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Resumo:

Um semigrupo nao-linear é gradiente se tem uma funcdo de Lyapunov. Esta é
uma condi¢do sufuciente para caraterizar um atrator gradiente-semelhante e suas
perturbagoes (caso hiperboélico). Esta caracteristica se perde quando estudamos a
dinamica assintética de sistemas dindmicos nao-lineares e nao auténomos. Para
estes a defingdo de sistema gradiente nao é clara.

Neste trabalho definimos semigrupos nao lineares gradiente-semelhantes como
um conceito intermedidrio entre os semigrupos nao-lineares gradientes e aqueles que
possuem um attrator gradiente-semelhante.

Provamos que este conceito é estavel sob perturbagoes autéonomas ou nao. Con-
sequentemente, recuperamos e estendemos os principais resultados na teoria de sis-
temas dindmicos autonémos ou nao-auténomos relativamente a continuidade, ca-
racterizagao e atragdo exponencial de atratores.



AN EXTENSION OF THE CONCEPT OF GRADIENT SYSTEMS
WHICH IS STABLE UNDER PERTURBATION

ALEXANDRE N. CARVALHO! AND JOSE A. LANGA!

ABSTRACT. A semigroup is said to be gradient if it has a Lyapunov function (see [13]).
This is a sufficient condition to characterize a gradient-like attractor and its perturbations
(see [6]). This approach is missed when we study nonlinear dynamics associated to non-
autonomous dynamical systems, where a natural definition of a gradient system is unclear.
We define in this work a gradient-like semigroup as an intermediate concept between a gradi-
ent system and a system possessing a gradient-like attractor, and we prove that the concept
is robust under autonomous or non-autonomous perturbations. Thus, we will recover and ex-
tend the main results in the autonomous and non-autonomous theory of dynamical systems
with respect to continuity, characterization and exponential attraction of their attractors.

1. INTRODUCTION

In the theory of infinite dimensional dynamical systems, one problem that has received a
lot of attention in the last few decades is the description of the geometric structure of their
associated invariant sets. Any characterization of the structures inside an invariant set of
a given dynamical system helps to describe the asymptotic behavior (possible chaotic) of
the modeled phenomena under study. Although a large literature has been developed in the
finite dimensional framework related to this problem, in an infinite dimensional setting the
study of the structure of attractors is a difficult task, and just in very particular examples
(see [13, 2, 26, 22] a detailed description of is available. What it is essentially known is
that, if a dynamical system with a finite number of equilibria is gradient; that is, it has an
associated Lyapunov function, then its attractor can be characterized by the unstable set of
the set of equilibria. Moreover, if all equilibria are hyperbolic, this structure is stable under
autonomous perturbation of the system.

Recently, in [6] (see also [27]), the authors consider non-autonomous perturbations of
autonomous gradient semigroups for which all equilibria are hyperbolic. In both articles the
authors have started from the proof that the hyperbolic equilibria under perturbation give
rise to the same number of hyperbolic global solutions for the perturbed problem, proving
that the perturbed attractor contains the same structures as the limiting one. Then, using
the properties of the Lyapunov function (backwards and forwards convergence to equilibria
and non-existence of homoclinic structures) for the limiting problem they prove that the
perturbed attractor does not contain anything else.

tPartially supported by CNPq grant # 305447/2005-0 and by FAPESP grant # 03/10042-0, Brazil.
tPartially supported by Projects PBH2006-0003-PC, MTM2005-01412 and PCI2006-1198, MEC-Spain.
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In this paper, without using a Lyapunov function, we translate the concept of gradient
semigroups into a concept that we call gradient-like semigroups which strictly include the
gradient semigroups. In particular, it allows that the semigroups have periodic orbits which
is not allowed for gradient semigroups and are not considered in [6, 27]. In addition, this
concept can be extended to non-autonomous evolution processes.

The gradient-like semigroups are shown to be stable under perturbation (autonomous or
non-autonomous). That is, without talking about hyperbolicity (but assuming the continuity
of the targeted global solutions) we prove that the attractor of a gradient-like semigroup
under perturbation (autonomous or not) maintains its characterization.

In the autonomous case, the attractor of a gradient-like semigroup has a Morse decompo-
sition (see [11, 19, 25]), so that we are showing that Morse decomposition are stable under
perturbations. The concept of Morse decomposition can be extended to evolution processes
(non-autonomous dynamical systems) and if a semigroup has an attractor which has a Morse
decomposition, a perturbation (autonomous or not) of this semigroup has also a pullback
attractor with a Morse decomposition.

In order to state our main results we introduce some terminology. Let Z be a Banach
space. A nonlinear evolution process is a two parameter family {S(¢,7) : ¢ > 7 € R} of
continuous operators from Z into itself such that

i Slirri=1,

2) S(t,0)S(0,7) = S(t,7), for each t > o > 7, and

3) (t,7) — S(t,7)2o is continuous for t > 7, 29 € Z.
A continuous function z : R — Z is called a global solution for the evolution process
{S(t,7) : t > 7} if it satisfies

S(t,7)z(1) = 2(t), forallt > 7 € R.

A nonlinear semigroup (or autonomous evolution process) is a family {S(¢) : ¢ > 0} with
the property that {S(¢,7) = S(¢t — 7) : t > 7 € R} is an evolution process.
Definition 1.1. A set A C Z is said to be the global attractor for {S(t) : ¢t > 0} if it is

(i) compact,
(ii) tnvariant, i.e. S(t)A= A for allt > 0, and
(iii) it attracts bounded subsets B of Z,

dist(S(¢t)B, A) — 0 as t — oo.

Since any fixed set A will not, in general, be invariant in the above sense for a non-
autonomous process, it is natural to define invariance in this context as follows:

e A family {A(t) C Z : t € [0,00)} is invariant under S(-,-) if S(¢,7).A(1) = A(t) for
allt > 72> 0.
In the autonomous case the attractor is exactly the union of all its global orbits see [26]),

A = {z: there is a bounded global solution through z}. (1.1)
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In the non-autonomous case, the definition of an ‘attractor’ that has the same character-
ization as the union of all globally-defined bounded orbits,

{A(t) : t e R} = {£(¢) : €(-) : R = Z is bounded and S(t,7)E(T) = £(2)} (1.2)
is the pullback attractor (see [9], [10], [16], [24]) :

Definition 1.2. A family of compact sets {A(t) C Z : t € R} s a pullback attractor for
{S(t,7) : t > 71 € R} if it is invariant and attracts all bounded subsets of Z ‘in the pullback
sense’, i.e.
lim dist(S(¢,7)B,.A(t)) =0, Vt € R.
T——00

For autonomous problems, it is clear that the concept of a pullback attractor coincides
with the standard definition of the attractor, while the characterization in (1.2) shows that
this notion is in some sense a ‘natural’ generalization (see [6] for a discussion). However,
the pullback attractor will not necessarily enjoy any kind of forward attraction. Except in
specific situations, the pullback behaviour and the forwards behaviour will not be related
(see Theorems 4.1 and 4.2, and [8, 23, 18] for other specific cases).

Let £ : R — Z be a global solution of a nonlinear evolution process {T'(t,7) : t > 7 € R}.
The set I' = {£(¢) : t € R} is called trace of . Let &* be a global solution of {T'(t,7) : t >
7 € R} and let I'* its trace. We say that S = {{],--- .} is a set of isolated global solutions
if there exists 6 > 0 such that Os(I';) N O5(T;) =0, 1 < i < j < n, where I'] is the trace of
& and Os(I) == {z € Z : dist(2,T™*) < d}.

