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ASYMPTOTIC CURVES ON SURFACES IN R®
M. C. ROMERO-FUSTER", M. A. S. RUAS AND F. TARI

ABSTRACT. We study asymptotic curves on generically immersed surfaces in R®. We
characterise asymptotic directions via the contact of the surface with flat objects (k-
planes, k = 1-4), give the equation of the asymptotic curves in terms of the coefficients
of the second fundamental form and study their generic local configurations.

RESUMO Neste artigo, caracterizamos as diregoes assintéticas de superficies imersas
em RS, através dos contatos da superficie com k-planos, k = 1-4. Como conseqiiéncia
deste estudo, obtemos a equagao diferencial das linhas assintéticas em termos dos
coeficientes da segunda forma fundamental da superficie, e estudamos as suas con-
figuragoes locais.

AMS Classification: 58A05, 58K05, 34A09, 37C10.
Key words: Asymptotic curves; asymptotic directions; singularities; surfaces.

1. INTRODUCTION

Singularity theory made important contributions to the study of extrinsic differential
geometry of submanifolds in Euclidean spaces. The idea is to define some natural
families of functions or maps on the submanifold and investigate the singularities of
such maps. The various types of singularities capture some aspects of the geometry
of the submanifold. For example, given a smooth surface M C R?, the projection
along a tangent direction v at ¢ € M to a transverse plane is right-left equivalent to
a cusp (z,zy + y®) if and only if u is an asymptotic direction. The singularity of the
projection is of type lips/beaks (i.e. right-left equivalent to (z,z?y + y%)) if and only
if ¢ is a parabolic point.

For surfaces in R3, asymptotic directions and parabolic points are characterised in
Differential Geometry textbooks using the principal curvatures of the surface. However,
this approach does not generalise easily to manifolds immersed in higher dimensional
spaces. A better approach is to define these concepts in terms of the singularities
of maps associated to the contact of the surface with flat objects (k-planes). For 2-
dimensional surfaces in R* this is done in [17] and [25] in terms of the contact of the
surface with 3-dimensional planes and in [7] in terms of its contact with lines. For 2-
dimensional surfaces in R", n > 5, this is done in [27] and [29] in terms of the contact
of the surface with (n — 1)-dimensional planes. (See also [22] and [25], [26], [27] for
definitions of asymptotic directions using the curvature ellipse.)

We characterise in this paper the asymptotic directions of an immersed 2-dimensional
smooth surface M in R® in terms of the contact of the surface with k-planes, k = 1-4
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(83). We obtain the differential equation of the asymptotic curves in terms of the coef-
ficients of the second fundamental form (§4) and study the generic local configurations
of these curve (§5). Some global consequences are given in §6.

The geometry of surfaces in R® is studied in [27] and [26]. The choice of the Euclidean
space R® is related to the concept of kth-regular immersion of a submanifold M in
Euclidean spaces. This is introduced independently by E. A. Feldman [16] and W.
Pohl [31]. The cases n = 3,4 and n > 7 are already studied (see §6 for details). The
case n = 5 appears to be more complicated and few results are known in this direction
so far (see [12] for some partial results). Our study in this paper is part of a project of
understanding the geometry of surfaces in R5.

2. PRELIMINARIES

Let M be a 2-dimensional smooth surface in R® defined locally by an embedding
f : R? - R® and denote by TM and NM its tangent and normal bundles. Let V
denote the Riemannian connection of R5. Given any vector field Z on M we denote
by Z its extension to an open set of R%. Given two tangent vector fields X and Y
on M, we define the Riemannian connection on M as VyY = (V X?)T, which is the
orthogonal projection of VxY to the tangent plane of M. Let X' (M) (resp. N(M))
denote the spaces of tangent (resp. normal) fields on M. Then the second fundamental
form on M is given by

a: X(M)xX(M) —  N(M)
(X,Y) — VzY - VY.
This is a well defined bilinear symmetric map. Given a normal field v on M the map
« induces a bilinear symmetric map
II,: TMXxTM — R
(X,Y) +— (a(X,Y),v).

The map I, is also referred to as the second fundamental form along v. The shape
operator associated to the normal field v is defined by

Sy,: TM — ™M
X — —(v gz‘))T
This is a self-adjoint operator and satisfies I7,(X,Y) =< S,(X),Y > .

Let ¢ € M and {ej, €2, €3, €4, €5} be an orthonormal frame in a neighbourhood of g,
such that {ej, e;} is a tangent frame and {es, es,es} is a normal frame in this neigh-
bourhood. The matrix of the second fundamental form a of f at the point ¢ with
respect to this frame is given by

az b3z c3
a(q) =|as by ¢ |,
as bs c¢s

where a; = (fxzaei) sbi = (fxyaei) and Ci = (f'yyvei>a 1= 3a4)5-
The second fundamental form a(g) induces a linear map

Ay NoM — O,
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where Q> denotes the space of quadratic forms in two variables, and A,(v) is the
quadratic form associated to I/, at q. We shall write A,(v) = IT,(q). If v € N,M is
represented by its coordinates (v3, vy, vs) with respect to the basis {es, €4, e5}, then

Ag(v3,va,v5) = v3(d’f - €3) + va(df - e4) + v5(d*f - ).
We define the following subsets of M:
M; = {q € M|ranka,(q) = i}.

It is shown in [27] that for generically immersed surface in R®, M = M; U M,, with
M, a regular curve on M. Let C denote the cone of degenerate quadratic forms in Q,.

If ¢ € M3, then A, has maximal rank, so A;*(C) is a cone in N M.

If ¢ € M,, the image of A, is a plane through the origin in Q,. We can classify the
points on M, according to the relative position of this plane with respect to the cone
C. We have the following three cases.

(a) Hyperbolic type (denoted by M}): these are the points where ImA, N C consists
of two lines. In this case A;l(C) is the union of two planes intersecting along the line
ker a(q).

(b) Elliptic type (denoted by Ms): these are the points where ImA, meets C. In
this case A;'(C) = ker a(q) is a line.

(c) Parabolic type (denoted by MY): these are the points where ImA, is tangent to
C along a line. In this case A;'(C) is a plane containing the line ker a(g).

