),
X~2 = (H}Q)) and X! = H2(Q) N H}(Q).

Let @ > 0 and Y' = X7 x X with the norm || [i] lyr = 118l ;3 + ll¥ll, - Let also

Y2=X!x X2. For 1 > 0 consider a family of the damped wave operators
A,:D(A4) cY' -5 Y!
and note that

ALY oYY, A= [m-%jm-l Ao-l] for 7> 0. (2.1)

The completion of the normed space (Y, [|A;! ||, 3 ) isY = V°:= X x X~2. Indeed,
since there is a constant d > 0 (independent of 1 € [0, 1]) such that

d—1||,4;1 [:E”X%XX < [3] ||XxX_% < d||,4;1 [i] ”x%xx’ [3] € X x X, (2.2)
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the completions of (X2 x X, A 3, ) and (XTxX, |- [l ¢ x~4) coincide with equivalent
norms (independent of n € [0, 1]).
In what follows we will still denote by A, the closed extension of the operator [: znA‘%I o 1]

to Y with the domain Y.

Forn > 0, A, : Y' C Y — Y is a maximal accretive operator (see [7] and references
therein). Therefore it has bounded imaginary powers, generates a semigroup of contractions
{e™* : ¢ > 0} and its fractional power spaces are given by Y* = X% x X%, o > 0. If
n >0, A, is a sectorial operator.

With this set-up we will consider problem (1.4) in the form (1.5).

Let F : Y! — Y* « > 0, be a locally Lipschitz continuous map. Recall that a mild
solution of (1.5) on [0, 7] is a function [}](-,[%2],n) € C([0,7], V') which satisfies (1.7) for
t € [0,7]. We say that (1.5) is locally well posed in Y'! if for any [4] € Y there is a unique
mild solution ¢ — [3] (¢,[%],7) of (1.5) defined on a maximal interval of existence [0, Ty, 4, )
and depending continuously on the initial data [} ].

The following two propositions can be found in [7, 8, 9]. Their proof is included here for
completeness.

Proposition 2.1. The problem (1.5) with n > 0 is locally well posed in Y whenever f

satisfies (1.2) for some 1 < p < F£2.

Proof: F is Lipschitz continuous on bounded sets from Y! into X% x X%~ = Y whenever
0<o<dand 6 =min{l, ¥ +1- p(% —1)}. Indeed, if B is a bounded subset of ¥! and
[¢1] , [32] € B, we have

Y1
IF([5]) = F([RD ve < cll 76 = F@lyopn < eallf (80) = £ g
< esll = dals (U 1P T + 10T ) < el [§1] - (8] e
The proof now follows from Theorem 3.3.3 in [12]. O

Proposition 2.2. Under the assumptions of Proposition 2.1 and (1.3) we have that
1) the problem (1.5) is globally well posed in Y,
ii) positive orbits of bounded subsets of Y'' are bounded in Y uniformly for n € (0,1].

Proof: The functional £y : Y! — R,

Lal(D) = 5wl + glual = [ [ s(s)dsds, ()€ V7, (2.9

satisfies for p € (uy, A1)

w AL — p
Ly =
Lo([8]) = 5y

1
lwill g + 5llwallx = e
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where (1.3) and the Poincaré inequality A, ||w; ||} < ||wy ] 4 Were used to obtain that

// f(s dsd$<—|[w1||x—|—c#

Iftn>0and [§]=[}](¢,[%],n) is a local solution of (1.5) through [%] € Y, then
d
[

C*ﬁﬁo([ 1) = —nllv x3}

that is £y decreases along [%] (¢,[%],n). Hence we have the estimate

51 ) m) e < eeo v/ 1+ L([3)), (2.5)

where ¢, does not depend on 1 > 0. The proof now follows easily. O

— aflv|%, (2.4)

The existence of mild solutions of (1.5) with n =0 when F : Y — Y! is locally Lipschitz
continuous is Well known. However, in order F' takes Y into itself f should satisfy (1.2)
with 1 < p < 5. We will next show existence of the global weak solutions of (1.5) with
n =0 when (1.2) holds with 1 < p < % For this the following two lemmas will be useful.

