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and gives a new approach to the problem.
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1. Introduction

Alexander [A] has shown that a piecewise linearly embedded torus in the
three sphere S3 bounds a solid torus in 53, which is known as Alexander’s

torus theorem (see also [R]) This theorem holds also for smooth embeddings.
After Alexander, Kosinski [K0] considered a smooth embedding of a product of
spheres SP x Sq into Serqu1 and showed that the image bounds an embedded
Der1 x Sq in SP+q+1 under the dimension assumptions that p > q > 1 and p
is odd when q = 2. He used the Smale theory, or the h—cobordism theorem for

higher dimensions, extensively to prove the result and he needed the dimension

assumptions for technical reasons. After that, Wall [Wa2] considered the same
problem and he obtained the same conclusion under the assumption that p+ q 7-5

3, using similar techniques (note that he assumes a conjecture concerning h-

cobordisms of 51 x S3 to itself for the case p + q = 4; however, this conjecture
has been solved by Shaneson [Sh] and the results of Wall hold also in this case).
Goldstein [G] considered the same problem in the piecewise linear category and
solved it under the assumption that p 2 q > 1 and p + q > 4, using a different

method.

Our "purpose of this paper is to prove rigorously the same result in the
differentiable category (topological category if p+ q = 3) without any dimension

assumptions. More precisely, our main result is as follows.

THEOREM 1.1. Let f : SP x Sq —> S’H‘”l be asrnooth embedding. We suppose
that p 2 q 2 1 and that p+q # 3. Then the closure of one of the components of
59+”1 — f(S” x Sq) is diff'eomorphic to Sp x Dq“. Furthermore, when p+q = 3

(i.e., when p = 2 and q = 1), it is homeomorphic to 52 x D2.

Our technique is basically the same as that of Kosinski; namely we prove
the theorem through an extensive use of the h-cobordism theorem. The main
difficulties lie in the cases where q = 1 or p = q, which Kosinski did not consider.
In the former case, it is not trivial that one of the components of the comple-
ment SW"?+1 —— f (SP x Sq) is simply connected, which we show by using van
Kampen’s theorem. Furthermore, the technique of Kosinski does not work for
this dimension. In the latter case, a technical difficulty occurs when showing a
certain map is a homotopy equivalence. We avoid this difficulty, using Whitney’s
theorem on cancelling self-intersections of immersed manifolds.
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In the course of the proof, we have obtained some results concerning the
difi'eomorphism type of a compact simply connected manifold with spherical
homology and with boundary SP >< Sq (see Propositions 2.6, 3.1 and 4.3 and
Remark 4.8), which seem interesting in themselves.

As corollaries to Theorem 1.1 we also obtain the following theorems, which
have been obtained by Kosinski [K0] under his dimension assumptions.

THEOREM 1.2. Let fi : SP x Sq —+ Sp+q+1 (i : 1,2) be smooth embeddings.
where p, q 2 2. Then there exists a diffeomorphism h : Sp+q+1 —+ SP+Q+1 such

that h(f1(5p X Sq» = f2(5p X Sq).

THEOREM 1.3. Let fi : SP —> S" (i = 1,2) be two smooth embeddings. both
with trivial normal bundles, where n —- p 2 3 and p 2 1. Then 5” ~ f1(57’) and
S" — f2(SP) are diffeomorphic.

Furthermore, we have the following.

THEOREM 1.4. Let f : Sp x S1 —+ SP+2 be a smooth embedding (p 2 1). Then

f is smoothly unknotted (topologically unknotted ifp = 2) if and only if one of
the components of SP+2 — f(SP x SI) is homotopy equivalent to 51.

Here a smooth embedding f : SP x Sq —v SP+q+1 is smoothly (or topo-
logically) unknotted if there exists a diffeomorphism (respectively a homeomor-
phism) h : SW”?+1 —> 579+“?+1 such that h(f(Sp x Sq)) is the image of a standard
embedding. For example, Theorem 1.2 states that if p or q is greater than or
equal to 2, then every embedding f : SP >< Sq —> .S'7’+‘1+1 is unknotted.

THEOREM 1.5. Let f : SP >< Sq —> SP+Q+1 be a smooth embedding (p,q 2 1).
Then one ofthe closures ofthe complements off(SP xS’q), denoted by Cl, has the
homology of SP. Furthermore, if C1 is a homotopy SP, then it is diffeomorphic
(homeomorphic ifp + q = 3) to S” x D4“.