In all the paper, we assume ¢ to be the origin and take M locally in Monge form

(1) ¢(.’L‘, y) = (x,y, Ql(m’y) + fl(xv y), Qz(iIZ, y) + fz(xv y)v QS(xv y) + fa(x’y))v

where the f*,i = 1,2,3 are germs of smooth functions with zero 2-jets at the origin,
and Q = (Q1, @2, Q3) is a triple of quadratic forms. The flat geometry of submanifolds
in R™ is affine invariant ([5]), so we can make linear changes of coordinates in the source
and target and reduce @ to one of the following normal forms:
— (2%, zy,y?) if and only if ¢ € Ms,
— (zy,z? £ 92,0) if and only if ¢ € M} (resp. ¢ € M) for the + (resp —) case,
~ (2%, 2y,0) if and only if ¢ is an M¥-point.
We shall write
F3f! = az02® + az12%y + azry® + assy®,
73f? = baoz® + b3 2%y + bzpaxy® + basy®,
73f3 = c302® + ca12®y + caawy® + cazy’®

3. CHARACTERISATIONS OF ASYMPTOTIC DIRECTIONS

Asymptotic directions on surfaces in R® are introduced in [27] in terms of the contact
of the surface with 4-dimensional planes. We recall below the definition in [27] of the
asymptotic directions and characterise these directions in terms of the contact of the
surface with k-planes, k = 1,2, 3.
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3.1. Asymptotic directions and contact with 4-planes. The contact of the sur-
face with 4-dimensional planes is measured by the singularities of the height function

H: MxS8 — RxS
(g,v) = (hy(q),v)

where h,(q) = (¢(g),v). A height function h, has a singularity at ¢ € M if and
only if v € N,M. It follows from Looijenga’s theorem ([11]) that h, has generically a
singularity of type Ax<s, Di or Ds (see [1] for notation).

We define the flat ridge of M as the set of points where the height function, along
some normal direction, has a singularity of type A, with k& > 4. The flat ridge is
generically either empty or is a regular curve of A4-points, and As-points form isolated
points on this curve. These points are called higher order flat ridge points.

It is shown in [27] that for a generic surface, ¢ € Mj if and only if h, has only
Aj-singularities for any v € T,M. A point ¢ € M} U Mg (resp. ¢ € M?) if and only if
there exists v € N,M such that h, has a singularity of type Df (resp. Ds) at ¢q. This
direction v is called the flat umbilic direction.

Given v € N,M, the quadratic forms II,(¢) and the Hessian Hess(h,)(q) are equiv-
alent, up to smooth local changes of coordinate in M (see [30], pg. 65). So we can
identify the quadratic form A,(v) with Hess(h,)(q).

A direction v € N,M is said to be degenerate if g is a non-stable singularity of h, (i.e.
h, has an A.-codimension > 1 singularity at ¢). In this case, the kernel of the Hessian
of h,, ker(Hess(hy)(g)), contains non zero vectors. Any direction u € ker(Hess(h,)(q))
is called a contact direction assoctated to v.

A unit vector v € N,M is called a binormal direction if h, has a singularity of type
Aj or worse at g. (They are labelled binormal by analogy to the case of curves in R?.)
We have the following result.

Proposition 3.1. ([27]) Let g be an M3-point. Then there are at most 5 and at least 1

binomial directions at q. If M is taken in Monge form (1), then the binomial directions

at the origin are along (3v3,vs, 1) with
2

v,

N 2 v3 v v
c30 + (2b30 — 031)—2‘ + (azo — 2b31 + c32) 1 (ag1 — 2b32 + Csa)g + (agz — 2b33z)— — azz— = 0.

16 32

Definition 3.2. ([27]) Let g € M andv € NyM be a binormal direction. An asymptotic

direction at q is any contact direction associated to v.

Remark 3.3. At an M3-point q the height function h, has only singularities of type Ay.
So to any binormal direction at q is associated a unique asymptotic direction. It follows
from Proposition 8.1 that there are at most 5 and at least 1 asymptotic directions at
any M3-point. At a point q on the M, curve, the height function along the flat umbilic
direction has a Dy or a Ds singularity, so ker(Hess(h,)(q)) = TyM and every tangent
direction at q could be considered to be asymptotic. However, we shall identify in §3.2
some special directions in T,M and will reserve the label asymptotic directions at an
M,-point for these special directions.

Asymptotic directions are also characterised in [27] in terms of normal sections of
M. Let v be a degenerate direction at ¢ € M3 (so rank(Hess(h,)(g)) = 1), and let
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¢ be a tangent direction in ker(Hess(h,)(¢)). We denote by v, the normal section
of the surface M in the tangent direction 6, that is, 7, is the curve obtained by the
intersection of M with the 4-space Vy = N,M & (6).

Proposition 3.4. ([27]) Let g € M3 and v € N,M be a degenerate direction. Let 6 be
a tangent direction in ker(Hess(h,)(q)). Then 0 is an asymptotic direction if and only
if v is the binormal direction at q of the curve vy in the 4-space Vj.

The analysis of the contact of the normal sections of M with 3-planes allows us to
characterise the flat ridge as follows.

Given a curve v : R — R", consider its Frenet-Serret frame {7T", Ny,---, N, } and
the corresponding curvature functions &1, ..., x,—;. We say that a point ¢ = v(to) is a
flattening of 7 if kn—1(to) = 0. The point ¢ is a degenerate flattening when k,_;(tp) =
Kn-1(to) =0

Proposition 3.5. Let ¢ € M3 and v € N;M a binormal direction. Let 6 be its corre-
sponding asymptotic direction and -y the corresponding normal section of M. Then
(1) ¢ = 7(0) is a flat ridge point of M if and only if q is a flattening of vo (as a
curve in the 4-space Vy).
(2) ¢ = 79(0) is a higher order flat ridge point of M if and only if q is a degenerate
flattening of e.

Proof. The point q is a singularity of type A of the height function h, on M if and only
if it is a singularity of type Ay of hy|,,. Therefore it is a flattening (resp. degenerate
flattening) of ~y if and only if it is a flat ridge point (resp. higher order flat ridge point)
of M. (]

3.2. Asymptotic directions and contact with lines. If 7'S* denotes the tangent
bundle of the 4-sphere S*, the family of projections to 4-planes is given by

P: MxS8* — T§4
(¢,v) — (g,p0(q))

where p,(q) = ¢— < g,v > v. For a given v € S%, the map p, can be considered locally
as a germ of a smooth map R?,0 — R?* 0. A classification of A-simple singularities
of smooth map-germs R?,0 — R* 0 is carried out in [20]; see also [21] (A denotes
the Mather group of smooth changes of coordinates in the source and target). By
Looijenga’s genericity theorem, we expect the map p, to have only singularities of A.-
codimension < 4. For a generic surface these singularities are simple and are given in
Table 1 (from [20] and [21]).

Table 1: Local singularities of projections of surfaces in R® to 4-spaces.

Type Normal form Ae-codimension
immersion (z,y,0,0) 0
Ii (z,2y,9%y**), k=1,2,3,4 k

II, (z,92, 13, z%y), k=2
IIIZ,S (x’yzw y3 = xkyvxly)v k = 2a l = 3
VIII (-’E,xy,xy2 = y3k+1a xys)s k=1

NG
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The bifurcation set of the family of projections P (resp. height functions H) is the
set of parameter v € S* (resp. u € S*) where p, (resp. h,) has a non-stable singularity
at some point ¢ € M, i.e. has a singularity of A.-codimension > 1. We denote by
Bif(P,1;) (resp. Bif(H, Ax)) the stratum of the bifurcation set where p, (resp. hy)
has precisely a singularity of type I; (resp. Ax). We have the following duality result
in S*, analogous to those in [4], [6], [7], [8], [10], [24], [37].