Let {T'(t,7) : t > 7 € R} be a nonlinear evolution process with a finite number of isolated
global solutions S = {&;,--- &} and pullback attractor {A(¢) : t € R}. Let I'; be the trace
of &F. We define (see [12, 21])

Definition 1.3. For &* € S, an e—chain from £* to £ is a sequence of real numbers
t1, T, b, T with t; > 7, 1 <t < k, k < n, and a sequence of vectors u;, 1 <1 < k,
such that u; € O(T'}) and T(t;, 7i)ui € O(Tf,,), 1 i <k, with& =&, =& . We say
that £&* € S s chain recurrent if there is an e—chain from £ to £ for each € > 0.

Definition 1.4. Let Z be a Banach space and {T'(t,7) : t > 7 € R} be a nonlinear process
in Z. Let {A(t) : t € R} be the pullback attractor for {T'(t,7) : t > 7 € R}. We say that
{T(t,7) :t > 7 € R} is gradient-like if the following two hypotheses are satisfied:

(H1) There ezists a finite number of isolated global solutions {{f : R — Z :1 <1 < n}
such that, any global solution £ : R — Z in {A(t) : t € R} satisfies

Jim_[Je(t) ~ ()]l =0 and Jim [I€(2) ~ & 1)1z = 0,

for somel <14,7 <n.
(H2) S = {&, -, &} does not contain any chain recurrent solution.
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Next we introduce the definitions of unstable and stable sets for which we will refer to as
the unstable and stable manifolds, though they do not need to be a manifold (up to this

point).
Definition 1.5. The unstable manifold of a global hyperbolic solution &, to S(t,T) is the set
Wi(&) = {(7,() ER X Z: there is a backwards solution S(t,7)¢
such that tEr_noo IS, )¢ =& @)z = 0}.

The stable manifold of a hyperbolic solution & to S(t,7) is the set
Wi(&) ={(7,¢) ER x Z: there is a forwards solution S(t,7)¢
satisfying such that tlgrn 1S, 7)¢ = &5 (t)llz = O}

The intersection of the unstable (stable) manifold with a neighborhood of the curve (-, £(-))
in R x Z is called a local unstable (stable) manifold and is denoted by Wy, (W o.)-

We are now ready to state the main results of this paper

Theorem 1.6. Let Z be a Banach space, n € [0,1] and {T,(¢t,7) : t > 7 € R} be a
nonlinear evolution process in Z. Assume that there ezists a uniform absorbing compact set
By (independent of n). Let {A,(t) : t € R} be the pullback attractor for {T,(t,7) : t > 7 € R}.
Assume that {T,(t,7) : t > 7 € R}, n € [0,1], has a finite number of isolated global
solutions S = {&5 ), -+ , &, ,} which behave continuously as n — 0 (SUP; <<, SUPer 1€, (t) —

To®)llz = 0). Assume also that | T, (t+7, 7)u—To(t+7,7)ul|z 228 0 uniformly for 7 € R,
t in compact subsets of [0,00) and for u in compact subsets of Z.

If {S(t) : t > 0} is a gradient-like nonlinear semigroup, Ty(t,7) = S(t —7), t > 7; that is,
(H1)-(H2) are satisfied for {Ty(t,7) : t > 7 € R}, then there ezists gy > 0 such that, for all
n < o, {Ty(t,7) : t > 7 € R} is a gradient-like nonlinear process. Consequently, there exists
Mo > 0 such that

Ay(t) = UL WH(€L,) (@), ¢ € R and Vi € [0,

Theorem 1.6 generalizes the characterization result in [6] to perturbation of autonomous
gradient-like nonlinear semigroups. Hence, the limit problem need not to have a Lyapunov
function nor & has to be an equilibrium point. Of course it remains to prove the continuity
of the isolated global solutions ¢}, at n = 0 which is known to hold; e.g, for normally hyper-
bolic global solutions (see [4]). That opens the possibility for considering non-autonomous
perturbations of gradient-like nonlinear semigroups with periodic solutions. Indeed, for each
1 <m € N, the problem

1 1 3 1
fz{w (1—%m+1—72') sin 1%, r<1—@
~|d — 2m+1 —r)? rel— gy (1.3)

§=1
has an attractor 4,, = {|r| < 1 — 5.5}, which is the union of the unstable manifolds of

§,1 <7 < 2m+ 1. Where ; is the 2m—periodic solution corresponding to r = 1 — %,
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1 < j < 2m+ 2. These periodic solutions are normally hyperbolic solutions, if k£ is even
the orbit is unstable and if k£ is odd the orbit is stable. In this case, it is easy to see
that the attractor A,, is the union of the unstable manifolds of the of periodic solutions
{§&: 1<j <2m+1}. Theorem 1.6 implies that any small non-autonomous perturbation
of this system will lead a gradient-like evolution process and the perturbed attractor is
characterized.

Observe that Theorem 1.6 implies that the pullback attractors for {T,(¢,7) : t > 7 € R}
are characterized as the union of the unstable manifolds of the isolated global solutions.
Hyperbolicity is not required up to this point. Nonetheless, the persistence of the isolated
global solutions will require some kind of hyperbolicity (in general normal hyperbolicity, see

(4], [25])-

Suppose {T,(t,7) : t > 7 € R}, n € [0, 1], is a family of nonlinear evolution processes with
the property that there exist ¢ = ¢(Bp) and L > 0 such that

T, (t + 7, 7)u — T,(t + 7, 7)v|| < ce™||u—v]|, for all 7 € R, u,v € B,. (1.4)

Our next result proves that a non-autonomous perturbation of a gradient-like semigroup
with all equilibria hyperbolic has an exponential forwards (and pullback) attractor.

Theorem 1.7. Let Z be a Banach space, n € [0,1] and {T,(t,7) : t > 7 € R} be a
nonlinear evolution process in Z. Assume that there ezrists a uniform absorbing compact set

By (independent of ). Let {A,(t) : t € R} be the pullback attractor for {T,(t,7) : t > 7 € R}.

Assume also that | T,(t + 7, 7)u — To(t + 7, 7)ul|z Lxi gy uniformly for T € R, t in compact
subsets of [0,00) and for u in compact subsets of Z. Assume that {To(t) : t > 0 € R}, has a

finite number of isolated equilibria S = {y},--- ,y.} and that (3.4) is satisfied. Then there
n—0

are hyperbolic global solutions {&;,,- -+, &} of (3.5) such that sup,eg || ,(t) — yillz — 0.
If {Ty(t) : t > 0} is a gradient-like nonlinear semigroup, then there ezists o > 0 such that

‘A'I(t) == U?=1Wu(§f,n) (t): vt = R and V77 = [01 770]

where Ay(t) = A for all t € R is the global attractor for {Ty(t) : t > 0}.
Furthermore, there exists v > 0 such that, for B C Z bounded,

sup dist (T, (t + 7, T)uo, Ay(t + 7)) < c(B)e™™, for all ug € B. (1.5)
TER

This paper is organized as follows. In Section 2 we present the results for the autonomous
case emphasizing the generalization of previous known results. In Section 3 we extend the
results to the non-autonomous case. In Section 4 we write the consequences of the results
of Section 3 to asymptotically autonomous evolution processes. Finally, Section 5 focuses in
the comparison of the concept of gradient-like semigroups with the concept of semigroups
with attractors having a Morse decomposition and to point out several problems that remain

open.
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2. GRADIENT SEMIGROUPS, GRADIENT-LIKE SEMIGROUPS AND SEMIGROUPS WITH
‘GRADIENT-LIKE’ ATTRACTORS

We firstly need to draw a distinction between gradient systems and systems with ‘gradient-
like’ attractors.

Definition 2.1. We say that a nonlinear semigroup {S(t) : t > 0} is gradient iof {S(t)z : ¢ >
0} is relatively compact for each z € Z and there ezists a continuous function V : Z — R
such that
o t— V(S(t)z) : [0,00) = Z is non-increasing for each z € Z.
e If 2 € Z is such that there is a global solution £(-) : R — Z through £(0) = z and
there ezists a t* € R such that V(&(t)) = V(2) for allt > t* or for allt < t*, then 2
is a solution for {S(t) : t > 0} (and so in fact V(£(t)) = V(z) for allt € R).
The function V : Z — R is called a Lyapunov function for {S(t) : t > 0}.

