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Resumo

Neste trabalho consideramos problemas de valor inicial da forma

dx
i + A(t)z = f(t,x)

x(7) = @0,

em um espaco de Banach X onde A(t) : D € X — X é um operador linear, fechado e
ilimitado que é setorial para cada t. Mostramos existéncia local de solugoes para o caso em
que a nao linearidade f cresce criticamente. Algumas aplicagoes sao consideradas.



SINGULARLY NON-AUTONOMOUS SEMILINEAR PARABOLIC
PROBLEMS WITH CRITICAL EXPONENTS AND APPLICATIONS
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ABSTRACT. In this work we consider initial value problems of the form

{%—:— + A(t)x = f(t,x)

z(1) = zo,

in a Banach space X where A(t) : D C X — X is a linear, closed and unbounded operator
which is sectorial for each ¢t. We show local well posedness for the case when the nonlinearity
f grows critically. Some applications are considered.

Mathematical Subject Classification 2000: 35A07, 35B33, 37B55, 35K90, 34G20,.
Key words and phrases: Non-autonomous semilinear parabolic problems, local existence,
family of evolution operators, critical exponents, e—regular map, e—regular solutions.

1. INTRODUCTION

Let X be a Banach space and A(t), t € R, be a family of linear, closed and unbounded
operators defined on a fixed dense subspace D of X. We consider singularly non-autonomous
semilinear abstract parabolic problems of the form

% + A(t)z = f(t,z), t>0
glT) =8y € D,

(1.1)

when the nonlinearity f : R x D — X is critical (has the same order as A(t)). We prove,
under suitable assumptions on f, that (1.1) is locally well posed.

Remark 1.1. Note that R x D 5 (t,x) — 2A(t)x € X is globally Lipschitz continuous on
the second variable, nonetheless (1.1) will not be locally well posed with f(t,z) = —2A(t)z.
The conditions on the map [ will need to carry some intrinsic regularization to overcome

this difficulty.
Definition 1.2. A family {U(t,7): t > 7 € R} C L(X) that it satisfies
1] Ul 7) = I,
2) U(t,o)U(o,7) =U(t,7), forany t >0 > T,
3) (t,7) — U(t,T)uo is continuous for t > 7, vy € X,
it s called a process or family of linear evolution operators.
mupported by grant # 300.889/92-5 CNPq and grant # 03/10042-0 FAPESP, Brazil.

2Partially supported by grant # 02/11855-2 FAPESP, Brazil.
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o

To obtain solutions for (1.1) we will need to obtain good properties for the solution operator
associated to

(1.2)

We will show that, under suitable assumptions on the operators A(t), t € R, that for
each 7 € R the problem (1.2) has a unique solution [7,00) 3 ¢ — z(t, T, z9) € X defined in
[7,00). Denote by {U(t,7) € L(X) : t > 7 € R} the operator family defined by U(t, 7)x¢ =
x(t, 7,20). We will see that the family of operators {U(t,7) € L(X) : t > 7 € R} defines a
process with suitable properties.

With {U(t,7) € L(X) : t > 7 € R} as above, the solution of (1.1) will be given by

x(t) = U(t, 7)zo +/ ULt s)f(s,2(8))ds, zlr) = =g

In the hyperbolic case, Kato [9] was the first to construct the family of evolution operators
of time inhomogeneous equations, the results were later revised by himself in [10]. For the
parabolic case, Sobolevskii [14] was the first to construct such family (see also[7, 13]). In
the next section, the construction of the family of evolution operators is explained following
some of the arguments given in [14]. We will use many of the ideas of Sobolevskii, therefore
we will omit the proofs that can be found in [14]. Instead of a cumbersome approximation
argument we use a fixed point argument to show to construct the operator family U(t, 7).

In [5], the authors show local well posedness for the problem (1.1) in the case where the
operator A(t) is time independent, that is, A(tf) = A, A is a sectorial operator, and the
nonlinearity f is critically growing. In this paper, we extend the results of [5] to the case
when the problem is singularly non-autonomous; that is, the linear unbounded main part of
the equation is also non-autonomous and f is critically growing.

Next we introduce, following [5], the needed terminology that give meaning to the expres-
sion critical growth. Roughly saying f it presents critical growth when it is of same order
that A.

Denote by Ay the operator A(ty) for some ¢y € R fixed. If X, denotes the domain of (A4g)®
with the graph norm, a > 0, X, := X, denote by {X, : @ > 0} the fractional power scale

associated to Ag.

Definition 1.3. We say that x : [0,70) — Xi is an e—regular mild solution of (1.1) if
x € C([0,70), X1) N C((0, 7], X14e), and z(t) satisfies

't

(1) = U(t, 0)zo +/ Ult, s)f(s,z(s))ds.

0

Definition 1.4. For e > 0, we say that a map g is an e—regular map relative to the pair
(X1, Xo) if there exist p > 1, v(e) with pe < y(€) < 1, and a constant c, such that g : Xi4c —
X'y(e) and

Ll 1) VfE,y c X1+6'

X1+e i

-1
lg(z) — 9(W)lix,, < clle —yllxi (N2l + 1y
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We observe that it is possible that g is defined in X, and takes values in X (it is of same
order as A) or even that g is not defined in X;. Because of this e-regularity is, at times,
called critical growth condition. Our main result reads

Theorem 1.5. Assuming that A(t) is uniformly sectorial (see condition (a)) and uniformly
Halder continuous (see condition (b)) and that f is e—regular relatively to the pair (X1, X)),
then (1.1) is locally well posed.

The results presented here are a natural extension of the results that appear in the recent
literature of semilinear autonomous problems (A time independent) concerning local well
posedness with critically growing nonlinearities. We can say that the local well posedness for
autonomous semilinear parabolic problems with critical nonlinearities has been satisfactorily
answered whereas the analogous question for singularly non-autonomous problems (when the
unbounded operator depend of the time) has not been considered yet. Our aim is to provide
results as complete as those available for the autonomous case.

This paper is organized as follows. In Section 2, we construct a family of evolution
operators, following the ideas contained in [14], in some cases presents new proofs and slightly
better results with a different approach. In Section 3, we show the local well posedness of
semilinear parabolic problems with critically growing nonlinearities and, in Section 4, we
apply the results of the Section 3.

2. SINGULARLY NON-AUTONOMOUS LINEAR PARABOLIC EQUATIONS

Note that, for 7 € R fixed, the family {e~¢=74() . ¢ > 7} is the solution operator family

associated to o

d—‘;f + A()z = 0. (2.1)
Therefore, if {U(t,7) € L(X) : t > 7 € R} is the linear evolution process associated to

(1.2), the difference {U(t,7) — e~ (=740 - ¢ > 7} is the family of the solution operators

associated to

d
H% + Az = —[A(t) — A(r)]e”-DAD (2.2)
with trivial initial condition. Hence we should have
t
U(t,7) = e~ (t-0AC) -+—/ U(t, s)[A(T) — A(s)]e~ "4 s, (2.3)

To obtain the evolution process {U(t,7) € L(X) : t > 7 € R} we will use (2.3); that is,
we show that, for each 7 € R, equation (2.3) has an unique continuous solution {U(t,7) €
KX):t =7}

We assume that

(a): The operator A(t) : D C X — X is a closed densely defined operator (the domain
D is fixed) and there is a constant C' > 0 (independent of ¢ € R) such that
C
A —
Al +1

To express this fact we will say that the family A(t) is uniformly sectorial.