Lemma 2.3. ([6, Lemma 2.4]) For Re\ > 0 we have that ) is in the resolvent set of A, for
eachn > 0. If m = 0,1, 2, there is a constant ¢, (independent of n € (0, 1]), such that

A+ Ag)™t = (A + Ap) " eermy < mead, n € (0,1], ' (2.6)
where d is given in (2.2). Furthermore, if J is a compact subset of Y™, then

sup[i]eJ supte[o,T]He_A”t [i] g M [3] lym =0 as n— 07 . (2.7)

Proof: If R, = [ 00 ni% ], then ||Ry||Lym+1,ym) <, n € [0,1]. Consequently, we have
M+ Ay = (M + Ao)(I + (M + Ag) ™' Ry) (2.8)

for each A € C with ReA > 0 and

IAL + Ao) ™" = (AT + Ap) Hlzgrmy = I(A + Ao) 'Ry (A + Ag) ™ lzrm)

<N+ Ao) Hlzrm IRy llyme ymy AL + Ag) "Hlzym ymssy,.
From (2.2),

I+ Ag) " Hlzwm ymery < AR (AT + Ay) Hlzrmy = dIlT = ML+ Ay)~Hwm).

This proves (2.6), where

By = s1[1p] AT+ Ao) " Hlzeym Il = AMAT + Ap) " Hlzarmy.
n€lo0,1
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To prove (2.7) fix 6 > 0, 7 > 0. Choose ¢ = ¢, n € N and [gl], 1 < i < n, such that
J C Ul B; where B is the ball of radius e centered in [$'], 1 < i < n. From Trotter-Kato
theorem, there exists n; = n(d) > 0 such that

(4

— : — i 5 )
He At [¢1] — e Aot [i::l Hym < 5 for all (A= [0,7'], n e (0,776); 1= 17""”' (29)

If [$] € J and i is such that (4] € B, we conclude that

—Apt [0 _ —Aot [ ¢ < =Apt [ _ [¢i -
sup lle™* [3] = e~ [T lhem < sup le~([] = [EDllv

: ; )
+ sup [|(e7*" — e [% ] ||lym + sup [le”AoH([&] - [¢ m <2+ —==04.
s (8 lom + g e[ = [Dlm <26+ 3 =6

Lemma 2.4. Suppose that f : R — R satisfies (1.2) with some p € (1,5%2) and ¢ > 0.

Then for 0 = (—pii—IY—ZQ—), certain ¢ > 0 and all uy,u; € X we have that

1) = Flua)ll oy S Ellu = ually s =l (14 all?) +1lall?y) . (210)

Proof: Using Holder inequality and Sobolev embedding we obtain

1 (w) = flua)ll -y < IF(ur) = Flua)ll | gn

Lm(ﬂ)

-1

<6’U;"“'U; 2N 1+u,0 biin— +'U/p_1/ )
<llw 2“[/7%7%(Q)< ] 1||L2Nr+(g 1)(9) | 2”L2Nr +§g|—12(Q)

<@l = uallys (14 uall?y + lluall®y)

where r = N+2_(1;’f12)(N_2) and g = w. Since the moment inequality implies that
st1 1=s
lur = wall s < eflun = uall 5 llur = wall 7y,
the result now follows easily. d

Proof of Theorem 1.2. Let B be a bounded subset of Y'. Then, for [32] € B, n € (0, 1]
and t > 0 we have, from Proposition 2.2, that there is a constant Cg > 0 such that

3] (%], mlly: < Co. (2.11)
From this and from (1.4), there is C'z > 0 such that, for ¢t > 0, n € (0,1] and [32] € B
5] & (8], mlly < Cs. (2.12)

It follows from the Arzela-Ascoli theorem (see [11]) that for each sequence {n,}52, convergent
to 0 and { [Zg ]} C B convergent in Y to [4g] there is a subsequence (which we denote
n=1
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the same) and a function [§] € C([0,00),Y) such that (1.8) holds. Furthermore, as a
consequence of (2.11) and weak convergence

Sup [I15] @, < Cs. (213)