Throughout the paper, all manifolds and maps are assumed to be differen-
tiable of class C°° and all homology and cohomology groups are with integral
coefficients unless otherwise specified. The symbol “2” will denote a difi'eo-

morphism between manifolds or an appropriate isomorphism between algebraic
objects. '



This work has been done during the third author’s stay in ICMSC, Univer-
sidade de sac Paulo, Brazil. He would like to thank the people there for their
help and hospitality.

2. Basic lemmas and the case where p > q 2 2

Let f : SP x Sq —> Sp+q+1 be a smooth embedding, where p 2 q 2 1. Note

that SP+Q+1 — f (SP x 59) always consists of two connected components. We

denote the two components by Ci and 05, and the closure of C4 in SW”1 by

QG=L%-

LEMMA 2.1. One of C1,C2 has the homology of Sp and the other has the ho—

mology of Sq.

Proof. Set E = Sp‘l'q+1 — f (SP x Sq). By Alexander’s duality, we have

immediately that

H(E)
Z (ifi:p,qor0)

1 _ 0 (otherwise)

for p 75 q "and

. zez nu=p =m
mane z ouzm

0 (otherwise)

for p = q. Thus, for the proof of Lemma 2.1, it suffices to show that, for one
of the components, say C’, we cannot have H, (C’ )——- 0 for all i. Suppose that
H, (C’ ) = 0 for all i. Then we have H- (Cl)—- O for all i, since C’l and 01 are
homotopy equivalent. Note that 01 is a compact codimension-O submanifold of
S""+q+1 and that 301: f(SP x Sq). Set 21: f(SP x {*}) and 22 = f({*} xSq),
which are embedded submanifolds in 801 = f (SP x Sq) and which intersect
each other transversely in one point. Since HP(C’1) = 0, there exists a (p + 1)-

cycle (D,6D) in (01,601) whose boundary is homologous to $1 in 601. Then
we see easily that the intersection number of [D,8D] E Hp+1(Cl,6C1) and
[22] E Hq(C1) is equal to il, where [D, 6D] and [22] are the homology classes
represented by (D,6D) and 22 respectively. This implies that Hq(CI) 75 0,
which contradicts our assumption. Thus we cannot have H,(Ci = 0 for all i.
This completes the proof of Lemma,2.1. '

H
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In the following, we assume that 01 has the homology of SP and G2 has
the homology of Sq.

Set 21 = f(Sp x {*})(C 8671). We push 21 into the interior of G1, using
a normal vector field on f(SP x 57) in Sp+q+1 pointing toward IntGl. Let G

denote a sufficiently small tubular neighborhood of this pushed submanifold in

IntCl.

LEMMA 2.2. The manifold G is always diffeomorphlc to SP x Dq'H.

Proof. First note that the normal bundle 1/ of 21 in f (SP x S“) is isomorphic
to the normal bundle of SP x {*} in SP x Sq, which is clearly trivial. Then the
normal bundle of 21 in SP“+1 is isomorphic to the Whitney sum of 1/ and
the normal bundle 1/1 of f(SP >< Sq) in SI’H’Q+1 restricted to 21. Note that 1/1 is

trivial, since f (SP x Sq) is an orientable codimension-1 embedded submanifold of

an orientable manifold Sp+q+1. Thus u1|21 is also trivial and hence the normal
bundle of 21 in Sip'l’q'l‘1 is trivial. Since the pushed submanifold is isotopic to
21 in Sp+q+1, its normal bundle is isomorphic to that of 21. Hence the tubular
neighborhood G of the pushed submanifold is diffeomorphic to SP x D4“. This
completes the proof. ||

Let i : 601 —+ 01 denote the inclusion map.

LEMMA 2.3. When p > q, Hp(Cl) is generated by i..[21], Where [21] E HP(801)
is the homology class represented by 21.

Proof. Since Hq(C'1) = 0, there exists a (q +1)-cycle (D, 8D) in (01,601)
whose boundary is homologous to 22 in BCI. Then the intersection number
of (D, 6D) and the cycle obtained by pushing 21 into C’1 is obviously equal to
the intersection number of 6D and 21 in 601 up to sign, which is equal to :l:1.