NA®) + Moo ; VA € C with ReA > 0. (2.4)
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(b): There are constants C' > 0 and € > 0 such that, for any ¢, 7,s € R,
IHA®) = AMJA™ (s)lloev) < CE=7), (e € (0,1]). (2.5)
To express this fact we will say that the function A(t) is uniformly Hélder continuous.
From (a), —A(t) is the generator of an analytic semigroup {e~™® e L(X): 7 > 0}.
With this and of the fact that 0 € p(A(t)), follows that, for some § > 0

le™™ D[ x) < Ce™, (2.6)

JA®)e ™D || Ly < Cr7le™T. (2.7)
From (b) it follows that
|A@E) A= ()|l L) < C (t,7) € R%

Under these assumptions we show that (2.3) has an unique solution U(t, 7) that is contin-
uous for t > 7. Fix 7 <ty and denote for U(t) the operator U(tg,t). Consider the complete
metric space

E={U¢€C([rt), L(X)) : sup [Ut)llx) < oo}

te(r, to)

with the metric
Ul = sup ) MU ) -

tG[T, to
Let S be the map defined by

to

(SU)(t) = e~ (to—t)A(t) +/ U(s)[A(t) _ A(S)]e—(s—t)A(t)dS_

If U € E, then the integral in the above inequality is convergent and
to
t— / U(s)[A(t) — A(s)]e” 57940 g
t

is in C([7,%0), L(X)). To show that ¢t s e~(0=94() it belongs C([r,t), L(X)) we will need
the following auxiliary results (see [7, 14] for a proof).

Lemma 2.1. Fort, s, & € R, the following inequalities hold
[le~m4E — e‘TA(S)HL(X) < Ce ™ (t—s)¢, forT >0, (2.8)

|A(E)[e™™4® — e_TA(S)]HL(X) < Ce 7Yt — 5)¢, forT>0. (2.9)
The proof follows using the identity

t—0
[e-—(t——'r)A(T) _ e‘((’_T)A(T)] _ _A—l(T)/ e~$4) ¢ Ay g 0Pl (2.10)
0

Lemma 2.2. The functions (0,00) X R 3 (7,s8) +— ™) € L(X) and (0,00) x R x R 3
(1,t,8) — A(t)e ™) € L(X) are continuous in the uniform operator topology of L(X).
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Corollary 2.3. The functions
(t,7) — g~ G-}l (t,7) — g~ H—TRl)

(t,7) = [A(T) — A@))e™ ) and (t,7) — [A(T) — A(t)]e"¢—74®
are continuous from {(t,7) € R* : t > 7} in L(X) with the uniform operator topology.

Follows of the Corollary 2.3 that t +s e~(0=84®) is in . In what follows, we prove that S
is a contraction from F into itself and therefore has an only fixed point in E.
Recall that the beta function B(-,-) : (0,00) x (0,00) — (0, 00) is defined by

Bio)= [0
Given U,V € E, it follows that
(SU)(t) = (SV)(t) = /t "[U(s) = V(s)IA®) - A(s)]e~=D4W0 g,

Thus

ISTY(E) = (SV) Ol

to
< [ 106) = VIl 14G5) = AWy ™40 5 s
t

“to
g/ C(s—1t)°C(s —t)"'ds sup {IIU (S)”L(X)}
t

t<s<top
to
<G [ (=7 |U = Vil < Cu(@)to — 0|0~ Vi
t

Following with the iterations, we get that

1S U)() = (S"V) (D)l x)
SC(eB(1+466)B(l+2¢)...B(1+(n—1)e€)(to—t)" ||U - V||5-

Recalling that B(s,t) = I;(E:)ig), where I' is the gamma function, we have
I'(1+¢)(T'(e))"
B(1 B(1 + 2e, .B(1 -1
(1+69B+260) . B+ (n-Dee) = =51 -5

That is,

' - L+ L)t = )T IU = Vil
I(5"U)E) = (S™V) (Bl < e .

Consider the power series

i C(e)I'(1 +¢) g
= I'(l+ne
If it has infinite radius of convergence, for each s € R there is a n € N such that
C(e)L'(1 + e)[T'(e)(to — 1)°]"
I'(1 + ne)

<1,
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and then by the Banach contraction principle, S™ has an unique fixed point in E and,
consequently, S has an unique fixed point in E.

To verify that the radius of convergence is infinitive, we apply the ratio test. Dividing the
(n +1)™ coefficient by the n't coefficient of the series we obtain

I(e)"'B(e, 1 + ne).

Since 1
B(e, 1+ ne) = / sH1 — s)"ds,
0

and for each 0 < s < 1 the integrand is bounded by s! and pointwise converges to zero,
as n — 00, it follows of the Dominated convergence theorem that B(e, 1+ ne) “—= 0. This

completes the proof that S has a unique fixed point in E.
As ty it is arbitrary in [0, 77, (2.3) has an unique solution U(t, 7) that is continuous in the

uniform topology of the operators for all t > 7.
The strong continuity of the family of evolution operators {U(¢,7) : t > 7} in t = 7 follows
immediately from (2.3) and of the following results (see 7, 14]).

Lemma 2.4. For 7 > 0 the function (t,s,7,&) — A(t)e ™ A™Y(E) € L(X) is continuous
in the strong operator topology.
Corollary 2.5. Fort > 7 the functions

(t,T) -~ e—(t-—T)A(T) (t, 7,) s e—(t—T)A(t)

y)

and
(t,7) = [A(r) — A(e)]e=¢-40 471 (7)

are continuous in the strong operator topology.

With this, we have that the family {U(¢,7) : t > 7 € R} defined by (2.3) satisfies the
properties (1) and (3) in Definition 1.2. Clearly this is the process associated to (1.2).

Definition 2.6. We say that [7,00) 3 t — U(t,7)zo € X is a weak solution of (1.2).
In what it is follows we show that a weak solution for (1.2) is in fact a solution in the

classical sense.

2.1. Regularity of the family {U(¢,7) : t > 7 € R}.

In this section we show that z(t) := U(t, 7)o, t > 7, is the solution of (1.2) in the sense
that z(t) is differentiable for ¢t > 7, 2(t) € D(A(t)) for t > 7 and it verifies (1.2).

To this end we give alternative expressions for U(t, 7).

2.1.1. Alternative expressions for {U(t,7) : t > 7 € R}.

Let
o1(t,7) = [A(7) — A(t)]e'(t_T)“‘(T), (2.11)

and assume that the integral equation

Bt )= @1 7) +/ O(t, s)p1(s, T)ds (2.12)
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has an unique solution ®(¢,7), t > 7. Making

g
U(t’ 7') — e_(t—T)A(T) + / e—(t—S)A(s)(I)(S’ T)dS’

T

and noting that

t t {
/U(t, s)gpl(s,r)ds:/[e_(t_S)A(S)wL/ e~ 04O D9, 5)dp, (s, T)ds

S

1 t s
:/ @'(t“'g)A(s)gol(s,T)ds—i-/ e"(t_s)A(s/ D(s,0)p1(0, 7)dbds

T

t
:/ e~ (=9)AC) P (s, 1)ds,
we have that U(t,7) = U(t, 7) for all t > 7 and
t
U(t,7) = e =AM 4 / e~ =4 P (s, 7)ds. (2.13)

It remains to show that (2.12) has an unique solution to ensure that (2.13) holds. The
expression (2.13) will be used to obtain regularity properties of ¢ — U(t, 7)xq.