The stable and unstable manifolds of an equilibrium yg, W3(yg) and W"(y;) respectively,
are defined as follows:
Wys) = {2 € 23 lim_[1S(0)z - yillz = O}
W' (y;) = {z € Z : there is a backwards solution y(t) for {S(t):t > 0}
satisfying y(7) = z and such that t_léx_noo lly(t) — vollz = 0}.

The following result is classical and can be found, for instance, in [13]

Theorem 2.2. If {S(t) : t > 0} is a gradient system that has a global attractor A,V : Z - R
is its Lyapunov function and {S(t) : t > 0} has a finite number of hyperbolic solutions y;,
1 <i < n, then A is given by

A= W5 ), (2.1)
=1
i.e. the attractor is ‘gradient-like’. Furthermore if we denote by {ni,---,n,} the set of

all distinct values of V(y;), ordered so that n; < nj, 1 < i < j < p < n, and define
&= {y; € € :V(yf) = n}, then if y(-) : R = Z is a global solution for {S(t) : t > 0},
there are ki, ke with 1 < ki1 < ky < p, y; € &, and y; € &,, such that

Jim y(¢) =y and lim y(t) = y;.

The above result shows that if {S(¢) : ¢ > 0} is a gradient nonlinear semigroup the
structure of A and its asymptotic dynamics are completely understood. This is essentially
the class of nonlinear semigroups in Banach spaces for which a detailed knowledge of the
structure of the attractor is available. An attractor of the form (2.1) we term ‘gradient-like’.
Clearly the class of systems with gradient-like attractors is larger than those that are strictly
gradient.

In general one does not expect that a perturbation of a gradient semigroup gives rise to
a new gradient semigroup, the main difficulty being to prove that the perturbed problem
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has a Lyapunov function. In [6] we prove that a perturbation of a gradient semigroup which
has a global attractor gives rise to a new semigroup which posseses a gradient-like attractor.
However, we do not prove that a perturbation of a semigroup with a gradient-like attractor
will have a gradient-like attractor. Actually, at this point we are only able to prove that
the perturbed attractor contains the same structure as the limit attractor and therefore the
attractors behave upper and lower semicontinuously. In our proofs the Lyapunov function
plays an essential role. It is not difficult to see (see the example in [13] pages 2 and 3) that,
in general, a gradient-like-attractor is not coming from a gradient system and a perturbation
of the attractor may not be a gradient-like attractor.

This brings up the question of what (natural) dynamical properties of semigroups en-
sure that they have gradient-like attractors and such that (the properties) are stable under
perturbation. Of course, such properties must be satisfied by gradient semigroups and its
perturbations.

With this in mind we define the following concept of gradient-like semigroups generalizing
the concept of gradient semigroups while maintaining its essential dynamics. We will prove
that the properties defining gradient-like semigroups are stable under perturbation.

Definition 2.3. Consider a nonlinear semigroup {S(t) : t > 0} with a finite number of
stationary solutions € = {yi,---ys}. Let z* € € and € > 0. An e—chain from 2* to 2* is a
sequence {y1,- - ,Yr+1} Of points in Z and a sequence of positive numbers {t1,--- ,tx} such
that |lyi —yillz <e, 1 <i<k+1, 2=y =yp,, and ||SG)yi —yinllz <6 1 <i < k.
We say that z* € £ is chain recurrent if there is an e—chain from z* to z* for each ¢ > 0.

Definition 2.4. Let {S(t) : t > 0} be a nonlinear semigroup with a finite number of sta-
tionary solutions £ = {y7,---y.} and assume that it has a global attractor A. We say that
{S(¢) : t > 0} is agradient-like semigroup if the following two hypotheses are satisfied:

(G1) Given a global solution & : R — Z in A, there exists i,j € {1,--- ,n} such that

Jim [[€() — || = 0 and lim [[£() — yjl| = 0.
(G2) € ={v}, - ,y%} does not contain any chain recurrent point.

The assumptions (G1) and (G2) carry the important dynamic properties of a system
with a Lyapunov function (see also Lemmas 2.5 and 2.6 below). Clearly, from (G1), we
have that 4 = U™, W*(y}). Also, the hypothesis (G2) says that no finite number of orbits
may produce a closed contour. The great advantage of these assumptions over Lyapunov
functions is its stability under perturbation. This fact will allow us to give characterization
of the attractor which are perturbation of gradient systems, perturb it again and still be
able to give characterization of the new perturbed system.

Lemma 2.5. Let {S(t) : t > 0} be a nonlinear semigroup with a finite number of stationary
solutions € = {y},- -y} which has a global attractor A and satisfies (G1) and (G2). Given
6 < tmin{|lz} — 2}|lz : 1 < 4,5 <k, i # j} and a bounded set B C Z, there is a positive
number T = T(6, B) such that {S(t)uo: 0 <t < T} NUL,Bs(2}) # 0 for all ug € B.
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Proof: We argue by contradiction. Assume that there is a sequence u; in B and a sequence
of positive numbers ¢, such that {S(t)ux : 0 < t < tx} NULBs(2;) = 0. Extracting
subsequences we have that there is a global solution & : R — Z such that S(t + %)u, — £(¢)
uniformly in compact subsets of R. Clearly £(t) € A, for all t € R. Hence, £(t) ¢ UL, Bs(2])
for all ¢t € R and this contradicts (G1).g

Lemma 2.6. Let {S(t) : t > 0} be a nonlinear semigroup with a finite number of stationary
solutions € = {y},- - - y:} which has a global attractor A and satisfies (G1) and (G2). Given
0 <6 < gminf|lzf — 2}z : 1 < 4,5 <k, i # j}, there is a &' > 0 such that, if for some
1<i<n,|luo—2zf|z < &' and, for somet; > 0, ||S(t)uo—2]||z > 9, then ||S(t)uo—2}||z > &'
forallt > t,.

Proof: Assume that, for some 1 < i < n, there is a sequence u in Z with |luy—2f||z < + and
sequences ty < 7x of positive numbers such that ||S(tx)ux—z} ||z > & and [|S(7)ue—2f]z < 1.
Clearly ) is bounded from below and that contradicts (G2).g

Before we proceed with the analysis of the attractors of gradient-like semigroups under
perturbation let us establish the equivalence between condition (G2) and the absence of
homoclinic structures.

Definition 2.7. Let {S(t) : t > 0} be a nonlinear semigroup with a finite number of sta-
tionary solutions € = {yj,---y.} and assume that it has a global attractor A. A homoclinic
structure in A is a set {2}, -, 2t} C € and a set of global solutions {& : R — Z, 1 <1i < k}
in A such that, making z;_ , := 2],

tlff_noofi(t) = 2%, t_l}?oogi(t) =24, 1<i<k

Lemma 2.8. If {S(t) : t > 0} is a nonlinear semigroup with a finite number of stationary
solutions £ = {y},---ysr} which has a global attractor A and satisfies (G1), then (G2) is
satisfied if and only if A does not have any homoclinic structure.