Hence i,[21] E HP(C’1) E Z is nonzero and primitive. This completes the proof.
II

Set V=Cl —G.

LEMMA 2.4. When p > q 2 2, 8G1, 8G and V are simply connected and V is

an h—cobordism between 6G and f(5p x Sq)(= 8C1).

Proof. Since the codimension of the submanifold 2,1 of C1 obtained by push-
ing 21 into the interior is equal to q+1 2 3, we see that 7r1(C1— 2’1) 5 7r1(C1).
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On the other hand, since Cl 002 = f(SP >< Sq) and 5’th+1 are simply connected,
we see that Cl and Cg are simply connected by van Kampen’s theorem. Hence

we have 7r1(V) E 7r1(C'1—E’1) E 7r1(C'1) = {1}. The simply connectedness of 801
and 3G follows from the fact that they are diffeomorphic to Sp x Sq. Finally,
we have H,.(V,8G) E Hi(Cl,G) by excision and-the latter group is trivial by
Lemma 2.3. Hence V is an h-cobordism between 8G and BCl. [I

Since dimV = p+ q + l 2 6, we see that V is diffeomorphic to the product
6G x [0,1] by the h-cobordism theorem ([Sm1, Mi]). Hence we have C1 =
G U V E G U 8G x [0,1] E G, which is diffeomorphic to SP x Dqu1 by Lemma
2.2. This completes the proof of Theorem 1.1 for the case p > q 2 2.

REMARK 2.5. In this case, a similar argument shows that C2 is also diffeomor-

phic to the product D1"+1 x Sq. We also note that our technique of the proof for
this case is essentially the same as Kosinski’s [K0].

As an easy consequence of our proof, we obtain the following.

PROPOSITION 2.6. Let M be a compact simply connected (p+q+l)-dimensional
manifold (p > g 2 2) with the following properties:
(1) GM is diffeomorphic to S” x Sq, and
(2a) H..(M) E HASP) or
(2b) H*(M) E Hi(Sq).
Then M is dilfeomorphic to Sp x Dqu1 in the case (2a) or D”+1 x Sq in the case
(2b).



3. The case where p = q 2 2

In this case, by Lemma 2.1, both (71 and C2 have the homology of SP.

Furthermore, it is easy to see that they are simply connected. Hence it suffices
to prove the following.

PROPOSITION 3.1. Let lVI be a compact simply connected (2p + l)-dimensional
manifold (p Z 2) with the following properties:
(1) 6M is diffeomorphic to SP x S”, and
(2) H..(M) E HAS”).
Then [VI is diffeomorphic to SP >< DP“.

For the proof of Proposition 3.1, first we prepare some lemmas. Let i :

3M —» M denote the inclusion map.

LEMMA 3.2. There exists a primitive homology class 7 E Hp(8M) such that
MW) = 0-

Proof. Consider the exact sequence of homology as follows:

prM) —-, Hp(M) ——» HP(M, 8M).

Since M has the same homology as SP, we have that Hp(M, 8M) 2 HP+1(M) =
0. Hence we see that

Hp(8M) i—'» M) —» o

is exact. Note that this exact sequence splits, since Hp(M) is free. Hence ker(i,.)
is a direct summand of Hp(6M) E Z EB Z of rank one. This completes the proof.
l|

LEMMA 3.3. When p is even, the self-intersection number 7 - 7 is equal to 0.

Proof. First note that 7-7 =< 7‘ , ‘y >, where 7“ e HP(8M) is the Poincaré
dual of 7. Consider the following commutative diagram with exact rows, where
the vertical isomorphisms are induced by the Poincaré—Lefschetz duality:

HP(M) —i—, HP(8M) ——» HP+1(M,6M)

El El
.

a l
Hp+1(M,aM> ———» pr'M) l—W HAM)-
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Using the above diagram, we see that there exists some fl E HP (M ) such that
i*(fl) = 7", since i,,(7) = 0. Then we have 7 - 7 =< 7",7 >:< i*(fl),7 >:
< 13, i,,(7) >= 0. This completes the proof. ||.

LEMMA 3.4. There exists a homology class 6 E Hp((9M) such that 7 - 6 = 1.

Furthermore, when p is even, we can choose 6 so that 6 - 6 = 0.