Note that ¢ (s, 7) = [A(T)—A(s)]e” "4 is continuous in the uniform operator topology
in all variables for s > 7 (see Corollary 2.3). From (2.5) and (2.7) we have that

loi(s, T)lloex) < Ce™®™ (s — 1)L, (2.14)

With this in mind we show that (2.12) has an unique solution ®(¢,7) that is continuous in
the uniform operator topology for all (¢, 7) with ¢ > 7 and which satisfies

18, T)llpxy < Ct = 7)1 (2.15)

The procedure is analogous to that used to obtain U(t,7). Fix to € R, with ¢y > 7 and
consider the complete metric space

Y ={® e C([rt), L(X)) : sup (to = 1)~ 12(t)ll (xy < o0}

te(r, to)

with the metric
[®lly = sup (to— )" " 1 ®(t)ll 1) -

te(r, to)

Define the map G by
to
(GB)(E) = alto,) + [ Ds)or(s,t)ds.
t

Clearly G takes Y into C([7,t0), L(X)). Next we prove that G takes Y into itself and that,
for some n € N, G" is a contraction. In fact,

(to = )" IGO)YOlx) £ C [1 + (to — 1t)6H<I>Hy/O (1—s) s 2ds
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proves that G : Y — Y. Now, for &, ¥ € Y,

to
(CO)0) - (CU)(E) = [ [6(s) - U(s)lior(s, )ds
t
and
(to = )" IGD)(t) = (G)(t)llzex) < CB(e,€)(to — £)° |8 — Tl -
Using this and iterating we obtain that
(G ®)(1) = (G™T)(D)lly < C"B(e, €)B(2¢,€) ... B(ne, €)(to — )™ || — ]|, .

That is,
() () (to — )" |2 — ¥l

I'((n+1)e) '
From Banach contraction principle G' has an unique fixed point in C([r, to), L(X)). Con-

cluding the proof that (2.12) has a unique solution.
To show that U(t, 7)z is a classical solution of (1.2), we use (2.12), (2.13) and a alternative

definition of ¢ given next. Define

T
Uit 7)= il 7) +/ ©1(t, s)P(s, 7)ds,

(G ®)(t) = (") (D)l () <

and note that

/\Il(t,s)c,al(s,T)ds:/[gol(t,s)—i—/ ©01(t,0)P(0, s)d0)p (s, T)ds
T . T J S " .9
=/ gpl(t,H)gol(Q,T)dQ—i—/ gol(t,ﬁ)/ (6, s) 1 (s, 7)dsdo

t
= / o1(t,0)8(6, 7)o,
then W(t,7) = ®(¢,7) and thus @ defined by (2.12) also it is given by
t
D(t, 7) = p1(t,7) +/ e1(t, 5)®(s, 7)ds. (2.16)

In the next two lemmas we study some regularity properties of the function ®(¢, 7). These
results can be found in [14] and its proofs are included here for completeness.

Lemma 2.7. For each0 <n<e 7<0<t
lor(t,m) = 016, )Ly < C(E=0) " (0 — )" (2.17)
Proof: Note that
p1(t,7) — @10, 7) = — [A(t) — A(9)]e”"AD
— [A(9) - _4(7)][6—(t—T)A(T) - e—(9—T)A(r)].
From this and (2.5), it follows immediately that
IA() — A@)le 4D, ) < Ot — B):(t — )" 2.19)
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and that
IA(8) = A()][e~ AT — e=O=ADN || oy < C(0 — 7). (2.20)

From (2.10) it follows that

[A@) - Al MO — 01O <Ot - (221)
Interpolating with exponents 1 — ¢ and ¢, from (2.20) and (2.21), we have

[A®) - A7) = =4Oy <O =) (0 -7)" (222)
Hence, from (2.19) and (2.22) we have

ler(t,7) = 1(0, 7)oy < C(E=0) (0 — 7).

Using this and (2.14) the result follows by interpolation with exponents = O

Lemma 2.8. ForeachO<n<e 7<60<t,

[\)
[N
[S§]
N

(2, 7) = (6, 7)llx) < C (&= 0)"(0 —7)"". (2.
Proof: From (2.12), we have that
o(t,7) — (0,7) = 01(t, 7) — ¢1(6,7)
+ /et ©1(t, s)P(s,7)ds + /g[gol(t, s) — 1(0, 8)]®(s, T)ds.

From this and (2.17) and from the fact that ® € Y the result follows. O

2.1.2. Classical solutions. For each vy € X, we show (following [14]) that the function
(1,00) 3t —v(t) := U(t, 7)vo € X is continuously differentiable, v(¢) € D for all t € (1, c0)
and satisfies (1.2).

Fixvo € X andlett—7>7v>0,0< p <. Definev, : (1 +7,00) — X by
t—p
v,(t) 1= U, (t, T)vp = e~ =AMy, +/ e~ =4 D (s, T)vds.

To show that v(-) : (1,00) — X is continuously differentiable we will proceed in the
following manner. For each v > 0 and ¢y > 7 + v, we show that, for all 0 < p < 7, v,(-)
and 2uv,(-) converge v(-) and A(-)v(-) in C([7 + 7, %o}, X). In particular, this will show that
v(t) = A(t)v(t).

For fixed 7 € R, to > 7, 0 < v < tog — 7, and arbitrary p € (0,7) note that

p—0
xy — 0.

sup ||U,(t, 7)vo — U(t, 7)ol x < Ce‘l[(t —7) = (t—p—7)||vo

te[r+,to]
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In addition, [T +,%] 3 t ~— U,(t,7)vy € X is continuously differentiable. Using (2.11),
(2.13) and (2.16) we have that
aUP(ta T)
ot

t—p

vo = —A(t)e” Ay, — A(t)/ e_(t”'s)A(s)é(s, T)vods

t
T / (,Ol(t, 3)(13(8, T)Uodg + e“pr‘l(t—ﬂ) [(I)(t -, T) _ (I)(t, T)]UO (224)
t

P
+ [e7PA=P) — [®(¢, 7)vg.

Let us show that the last three terms in the above expression converges to zero as p — 0,
uniformly in [T + 7, %] and that the first two converge uniformly in [7 + 1, o] to A(-)u(-).
From (2.14) and from the fact that ® € Y we have that

t
sup H/ 1(t, 5)D(s, T)ds]|x) < Ce™pi(y — ) E20. (2.25)
tE[T-i-"/,t()] {_p

Note that the functions [T +,to] 3 t — ®(t,7)vy € X is continuous and that [e=PA¢=7) —
I] — 0 as p — 0 in the strong topology of operators uniformly for ¢ € [1 + 7, to]. It follows
from the compactness of {®(t,7)vy : ¢t € [T 4+ 7, 0]} C X that

sup [ePA=P) — 1®(t, T)vo r220.
te[T+7,to)
It follows from (2.23) that, for any 7 € (0, €),

sup ||e""4(t_p) [D(t — p,7) — ®(¢, T)]vo

x < Cp(y — p)" Ylwollx =3 0.
te[T+7,to]

It remains to prove that A(¢) f:’-p e~(t=)AE)P(s, T)vpds converges, uniformly in [r 41, t],
to A(t) f: e~ (=946 B (s, T)vpds. Note that

t—p

t—p
A(t)/ e~ =4 P(s, Tvods = A(t)/ e~ =AW [P (s, T) — B(t, 7)]vods

t—p
+ A(t) / e~ E=DAS B (¢, T)vods.