[t remains to prove that [;’Z] satisfies (1.7) with » = 0. Note that

(516, [ 8] ) = em4me [ 18] +-/Cte-Aﬂn“-*>ﬁx[z}<s,[Zg] ) ds. (2.14)
Hence, using Lemma 2.3, it is enough to prove that
/Ote_A""(t"s)F([ﬁ] (s, [u"] nn))ds converges in Y to /Ot e‘AO(t_S)F([zgg])ds
uniformly for ¢ € [0, 7]. For that, using again Lemma 2.3, it is sufficient that
F([¥] (s, “;9:] ,Tn)) converges in Y to F([d’g%])

uniformly for s € [0, 7]. That is obtained in the following manner. If 7 > 0 is such that

16 [ ]|, | [583]1,) <

sup sup max{
neN s€(0,7]

then with the aid of Lemma 2.4 for 6 = w we get

|16, [8] ) - P, = 1rtuts, [] ) = 70D

< effuts.[F ] )=o), s, [ ] ) -00)] Q+H o [ ]y o3 )
<5165 [8]m) - [£3]] oy (1 Foreny.

Note that 6 € (0,1) if and only if p € (1, £%2). In the light of (1.8), the result is proved. O

3. UNIFORMLY ABSORBING SET AND PROOF OF THEOREM 1.3

In this section, following a procedure adapted from [8], we prove the existence of a bounded
absorbing set for (1.5) with the entrance time independent of € (0,1] and initial data in
bounded subsets of Y. We then complete the proof of Theorem 1.3.

Let Lo : Y — R be the functional given by (2.3). For § > 0 we define L5 : Y' — R by

Co([2]) = Lo g;])m/wlwzdx, for all (1] € V2. (3.1)
Q
Choosing § < min{ ’\‘2““, =} we have
w1 AL — i 2 1 2 w1 1
£all) 2 BBl + Hwal - (2] € Y™ (52)
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Writing f(s) = fo(s) + f(0) (see [2, 1, 8]) with
[fo(s)] < c(lsl® + Is), s €R,

for some ¢ > 0 we find a constant ¢ > 1 such that

w1
- / fols)dsda < dhunl (1+ fun|125)
QJ0

_ d/ﬂ/om fo()ds dz < w2, (3.3)

for “leX% <r and d = E(ﬁ:fp—:q.
These properties of L; lead to the following result.

and

Theorem 3.1. Suppose that f satisfies (1.2) with some p € (1,822) and (1.3) holds. Then
there is a bounded set By C Y with the property that given a bounded set B C Y there is
a time g > 0 such that

[3]1(t,[%],m) € Bo forall t>tp, [W]€ B, ne(0,1].

In particular, each weak solution of (1.5) with n = 0 from the class LS and starting at
(%] € B enters By no later than in time g and stays in By for all t > 7p.

Proof: Let [4] (¢, [ ],n) ([¥] for short) be the solution of (1.5) with n > 0. Then

d
o uvda: = |lv|l% — a/uvda:— /Azuvdx— ||u]|2 ) +/uf( )dzx (3.4)
Q
Fix p € (p, /\1). Using Young’s inequality, for any ¢ > 0, we have that
d a 2 pooo€aenyg
Sl <& = e i e e )
G [wvds <@g+ Dbty -0 - - Dy +0, 69

where we have used the the dissipativeness condition (1.3) to obtain that
[ wftw)ds < plully + @
Q

and the Poincaré inequality A;||u||% < []u||2 y- From (2.4) and (3.5) we have that

da Al— U ae  me _
—ca([ & <(a~ ——~——)1| 15 = 6(=—= - — = D)llul®, + o2,
/\1 2/\1 2 X?
A\ (3.6)
< ——II [ 12/\ lull%y + 08, < —wl[ [§] 131 + 8¢,
where w = £ min{a, (5’\1—’i} and we have chosen e such that ’\‘—"E > 55+ % and then § such
that & > 6 + & + —’l Hence, for || [30]||lyr < 7, using (2.5), (3 3) and (3.6), we have