Theorem 3.6. Suppose that ¢ € M3. Then to a direction v € NyM where h, has an
Aj>3-singularity at g is associated a unique dual direction v* € T,M where p,- has an
Ii>2-singularity, and vice-versa. More precisely,

Bif(H,As)" = Bif(P,liza) and Bif(P,L,)" = Bif(H, Ayss).

Proof. The family of height functions H is a versal unfolding of an Aj-singularity of
h, at a given point ¢ € M. So the closure of Bif(H, Aj) is locally the product of a
cusp with R? (see for example [11]). The singular locus of Bif(H, A,) is Bif(H, A3)
and is therefore a smooth submanifold of codimension 2 in S*. Let v € Bif(H, Aj3)
be a binormal direction at ¢ € M. We can decompose the limiting tangent space to
Bif(H, Ay) at v into a direct sum T, Bif(H, A3) ® (w), for some w € T, Bif(H, A3).

The 4-dimensional space T,Bif(H, A;) & (v) determines two poles u; € S4, i =
1,2. As ¢ varies locally in M, the two poles trace two subspaces of codimension 2
in S%. These are two copies of the dual of Bif(H, A3). Indeed a pole determines
T,Bif(H, A;) and this gives T,Bif(H, A3) by taking the orthogonal complement of w
in T,Bif(H, A2).

We need to show now that projecting along the directions u; to a transverse 4-space
yields a map-germ with an I;>o-singularity at g. We take the surface in Monge form as
in (1). We assume, without loss of generality, that v = (0,0, 1) so the family of height
functions can be taken as

h(z,y) = niz + vay + v3(z® + (2, 9)) + va(zy + f2(z,9)) +¥* + F(z,y).

A point ¢ near the origin is an Az-singularity of A in the direction (v, v4,1) if and
only if hy = hy = h2, — hazhyy = 0 (so j*h(g) = L? for some linear term L in z,y)
and the cubic part of h at ¢ divides L. Using these equations we can find the limiting
tangent space T, Bif(H, Az) and the poles that it determines. A calculation shows that
these poles are the points of intersection of the line through the origin in the direction
(—2,v4) with the unit circle in T,M. It is not difficult to show that projecting along
(—2,v4) yields a singularity of type Ix>o (generically of type I, 2 < k < 4). Therefore
BZf(H, A3)* = B‘lf(P, Ik22)-

Suppose that p, has an I,-singularity at g. The family P is a versal unfolding of this
singularity so Bif(P,1,) is a smooth submanifold of codimension 2 in S%. In this case,
the stratum Bif(P,];) is also a smooth submanifold of codimension 1 in S* and one
can write T, Bif(P,1;) = T,Bif(P,15) & (w) for some w € T, Bif(P,1;).

The 4-dimensional space T, Bif(P,1;) @ (u) determines two poles in S, and these
poles trace two copies of the dual of T, Bi f(P, I). Indeed a pole determines T,,Bif(P,I,)
and this gives T, Bif(P, I5) by taking the orthogonal complement of w in T, Bif (P, I;).
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A calculation shows that the height function along the direction determined by one of
the poles has a singularity of type Ar»3 (generically of type Ay, 3 < k < 5), so the
pole is a point on Ty, Bif(H, Ax>3). Therefore Bif(P,15)* = Bif(H, Ax>3). a

It follows from Theorem 3.6 that to each binormal direction v € N,M is associated a
unique (dual) tangent direction v* € T, M where the projection along v* to a transverse
4-space has a singularity of type I, or worse (i.e. of higher A.-codimension).

Proposition 3.7. A direction v € T,M, with ¢ € Mj, is asymptotic if and only if
the projection of M along u to a transverse /-space has an A-singularity of type I, or
worse.

Proof. Given a binormal direction v € N,M, the dual direction v* € T,M generates
ker(Hess(hy(g)). The result then follows by Theorem 3.6. O

Remark 3.8. As a consequence of Proposition 3.7, we shall define an asymptotic
direction at g as one along which the projection of M at q to a transverse 4-space has
an Iy-singularity or worse (compare with Definition 3.2). This definition leads to the
existence of at most § asymptotic directions at an My-point (Proposition 3.9 below; see
Remark 3.3).

We consider now in some details the singularities of the projection to a 4-space. We
take M in Monge form as in (1). We assume that the kernel of the projection is along
u € T,M (otherwise p, has maximal rank). Then the projection along u = (u1,u2) €
T,M to a transverse 4-space can be written locally in the form

Pu(2,y) = (w2 — w1y, Qi(z,y) + f1(z,v), Q2(z,y) + f2(z,y), Qs(z,y) + F(z,y)).

We analyse the A-singularities of p,(z,y). We have the following result, where generic
in the M3-set (resp. Ms-set) means possibly away from some curve (resp. points). The
excluded cases are dealt with in Proposition 3.10. (See Table 1 for notation.)

Proposition 3.9. (1) At generic Ms-points there are at most 5 and at least 1 tangent
directions u where p, has an A-singularity of type I,. These are the solutions of the
following quintic form

caot + (ca1 — 2bso)uiuz + (caz — 2ba1 + azo)uius + (cas — 2b32 + az1)uius + (as2 — 2baz)urus + aszuj = 0.

(2) Suppose that q is a generic My-point. Then there at most 3 and at least 1 tangent
directions where p, has an A-singularity of type I,. These are dual to the flat umbilic
direction. There are also two directions (resp. none) where p, has an A-singularity of
type 11, if g € M} (resp. q € M§), and one direction where p, has an A-singularity of
type VII; if ¢ € M. These are dual to the directions giving an Asz-singularity of the
height function.

Proof. The proof follows by making successive changes of coordinates in order to reduce
the appropriate jet of p, to a normal form. The duality results in part (2) also follow
by a calculation similar to the one in the proof of Theorem 3.6. However, there is a
geometric argument why the dual of the flat umbilic direction consists of at most 3 and
at least 1 tangent directions. The bifurcation set of the family of height functions H at
a Dy-singularity is the product of the sets in Figure 1 with a line (a D4-singularity has
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Ac-codimension 3 and H has 4 parameters and is generically a versal unfolding of this
singularity). The limiting tangent spaces of the cuspidal-edges in Figure 1 determine
3 or 1 poles (i.e. dual directions) in S*. O

N

FIGURE 1. The bifurcation set of a D4-singularity (elliptic left, hyper-
bolic right).

Proposition 3.10. (1) There may be a curve in M; where projecting along one of
the directions in Proposition 3.9 (1) yields a singularity of type I3 and isolated points
on this curve where the singularity is of type 1. For generic surfaces, this curve is
distinct from the flat ridge. That s, the dual of a normal direction along which the
height function has an Ag-singularity does not yield in general a projection with an
I3-singularity of the projection, and vice-versa.