Proof. Since 7 is a primitive homology class, there exists a homology class
6’ E Hp(6M) such that 7 - 6’ = :l:l. Changing the orientation of 6’ if necessary,
we may assume that 7 - 6’ = 1. When p is even, since the intersection form
of GM is of even type, we have 6’ -6’ = 2m for some integer m. Then setting
6 = 6’ —m7, we have

7-5=7-(5’—m7)
=7~<5’—m(7~7)

=1
and

5-6=(5’—m7)-(6’—m7)
= (5’ ' 5’) — 2m(<5’ 7) + m2(7 - 7)

=2m—2m
1

=0.
This completes the proof. ||

Now we consider the case where p is even. Since 6M is diffeomorphic to
SP x SP, in the following we identify M with Sp x SP. Set 51 = [SP >< {*}] and
£2 = [{*} >< SP], which generate Hp(8M) = Hp(SP x S”). We may assume that
5,- -£.- = O (i = 1,2) and £1 £2 = 1, choosing suitable orientations of 5p x {*}
and {*} x SP. Since 6 - 6 = 7-7 = 0 and 6 -7 = 1, we see that the endomorphism
n : HP(SP x S”) —+ Hp(SP x 5?) defined by n(§1) = 6 and 17(§2) = 7 is an
automorphism of (H,,(Sp x SP), - ).

LEMMA 3.5. Every automorphism of (HASP >< SP), - ) is realized by an
orientation preserving diEeomorphism of SP x SP, provided that p is even.

Proof. Let 77 : HAS” >< SP) —> HASP x 51”) be an automorphism. Let the
representation matrix of n with respect to the base {51,52} be denoted by A.

Then we have
0 l 0 1

‘A A .= ,l 0. 1 0
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since the intersection matrix of Sp x SP with respect to the base {51,52} is equal
to

01)10'
This shows that there are exactly 4 automorphisms, which correspond to

l O O l
:l: andzl: .(0 1) (1 0)

These automorphisms are easily realized by orientation preserving diffeomor—

phisms of SP >< SP. This completes the proof. H

Now we consider the case where p = 2. Let 1!) : 52 x 52 —» S2 >< S? be

an orientation preserving diffeomorphism such that 111, = 17, whose existence is

guaranteed by the previous lemma (see also [Wa1]). Set X : A] UU 53 x D“,
where we attach 6M and 6092 x D3) by 11). In the following, we identify 8M
and 52 x 52 by the diffeomorphism 11). Let jl : 52 x S2 —> M and jg : 52 x 52 —»

52 x D3 be the inclusion maps. Note that jl = i 0 1,11.

LEMMA 3.6. (j1)*(£1)is a generator of H2(M)(%‘ H2(52) E Z).

Proof. Since (j1)*(§2) = (i 0 W452) = i..('y) = 0, there exists a 3-cycle
(D, 8D) in (M, 8M) such that 6D is homologous to {*} x 52 in 52 x 52. Then
we see that the intersection number [D,6D] - (jl).(§1) in M is equal to the
intersection number 52 ~51 = 1 in 6M up to sign, where [D, GD] 6 H3(M, 6M)
is the homology class represented by (D,6D). Hence (j1)*(§1) e H2(M) is

nonzero and is a primitive homology class. This implies that it is a generator of
H2(M) 2 Z. This completes the proof. ||

LEMMA 3.7. X is a simply connected closed 5—dimensional manifold With H2 (X)
E Z.

Proof. Simply connectedness of X follows easily from the fact that M and
52 x D3 are simply connected and that M D 52 x D3 is connected. Consider the
following Mayer-Vietoris exact sequence of homology:

H2(S2 x 52) i. H2(M) e; H2(S2 x D3) —» H2(X) ——» 11452 x 52),

where 9 = ((j1),., —(j2),,) and H1(52 x52) = 0. Note that (j1)*(§1) is a generator
of H2(M) by the previous lemma, that (jz)*(§1) is also a generator of H2(S2 x
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D3) and that (j1)*(§2) = 0 and (jg),(£2) = 0. Thus the image of 0 is equal

to {(m(j1),.(§1),—m(j2).(£1)) : m e Z} and H2(X) is isomorphic to Z. This

completes the proof. ||

Note that, by the above proof, (j3). : H2(M) —> Hg(X) and (j4). : HQ(S2 x

D3) -—+ H2(X) are isomorphisms, where 33 : M —»'X and J); : 52 x D3 —> X are
the inclusion maps.