From (2.23), for 0 < p < p; <y and 0 < 7 < ¢, we have that

t—p2
A®) / == [ (s, 1) — B(t, 7)]|ds
t

—p1

1
sup [0 P1

te[T+7,to]

S C<’7 i pl)n_ e—n e—n]'
L(X) €=
Showing that

A(t) [t—ﬂ e~ =) D (s, T) — B(¢, 7)]ds,

converges, as p — 0, in C([7 + v, to], L(X)), to

A(t) /f e~ =)40) (B (s, 7) — (¢, 7)]ds.
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To prove the convergence of
l—p
A(®) / e~ =IO (2 F)yods,
T

we note that ®(¢, 7)vg is continuous in ¢ for ¢t € [T+, to] and hence, {® (¢, 7)vo : t € [T+, to]}
is compact. So, it is enough to show that

t—p
A(t) / e-—(t—s)A(s)ds,
defines an operator in L(.X') which is bounded uniformly for ¢ € [T + ~, %] and to use that

ot t—p
A(t)/ e~ =9)46)yds — A(t)/ e~ t=)AG)yds|| =50 (2.26)

X

sup
te[r+7,t0]

for all w € D, ||lw||x <1 (which clearly holds).
t
The operator F(t,7) = A(t)/ e~ (=94 s is clearly defined in D. Observe that

T

t t t
il =26 / o= g5 1 A(2) / { / e_(t_@A(t)[A(t)-—A(s)]e‘('f_s)*‘(s)wdf] g5,

T

where we have used that

T

[e7™Al) — g AWE)yy = / e~ (94D [A(s) — A(t)]e" 4 wde. (2.27)
0
Changing the order or integration, it follows that

F(t,7)w = [ — e~ ¢-140)] [I — /Tttpl(t,s)dsJ w
+ A(t) /Tt e~ (=040 [/:gol(t, s)ds + /f[«,ol(t, s) — p1(€, s)|ds| d€ w (2.28)

t
+ A(t)/ e~ OAWA() — A(E))ATHE)F(E, TIwdE.
From (2.28), using (2.5), (2.6), (2.7), (2.14) and (2.17) we obtain, for 0 < 1 < ¢, that
t
IF(t Pl < Cllwllx +€ [ [t = €7 IF(E Pwlxde.
It follows from the Generalized Gronwall Lemma (see [8]) that

IE@® mw|x < Cllw

This shows that F'(¢,7) extends to a bounded linear operator in X (which we again denote
by F(t,7)) which is bounded uniformly for ¢ € [T + v,to]. The characterization of F(t, 7)w
for w € X is obtained in the following way: If D 3 w, —= w, then

t— t
2y = / pe_(t"s)A(S)wnds = / e~ (t=9A4G) yds
T T

X-
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and since F'(t,7) is a bounded linear operator

F(t, "w, = A(t) 2z, == y.
From the fact that A(t) is closed, we have that F(¢,7)w = A(t)z; that is,

ot
Flt.r)u = A(t)/ e~ =94y ds, Yw € X. (2.29)
Consequently
-t
sup “A(t)/ e~ (t=9)40) g <C. (2.30)
tE[T+,to] T L(X)
Hence,
d —
sup  {||Uy(t, T)vo — U(t, T)vollx + || =Un(t, T)vo — A@®)U(t, T)vol|x } iy
tE[T+7,to] dt
and v(t) = U(t, 7)v, satisfies (1.2).
Corollary 2.9. Forallt > 7 €R
HA(t)U(t,T)A(T)_IHL(X) < C. (2.31)
Also,
AUt )l xy < CE—7)7 (2.32)

Proof: This result follows from (2.7), (2.15), from [14, (1.37),(1.42)] and of the identity

AQU(t, 1) = A(t)e"(t_T)A(T) + A(t) /t g~ =2)4ls) [D(s,T) — D(t, 7)]ds

t
+ A(t) / e~ =946 D¢, 7)ds.
O

The estimate (2.31) it will be improved in the next section, however it plays a fundamental
role in this process. The estimate (2.32) is already in its best form.

Corollary 2.10. For s < 7 <'t, we have
Ut,s) =U(t,T)U(T,s). (2.33)

Proof: Given wy € X and vy = U(T, s)wy, the functions U(t, s)wy and U(t, 7)U(7, s)wq are
both solutions of (1.2) which are continuous for ¢ > 7, continuously differentiable for ¢ > 7.
In view of the uniqueness they must coincide. Since wy is arbitrary, (2.33) follows. O

2.2. Fractional powers.

In this section, we study the relationship between the fractional powers associated to the
operator A(t) and the family of evolution operators {U(t,7) : t > 7 € R}. Many of the
results presented here can be found in [14] and therefore many of the proofs are omitted or
presented in a abridged version.
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The conditions imposed on the operators A(t) allow us to define the fractional power
operators A(t)%, a € R in the following manner
A(t)_a _ ; /oo —TA(t) a—ld
=) J, e % T
if @ >0 and A(t)* = (A(¢)™)~ " if @ > 0. An exhaustive treatment of fractional powers of
operators of the positive type can be found in [2].

In the results that follow, we seek for relationships between the powers of A(t) and the
family of evolution operators {U(¢,7) : t > 7 € R} that are independent of t. Because of
this, some classical proofs are repeated.

The next lemma is fundamental to obtain estimates for U(¢,7) in L(X, X).

Lemma 2.11. Assume that {A(t) : t € R} satisfy (a). For a < 3 < v, there exist C > 0,
independent of t, such that

B-a 38

IA®) z]|lx < CIAR) =l A@) |3, (z € D(A()). (2.34)

There are constants C > 0 and § > 0, independent ofﬁ and t, such that
| A(t) e _TA(t)HL(X) <Ce ¥R, for >0 (2.36)
lle™™ O ~IJA®) ||y < Cr°, for0< B <1 (2.36)

With this, we can prove the following Corollary.
Corollary 2.12. Forany 7,7, t,E € R, t <r,7 >0 and 0 < a <1 we have
”A(g)a[e—‘r/-l('l‘) _ 6_7‘4(t)]||L(,\') < O — t)e’ (2'37)

and
IA@E)*[A(r)e™™ — AR)e ™ O zex) < 707 (r — 1)),

Proof: Following of the (2.8), (2.9) and (2.34) that
||A(£)a[€—7'.4(7") - e—TA(t)]”L(X) < “A(é-)[e—‘rf\(r) . e—TA(t)]”a”[e—TA(T‘) . e—TA(t)]Hl—a
< Cr7%(r —1t)°.
From the identities
A(r)e ™0 — A()e™O = A(r)[e ™) — e TAO] 4 [A(r) - A(B)]A®) T A()e Y,

A©)A()e™™ 0 — A(t)e ™) = A A(r) ™! [A(r)e A0 — A(€)A(t) ™ [A(t)e 340

and using (2.5), (2.7) and (2.9), it follows from (2.34) that
IAE)[A(r)e ™) — A(t)e ™Dl x) < O™ (1 — 1)),

g
The next Lemma, was taken from [14] (see also [7]).
Lemma 2.13. For 0 < <a and f <1+e¢,
| A(¢ )“e_(t T)A(t)A(T) ’GHL(,\') < Cla, B)(t — T)ﬁ"ae_5(t_7). (2.38)

With this we have the following result.
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Corollary 2.14. For any o € [0,1], 6 € [0,00), 0 < 8 < 0 and £,7,7 € R there ezist a
constant C' such that
HA(§)“A(T)96_SA(T)A(T)_ﬁ||L(X) < Cs P s> 0. (2.39)
Proof: From (2.34) and (2.38) immediately follows that
IAE)*A(r) =>4 A(r) ||
<A AE) I NAF) e D A P | A(r) e 40 A(r) #| == < Csme0+E,
This completes the proof. =

Lemma 2.15. Foranyt > 7€ R
t
Ut, TA(T) ! = e &40 A ()~ / e~ [A(s) — A)U (s, 7)A(7) ds.