Proof: Assuming that .4 has a homoclinic structure it is easy to see that some of the
equilibria in it is chain recurrent. On the other hand, if one of the equilibria in 2* € &£
is chain recurrent, there is a subset {2},---,2;,,} and, for each positive integer k, points
z¥,--- ,z¥,, and positive numbers tf,- -, t§ such that

1 . 1 )
Hmf —zllz < Z 1<i<l+1, ||5'(t:°)x:c - Ziullz < 1< <4

k’
Choose 0 < 26 < min{||zf — 2}||z : 1 < i,j <k, @ # j} and choose 7 > 0 such that
|S(t)z¥—2f||z < 6, forall 0 < t < 7F. Note that 7¥ — +oo as k — +o0. For t € [—7F, tF—7}]
let £F(t) = S(7F + t)z¥. Taking subsequences we define the global solutions & : R — Z by
&(t) = limg—oo EF(2). Since each &;(¢) must converge to an equilibrium solution as ¢ — oo
and as t — —oo and since ;(t) € B;(2]) for all t < 0 we have that &(t) — 2} as t = —co0.
Also, there is a time of > 0 such that £¥(¢) € Bj(2},,) for all t € [oF, ¥ —7F]. It is easy to see
that the sequence {c¥}$2, is bounded and that t¥ — 7% — % — +00 as k — co. Consequently

&(t) = 27, ast — +oo.
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The set {2],---,2;} C € and the set of global solutions {&; : R — Z, 1 <14 < k} are such
that,
L—Llf-noogl(t) = zi) tl)lg-nooél(t) o zi+17 1 S v S k)
with 2z}, := z{. Hence A has a homoclinic structure.g

We are now ready to prove that (G1) and (G2) are stable under perturbation, i.e. the
concept of gradient-like system is robust under perturbation.

Theorem 2.9. Let Z be a Banach space, n € [0,1] and {S,(¢t) : ¢ > 0} be a nonlinear
semigroup in Z. Assume that there exists a compact absorbing set By (independent of n).
Let A, be the attractor for {Sy(t) : t > 0}. Assume that {S,(t) : t > 0}, n € [0,1], has a
finite number of isolated equilibria S = {yj ., ,yn ,} which behave continuously asn — 0

(I1yin — yiollz s 3 M s n). Assume also that ||S,(t)u — So(t)ullz == 223 0 uniformly for
t in compact subsets of [0,00) and for u in compact subsets of Z.

Assume also that {So(t) : t > 0} satisfies (G1) and (G2), then there exists myp > 0 such
that {S,(t) : t > 0} satisfies (G1) and (G2) for all n < n.

Proof: Note z;, — 2], =: 2] and that there is a ¢ > 0 such that, for suitably small 7, if a
solution &, sa’clsﬁes 1€0(t) — 2} ||z < 6 for all ¢ > ¢, and for some ?o > 0, then &,(t) — 2}, as
t — o0.

We argue by contradiction to prove that for all suitably small n, {S,(t) : t > 0} satisfies
(G1). Assume that there is a sequence 7 *2% 0 and corresponding global solutions & in

A,, such that
li{n inf dist (&, (¢), E) > 4. (2.2)

Since &(t) — &o(t) uniformly in compact subsets of R and since &(¢) == z}, for some
1 < i < n, we have that, given £ > 0 there is a ¢, > 0 and k; € N such that || (te) — 2]z < ,
for each k > k,. From (2.2), there exists t;, > t, such that ||&,(t) —2;||z < 0 for all ¢ € [t,, t})
and ||&,(t;) — #f||z = 6. Taking subsequences, if necessary, let & (t) = limyoo &, (t + t¢).
Then, since t, — t, — oo and t; — +oo as £ — oo, ||&1(t) — 2f||z < 6 for all t < 0 and
consequently & (t) — 2f ast — —oco. And & (¢) — z; as t — oo with i # j by (G1) for
n = 0. From the fact that &) — & (t) uniformly in compact subsets of R we have that, for
each m € N, there is a time t,, > 0 and kp, € N such that [|&(tm) — 2} ||z < 5 for all k > k.
Again, from (3.2), there exists t;, > t,, such that ||, (t) — 2}||z < ¢ for all ¢ € [tm,1,,) and
€k (1) — 2j1lz = 8. Proceeding exactly as before we obtain a global solution & : R — Z
such that &(t) — 25 as ¢t — —oo and &(t) — 27 as t — oo with 7 ¢ {4,j}. In a finite
number of steps we arrive at a contradiction. This proves that there is a 79 > 0 such that,
for all global solution &, in A, with n < 7, we have that

lim [[&,(2) — ]| =0.
To prove that there is a 7; > 0 such that, for all global solution &, in A, with n < ;, we

have that
dim_[[&,(2) — 2§11 =0,
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we proceed exactly in the same manner. This completes the proof that, for all suitably small
n, {Sy(t) : t > 0} satisfies (G1).

Let us prove that, for all suitably small 7, {S,(¢) : ¢ > 0} satisfies (G2). Again we argue
by contradiction. Assume that there is a sequence 27,---,z;,, in &, a sequence 7y — 0,
global solutions & ; in A,,, and times t},--- , & such that

l66stt) = il <3, 1Si<m, A=z
Proceeding as in the proof of (G1) we construct a homoclinic structure for {Sy(t) : t > 0}
and arrive at a contradiction.q

As a immediate consequence of this theorem we obtain the following generalization of the
characterization result in [6] for autonomous perturbation of semigroups.

Theorem 2.10. Let {S,(t) : t > 0} be a family of nonlinear semigroups with a finite
number of stationary solutions &, = {yi,," -y, ,} which have global attractor A,. Assume
that {Sp(t) : t > 0} is a gradient-like semigroup and that ||\S,(t)u — So(t)u|lz — 0 uniformly
in compact subsets of [0,00) and uniformly for u in compact subsets of Z. Then, there ezists
no > 0 such that

ATI = U?:lwu(y:,n)’ V77 € [0’ 770]'

Remark 2.11. We observe that, up to this point, we have not explicitly used the hyperbol-
icity of the equilibria y?, 1 < 1 < n. Hence the results may hold in some cases for which
hyperbolicity fails.

Note also that we may replace the finite set of equilibria by a finite set of isolated global so-
lutions, changing accordingly the definition of gradient-like semigroups. Since that naturally
arises when dealing with evolution processes we leave the consideration of such generalizations
to Section 3.

Remark 2.12. Note that Theorem 2.2 proves that a gradient semigroup is also a gradient-like
semigroup. Moreover, a perturbation of a gradient semigroup, in general, is not a gradient
semigroup. Theorem 2.9 proves that a gradient-like semigroup {S(t) : t > 0} is stable under
perturbation. Since gradient semigroups are also gradient-like semigroups we have that a
perturbation of a gradient semigroup is a gradient-like semigroup. Section 5 in [6] shows
ezamples of reqular perturbations of gradient semigroups for which the perturbed semigroups
have gradient-like-attractors but are not gradient.

On the other hand, observe that a gradient-like attractor is a global attractor with the
structure shown in (2.1). But, for instance, an attractor can exhibit this structure and for
up € Z its omega limit is not just one of the stationary points y;, so that (G1) does not hold.

If we take the example shown in [13], page 2, and change the arrow directions we have an
example of a semigroup with a gradient-like attractor. The perturbation of this semigroup
will have an attractor which is not gradient-like (contains a periodic orbit) but behaves upper
and lower semicontinuously. Note that both (G1) and (G2) fail in this case. This shows
that the class of systems with a gradient-like attractor is larger that the one of gradient-like
systems.
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As a consequence, our concept of gradient-like system is actually an intermediate one
between the ones of a gradient system and a system possessing a gradient-like attractor.

In Section & we show that the concept of gradient-like nonlinear semigroups can be extended
in a natural way to nonlinear evolution processes.