SeE) S SN + 5 [ [ feMsdo+ G —aLa((3)+Cu (5)
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where @ = %, From (3.2) and (3.7) the result follows easily. O

Proof of Theorem 1.3. Let LS be a class of maps defined in (1.9) and By be the absorbing
set from Theorem 3.1. Denote by [4](¢,[%5],7) the global solution of (1.5) and define

A= {12): 34, oo an e Fnono (8] o (3 1,) 5 (21}, (38)

If {{%2]} C A, then there exist sequences t, — oo, {[¥*]} C By, 7, \ 0 such that
I1%] (tn, [on ], m0) = [ 72 ] |ly = 0. Since almost all elements of the sequence {[%] (tn, [¥2],7n)}
are (via Theorem 3.1) in By and Y is compactly embedded in Y, then there are subsequences
{[%] (ny, [on® ] 7)Y, {[ 20k ]} both convergent in ¥ to certain [¥] € Y. Recalling definition
(3.8) we obtain that [¥] € A; i.e. A iscompact in Y. Using next weak convergence property
and boundedness of By in Y'! we observe that A is a bounded subset of Y. Closedness of
A in Y'! is straightforward.

Suppose now that (1.10) fails and choose ¢, oo, {[i |} c £S with {[:ﬁ:] (0)} c B

such that

inf || [57] (ta) = [4]lly > ¢, 3.9

AR 0] ) = 211 (5.9)
where B is a certain bounded subset of ¥'! and € is some positive number. By (1.9) there
are sequences {[y"]} bounded in Y*! and 7, \, 0 such that

ég”ﬂ&ﬂw—wﬂmthmysgﬁnneN- (3.10)

From Theorem 3.1 we know that, for certain tg > 0, [¥](¢,[%"],7.) € Bo for t > tp.
Therefore, via compactness of the embedding ¥Y' < Y, we can choose a subsequence
{[4] (tny, [o2¥ ], Mn,) } convergent in Y to certain [?] € Y. Recalling definition (3.8) and writ-

ing [%](ta,, [Z:H ) = (5] (tne — B, [4] (B, [;f:}’:] )T ); T, )) We then have that [?] € A
whereas, as a consequence of (3.10), [9"] (t.) — [2], which contradicts (3.9). O

4. LOCAL UNIQUENESS WITH REGULAR INITIAL DATA

In this section we consider (1.5) with 7 =0 and [%] € X! x X2. We prove Theorem 4.1
below, from which Theorem 1.4 follows.

Theorem 4.1. Suppose that the assumptions of Theorem 1.4 hold and [2] € X! x Xz,
Then there exists T > 0 such that, for eachn € [0, 1], the problem (1.5) has a unique solution
[“](,[%],n) € C([0,7], X' x X?). Furthermore,

uwl (., [4“o 4.1
sup 11816815 o ey < 0 (4.1)

and

||[3](a[33];77)—[%](, gg]ao) HC([O,’T],XIXX%) —+0 as 77_)0+ (42)
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Proof: Using Holder inequality and Sobolev type embedding, we obtain that

1£(ur) = flua)llp <N (wa) = f/(u2)) Vel x + 1 (u2) V (ur = ua)l|x

< Nff(u) - fI(UZ)“LN(Q)llvul"Lﬁ%(Q) + 1 (u) w1V (w1 — u2)ll 42

< flur — wallxr (1 + lwallfa® + luall5a®) uallxer + eflun = wallx (1 + [lual|))-

Consequently, for some & > 0 and all u;,u; € X' we have
1f(u1) = flua)ll g < Ellun —uallxa (14 flnllfa’ + fluallfat) (4.3)

which ensures that F': Y2 — Y2 is Lipschitz continuous in bounded subsets of Y2.

Note that the mild solutions of (1.5) are fixed points of a map constructed in accordance
to (1.7). Since the Lipschitz constant of F" is independent of 7 > 0 and ||e™*||(y2) < 1 for
all n > 0, the time of existence of these solutions can be obtained independently of n. In
particular (4.1) is proved.