Proof: The operator ¢(s) = —e 940U (s, 7)A(T)"! (1 < s < t) is differentiable with
respect to s and

§'(3) = e NAOA(s) — AW (s, ) A)

Integrating with respect to s from 7 to ¢ the result follows. U

The next result is of fundamental importance. In it, the fact that we can consider o > 0,
is what allow us to treat the problem 1.1 in the case of critical nonlinearities.

Lemma 2.16. For 0 < < a <1+ ¢, we have
IA@®) U, 7)A(T) P llox) < Cla, B)(E —7)P°. (2.40)

See [7, 14]) for a proof.
As a simple consequence of Lemma 2.16 we have that.

Corollary 2.17. If0<a<e 0< G <1, then

IA)* AU (t, ) A(T) Pllx) < Cla, B)(E — 7)P 1, (2.41)
Lemma 2.18. If 6> a and 0 < 8 — a < 1, then
IA@®) U, 7) — NA(T) P |lx) < Cla, B)(t— )P~ (2.42)

Proof: Observe that
ot
Ut,7) — I = e ¢DAO _ T +/ e~ (=AW [A(s) — A(t)|U (s, T)ds.

From (2.5), (2.38), (2.40) and Corollary 2.14 it follows that
A7) = DA< [ A e Ay Pas|
+/ [A()* e 1O I[A(s) — ABA() M IIA(s)U (5, T) A() |l ds
< C(a,B)(t — 1)
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Lemma 2.19. For any a, 3 € [0,1],

14©)* U2, 7) — e “ONA(T) Plxy < Ol B)(8 = 7). (2.43)
Lemma 2.20. If0<(<1e0<a<e we have
IA@©)“ AWMU (¢, 7) — e CDAOA() [ x) < Cla, B)(t — )P, (2.44)
Note that, for 3 > 0,
A(T) P — AP = ﬁ/ooo[e_s‘q(") — AP 1y (2.45)
Now, for v € [0, 1], using (2.8) and (2.9), we obtain from (2.34) that
|A#)[e™*A0 — e74M)|| L xy < Ce %577 (t — 7)°, (2.46)
From (2.45) and (2.46), for 0 < f < 1 and v < 3,
IA@®) A ™ = A(T) Pl < Cly, B)(E— 7). (2.47)
Lemma 2.21. For0<a<1,0<<v<l+e¢0<v—a<1l,and 7 <t<r, we have
LA [U(r,7) = U, )AT) Pl < Cla, B,7)(r — 1) (t = 7)P. (2.48)

Proof: From the identity
A(E)U(r, ) = U(t, 7)|A(r) 7P

B {A@)aw(r, £) — e IO A) A - A(E)° / Alr) e A0 ds

r—t
+ A(f)a/ A(r) 7AW A(r)[A(r) ™Y - A(t)_”]ds} A U(t, 7)A(T) 75,
0
applying (2.47), (2.39), (2.40) and (2.43) fora<y<v<y+ecanda<l(ora=7y=1<
v <1+ ¢€) we get the result. O
Corollary 2.22. Forany0 < f<v <1l+e¢€andv > 1, we have
AU (r,7) = AU, DIAT) P ey < Clr =)t — 7). (2.49)

Proof: Since v € (1,2) we have that
AU (r, 7) = A@U(t, A PN < [JAM)U(r,7) = U, 7)A(T) ™)

+[|[A(r) = ABJA®) T ITAG VI AR UE, 7 AT

<Clr—t) -7+ Clr—-t)(t—7)P " <Clr—t) 1t —7)",
and (2.49) is proved. O
Corollary 2.23. Forall0 < 0 <e¢, (1,00) 3t — A(E)?A(t)U(t, 7)A(T)™P € L(X) is Holder
continuous with exponent n < e(1 — g)
Proof: From (2.34), (2.41) and (2.49) with 1 + € > v = 1+ o > 1, it follows that, for
6 €0, ql,

|4 ©IAMU(r,7) = AU DNAE) N < Clay B,7)(E = 1)~ = 1))'7%). (2.50)

Which completes the proof. O
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2.3. Nonhomogeneous Linear equations.
For A(t) satisfying the conditions of de Section 2, f : R — X continuous, 7 € R e vy € X,
we considerer the problem

Ccll_: + Aty = f(t), t>7 (2.51)
v(T) = vp. (2.52)

For ¢ > 7, define
v(t) = U(t, 7)vg + /tU(t,s)f(s)ds. (2.53)

Is clear that v(-) satisfies (2.52). Assume that there are constants positive C, p such that
I£(#) = F(s)l| < C(t—s)°, Vi seR. (2.54)

In this case, we will show that v(t) defined by (2.53) is continuously differentiable for ¢t > 7

and satisfies the equation (2.51).
The differentiability of U(t, 7)vy has been studied in Section 2.1. To see that

2(t) ::/ Ul(t,s)f(s)ds (2.55)

is continuously differentiable with derivative
t
W) = —A(t)/ Ult,s)f(s)ds + f(t),

first we will show that z(¢) is right differentiable and that
d+
—2z2(t) =w(t), t =T 2.56
o =w), 12 (2.56)

After that we will show that w(t) is continuous for ¢ > 7 to conclude the result.

Proposition 2.24. The function z(t) defined for (2.55) is right differentiable and satisfies
(2.56) for allt > 7.

Proof: Let ¢ < 7, using (2.33), (2.41) and (2.44), we obtain

1 [/ U(r,s)f ds—/Uts }
=t |

_ 1 /t.TU(r,s)f(s)ds+:[U(r,t)—I] / Ul s} f (=) ds

r—1t

——= [ v 95

r—t

+A(t) /t [U(t,s) — e~ =940 gs f(t) + A(t)/ Ul(t,s)[f(s) — f(t)]ds}.

V(1) ~ 1@ [ = e 40) )
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We will show that
t

. [ Utt.s)1(s) s = £2) - Ay / Ut 9)[f(s) - £(1)]ds (

_ A(t) /.t[U(t’ S) _ 6—(t—s)A(t)] ds f(t) _ [[ _ 6_(t—T)A(t)]f(t),

.L\.')
o
|
N—

and that the right hand side of the above expression is continuous for all t > 7. For this, we
will need some auxiliary lemmas.