LEMMA 3.8. The second Stiefel-l/Vhitney class w2(X) E H2(X; Zg) vanishes.

Proof. First observe that 6M 3 52 x 52 is a spin manifold. We fix its

spin structure (in fact, a spin structure of 52 x 52 is unique, since f1‘(.6’2 ><

52;Z2) = 0). Furthermore, we have H2(M,6M;Zg) E“ H3(M:Z-3) : 0 and

H2(S2 x D3, 8(52 x D3); 22) g H3(52 >< D3; 22) = 0. Hence the relative Stiefel-

Whitney classes w2(M,6M) and w2(S2 x D3,6(S2 x D3)) vanish. Hence we

have w2(X) = O. (For details, see the proof of (4.3) of [Bo].) This completes
the proof. ||

Thus X is a simply connected closed 5-dimensional manifold with vanishing
second Stiefel-Whitney class and with H2(X) E Z. Hence by [Sm2], we see
that X is--diffeomorphic to 52 x 53. Then there exists a compact 6-dimensional
manifold W such that BW : X and that W is diffeomorphic to 52 x D4. Let
k : X ——+ W denote the inclusion map.

LEMMA 3.9. The inclusions k 035, : M ——> DV and k 0 j4 : 52 x D3 —+ W are
homotopy equivalences.

Proof. By the remark just after the proof of Lemma 3.7, we know that
(j3)* : H2(M) —+ H2(X)and(.7'4),,:1112(52 x D3) —> H2(X) are isomorphisms.
Since k, : H2(X) —> H2(W) is clearly an isomorphism, we see that (k 0 j3), :

H2(M) —» H2(W) and (k oj4), : H2(S2 x D3) —> H2(W) are isomorphisms.
Since H..(M) E’ HAS2 >< D3) 2 H.(W), we see that k 0 jg and k o 3}; induce
isomorphisms on homology. Since M, 52 x D3 and W are simply connected, they
are actually homotopy equivalences by Whitehead’s theorem. This completes the
proof. ||

Let c: <9(S2 >< D3) x [0, 1] —+ 52 x D3 be a collar neighborhood of 8(52 x D3)
in 52 x D3 with <’9(S2 >< D3) x {0} corresponding to 8(S2 >< D3). Then we see
that the triad (W; M, 52 x D3 —— Y)_is an h—cobordism relative to the boundary,
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where Y = c‘1[0, 1/2). Since W is simply connected and dimW = 6, we see

that M is diffeomorphic to 52 x D3 by the relative h-cobordism theorem. This

completes the proof of Proposition 3.1 for p = 2.

Next we consider the case p > 2. Let 6 e Hp(8M) be the homology class

as in Lemma 3.4. Since 7r1(8l\/f) : 1 and Hi(8M) = 0 for 0 < i < p, we see
that 7rp(8M) is isomorphic to Hp(8ll/I) by the Hurewicz theorem. In particular,
there exists a continuous map cp : SP —~> 8M such that goJSP] = (5, where
[SP] 6 Hp(SP) is the fundamental class. Then by [Wh] or [H1], we see that go

is homotopic to an embedding ga’ : SP —> 8M. Let 5 denote the submanifold of

M which is obtained by pushing go’(5'p) into the interior of M, using the normal

vector field of 8M pointing toward IntM.

LEMMA 3.10. The normal bundle ofS in [VI is trivial.

Proof. Let c’ : 8M>< [O, 1] —> M be a collar neighborhood of 8M in 11/1. Then
we may assume that S is contained in the interior of c’ (61W x [0, 1]). Furthermore,
(9M E SP x SP can be embedded in Rzp“. For example, it is embedded as the
boundary of a closed tubular neighborhood of a standardly embedded p—sphere

in R2P+1.. Hence 8M x [0,1] can also be embedded in RQPH. This implies that
the normal bundle of S in [VI is equivalent to that of an embedded psphere
in Rh“. On the other hand, we see easily that the normal bundle u of an
embedded q-sphere in RT is trivial, provided that r — q > q. This is because
1/ GB sq” g 1/ ED TSq GB 61 2 gr“, which implies that l/ is always stably trivial,
where Em denotes the trivial m-plane bundle over Sq. Hence the normal bundle
of S in M is trivial. This completes the proof. ||

Let G denote the closed tubular neighborhood of S in IntM and let I :

G —> M denote the inclusion map. Note that G is diffeomorphic to SP x D1"+1

by Lemma 3.10.