Next, we introduce the linearization of a semigroup around an equilibrium point. The
aim is to show lower semicontinuity of attractors for gradient-like semigroups for which all
equilibria are hyperbolic under perturbation (which does not follow yet from the previous
results). We also pursue a property that the attractor obtained is an exponential attractor
(see [2]) with the aim to obtain also the same result in Section 3 under non-autonomous

perturbation.
Assume that f, : Z — Z is a continuously differentiable, globally Lipschitz and bounded
function. Assume also that, for each » > 0,

n—0

Sup 1/a(2) = fo(2)llz + 1 £(2) = fo(2)llcz) — O. (2.3)
Let t — S, (t — 7)yo be the solution of
t
Sp(t — 7)yo = By, +/ eBt=9) £, (S, (s — T)yo) ds. (2.4)

A solution of (2.4) is an equilibrium solution if it satisfies
By + fo(y) = 0. (2.5)

Suppose that y; is solution of (2.5). It follows that, if A, = B + f;(y;), then A, generates
a strongly continuous semigroup {e#7* : ¢ > 0} of bounded linear operators.

Definition 2.13. An equilibrium solution y; to (2.4) is said to be hyperbolic if the following
items are satisfied:
(1) The spectrum of A, does not intersect the imaginary azis and the set 0,“; ={) €
o(A,) : ReA > 0} is compact.
This allows us to choose a smooth closed simple curve 7y in p(Ap)N{X € C: ReX > 0}
that is positively orientated and encloses o*; we can then define the projection

1 .
Q) = Qu(0}) = 57 [ (M- 47t (2.6)
i J,
If ZF = Q)(2), 27 = (I — Qy)(2), and A} = (Ay)),., then 2 = ZF ® 2, A;
generates a strongly continuous semigroup on Z,” and A,‘,L € L(Z‘I,;r i
(2) There are constants M > 1 and B > 0 such that

le**luqasy < Me, <0, (2.7)
e oz < Me, >0
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We consider an underlying semigroup {So(t) : ¢ > 0}, and a family {S, : t > 0} of
non-autonomous processes that converge to {Sy(t) : t > 0} as n — 0. We assume that
the equilibria of {Sy(t) : ¢ > 0} become hyperbolic global solutions for {S,(t) : ¢ > 0}
for n sufficiently small, and that the corresponding stable and unstable manifolds change

continuously.
The intersection of the unstable manifold with a neighborhood of y; is termed the local

unstable manifold, which we write W} (y;). The existence of local unstable manifolds as
graphs near a hyperbolic equilibrium is well-known (see [5] for a proof).

Lemma 2.14. Let y, be stationary solution of (2.4); that 1s, a solution of (2.5). Assume
(2.3) and that y; is hyperbolic in the sense of Definition 2.13. If Qy is the projection in
Definition 2.13, there is a neighborhood V' of y, (which may be chosen independently of all
suitably small n) and a function &, : R(Q,) = Ker(Q,) such that

Wh(yp) NV = {y; + Qy(u) + Zy(Quu) :u € Z} NV,

n—0

sup 1Qn(w) — Qoull + [127(Qnu) — Zo(Qo)ullz — 0
and there ezists v > 0 such that, for any ug € V and as long as S(t)ue € V,

(I — Qn)(Sn(t)uo) — Z(@n(Sy(H)uo))llz < Me™".

In this case, if one only assumes that {Sy(¢) : ¢ > 0} has a gradient-like attractor Ao, all
its stationary solutions are hyperbolic and {S,(¢) : ¢ > 0} has an attractor A, then it is
shown (see for example [5]) that the attractors A, of {S,(t) : ¢ > 0} behave continuously as
n — 0; that is,

disty(A,, Ag) =0 as n— 0,

where distg(X,Y) = max[dist(X,Y), dist(Y, X)]. In fact this continuity result is proved by
showing that the attractors for the perturbed problem contain (possibly strictly) the union of
the unstable manifolds of the hyperbolic equilibria, while the remaining part of the attractor
for the perturbed problem (if it exists) is small.

The main result in Carvalho et al. [6] is that under the additional assumption that the
unperturbed problem is gradient (has a Lyapunov function), then there is no ‘remainder’,
and the attractor has the same structure as the autonomous attractor; that is

n
Aﬂ == U Wu(y;,n))
j=1
where the y;, are the hyperbolic equilibria corresponding to the hyperbolic equilibria y; in
the original problem. We also show in [6] that every solution converges to one of the Yin as

t — +o0.
The above remarks together with Theorem 2.9 generalizes the results in [6] to the class of

gradient-like dynamical systems.
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Next we show, following [2] (see also [27]), that the global attractor of a gradient-like
semigroup is also an exponential attractor. This proof will be extended in Section 3 to
pullback attractors of gradient-like non-autonomous evolution processes.

Suppose {S(t) : ¢ > 0} is Lipschitz continuous. In particular, there exist ¢ = ¢(By) and
L > 0 such that
[|S(t)u — S(t)v|| < ce||u — v]|, for all u,v € By. (2.8)

Theorem 2.15. Suppose {S(t) : t > 0} is a gradient-like semigroup, (2.8) holds and A its
assoctiated attractor. Then

A=Jw @) (2.9)

j=1
and there ezists v > 0 such that, for all B C Z bounded

dist(S(t)ug, A) < c(B)e™, for all ug € B. (2.10)

Proof: Clearly (2.9) holds.

To prove (2.10) we first choose § < jmin{|lyf — yj|l : 1 < i < j, © # j} such that
Bs(y?) C V; and V; is the neighborhood given in Lemma 2.14 for y;. From Lemma 2.6, for
all suitably small §, there exists ¢’ = §'(d) < ¢ such that, if ug € By (y;) and for some ¢t; > 0

S(t)uo ¢ Bs(y;),
then
S(t)uo ¢ Bs(y;), for all t > ¢;.

Now, let B be a bounded subset of Z and By be a closed ball centered at z = 0 that
contains B and U,c4Bs(z). From Lemma 2.5, there exists T' = T'(¢, By) such that, for all
Ug € BQ

S(t)uo € Oy = U Bg (y?) for some t < T

i=1
Thus, given uy € By, there are sequences {t' }*, and {t\ }M,, M < n and {y}}}, such
that
=7, BT .. =%

for which
S(t)uo € Os(y;),

for all t € [t',t"] and i € {1,..., M}. Then, by Lemma 2.14
dist(S(t)uo, A) < co(Bo)e™, for all t € [t} t2].
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On the other hand, for ¢t € [t} #,], t = s + ¢!, for some s < T, and using (2.8) we have
that

dist(S()uo, A) = dist(S(s + t1)ug, A)
= dist(S(s)S(t")ug, S(s).A)
< ¢1(Bo)eF T dist (S (£ )ug, A)
< ¢1(Bo)etTeo(Bo)e™™= " = ¢(T, Bo)e " g

3. NON-AUTONOMOUS GRADIENT-LIKE DYNAMICAL SYSTEMS

The definition of a gradient-like semigroup given in Section 2 can be extended to an
evolution process. In this section we prove that all properties observed for gradient-like
semigroups can be extended also to gradient-like evolution processes.

Note that, if T'(¢t,7) = S(t — 7), t > 7, with {S(¢) : ¢ > 0} being a nonlinear semigroup,
Definition 1.3 and Definition 1.4 generalizes Definitions 2.3 and 2.4, by also including the
possibility of £ are global isolated solutions.

Definition 3.1. Let {S(t) : t > 7 € R} be a nonlinear semigroup with a finite number
of isolated global solutions S = {&},---&:} and assume that it has a global attractor A. A
homoclinic structure in A is a set {&,--- ,&} C S and a set of global solutions {& : R —
Z, 1 <i <k} in A such that, making &, := &,

lim &) =€), Jim &) =&, 1<i<k
The proof of the following lemma is similar to the proof of Lemma 2.8.

Lemma 3.2. Let {S(t) : t > 7 € R} be a gradient-like nonlinear semigroup in the sense
of Definition 1.4. Then the attractor A for {S(t) : t > 0} does not contain any homoclinic
structures.

As in the case of semigroups we prove that a non-autonomous perturbation of a gradient-
like nonlinear semigroup is a gradient-like nonlinear evolution process.