Lemma 2.25. For 0 < a < min{e, p}, the functions

i) L A AW | U )l () - F0)ds
i) t— A(E)*A() / t[U(t, 5) — e~ =40 ds £(2),
ii7) t—[I —Te—(t_r)A(t)]f(t),
are continuous in t fort > 7 and
iv) A(g)e~ 40 £ (2),

18 continuous fort > T.

Proof: To prove 7) note that, for r > t,

t

Aw) [ UG, 8)17Gs) = 5 ))ds = Ay [ vt - seonas
— A(r) / U, 9)[f(s) — f(r))ds + J A6G5) - AWUG IS - Fo)ds
+ A(r) /t U(r,s)[f(t) — f(r)]ds.

From (2.50) with 1 < v < 1+ p — a and from (2.41), it follows that

”AWA(’”) [ U7~ solas - A at) [ e 9ls6) - s

SClr—t)f *+Clr—t) t—r) P2 Clr—t)?l(r—7)* = (r — t)~9].

Showing that the function defined by (1) is continuous.
To prove i) observe that (2.44) implies

HA(g)aA(t) /t;[U@, s) — e—<f—s>A<t>]dsHL(X) < Cpe, (2.58)
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After that note that, for 0 < 2p <t — 7

t—p

A(r) / U ) — 94045 £y — AQ) / U(t,5) — e~ 940O)ds £(2)

T

= A(r) /tr—p[U(r, s) — e_("_s)A(r)]ds f(r)+ /t_p[A(r)U(r, s) — A(t)U(t, s)]ds f(r)

- {210 40400440 [ 0,9 - 40Las (7))

From (2.43) we have that

HA“)W) /[U( ) = 005 < iy 4 gy e,
and that
[a@rae) [0 - st - 0] < ctte - == - 5=l -0,
For > 0 we have from (2.35), (2.36), (2.8) and (2.9) that

t—p

(O)°[Alr)e™t 400 — 4(t)e (=40 g

T

t—p
< / A(g)aA(,r)l—f-We—(t—s)A(r) [6—(r—t)A(7‘) _I]A(T>-—’yd5

‘t—p
] [ AT AR 10 - Aem-940)as

<C(r - t)mi“{% €(1"0‘)}[(75 —T) T+ (t—T7)7°.

After that, if o < 0 < ¢, it follows from (2.50) that
t—p

() A U(r, s) = AQ)U(¢, s)]ds|| < %(T — Bl — )T .

T

Showing that
t— A(g)C’A(t)/ p[U(t, s) — e~ (=940 ds f(t) (2.59)

is continuous in compact time intervals of (7,00), for any suitably small p > 0. From
(2.58) we obtain that the function above converges, uniformly on compact time intervals, to
function in 4¢) as p — 0. Hence, the function in 44) is continuous for ¢ > 7.

To prove the continuity of the iii) we only need to prove that t — e~(="4®) is continuous
for t > 7. This follows from

e=rMAM) f () — e=(-MAD f(3) = [e~ (DA _ o=(t-1AW)] £ (1)
o [e_(T_T)A(,.) _ 6_(T_T)A(t)]f(t) + = (r—mA() [f(r) = f(t)],

(2.8), (2.54) and from the continuity of r s e=("—7)A).,
The proof of iv) follows immediately from (2.37). This concludes the proof of Lemma. O

(2.60)
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The proof of the following lemma can be found in [7].

Lemma 2.26. Foranyx € X, t€R, andr >t

[U(r,t) — [NA(t) 'z — —2, quando r — t*.

r—t

As the expression of the right hand side of (2.57) is continuous for ¢ > 7, it follows

t
t— / U(t,s)f(s)ds is continuously differentiable for ¢ > 7 and from Lemma 2.24, we have

< [ Ut,9)(s)as = 1) - A / T, ) i) e

Consequently, if v(t) is defined by (2.53), then v(t) is differentiable for ¢ > 7 and satisfies
(2.51),(2.52). Furthermore, it is the unique solution of (2.51),(2.52). This concludes the
proof of Proposition 2.24. O

3. SEMILINEAR PARABOLIC PROBLEMS

In this section we aim to show a result on existence, uniqueness and continuity with respect
to initial data for (1.1) when f has critical growth. We borrow the notations of [5].

3.1. Local existence of solutions.
Throughout this section we assume that {A(t) : t € R} satisfies (2.4), (2.5). In this section
we prove that if f is an e—regular map (see Definition 1.4) the problem (1.1) is locally well

posed.

For €, p,v(¢) and c positive, 0 < e < 1,p > 1, pe < () < 1, and v(t) with 0 < v(t) < 4,
lim;_o+ v(t) = 0, define F := F(e, p,v(€),c,v(+)) as the family of functions f such that, for
t >, f(¢,-) is an e—regular map relative to the pair (X1, Xo), that is, f(t,) : X14e — Xy (o
and

£t v) = £t w)llx,, < cllv = wllx . (ol + lwllk,, +v(@e79%), (3.1)
1£(t )l < clllvll,,, +v(6)E779), (3-2)

for all v,w € Xy ..
Without loss of generality we can assume that the function v(-) is non-decreasing. In most

cases in the argument below we will fix the parameters €, p, y(€¢) and ¢, and we will denote

the class F defined above by F(v(-)).
If (2.4) and (2.5) they are satisfied, we saw in Section 2, that for each ¢, A(t) is the

infinitesimal generator of an analytic semigroup in Xy, that we will denote for {e=™4® : 7 >
0} and there exist a family of evolution operators {U(¢,7) : t > 7 € R} associate the A(t) .
Let M a positive real constant, such that

Ut 7)ellxie < Mt —7[7*%lellx,, 0<BA<1+a<?2 (3:3)
(see Lemma 2.16).
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For each 7 € [0, 7], the map
[1,T] € t — U(t, T)ug € Xop1

is continuous, for all ug € Xg and ¢ > 7, with 7 fixed. In fact, fix ¢y, with t; > t5 > 7. Given
up € Xg, for any v > o, v — a < 1, follows from (2.42) that

1T, 7) = Ulte, Mwollxar, < MU, E2) — IU (2, 7)u|
< |[U(t1,t2) = Il oy, X0 1U (2, T)uo
< Cla, y)(ty = t2)"™(t2 — 7) TP Jug | x, =2 0.

We can now state the main result of this section.

Theorem 3.1. Let f € F(e, p,v(€),c,v()), 0 < € < pg. If wyg € Xy, there exist r > 0 and
70 > 0, with the property that for any vy € Bx,(wqg,r) there exists a continuous function
v(+,v0) : [0, 7o) = X1, with v(0) = vy, which is the unique e—regular mild solution starting at
vo of the problem

Xy+1

% + A = f(t,v), t>0,

v(0) = vp.

(3.4)

This solution satisfies
vE C((Ov TO], X1+6)7

t—07t

||z, v0)||x1.y — 0, 0< 8 <(e).
Moreover, if vy, zo € Bx, (wo, 1), then
t?|lu(t, vo) — v(t, 20) 11,0 < Cllvo — 20llx,,  VE € [0,70),0 < 0 < 0y < y(e).
The constants above depend on the following: 19 = To(wo, A(+), v(+), €, p,7(€), ¢, M),
r = r(wo, €, p,7(€),c, M) and C = C(by, €,7(¢), M).
Before we prove above theorem we need some lemmas.
Lemma 3.2. The operators (t — 7)°U(t,7) : X1 — Xita, t > 7, are bounded linear
operators, satisfying
|t = 7)°UE, T)loixs, xipe) < M, with M independent of t and T, t> 7.