(2) There may be isolated points where projecting along one of the directions dual the
flat umbilic direction yields a singularity of type 113. There may also be isolated M3 -
points where projecting along one of the directions not dual the flat umbilic direction
yields a singularity of type 1l 3. The above points are in general distinct from the
Ds-points.

The proof is straightforward and is omitted.

3.3. Asymptotic directions and contact with 2-planes. An orthogonal projection
from R to a 3-dimensional subspace is determined by its kernel, so we can parametrise
all these projections by the Grassmanian G(2,5) of 2-planes in R®. If w;, w, are two
linearly independent vectors in R%, we denote by (w;,w,) the plane they generate and
by T(w;,w,) the orthogonal projection from R® to the orthogonal complement of (wy, ws).
The restriction of m(y, ws) t0 M, T(w, wy) ar> Can be considered locally at a point ¢ € M
as a map-germ

T * K20 — RS0,

We start with the case where (w, w,) is transverse to T,M, so T (wn,w2) g is locally
an immersion.

Let v € N;M and M, be the surface patch obtained by projecting M orthogonally to
the 3-space T,M @ (v) (considered as an affine space through ¢). We can characterise
the asymptotic directions of M at g in terms of the geometry of M, at q.

Proposition 3.11. Suppose that ¢ € M3 and let v € NgM.
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(1) The direction v is degenerate if and only if q is a parabolic point of M,. In this
case, the unique principal asymptotic direction of M, at q coincides with the contact
direction associated to v.

(2) A direction u € T,M is asymptotic if and only if there exists v € Np,M such that
q is a cusp of Gauss of M,, and u is its unique asymptotic direction there.

Proof. (1) We take M in Monge form as in (1) with @ = (2%, zy,y?). Given a normal
direction v = (v3,vs,vs) at the origin, the surface M, is parametrised by ¢,(z,y) =
(z,y, f(z,y)) with

f(z,y) = vs(&® + fl(z,9)) +va(zy + f2(z,9)) + vs(s* + £ (2, v)).
The equation of the asymptotic direction of M, is given by
fw@y? + 2foydzdy + frzdx® = 0.

The discriminant A of the above equation is the zero set of the function J = f2, —

fezfyy and corresponds to the parabolic set of M,. We have j2 f = v3z? + v4zy + vsy?,
so the origin is a parabolic point if and only if v — 4vsvs = 0, that is, if and only if
the height function along v has a degenerate singularity.

(2) The origin is a cusp of Gauss if and only if the unique asymptotic direction of
M, at the origin is tangent to the discriminant A (see for example [2]), that is if and
only if 6 = 0 and (0, dy).(—fyy, fzz) = 0. When vs # 0 (so we can set vs = 1), this
occurs if and only if
i,

2 3
V4 Vg 'U4
_ Y _ 9 Vg _ —_9 v _9 —fiaa . = D
c30 + (2bso — c31) 5t (aso 31 + C32) n (a3 32 + €33) 5T (az2 — 2b33) 6~ %335

This is exactly the condition for the direction v = (321, vy, 1) to be binormal (Proposi-
tion 3.1). Its dual direction is along (—2,v4) which is precisely the unique asymptotic
direction of M, at the origin.

If v5 = 0, the origin is a parabolic point of M, when v4 = 0. We then set v = (1,0, 0).
The origin is a cusp of Gauss of M, if and only if a3z = 0. In this case v is also binormal
as h, has a singularity of type A>3 at the origin. The dual direction is along (0, 1)
which is precisely the unique asymptotic direction of M, at the origin. O

Proposition 3.12. Suppose that ¢ € M,. There are two distinct directions v € NgM
if ¢ € M}, none if ¢ € M3, and a unique direction if ¢ € M}, where q is a cusp of
Gauss of M, and v* is the unique asymptotic direction of M, at q. In addition, there
is a unique direction ¥ € N,M where My has a flat umbilic at q. The asymptotic
directions of M at q associated to U are the tangent directions to the separatrices of the
asymptotic curves of My at q (see Figure 2).

Proof. The proof is similar to that of Proposition 3.11. If we take the surface in
Monge form (z,y, zy + f1(z,y),2* £ y> + f3(z,y), f3(z,y)), the asymptotic directions
u = (u;,up) corresponding to the flat umbilic direction v = (0,0,1) are given by
f3(ug,u;) = 0. The surface M, is parametrised by (z,y, f(z,y)) and the tangent to
the separatrices of its asymptotic curves are also given by f3(ua,u1) = 0 ([9]). a
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FIGURE 2. Asymptotic curves at a flat umbilic on a surface in R? (elliptic
left, hyperbolic right).

We deal now with the case when 7y, w,) iar 18 singular. This occurs when the kernel
of the projection 7y, u,) contains a tangent direction at g. When (w,, w;) = T, M, the
Map-germ 7w, ws)| ps has rank zero at the origin and does not identify the asymptotic
directions. We shall assume that (w;,ws) is distinct from T, M. Then T (wi,wa) g has
rank 1 at the origin. For generic surfaces, we expect singularities of A.-codimension < 6
to occur (as dim G(2,5) = 6). The A-simple singularities of map-germs R?,0 — R3,0
are classified by Mond [28]; see Table 2. Some non-simple orbits are given in [28] and
(34].

Table 2: A-simple singularities of projections of surfaces in R% to 3-spaces.

Name Normal form A.-codimension
Immersion (z,y,0) 0
Cross-cap (z,y? y) 0

= (z, 9%,y £ 2*1y), k> 1 k
Bi (z,9?, 2y £ y**1), k > 2 k
C; (z, 9%z £ z*y), k> 3 k
Fy (z, 9%, 23y + ) 4
Hy (=, oy + 91,97,k > 2 k

We take M in Monge from (1) and for simplicity ¢ an Ms-point (the results hold
at any point on M). Suppose, without loss of generality, that the intersection of the
kernel of the projection 7y, w,) With T,M is along u = (1,0). So the kernel is generated
by u and some v = (v3, v4,v5) € NgM (and 7(y; wy) = T(u,v))- Observe that the dual
direction to u is u* = (0,0, 1).

If u*.v # 0 then vs # 0 and m(u ), is A-equivalent to

9(z,y) = (y,2* + fLzy + 7).

This map-germ has a cross-cap singularity at the origin.
If u*.v = 0, then v = (v3, v4,0) and T (u,0) |1 is A-equivalent to

g(z,y) = (y,va(a® + f1) —vs(zy + £2),4* + F°).
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When v4 # 0, the 2-jet of T(uw) pr 15 A-equivalent to (y,2%,0) (so all the simple sin-
gularities of type Sk, By, Ck, Fy, with A.-codimension < 6 occur, as well as some
non-simple cases.)

If ygy=0,v=(1,0,0) and T(u0) a1 is A-equivalent to

9(z,y) = (v, zy + 2, 9° + f°)

which has an Hj singularity provided f2,.(0,0) # 0. The condition f3 . (0,0) = 0
is precisely the condition for u = (1,0) to be an asymptotic direction at the origin.
When this happens, the map-germ g has a non-simple singularity with 2-jet equivalent
to (y,zy,0). So one can characterise asymptotic directions using the singularities of

projections to 3-spaces. We have thus the following result.