Theorem 3.3. Let Z be a Banach space, n € [0,1] and {T,(¢t,7) : t > 7 € R} be a
nonlinear evolution process in Z. Assume that there exists a uniform absorbing compact set
By (independent of 7). Let { A,(t) : t € R} be the pullback attractor for {T,(t,7) : t > 7 € R}.
Assume that {T,(t,7) : t > 7 € R}, n € [0,1], has a finite number of isolated global
solutions S = {&7,, -+ , & ,} which behave continuously as n — 0 (Sup; <<, SUPye ||€in(t) —
&io(t)llz e 0). Assume also that || T, (t+7,7)u—To(t+7,7)ul|z 280 uniformly for 7 € R,
t in compact subsets of [0,00) and for u in compact subsets of Z.

If {To(t) : t > 0} is a gradient-like nonlinear semigroup, To(t,7) = To(t — 7), t > 7; that
is, (H1)-(H2) are satisfied for {To(t,7) : t > 7 € R}, then there exists no > 0 such that, for
alln <o, {Ty(t,7) : t > 7 € R} is a gradient-like nonlinear process.
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As a immediate consequence of this theorem we obtain the following generalization of the
characterization result which generalizes the main one in [6] for perturbations of evolution
processes.

Corollary 3.4. Under the assumptions of Theorem 3.3, there ezists ng > 0 such that
Ap(t) = UL, WH(&,)(t), t € R and ¥ € [0, o).
We will need the following important lemma (Lemma 3.1 in [6]):

Lemma 3.5. Let ni be a sequence of positive numbers such that n, — 0 as k — co. Assume
that there is a sequence T —3 0, and global solutions & - R — Zin {4, (t) : t € R},
k € Z*. Then, for any sequence {t;} in R, there is a subsequence which we again denote by
&n. and a global solution € : R — Z in the attractor A for {Ty(t) : t > 0} such that

lim &, (t+ ) = £() (3.1)

uniformly for t in compact subsets of R.

Proof of Theorem 3.3. Note £, — £y =: £, uniformly in R, and that there isa § > 0
such that, for suitably small 7, if a solution &, satisfies ||&,(t) — &7 (¢)||z < é for all t > ¢o and
for some ¢y > 0, then &,(t) — &7, (t) as t — oo.

We argue by contradiction to prove that for all suitably small n, {T;(¢,7) : ¢ > 0} satisfies
(H1). Assume that there exists a sequence 7 2% 0 and corresponding global solutions
& R — Zin {A,,(t) : t € R} such that

liminf dist(6 (1), (t)) > 6, 1<i<n. (3.2)

Since & (t) — &(t) uniformly in compact subsets of R and since ||&(t) — &(t)||z — 0 as
t — oo, for some 1 < 7 < n, we have that, given £ > 0 there is a t; > 0 and k; € N such
that [|€x(te) — & (te)|lz < %, for each k > k,. From (3.2), there exists t, > t, such that
1€k, () — €5 (t)]|z < 6 for all t € [tg, ty) and ||&,(t,) — & (t,)||z = 6. Taking subsequences, if
necessary, let & () = limy_,o0 &k, (t+1¢). Then, since t)—t, — co as £ = oo, ||1(t) —&;(t)]|z <
¢ for all ¢ < 0 and consequently & (t) = & () as t — —oo. And & (t) — &j(t) as t — oo with
i # j. From the fact that &k)(t + t¢) — &i(t) uniformly in compact subsets of R we have
that, for each m € N, there is a time t,, > 0 and k., € N such that || (tm) — & (tm)llz < =
for all k£ > k,,. Again, from (3.2), there exists ,,, > ¢, such that ||, (t) —&;(t)[|z < ¢ for all
t € [tm, ) and ||, (t,) — & (t,)|lz = 6. Proceeding exactly as before we obtain a global
solution & : R — Z such that &(t) — & (t) as t — —oo and &(t) — £7(t) as ¢ — oo with
r ¢ {i,7}. In a finite number of steps we arrive at a contradiction. This proves that there is
a 1o > 0 such that, for all global solution &, in {A,(t) : t € R} with n < 7o, we have that

lim [}&,(0) - & ()] = 0.
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To prove that there is a 7, > 0 such that, for all global solution &, in {4,(t) : ¢ € R} with
n < m, we have that

Jim [[€,(2) — £ ()] = 0,

we proceed exactly in the same manner. This completes the proof that, for all suitably small
n, {Ty(t,7) : t > 7 € R} satisfies (H1).

Let us prove that, for all suitably small n, {T,(t,7) : ¢ > 7 € R} satisfies (H2). Again
we argue by contradiction. Assume that there is a sequence &f,---,&5,, in S, a sequence
nx — 0, global solutions & in {A,, : t € R}, and times ¢§,7f,-- &k, 7F with tf > 7F,
1 <17 < p, such that

1 1 ; . g
I166() = &N < £ () = En@Ell < 7, 1<i<pand § =&y,

Proceeding as in the proof of (H1) we construct a homoclinic structure for {To(¢,7) : ¢ >
7 € R} and arrive at a contradiction.

Next, we introduce the linearization of a nonlinear process around a global solution. The
aim is to show lower semicontinuity of attractors for gradient-like processes for which all
global isolated solutions are hyperbolic and which are perturbation of a nonlinear semigroup
(which does not follow yet from the previous result). We also pursue a property that the
pullback attractor obtained is an exponential pullback attractor and exponential forward

attractor.

Definition 3.6. We say that a linear process {U(t,7) : t > 7 € R} has an ezponential
dichotomy with ezponent w and constant M if there exists a family of projections {Q(t) :
t € R} € L(Z) such that
(1) Q)U(t,s) = U(t,s)Q(s), for all t > s.
(2) The restriction U(2, 8)|pquys t = S 18 an isomorphism from R(Q(s)) into R(Q(t));
we denote its inverse by U(s,t) : R(Q(t)) — R(Q(s)).
(3) There are constants w > 0 and M > 1 such that

NU(¢, s)(I = Q(s))llzz) < Me™(t=9) ¢ >
U, 8)Q(s)||Liz) < Me*t9, t<s.

Assume that f, : R x Z — Z is continuously differentiable, globally Lipschitz in the
second variable and bounded. Assume also that, for each r > 0,

sup sup{[Lfo(t,2) = folallz + 158, 2) = (@ lecar} 3 0, (3.4)

(3.3)

where f'(t,z) € L(Z) denotes the derivative of f, with respect to the second variable in
(t,z). Let t — T,(t, 7)yo be the solution of

t
T, (¢, 7)o = e®yp + / eBC=9) £, (5, T, (5, 7)yo) ds. (3.5)

T
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Suppose that & is a global solution of (3.5). If B,(t) = f;(t,&;(t)), consider the linear
evolution process {U,(t,7) : t > 7 € R} defined by
t

U,(t, )20 = eMT 2 + / e =9 B, (s)U,(s, 7)z ds. (3.6)

T

Definition 3.7. Let &) : R — Z be a global solution of (3.5). We say that €, 1s hyperbolic if
the linear evolution process {U,(t,7) : t > 7 € R} defined by (3.6) has exponential dichotomy.
A global solution that has an exponential dichotomy will be called a global hyperbolic solution.

Definition 3.8. The unstable manifold of a global hyperbolic solution &, to (3.5) is the set

W',;’(f;) ={(7,{) € Rx Z: there is a backwards solution z(t,T,() of (3.5)
satisfying z(7,7,() = C and such that tliI_n lz(t,7,¢) — & (t)|lz = 0}

The stable manifold of a hyperbolic solution &, to (3.5) is the set
W3(&) ={(7,{) e Rx Z: there is a forwards solution 2(t,T,() of (3.5)
satisfying z(7,7,() = ¢ and such that lim [|z(t,7,() — & (t)||z = 0}.
t—+oco

The intersection of the unstable (stable) manifold with a neighborhood of the curve (-, &(-))
in R x Z is called a local unstable (stable) manifold and is denoted by Wy, (Wy,.)-

The proof of the following result can be adapted from [5].