It can be seen from Lemma 2.3 that e~*7* converges to e in the strong topology of
L(Y?) uniformly in bounded time intervals and on compact subsets of Y'2. Therefore, to
conclude the proof, we need to ensure that the set K = {F ([¥](-,[%3],0)): t €[0,7]} is
compact in Y2, which comes from continuity of the map [0,7] 3 t — F ([¥] (-,[%],0)) € Y2.

The proof of (4.2) now follows from Gronwall’s Inequality. O

—Aot

Remark 4.1. If[{2] € Y and p < 55 the weak solutions of (1.5) with n = 0 will belong to
C([0,7],Y?"), for with this growth F : Y* — Y is Lipschitz continuous in bounded sets. If, in
addition to the assumptions of Theorem 4.1, n > 0 and f satisfies (1.3), then (following [8])
the solutions [“] (-, [%],n), [] € Y2, n > 0, obtained in Theorem 4.1 are globally defined.
However, one can hardly assure that they are bounded in Y? uniformly for n € (0,1] so that
the global weak solutions of (1.5) with n = 0 starting in 4] € Y? may have values in Y?
only for t € [0,7]. Note that, although the problem (1.5) with n = 0 is locally well posed in
Y2, its global well posedness in Y? is unknown.

5. OTHER PROPERTIES OF WEAK SOLUTIONS

In this section we view the global weak solutions of (1.5) with » = 0 from another per-

spective.
Recall that A (resp. A7) is an isomorphism from X2 onto X2 (resp. from X onto X ~z)
and denote by (-, ) g the scalar product in a Hilbert space H. Suppose that the assumptions

of Theorem 1.2 are satisfied and let [%n ] = [¥] (-, [Zg] ,nn) be the solution of (1.5) with
. € (0,1], [%‘%1] € B; B being a bounded subset of Y'!. Note that, by (2.11)-(2.12), we have

{u™} is bounded in L®((0,00), X7),

(5.1)
{u*} is bounded in L*((0,00), X°), {ufr} is bounded in L*((0, 00), X 7).
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Fix arbitrary 7 > 0. If n, — 0% and [ ] L v ], then there is a subsequence, which we
denote the same, and elements u, v, w of an appropriate Banach spaces (as below) such that
for p € (1,00) and suitably small e > 0 (see [15, Chapter 1, Theorem 5.1])

LP((O,gX%-‘> u ol (OX™)

Also, by the property of weak convergence,

unn

w—L2((0,7),X°) w—L2((0,7),X %) nm W—L2((0,7),X™ %)

(0,7 (
& = v, u™ — u, Uf = w.

U
We remark that there exist X ~2-valued distribution derivatives Uy = v, Uy = w and
ue C([0,7], X27¢) N B((0,7), X %),
us € C([0,7], X~3) N B((0,7), X%, uyx € B((0,7),X"7).
These properties and properties of A and f allow us to show that for each t > 0, ¢ € X
(AT [f (™) = F(u)], 0)x = 0, (A3 mATul"], @)x = m(u]", $)x = 0,
(A7[au]” — aw, d)x — 0, (A7F[Au™ — Au),@)x =0, (A"F[ulf — uy),¢)x — 0,
as n, — 07. We can thus pass to the limit in the equation
(A7Z[uff +naAPul” + aul + Au™] @) x = (A72[f(u™)], 4)x, ¢ € X,
and obtain that

(5.2)

(A uy + au, + Au), ¢)x = (A2 f(u), @)x, $€X.
In particular, we have that for every ¢ € X~

(U + aue + Au, ) = (f(u),¥) -4

1
IY—
or equivalently that w fulfils uy + aus + Au = f(u) in X2 for a. e. t > 0, or that
)

a
(ug + aug + Au, X) = {flu ’X>X—%,x% for each xy € X2.

X-% x%
With our growth we have justified that u; € X and uy + Au — f(u) = —aw; in X7 for
all t > 0. Therefore we conclude that
uy + Au — f(’LL) = —QaUu . in X, t>0,

and thus
o, 0

(uge + Au — fu),u)x = —al|u

Nevertheless, it remains unknown whether the energy equation (as in [4, (E)])

£dMD+qAWMM&@=EM%% £>0,

holds for the global weak solutions discussed above.
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