Proposition 3.13. Let u € T,M and v in the unit sphere S> C N,M.

(1) The projection T (u,0) ag has a cross-cap singularity for almost all v € S2.

(2) On a circle of directions v in S* minus a point, Tuw)y has a singularity with
2-jet A-equivalent to (z,y?,0).

(3) There is a unique direction v € S?* where T(u) py has a singularity of type Hy
provided u is not an asymptotic direction. If u is asymptotic, then the singularity
becomes non-simple with 2-jet A-equivalent to (z,zy,0).

3.4. Asymptotic curves and contact with 3-spaces. An orthogonal projection
from RS to a 2-dimensional subspace is also determined by its kernel, so we can para-
metrise all these projections by the Grassmanian G(3,5) of 3-planes in R%. How-
ever, G(3,5) can be identified with G(2, 5), so the projections can be parametrised by
(wy,ws) € G(2,5), where (w;i,ws) is the orthogonal complement of the kernel of the
projection. We denote the associated projection by Il w,). The restriction of II(y, w,)
to M, H(w1,wz)| > can be considered locally at a point ¢ € M as a map-germ

H(wlvw2)|M :R2%,0 — R?,0.

As in the previous section, we expect singularities of A.-codimension < 6 to occur
for generic surfaces. The list of corank 1 singularities of map-germs R? 0 — R?0,
of A.-codimension < 6 is given by Rieger [35]. The A- simple singularities in these
dimensions, including those with corank 2 ([36]), are shown in Table 3.

Table 3: A-simple singularities of projections of surfaces in R® to 2-planes.
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Name Normal form A.-codimension

Immersion (z,y) 0
Fold (z,y?) 0
Cusp (z,zy + v°) 0

4 (z,y® £ z*y), k> 2 k-1
5 (z,zy + y?) 1
6 (x,zy +y° £y") 2
7 (z,zy + y°) 3
1lopyr  (z,zy? + oyt + ¢+ k> 2 k
12 (z, zy® + v° + 95), 3
13 (z,zy* + y° £ 1), 4
14 (z, zy? + v°), 5
16 (z, 2%y + y* £ 1), 3
17 (z, 2%y + y*), 4

Ié’,;" (22 + 2 2+ H), I >m>1 l+m
§ (x? —y? + 2%+ ay), [ > 1 21

We start with the corank 1 singularities. Let u € T,M, u' an orthogonal vector to
u in T,M and v = (v1,vq,v3) € NyM. We consider the projection H(ul,,,)'M.

We take M in Monge form (1) at the origin and suppose, without loss of generality,
that the intersection of the kernel of IT(,. ,y with T;M is along u = (1,0). Then

H(ul,v)|M(xa y) = (y’lul(l‘:Z + fl(x)y)) + ’Uz(.’l?y E3 f2(a:,y)) + U3(Cy2 el f3(.'L‘, y))),

where c is equal to 0 or 1 according to g being an M3 or an M, point. Observe that
the A-type of the singularities of the above map-germ are independent of c. Therefore,
the corank 1 singularities of the projections to 2-planes do not distinguish between the
M3 or M, points.

If v 7é 0 then H(u'L’")IM

If v, =0, and vy # 0, then jZH(ulm)lM ~4 (y,zy). The A-singularities of H(u.L’v)lM
are given by the normal forms 5, 6 and 7 in Table 3. Non-simple singularities of
Ae-codimension < 6 may also occur.

Ifv = v =0, H(uL,v)lM(m,y) = (y, f3(z,y)), and the singularities are of type
4;, (Table 3) unless f2,.(0,0) = 0. In this case, the singularities are of type 11lax4
(Table 3) or more degenerate. The condition f2,(0,0) = 0 is precisely the condition
for u = (1,0) to be an asymptotic direction at the origin. So one can characterise
asymptotic directions using corank 1 singularities of projections to 2-planes.

is A-equivalent to a fold map-germ.

Proposition 3.14. Let u € T,M and v in the unit sphere S* C N,M.
(1) The projection H(UL‘U)W has a fold singularity for almost all v € S2.

(2) On a circle of directions v in S* minus a point H(ulﬂ,)l o has a singularity with
2-jet A-equivalent to (z,zy) (equivalently, it is not a fold and has a smooth critical
set).
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(3) There is a unique direction v € S? where H(ul.,u)l v has a singularity of type 4

provided u 1is not an asymptotic direction. If u is asymptotic, then the singularity is
A-equivalent to 1194, or is more degenerate.

We analyse now the corank 2 singularities of the projection. Let (w;, ws) be a plane in
NyM and denote by My, ,) the surface patch obtained by projecting M orthogonally
to the 4-space T,M & (v, w) (considered as an affine space through ¢). The map-germ
H(w1,w2)| » has then a corank 2 singularity at the origin, and this singularity can be
characterised in terms of the geometry of My, w,)-

Points on a generic surface immersed in R* are classified in [22], and in [25] and
[7] in terms of singularities of some maps on the surface. In [25], a point is called
hyperbolic/parabolic/elliptic if there are 2/1/0 directions in the normal plane such that
the associated height function has a degenerate singularity (i.e. worse than Morse).
The parabolic points form a curve on the surface. This curve may have generically
Morse singularities at isolated points. These singularities are called inflection points
of real type if the singularity is a crossing and of imaginary type if it is an isolated
point. (When the singularity of the parabolic curve is more degenerate, the inflection
is called of flat type.) The following result follow directly from this classification and
the A-classification of map-germs from the plane to the plane ([35], [36]).

Proposition 3.15. The following hold for a generic immersed surface M in R>.

(1) The 2-jet of the projection I(w,u,),, is A-equivalent to (2%,y?), (z* — y? zy)
or (2%, zy) if and only if q 1is, respectively, a hyperbolic, elliptic or parabolic point of
M(wl,wz)'

(2) The 2-jet of the projection I, w,),y, is A-equivalent to (% +42,0), (22 —y%0),
or (x2,0) if and only if q s, respectively, an inflection point of real type, of imaginary
type or of flat type of M(w, ws)-

Moreover, if ¢ € Ms, H(w.wz)w satisfies (1) for every plane (wy,w2) C NoM. The
point ¢ € My if and only if there exists a direction wy, € NyM such that q is an inflection
point of My, w,, Ywi € NgM.

4. EQUATION OF THE ASYMPTOTIC DIRECTIONS

In this section we obtain the equation of the asymptotic directions in terms of the
coefficients of the second fundamental form and give another geometric argument why
the equation is a quintic form.

We take as in §2 ¢ : U — R® to a local parametrisation of M and choose an
orthonormal frame e = {ej, e, e3,¢€4,€5}, depending smoothly on ¢ € U, such that
{e1, ez} generates the tangent plane and {es, e4, es} the normal plane at g.