Lemma 3.9. Assume (3.4) and let & be hyperbolic global solution of (3.5) withn = 0. Then,
there is ng such that (3.5) has a unique hyperbolic global solution €, in a neighborhood of &;

and Sup;<;<, SUPser [|€in(t) — &io(t)llz s o {Q,(t) : t € R} is the family of projections
in Definition 3.6 there is a neighborhood V' of (-,£:(+)) (which may be chosen independently
of all suitably small ) and a family of function T,(t,-) : R(Q,(t)) — Ker(Q,(t)) such that

W) NV = {(t,&t) + Qu(t)u + Z,y(Qy(t)u) : t ER, u € Z} NV,

sup [|Qn(t)u — Qo(t)ull + |4 (t, Qu(t)u) — Zo(Qo(t))ullz =5 0

(tu)ev
and there ezists v > 0 such that, for any ug € V and as long as T, (t)ue € V,

sup [|(I = @) (Tt + 7, 7o) = Ty (t, @ (B)(Tn(t + 7, T)uo)) |z < Me™"

In this case, if one only assumes that the attractor of {Tp(¢,7) : t > 7 € R} has a gradient-
like pullback attractor {A(¢) : t € R}, all its isolated global solutions are hyperbolic and
{T,(t,7) : t > 7 € R} has an attractor {4,(t) : t € R}, then it is shown (see [7]) that the
attractors {A4,(t) : t € R} of {T;(¢,7) : t > 7 € R} behave continuously as n — 0; that is,

sup distg(An(t), Ao(t)) = 0 as n—0.
teR

In fact this continuity result is proved by showing that the attractors for the perturbed prob-
lem contain (possibly strictly) the union of the unstable manifolds of the global hyperbolic
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solutions. The main result in [6] is that under the additional assumption that the unper-
turbed problem is gradient, then there is no ‘remainder’, and the attractor has the same
structure as the autonomous attractor. We also show in [6] that every solution converges to
one of the Yi, as t = Foo.
Next we generalize the exponential rate of attraction in Theorem 2.15 to gradient-like

nonlinear evolution process proving Theorem 1.7 (cf. [27]).

Proof of Theorem 1.7: To prove the exponential decay we proceed in three steps:

Step 1. Let no be such that {T;,(¢,7) : t > 7} satisfies (H1) and (H2) for all < 7. It holds
that, for all § small enough, there exists ¢’ = ¢’(§) < § and 1, > 0 such that, for each n < 7,
if up € By (&(7)), for some 7 € R and for some ¢; > 0

T,,(tl —+ F, T)Uo ¢ Bé(é-;,q(tl + 7')),

then
T,(t+7,7)uo & By (& ,(t + 7)), forall t > ¢;.
We follow the argument in Lemma 2.6. Indeed, if not, there exist d; > 0 and sequences

*

me — 0, 7 € R, tx < t, and uy such that, for some of the hyperbolic global solutions £f, ,
k Lk

e u; € By(&f,, (k)
o Ty (tk + 7o, Tk )ur & By (&5, (t + 7))
o T,,k (t;c + 7%, Tk)’uk € Bl/k(gz,’k (t;c + Tk)).
Taking subsequences, it follows from Lemma 3.5 that
fk(t) = T.,’k(t + tp + 73, b F Tk)(tk == Ths 'rk)uk — fo(t)
uniformly in compact subsets of R where & : R — Z is a solution in 4. Consequently,
§o(t) = y; as t — —oo and &(t) — y; as t — +oo with j # 1. Proceeding as in the proof of
Theorem 3.3 we arrive at a contradiction.
That is clearly in contradiction with (H2).
Step 2. For every bounded set B C Z and every § > 0 there exists 7, > 0 and 7' = T'(4, B)
such that, for all uo € B and 7 € R

Ty(t+7,7)ug € O := U B;(y;) for some t < T.
=1

Indeed, if not there exist € > 0 ux € B, mx — 0, 7 € R and ¢ — 400 such that
diSt(Tmc (tk o 'rk)uk, OJ) > €,

for all ¢ € [0, tx]. Now, if we define
t t t
&(t) =Ty (t+ 7+ 2,7+ )T (7 + o T,
then
dist(£x(2), Os) > €,

forall t € [—tk/2, tk/2].
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Again, we have that there exists ((¢) global solution in A such that
Jim () = C(0),
for all ¢ € R, uniformly on bounded subsets of R. Thus,
dist({(t), O5) > e,
for all ¢t € R, which contradicts (H1).

Step 3. Now, by the two previous steps there is 7 > 0 such that given ug € By and n < 7,
one can find sequences {¢* }M and {¢' }M,, M < n and {y;}M, such that

t2=71, ti-t7'<T, tY=+o0
for which
T, (t + 7, T)ug € Os(y}),
forall t € [¢',,¢"] and i € {1,..., M}. Then, by Lemma 3.9
dist(Ty, (t + 7, T)ug, Ay, (t + 7)) < co(Bo)e““", for all ¢ € [t',¢'].

On the other hand, for ¢ € [t*=!,¢,], t = s + ", for some s < T, and using (1.4) we have
that
dist(T5, (¢ + 7, 7)uo, Ay, (t + 7)) = dist(Ty, (s + t 7, Tug, Ay, (E+T))
=dist(Tp, (s + t + 1,87 + 1) T, (5 + 7, T)ug, T (s + £ + 7, 85 + 1) A, (71 + 7))
< ¢ (Byg)e delSt(T (t= + 7, T)ug, Ay, (B + 7))
< C]_(Bo) (B )6 e C(T, Bo)e 7t.D

4. ASYMPTOTICALLY AUTONOMOUS DYNAMICAL SYSTEMS

An asymptotically autonomous (backwards and/or forwards) dynamical system is one of
the important examples which can be interpreted as a non-autonomous regular perturbation
of an autonomous system (see [3, 21, 15, 20]). In this section we apply our result to these
cases, generalizing the results in Section 4 of [6]. In particular, if we suppose that the
long-time behaviour in the past and future are unrelated (i.e., there is no uniform regular
perturbation of the limit system) we are still able to give a characterization of the associated
pullback and forwards attractors. However, the uniform (with respect to the initial time)
exponential convergence to these sets will be lost, so that only an exponential pullback
attractor or an exponential forwards attractor will exist.

Consider a Banach space Z and the semilinear problem
y=By+ f(ty)
y(7) = vo,
where B8 : D(8) C Z — Z is the generator of a C’-semigroup of bounded linear operators

and f(¢,-) is a differentiable function that is Lipschitz continuous in bounded subsets of Z
with Lipschitz constant independent of ¢. If we denote by t — T'(¢, 7)yo the solution for (4.1),

(4.1)
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then {T'(¢,7) : t > 7 € R} defines a nonlinear process. We will assume that the problem
(4.1) has a pullback attractor {A(t) : t € R}.
Consider also the semilinear autonomous problem
¥ =By + fo(y)
y(1) =yo € Z.
Assume that (4.2) gives rise to a nonlinear gradient-like semigroup {S(¢) : ¢ > 0} which has
a global attractor A.