Moreover, given a compact subset J of Xy, we have
i, sup [|(¢ = )V (¢, 7). = 0.
Proof: The first part follow of (3.3) with g = 1.
The operators (t — 7)*U(t,7) : X7 — Xi4o are bounded, uniformly in ¢ > 7. Taking
x € J, since X4 <, X, there exist z,, € Xi., such that z, X4 4. Thus
[t = 7)*UE )2l xa < NE=7)UE T)20llx0 10 + Mllzn — 2] x,-
Thus
0< litlgTiEf LU (¢, )| x1p0 < limsup ||(t — 7)*U(t, 7)|| X100 < Ml2n — z|lx, = 0.

t—71t
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Given € > 0, for each x € J there exist o, > 7, such that

|t — 1)U, 7))z

Xita < €/2, t€][T, 0]
For y € Bx, (7, 557), we obtain
(&= 7)U(t, 7)Yl x1,0 <€ tE[T,04).

Since J is compact in X, there exist y,-- -, z, such that J C U, By, (x;, 7). Choose
0o = min;—;_,{0y,}, then

sup ||(t — T)U(t, 7)2|| x,,. <€ tE [T, 00
xeJ

and
lim sup ||(t — 7)*U(t, 7)z]|x,, = 0.
t=7F geg

Define, for 0 < 8 < 7(e),
B! = max {B(y(e) — £, 1 — 7(e)), B(v(e) — £, 1 — pe)}.

0<€<0

Next the two Lemmas are similar Lemmas 2 and 3 of [5], the proofs are exactly the same
and will be omitted.

Lemma 3.3. Let f € F(e,p,7(€),c,v()). If v e C((0,70), X1+e), then, for all 0 < 6 < y(e),
t
a / U(t,5)£(5,0(5))ds] xsss < eMB(u(t) + EOPN@)), 0<t< o,
0

where A(t) := supse(oq{sllv(s)llx.s. -
Lemma 3.4. Let f€F (e, p,7(€),c,v()) and v, w € C((0, 7o), X14¢) be such that t¢||v(t)]| x,,.
< poand tl|w(t)| x,,. < p, for some p> 0. Then, for all 0 < 0 < y(¢), we have

al /Ot U(t, s)[f(s,0(s)) = f(s,w(s))ldslx, < To(t) sup {s[lv(s) — w(s)llxuct,

s€[0,70]

where
To(t) = cMBO[u(t) + t7O=Pe2pr~1].

From (2.5) and (2.9), it follows easily that
LA™ — e ™ A(n) | pexe) < Ce™ |t — sl (3.5)
From this, we can show the following lemma.

Lemma 3.5. If vg € X;, we have that

t—0t

|U(t,0)vo — vol|x, — O.
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Proof: In fact, follows of (3.5) and of (2.43) with o = 3 = 1 that

U (¢, 0)vo — vollx, < |I[U(t,0) — e_tA(t)]||L(X1,X1)HUOHX1 + [|[e™4® — e_tA(O)]llL(Xl,Xl)HUOHXI

— 0t
+ [le™4Ovy — vyl x, < Ct|Jvo]|x, + lle= vy — vg||x, =0 O

Proof of Theorem 3.1. Let p, r and ¢ be the positive numbers defined by

8cMB /™t =1, (3.6)
o 1
r=-"= — (3.7)
AM - 4M(8cMBS)7T
1
cMSBE = min{ g- 2 (3.8)
Also, for fixed wy € X}, choose 75 € (0, 1] such that
v(t) <9,, 0<t< 7 and
Iz (3.9)
[EUE Owollxi, <5 0<t <70

Notice that these choices imply that I'.(¢) < % for ¢ € [0, o).
We search for solutions in

I((TO) = {U € C(<07 T0]7X1+6) - Sup ]{t6’|v<t)I|X1+e} < ,u,}.

te(0,m0
Consider in K (79) the metric

di () (V1,v2) = sup {t||v1(t) — v2(t) |l x1p. }-
tE(O,T()]

The space K (7p) with the metric dg (- it is a complete metric space. Assume that vy € X;
with ||vg — wo||x, < r and on K(7y) define the map

(T)(t) = U(t,0)vg +/0 U(t,s)f(s,v(s))ds. (3.10)

Let us first prove that, for any vy € Bx,(wo,r), Tv € K(79); that is, T takes K(7) into
itself. After that we will show that 7" : K(7y) — K(7p) is a strict contraction.
To see that T' defines a map from K (7p) into itself, we will begin showing that

if v € K(79), then Tv € C((0, 7o), X14e)- (311
Fix ty € (0, 79| and let 79 > ¢, > t5, we have
[(T)(t1) — (Tv) ()|l x4 < N[U(1,0) = Ulta, 0)]wol|x,,.

t1

+1 | Ut 85,05 - / Ut )£ (5,0(s))ds

X1+e

< U, t2) = U (2, 0)vollxy 4. + [[[U(E1, 22) — f]/o2U(tz,S)f(S,v(S))dSHXHE

31

+ ” U(tl,S)f(S,U(S))dS”XHE.
123

(3.12)
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First note that, for n > e and 0 < n — ¢ < 1, Lemma 2.18 implies that
Ut t2) = Il xismxiee) < C(n,€) (6 — £2)",
that is,

t1—tF

”[U(tlvt?) - []”L(XHT,,XH.:) — @

Now, from (2.40), we have
[U(t2, 0)vollx.y, < C(m)t" [lvollx, -
Also, if n > ¢, 0 <n—e€ <1, from of (2.40), (2.42) and (3.2) it follows that

I [ vt s

< [ Mt =) O, + vls)s s

t2
,v(s))ds]| x4, S/O 1U(t2, )| L(x ) X nam) 1 (8, 0(8) ], s

to 2
< Mp,p/ (ty — 3)—1+«/(e)—ns—ped5 + ]\45/ (s = 3>—1+7(e)—ns~v(e)d5
0 0

< MvPB(y(e) — 1,1 — pe)t3 97777 4+ M&B(v(e) — 0,1 — v(€))t5").

Hence, the two first terms on the right hand side of (3.12) tends to zero as t; — t5.
Finally, for the third term of the (3.12), observe that

u hmw&mwmmwamﬂﬂwwwrwwmmy

2]

<c]\/[5/ (1 — s)"TF@—eg=(9 ds+cM/ (tr = 8) 7O (slu(5) || x4 ) s

1 1
s c]\/fdtl'ﬁ/ ) s 1 P (O P c]\lupt’{(e)_e_pﬁ/ (1 — ) 1Hr(&=es=regs,
t

2/t1 ta/t1

which goes to zero as t; — t; The case t; < tq is similar.
Let us now show that, if v € K(7p), then t°||(Tv)(t)||x,,. < w, for all t € (0,7]. In fact,
from (3.2), (3.6), (3.7), (3.8) and (3.9) we have

t
IOl < VOl +eME [ 6= )T, + (5D
t
< ||tU (¢, 0)vo| x4 + c]V[cSte/ (t — )" 1H1E=€g=1(gg
0

t
+th€/ (t = 8) O[5 |u(s) || x,.0. ) s
0

< ”teU(t’ O)[UO - wo]”«\'1+e + ”tEU(t: O)wOHX1+e + CA/[&BE + CM:UPBZ
< Mr + ||t°U(¢, 0)wo + cMOB + cMpPBE < p.