We consider, without loss of generality, ¢ € M3. This is not restrictive as M,-points
form a curve on a generic surface M. So the equation obtained at Ms-points is also
valid at M,-points by passing to the limit. We use here the characterisation of an
asymptotic direction given in Proposition 3.11.
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If we write, in the frame e, u = (dz,dy) € T,M and v = (v3,v4,vs) € NyM, then u
is an asymptotic direction of M, at g if and only if I7,(u,u) = 0, if and only if

(2) (vscs + vacy + vscs)dy® + 2(vzbs + vaby + vsbs)dazdy + (vsaz + v4aq + vsas)dz® = 0.

To simplify the notation, we denote by A/B/C' the coefficients of dy?/2dzdy/dz?,
respectively, in equation (2). Note that as we are considering ¢ € Mj, at least one of
the coefficients A, B, C is not zero at q.

The point ¢ is a parabolic point of M, if and only if the discriminant function
§ = B% — AC of equation (2) is zero at ¢, that is, if and only if

(3) (bg = 0363)’U§ =+ (2b4b3 —a4C3 — (1304)’03'04 + (2b5b3 — A5C3 — a3c5)v3'05+
(b3 — ascq)vi + (2bsbs — ascs — agcs)vgvs + (bs2 — ascs)vd = 0.

In this case, equation (2) has a unique solution along (A, —B) if A # 0 or along
(0,1) otherwise.

The point g is a cusp of Gauss of M, if and only if the unique asymptotic direction
u, i.e. the unique solution of equation (2) at g, is tangent to A (the zero set of §). This
is the case if (0z,dy).(A, —B) = 0 when A # 0 or (d,,9,).(0,1) = 0 when A = 0. When
A =0, we have B =0 (and C # 0) as § = 0. Therefore §, = —A,C and the condition
becomes A, = 0. So the condition for tangency is

@ Ab, —Bs, =0 if A#0
Ayj=0 if A=0

By Proposition 3.11, u is an asymptotic direction if and only if equations (2), (3),
(4) are satisfied.

Suppose that A # 0 at g. Equation (3) determines a conic in the projective plane
(v3 : vq : vs) and Ad; — Bd, = 0 a cubic curve. Therefore, by Bezout’s theorem, these
two curves intersect in at most 6 points. However, if A = 0, both equations are satisfied
and this gives one of the intersection points of the two curves. This intersection point
is of multiplicity 1 unless Ay, = 0. So in this case the intersection point corresponding
to A does not give an asymptotic direction and the two curves above intersect in at
least 1 and at most 5 other points.

If A=0 at g, then B =0 (as § = B> — AC) and these two equations determine a
unique direction v in NyM, given by the point of tangency of the line A = 0 with the
cone § = 0 in RP2. Equations (2)-(4) with A = 0 may be satisfied on a curve in M,
given by A, = 0, with v the point given by A = B = 0. But when A = A, = 0 the
cubic Ad, — Bé, = 0 is tangent to the conic at A = B = 0. This is a limiting case of
when A # 0 where a binormal direction on the cone approaches the point A = B = 0.
So here too we have at least 1 and at most 5 asymptotic directions.

The equation of the asymptotic directions can be obtained as follows using Maple.
When equations (2)—(4) are satisfied, we can rewrite (2) as Ady+Bdz = 0 and equation
(4) as 6,dzx + 6,dy = 0. We work, without loss of generality, in the chart vs = 1 and
use resultant to eliminate vz and vy from Ady + Bdz, ¢ and ddz + d,dy. We then
take the relevant component of the resultant. We have the following result, where
a = (a;),b = (b;),c = (c;) are the coefficients of the second fundamental form written
as vectors and [,,] denotes a 3 x 3-determinant.
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Theorem 4.1. There is at least one and at most five asymptotic curves passing through
any point on a generic immersed surface in R®. These curves are solutions of the
implicit differential equation

Aody® + Ardzdy® + Axdz’dy® + Asda®dy® + Audz'dy + Asda® = 0

where the coefficients A; (i = 0,...,5) depend on the coefficients of the second funda-
mental form and their first order partial derivatives, and are given by

Aoz[g—;,b,c]

A= [%,b,c] +2[g—z,b,c] -+ [g—;,a,c]

Ay = (& a,c +2[2,bc] + [g;,b q +2[3y,a d + [ay,a b]
Az = [g‘;,b d +2[6z,a c + [ax,a b] +2[ay,a b] + [ay,a c
Ag=[2,a,d +2[2,a,b] +[ay,a,b]

As = [az,a b]

Remark 4.2. For 2-dimensional surfaces in R® and R? the asymptotic curves are
given by a quadratic (binary) differential equation in dz,dy. The coefficients of their
equations depend only on the coefficients of the second fundamental form (and not on
their derivatives).

If the surface is given in Monge form as in (1) we can obtain the asymptotic directions
at the origin using Theorem 4.1. We have the following result where all the partial
derivatives are evaluated at the origin.

Corollary 4.3. (1) Suppose the origin is an Msz-point. Then u = (u1,up) is an as-
ymptotic direction at the origin if and only if

1 1
uj( yyyu? +3f zyyu1u2 +3 zz:yul'UZ + fleatd)—
2u1u2(fyyyu2 <+ 3fr ulu2 = 3 3J:yu1u2 + :z::c:ruzli)'*'
( yyyU2 + 3fzyyu1'U/2 + 3fz1.yulu2 + IZI ) oo 0

(2) Suppose the origin is an M} or Mg-point. Then u = (u1,uz) is an asymptotic
direction at the origin if and only if

('U,% F u%)( yyyu2 + 3 Yy 1u2 aals xzyuluz = :r:r::z ) =0.

(3) Suppose the origin is an M} -point. Then u = (u1,us) is an asymptotic direction
at the origin if and only if

3 -
ud( yyyuz +3 zyyuluz +3 IIyulug + f3.ud)=0.
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5. GENERIC CONFIGURATIONS OF THE ASYMPTOTIC CURVES

For a generic surface, at least one of the coefficients in Theorem 4.1 is not zero at
any point ¢ € M. We can assume the point in consideration to be the origin and
make linear changes of coordinates in the source so that the coefficient of dy® is locally
nonzero. We then set p = gxu (as dz = 0 is not a solution of the equation) so that the
equation of the asymptotic curves near the origin is an implicit differential equation

(IDE) in the form

F(z,y,p) = p° + Ai(z, y)p" + As(z, y)p* + As(z,y)p? + As(z,v)p + As(z,y) = 0

where A;(z,y),i = 1,---,5 are smooth functions in some neighbourhood U of the
origin. We consider F' as a multi-germ U x R, (0,0,p;) — R,0, where p; are the
solutions of F'(0,0,p) = 0 (there are at most 5 of them).