(4.2)

4.1. Asymptotically Autonomous Problems at —co. Assume that

lim sup {[17(t,2) — fol2)llz + fy(t,2) = i(Dsm} =0, foreachr>0, (43)

t—=—00 ,eB(0,r)
and that (4.2) has an autonomous attractor Ay.
Theorem 4.1. Let f : R x Z — Z be a differentiable function that satisfies (4.3). Con-

sider the initial value problem (4.1). Assume that (4.2) is gradient-like and Ay is its global
attractor,

(1) Then the attractor {A(7) : 7 € R} for (4.1) is given by
A(7) = UL, WH(&)(7)-

(2) For each globally defined bounded solution &(-) of (4.1) there isi_ with 1 <i_ <n~
such that

lim_ () - v7_llz = 0. (4.4
(3) For every B C Z bounded
dist(T'(t,t — 7)B, A(t)) < c(B)e™". (4.5)

Proof: The proof of (1) is a consequence of Corollary 3.4 if we analyze (4.1) by considering
the small non-autonomous perturbations of (4.2) obtained by replacing f(¢,y) by

_ f(tay)a iftS_V
folt:y) = {f(u,y), ift > —v.

Indeed, for suitably large v, there exists a pullback attractor {A4,(s) : s € R} for
v =By + f(t,y)
y(7) = yo
given by A,(s) = UL, W} (&,)(s). To obtain the pullback attractor for (4.1) we first note
that (4.6) and (4.1) coincide for ¢ < 7 < —v. Hence A(t) = A,(t) for t < —v. To recover
A(t) for t > —v we only have to define A(t) = T(t,7)A(v), for all 7 < —v < ¢.
Now, (2) is also essentially proved since, by (H1), every global solution approaches one of
the equilibria y; as t - —oo, so that, in particular, (2) holds.
Finally, Theorem 1.7 gives (3).g

(4.6)
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4.2. Asymptotically Autonomous Problems at +oo.
Assume that

lim sup {||f(t z) = fo(2)|lz + | fy(t, 2) — fo(2)lle(zy} =0, foreachr >0, (4.7)

t—+o0 z€B(0,r)

and that (4.2) has an autonomous attractor Ay. We note that the nonlinearity f, in this
subsection may be different from that in the previous subsection and consequently the at-
tractor A in this subsection may be different from that in the previous one. We assume in
addition that is gradient-like; it follows from Theorem 1.7 that A, is given by (2.1).
Consider fi(t,z) the function which coincides with f in [k, 00) x Z and which is equal to
f(k,z) forallt < k and z € Z. Then
lim sup sup {||fk(t,2) = fo(2)llz + |(fx)y(t, 2) — fo(2)lz} = 0. (4.8)

k=400 teR 2€B(0,ro)
It has been proved in [6] that the family of attractors for
y =By + fi(t,y)
y(1) = o
behaves upper and lower semicontinuously as k — oo with the limit attractor being the
attractor for (4.2), i.e

(4.9)

sup dist(Ax(t), Ag) — 0 as k — oo,
teR

where dist(A, B) is the symmetric Hausdorff distance defined in Section 2.

Let ko be such that for £ > ko the pullback attractor of (4.9) coincides with the union of
the unstable manifolds of all those {£;,} with sup,cg |7 (t) — ¥f]lz = 0 as k — co. Define
At(t) = Ay, (t) for t > ko. Note that A*(¢) is in fact the forwards image of the global
attractor of the autonomous system y = By + f(ko,y) under the non-autonomous process
(7).

Then we have the following result:

Theorem 4.2. Assume (4.8). Then, there is a to € R and a time dependent forwards
attractor {A*(t) : t > to} for (4.1). Moreover, if T'(t,T) is gradient-like, it holds that, for T
big enough and B C Z bounded

dist(T'(t + 7, T)uo, At (t + 7)) < c(B)e™, for all uy € B.
5. FURTHER COMMENTS AND OPEN PROBLEMS

We have proved in Section 3 that a non-autonomous perturbation of a gradient-like semi-
group is a gradient-like evolution process. It remains open if the perturbation of a gradient-
like evolution process is again a gradient-like evolution process. Lemma 3.5 is the crucial fact
to the extension of the results in Section 2 to non-autonomous perturbation of gradient-like
semigroups. The fact that an equivalent lemma does not immediately holds for perturbations
of gradient-like nonlinear processes is what impair us to extend the results of Section 2 to

perturbations of gradient-like nonlinear processes.
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It is also true that (we will pursue that in a future work) if the attractor of a nonlinear
semigroup is the union of the unstable manifold of a finite number of normally hyperbolic
global solutions, then it is an exponential attractor. If, in addition, the nonlinear semigroup is
gradient-like, a non-autonomous perturbation of it will have an exponential pullback attrac-
tor given as union of unstable manifolds of hyperbolic global solutions. If the perturbation
is autonomous, that result together with the lower semicontinuity of attractors will follow
from the results of [4] whereas if the perturbation is non-autonomous is yet to be proved.

Note also that our notion of gradient-like evolution process given in Definition 1.4 resembles
the concept of Morse decomposition ([11, 19, 25]).

Let that {S(¢) : ¢ > 0} be a nonlinear semigroup. In this case, a more general notion of
gradient-like nonlinear semigroup can be written as

Definition 5.1. Let Z be a Banach space and {S(t) : t > 0} be a nonlinear semigroup in
Z. Assume that there exists an absorbing compact set By. Let A be the global attractor for
{S(t) : t > 0}. We say that {S(t) : t > 0} is a gradient-like nonlinear semigroup if the
following two hypotheses are satisfied:
(GY’) There ezists a finite number of isolated global solutions {£f : R — Z :1 < i < n}
such that, any global solution € : R — Z in {A(t) : t € R} satisfies

t_lsr_noo dist(&(¢),I;) =0 and tl_i)rglodist(f(t), L) =0,

for some 1 <1i,5 <n, wherel'; = {£f(t):t€R}, 1 <1< n.
(G2’) S ={¢&,--- ,&:} does not contain any chain recurrent solution (see Definition 1.3).

On the other hand, a Morse decomposition of an attractor is defined as follows

Definition 5.2. Let {S(t) : t > 0} be a nonlinear semigroup with a global attractor A. We
say that A has a Morse decomposition if the following holds:
(M1) There is a finite number of non-empty, compact and disjoint invariant setsI'y,--- , T,
m A. The sets T';, 1 <1 < n, are called the Morse sets.
(M2) The w—limit of each z € Z is contained in one of the invariant sets I';, 1 < i < n.
(M3) For each z € A, either z € U™ ,T; or, for each global solution ¢ through z there are
i=1(z) and j = j(z) with 1 <1 < j < n such that

t_lgr_noo dist(4(t), ;) =0 and tl_l’rglo dist(¢(¢),I';) = 0.

It is not difficult to see that a gradient-like semigroup in the sense of Definition 5.1 has a
global attractor which has a Morse decomposition in the sense of Definition 5.2.
We can also define

Definition 5.3. Let {S(t) : t > 0} be a nonlinear semigroup with a finite number of isolated
global solutions S = {&},---&:} and assume that it has a global attractor A. A homoclinic
structure in A is a sequence {n1,---,n} C {1,---,n}, {&, -+, } C S and a set of
global solutions {&; : R — Z, 1 <1 < k} in A such that, making &, = &,

Jim dist(&(6), ), lim dist(&(t), D), 1<i<k.
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If in Definition 5.1 we replace (G1’) by
(G2”) The attractor A does not have any homoclinic structure,

then the new definition gives the same class of gradient-like nonlinear semigroups. Note
that our results could have been written in the more general context of Morse decomposition
of attractors for semigroups and processes. However, we have chosen to write the results
by replacing the Morse sets by global solutions, which we think makes the arguments more

clear.
On the other hand, in the non-autonomous context we have given a definition of a gradient-

like nonlinear process. We have proved that non-autonomous perturbations of autonomous
gradient-like nonlinear semigroups are gradient-like nonlinear process. That gives a Morse
decomposition for nonlinear processes. This is, to our knowledge, the first example for which
a Morse decomposition for pullback attractor has been given. Finally, for semigroups, we
have also proved that Morse decomposition is stable under perturbations. For processes, we
conjecture that it is also the case.
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