X1+5
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This shows that T takes K(7p) into itself. The next step is to prove that the map 71" is a
contraction from K (7y) into itself. From (3.10), we see that

t[(Tor)(t) — (To2) (Ol 1. < tGH/O U(t, s)[f(s,01(s)) = £ (s, v2(s))lds] x,.-

Taking 6 = ¢ in the Lemma 3.4 and remembering that I'.(t) < 5 for ¢ € [0,7), it follows
that T is a strict contraction in K (79) and
1
1T (01) = T'(02)l k() < EHUl — Ul 5 (r0)-

By the Banach contraction principle we have that 7' has an unique fixed point in K (70).
We will denote this fixed point by X (¢, v), for each |Jug — wol|x, <, 0 <t < 75. Note that,
from (3.11), X (-, v0) € C((0, 7o], X11e)-

Following [5] we can prove that t°[| X (¢, v9)||x,,, — 0 as t — 0 for all 0 < 6 < ~(e).

Let us prove now that

tlilg-lf- HX(t, UQ) — UO”X1 = 0.

In fact, from Lemmas 3.3 and 3.5 we have

12X (2, v0) = wollx, < IU(2,0)v0 — vollx, +/0 1U(¢, 5)f (s,0(5))llx,ds

t—0t

< NU(¢,0)ve — vol|x, + cMB[v(t) + t7(6)_p6[ sup {s°||X (s, vo)|l1+¢}]?] — 0.
0<s<t

From all this we see that X (¢, vp) is an e—regular solution starting at vy and it is the unique
e—regular solution starting at vy in the set K(7p). We will hereafter call it the K-solution

starting at vg.
The proofs of uniqueness of e—regular solutions and the continuity with respect to initial

data follows exactly as in Theorem 1 of [5] and therefore we omit it. This concludes the
proof of Theorem 3.1.

4. APPLICATIONS

Consider the problem
up = a(t,z)Au+ f(u), z€Q, t>0
u(t,z) =0, z€9Q, t>0 (4.1)
uw(0,2) = up(z), ze€ Q.
By a solution of this problem we mean a solution «(¢) of the Cauchy problem for the ordinary
differential equation of the first order
Ccll—? + A(t)u = f(u), u(0)= uo, (4.2)
in the Banach space L?(2), where the operator

A(t)u = a(t, x)Au,
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with domain of definition D = H?*(Q) N HL(Q2). Here Q is a bounded domain of RY, with
regular boundary and N > 3 and we assume that a(t,z) be continuously differentiable in z
and that there are positive constants ¢y and ¢; such that 0 < ¢y < Gt 2) < 6.

Also, suppose that the functions a(t,z) and b(¢,z) := Va(t, ) it belongs L=(Q) and
L®(QN) respectively, for any ¢. Furthermore, assume that ¢ — a(t,-) € L®(€), t — b(t,-) €
L>(QN) are Holder continuous functions with exponent e > 0 and constant C.

As for the nonlinearities f, we assume that f € C*(R, R) and satisfies de growth condition

N
7@ < 1+, =t > 1 (43)

Lemma 4.1. The operator A(t) is the infinitesimal generator of the analytic semigroup of
contractions in L*(§2).

Proof: See [12, Theorem 3.6, p. 215]. O

The scale of fractional powers spaces { E }aer associated to A(t) satisfy
B e Hga(ﬂ), a >0,
E;*=(E3), a0,

where H(Q2) are the potential Bessel spaces (see [3, 6]). We will denote E simply for E,.
From the Sobolev Embedding Theorem, we obtain

Eq—L'(Q) forr< - 0<a<i

N—-4a?
Eq — L5(Q) fors> - -T <a <,

with continuous embeddings. Moreover, we have E_j /o = (H3(Q2))" =: H™}(Q). Notice that
the realization A, (t) of A(t) in E, is a isometry from F,,; into E, and A, (t) : D(A4(t)) C
En+1 — E, is a sectorial operator. Furthermore, D(A,(t)?) = Euyp.

Denote X, := Ea__zl_, o> ~% and A(t) : X; C Xo — X the X_%—realization of A(t). The

fractional powers spaces associated to A(t) satisfy

Xoa = L'(Q) forr< - 1<a<itl

N+2-4a’ 2
X% = L2(Q) (4.5)
Xo — L5(Q) forsZN%,%—%<a§%.

Lemma 4.2. With the notation above, the operator A(t) : X1 C Xo — Xy is the infini-
tesimal generator of the an analytic semigroup in Xy and satisfies the conditions (2.4) and
(2.5).

Proof: For u € H*(Q) N H}(Q) and ¢ € H(f2), using the divergence theorem, we have
/[a(t, x) — a(s, z)]Au(z)p(z)dx = /[a(t, x) — a(s, z)]p(z) Au(z)dx
Q Q
= / Va(lat, 2) — als, 2)}p(x)) Vu(z)da.
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From this, we obtain
L[a(t, z) — a(s, z)) Au(z)p(z)dz
’(t — 5)° / ¥a(lalt2) — ofs m)](p(x))Vu(a:)dx

(t —8)°

‘t—s /V t_s UL R
+((t—3) /Q[a,(t,m) als, m)]Vgo(x)Vu(w)da:

(i)
<t sf T D
1t = sl D= gy T

< Clt = sl*llell g lull -
Now, taking the supremum for ¢ € H}(Q2), with lellap) < 1, we get
ILA®) — A(s)]ullg-1) < Clt — s|||ullgq), Yu € H*(Q) N Hy(Q).

It follows from the definition of A(¢) and from the fact that H2(Q)N Ha(Q) is dense in H ()

that
A) — A(s) |l i x0) < Clt = s

Lemma 4.3. Let p > 1, f € CY(R,R) satisfying the condition (4.3). Then
|[f(u) = f(0)] < clu—v|(1+ w7t + o]7Y),
|f(w)] < e(1+ [ulf).

Proof: The proof of (4.6) follows from Mean Value Theorem and (4.7) follows from (4.6),
with v = 0 and from triangular inequality. 0

For € € (0, ,)p), it follows from (4.5) and (4.7) that
X1y — LI (Q) L [0 (Q) = L (Q) — X,
From (4.5), (4.6) and Holder’s inequality with exponents r = +2EIZ(1 = T = = 4%/1)\/_ Ty
1 () = F(D i, < @llf () = FEON, g
< el = o1+ 1) + P

Sceflu—oll a1+ ulf T T ey
[ N+2-4(1+¢) (Q) L4 4(p 1)e (Q)

Z — + ||u])” + |lv (o)
> C2|IU ,UHLIT’—*%&—)(Q) ( H HL42A‘i(g 35(9 H L421\£Z ;e(Q)>
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To conclude, note that p — 1 = ﬁ— and 42]\11(2—].;6 = N+QE]Z(1+E)-

This proves that f is an e—regular map relative to the pair (Xo, X1).
Follows of the Theorem 3.1 that the problem (4.1) has an unique e—regular solution v

starting vy € H}(Q2).
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