If F(0,0,p) has 5 simple roots then, by the implicit function theorem, the solutions
of F' = 0 consists of a net of 5 transverse smooth curves. Two distinct such nets are
not homeomorphic. So discrete topological models do not exist in general for IDEs of
degree 5. We shall say here that two IDEs above are equivalent if their solutions are
the union of the same number of topologically equivalent foliations.

The surface F~(0) is generically smooth and the projection 7 : F~1(0) — R?,0 is
generically a submersion or has a singularity of type fold, cusp or two transverse folds.
The set of singular points of 7 is called the criminant and its projection to the plane
the discriminant of the IDE.

The multi-valued direction field in the plane determined by the IDE lifts to a single
direction field on F~1(0). This field is along the vector field

0 0
g Fpgg +pr5?; - (F: +PFy)P§L:
(see for example [3]), where subscript denote partial differentiation at (z,y,p). We
analyse £ around each point (0,0, p;) and project down to obtain the configuration of
one of the foliations determined by the IDE.

If 7 is a submersion at (0, 0, p;) then, by the implicit function theorem, F' is equivalent
to p — pi = g(z,y) in a neighbourhood of (0,0, p;), where g is a smooth function. So
the integral curves are smooth.

If (0,0, p;) is a fold singularity of 7 and is a regular point of £, then the configuration
of the integral curves in the plane is smoothly equivalent to a family of cusps, Figure 3
f (see [14] for references). The field £ may generically have an elementary singularity
(saddle/node/focus) and the configuration of integral curves in the plane is topologi-
cally equivalent to a folded-singularity (p — p;)? —y + Az = 0, A # 0, 411. We have a
the folded saddle if A < 0, a folded node if 0 < A < } and a folded focus if A > § ([14],
Figure 3 ®g/h/i).

When 7 has a cusp singularity at (0, 0, p;), the equation has the modulus of functions
with respect to topological equivalence. There are two types of cusp singularities, the
elliptic cusp and the hyperbolic cusp ([14]), Figure 3 3®c/d respectively.

We conclude that the generic configurations of the integral curves of the IDE under
consideration are modelled by super-imposing in each quadrant one figure from the left
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column with one from the right column in Figure 3. We denote this super-imposition
by the sign +.

For generic surfaces in R®, the discriminant of the equation of the asymptotic di-
rections in Theorem 4.1 is smooth. Therefore the cusp singularity (Figure 3 () is
excluded. The only possible configurations of the asymptotic curves are those ob-
tained from Figure 3 O and (@. We have the following geometric characterisation of
the various possibilities.

Proposition 5.1. (1) The local configurations of the asymptotic curves of a generically
immersed surface in R® are modeled by super-imposing in each quadrant one figure from
the left column with one from the right in Figure 3 @ and (2).

(2) Let ¢ € M3 be a point on the discriminant A of the asymptotic IDE and u the
double asymptotic direction there. Then q is a folded-singularity of the asymptotic IDE
at (g,u) if and only if q is an Ay-singularity of the height function along u* (Figure 3
@ (a or b)+(g, h ori)).

(3) The discriminant A intersects transversally the M,-curve at MY and Ds-points
(it may also intersect it at other points). The Ds-points are generically not folded
singularities, so the configuration of the asymptotic curves is as in Figure 8 @ (a or
b)+(f). An ML -point is (at the appropriate direction) a folded singularity of the IDE
of the asymptotic curves and the configurations there are as in Figure 3 @) (a or b)+(y,
h or ).

® « 0 @

S S
SRR EQQQQK
d

S L | s,
L L

FIGURE 3. Generic configurations of the solutions of an IDE of degree
5 obtained by super-imposing in each quadrant one figure from the left
column with one from the right.
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Proof. (2) We take the surface in Monge form as in (1) at ¢ = (0,0) € M3, suppose
without loss of generality that ¢ € A and u = (1,0) is the asymptotic direction there,
50 f2.2(0,0) = (33, — 2f2:)(0,0) = 0. Then the dual direction of u is u* = (0,0, 1).

We can compute the tangent direction to the discriminant at g using the equation
in Theorem 4.1. It is along

3 3 1 3 3 3
(3f1:zy TYYy + f.‘EI.’t Ty 2 zzTY ? -2 TTTT + 3( :g:l:y)2)’

where the partial derivatives are evaluated at the origin. The above direction is parallel
to (1,0) if and only if the origin is an A4-singularity of the height function along the
dual direction (0,0,1). (The above expression of the tangent direction can also be used
to determine the condition for the configuration of the asymptotic directions to be as
in Figure 3 @ (a or b)+(c).)

(3) Suppose that ¢ is not an MZ-point. The asymptotic directions at ¢ are either
associated to the flat umbilic direction of the height function or to its simple binormal
directions (two of them at an M2-point an none at M§). So two of these directions can
coincide on A in two ways. One way is for two of the asymptotic directions associated
to the flat umbilic to coincide at g. Then the point g is a Ds-singularity (this follows
for example from Corollary 4.3 (2)). The second way is for one of the asymptotic direc-
tions corresponding to the simple binormal directions to coincide with an asymptotic
directions corresponding to the flat umbilic direction. If we take the surface in Monge
form as in (1) at g, then the condition for this to happen is j3f3(1,+1) = 0 (Corollary
4.3 (2)). This can occur generically at isolated points on the Mj-curve and these points
are distinct from the M} and Ds-points.

Calculations show the Dj-points are generically not folded singularities (the dou-
ble asymptotic directions are not tangent to A) and that A and the M,-curves are
transverse at such points.

Suppose that ¢ is an M}-point and the surface is in Monge form as in (1) at g. It
follows from Corollary 4.3 (3) that ¢ is a point of the discriminant ((0,1) is a double
asymptotic direction at ¢). The tangent direction to the discriminant at ¢ is along
the double asymptotic direction u = (0, 1), therefore the IDE of the asymptotic curves
has generically a folded singularity at g. The tangent direction to the Mj-curve at
the origin is along (f3,,, — f;:’yy), so it is generically transverse to the discriminant at

vy’
M3} -point. O

Remark 5.2. The flat ridge of M can be lifted to reqular curves on N = F~1(0)
by considering the corresponding asymptotic direction at each of its point. It follows
from Proposition 5.1(2) that a point ¢ € M3 is a folded-singularity of the asymptotic
IDE if and only if (g, u) is the intersection point in N of the lift of the flat ridge with
the criminant. The kernel of the differential of 1 : N — M at (g, u) is generically

transverse to the lift of the flat ridge. Therefore the discriminant and the flat ridge are
generically tangential at a folded-singularity of the asymptotic IDEs in the M3 region.

6. GLOBAL CONSEQUENCES

An immediate consequence of the above local considerations is the following.
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Theorem 6.1. Suppose that M is a closed surface immersed in R® with x(M) # 0.
Then the discriminant A of the asymptotic curves is not empty.

Proof. If A is empty then there is a globally defined asymptotic line field on M (recall
that there is at least one asymptotic direction at each point on M). It follows from
the Poincaré formula and the hypothesis on M that this line field has critical points
on M. This is a contradiction as the critical points belong to the discriminant. g

We consider now the map « : F~*(0) — M in §5 and denote by Z7 its singular set
(i.e. the criminant).

Theorem 6.2. Let M be a closed orientable surface generically immersed in R5 with
non zero Euler number x(M). If the map 7 has non vanishing degree then the IDE of
the asymptotic curves has folded singularities.

Proof. We can choose an orientation on both M and N. The map 7w determines a
decomposition of N as a union N = N* U N~ of closed surfaces such that N*N N~ =
ON* = ON~ = Xm, m|y+ being an orientation preserving immersion and m|y- an
orientation reversing immersion. We have x(N) = x(N*)+ x(N~), for x(NTNN~) =
x(27) = 0. Moreover, since 7 is a stable map without cusps, the following relation
holds (see [32])
X(N) = 2x(N~) = x(M)deg().

That is, x(N*) — x(N™) = x(M)deg(w). In case that x(N) # 0, it follows from
Poincaré-Hopf formula ([19]) that there is some critical point of the directions field
determined by the IDE of the asymptotic curves on N. Then the result follows from
Proposition 5.1. Suppose that x(N) = 0. In this case, x(N*) = —x(/N~) and thus
2x(N*1) = x(M)deg(). It now follows from the hypothesis that x(N*) # 0 and the
Poincaré-Hopf formula implies that the restriction of the directions field to the closed
surface N* must have singularities (that lie in the criminant curve ON* = Xr). The
result follows again from Proposition 5.1.

O

Corollary 6.3. Let M be a closed orientable surface generically immersed in RS with
non zero Euler number x(M). If the map © has non vanishing degree then M has either
M, points or flat ridges.

Proof. Tt follows from the geometrical interpretation of folded singularities of the IDE
of the asymptotic curves provided by the Proposition 5.1. O

Remark 6.4. In the conditions of the corollary above we can actually assert that there
exist either parabolic M, points (i.e. intersections of the discriminant with the M,
curve) or tangency points of the flat ridge curve and the discriminant.

We relate next the global existence of binormal/asymptotic fields with the 2nd-order
regularity problem. Let f : M — R™ be an immersion of a surface M in n-space. A
point ¢ € M is said to be 2-regular if and only if there exists some local co?rdirgate sys-
tem {z,y} at ¢ such that the subspace generated by the vectors {%ﬁ, ‘g—i, %5'2£’ 5‘9;3%, g—yé
at ¢ has maximum rank. If this is not the case then g is said to be 2-singular. The
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immersion f is said to be regular of order 2 if all the points of M are 2-regular. Feld-
man ([16]) proved that the set of 2-regular immersions of any closed surface M in R"
is open and dense when n = 3 and n > 7. When n = 6, the 2-singular points are
generically isolated. Moreover, the 2-regular maps satisfy the h-principle, that is, any
immersion of a surface into R® can be deformed through a regular homotopy into a
2-regular immersion ([15], [18]). When n = 4, the 2-singular points coincide with the
inflection points defined by Little ([22]). The existence of inflection points on generic
closed surfaces immersed in R* has been explored in [17] by means of the analysis of
the behaviour of the asymptotic lines on such surfaces. In this sense, it is shown in
(17] that generic closed locally convex surfaces in R* with non vanishing Euler number
have inflection points. The case n = 5 appears to be more complicated and not many
results are known in this direction. Costa obtained in [12] an example of a 2-regular im-
mersion of the 2-sphere into R® consisting in a double covering of the Veronese surface
(projective plane) immersed in S*. This is done as follows. Consider the map

vV : R3 — RS
(z,y,2) — (2%,9% 22, 2y, 22,y2).

The restriction of V to the unit sphere S? defines a 2-regular immersion of the real
projective plane into R®, known as the Veronese surface. It is not difficult to show
that V(S?) is contained in both a hyperplane (of equation X +Y + Z = 1, where
(X,Y,Z,U,W) are the coordinates in R®) and a 5-sphere of R®, and hence in a 4-
sphere. By choosing appropriate coordinates on S? and on the hyperplane of equation
X +Y + Z =1 (identified with R®), we can locally define V' (S?) by means of the chart

V : R? — RS, given by

o )_(‘1/\'/21—:1:2—-y2 /4 —22 —y? ay 2? — 3P 3x2+3y2—8)

(.’E, y - 2 ) 9 ) 2 ) 4 ) 4\/3- =
The 2nd-order regularity of a generic surface in RS is related to the generic behaviour
of the family of height functions on M. In fact, it can be seen that the 2-singular

points coincide with the points of type M;,7 < 3, and these in turn with the corank 2
singularities of height functions ([27]). We can then reinterpret the above corollary as

Corollary 6.5. Let M be a generic 2-regular closed orientable surface in R® with non
zero Euler number. If the map 7 has non vanishing degree, then M has flat ridge curves
and some of them must be tangent to the discriminant curve at some point.

In the particular case of the Veronese surface V(S5?), it can be shown that all the
points are flat ridges. Indeed, this surface in non generic from the viewpoint of its
contacts with hyperplanes.

The 2nd-order regularity of a surface in R® is also related to the global existence
of certain degenerate normal fields (called essential) on the surface ([29]). We analyse
next the geometrical dynamics associated to such fields.

Given any normal field v on M, we can consider its associated shape operator S,
(see §2). For each ¢ € M there is an orthonormal basis in T, M made of eigenvectors of
S, (v-principal directions) at which the second fundamental form reaches its maximum
and minimum values. The corresponding eigenvalues, k; and k,, are called mazimal
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and minimal v-principal curvature, respectively. The point g is said to be v-umbilic if
both v-principal curvatures coincide at it. Denote by U, the subset of all the v-umbilic
points of M. The v-principal directions define two, mutually orthogonal tangent fields
all over the region M —U,, whose critical points are the v-umbilics. The corresponding
integral curves are called v-curvature lines. The two foliations, together with their
critical points form the v-principal configuration of M. The differential equation of
the v-curvature lines is given by S,(X(q)) = A(g)X(g). (The generic behaviour of
this equation for surfaces immersed in R* has been analysed by Ramirez-Galarza and
Sénchez-Bingas [33].)

Suppose that v is a binormal field locally defined in some open region S of a surface
M immersed in R5. The matrices of S, and I, coincide on S. Therefore, in some
appropriate coordinate system, the matrix of S, coincides with that of Hess(fy(q))(q),
Vg € S. But this implies that one of the eigenvectors of S, vanishes at every point of S.
Therefore, one of the principal foliations of S, coincides with the asymptotic foliation
associated to v. So the v-curvature lines with associated vanishing curvature are also
solutions of the implicit differential equation of Theorem 4.1.

The critical points of the vw-principal configurations associated to binormal fields
fields on surfaces immersed into R® are points of type M, and thus 2-singular ([29)).
Therefore the only 2-regular surfaces that may admit globally defined binormal fields
are tori or Klein bottles.
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