LEMMA 3.11. l... : Iii-(G) —> HAIW) is an isomorphism for every i.

Proof. We have only to show the lemma for z' z p. Since Hp(G) is generated
by the class [5] represented by S, which is isotopic to <p’(SP) in IV], we see that the
image of l,, is generated by i,(5). On the other hand, since ii(c/) = 0 in HPUVI),
there exists a (p +1)-cycle (D,8D) in (ll/I, 81”) such that 8D is homologous
to 7 in BM. Then we see that thelinter'section number [D, 0D] -z',,(6) in M is

11



equal to the intersection number 7 - 6 in (NW up to sign, which is equal to :l:1.

Hence we see that i,.(6) is anon-zero primitive class of Hp(]\/[) E“ Z. Thus It is

surjective and hence it is an isomorphism. This completes the proof. ||

Set V = M — IntG. Then we see that 7r1(V) : 1, since 7r1(V) g 7r1(M —

S’) and S’ has codimension p + 1 2 4. Furthermore, we have H,,(V,6G) E
H*(M,G) = 0 by excision and Lemma 3.11. Thus (V;8M,6G) is an h-

cobordism and hence V is diffeomorphic to 8G x [0,1], which implies that
M = GU V is diffeomorphic to SP >< DP+1U8(SP x DP+1)x [0,1] % Sp >< DP“.
This completes the proof of Proposition 3.1 and hence the proof of Theorem 1.1

for the case p = q 2 2.

4. The case where q = 1

In this case, the techniques used in 52 do not work. This is because, in

general, 7r1(V) is not necessarily isomorphic to 7r1(6G) E Z and V is not an
h—cobordism nor an s-coborclism. We will prove the theorem for this case using
a technique similar to that used in §3 for the case p = q = 2.

Recall that 01 has the homology of 51°. The following lemma is proved in

[Wail]. Here we give another proof.

LEMMA 4.1. When q = 1 and p 2 2, 01 is simply connected.

Proof. Consider the following commutative diagram:

7r1(f(5” x 51>)

(ii): ./ \ (i2)*

7F1(C1) iii 7T1(Czl

(zllt \. ./ (gzfi

WNW“),

where 7:1,i2,;1,-’L=2 and i are the obvious inclusion maps. Note that (iz)... :

H1(f(SP x Sl)) —> H1(C2) is an isomorphism, which is proved using an ar-
gument similar to that of Lemma 2.3. Hence (ig). : 7r1(f(SP >< Sl)) —> 7r1(Cg) is

injective.

Now suppose that (il). is injective. Then we see that 7r1(SP+2) is the
amalgamated free product of 7r1(Cl) and 7r1(C'2) with (i1)*(7r1(f(SP x Sl)))

12



and (i2)*(7r1(f(SP x S‘))) identified by van Kampen's theorem. Since, (il). and
(Q), are injective, we see that (51), and (32). are also injective (see, for example,

[MKS, Theorem 4.3]). This is a contradiction, since 7r1(f(5'P x SW) 2 Z and
WASP“) = 1.

Let t be a generator of 7r1(f(5'p x 5'1)) represented by f({*} x 51). Since

(il),, is not injective, (i1)*(tr') = 1 for some positive integer r’. Let r denote the
minimum positive integer satisfying this property. We will show that r = 1 as
follows. Consider the following commutative diagram:

m(f(S” X 51))/T
O! / \fl

may) wl mag/N
5! \ / B

7r1(SP+2),

where T is the (normal) subgroup of 7r1( f (Sp x S 1)) generated by tr, N is the
normal subgroup generated by (i2)*(t’") and a,fl,d,[3 and u) are the obvious

maps induced by (il),, (i2)*,(§1)*, (32), and L respectively. Note that, by the
definition of r, 01 is injective. Now suppose that B is not injective. Then we see
that there exists an integer s with O < s < r such that (ig),,(t3) E N. Thus, by
the definition of N, we have

(i2)*(t3) = al((i2)»¢(lfr))‘tlai_1 ' ' 'am((i2)(tr))i107n1

for some 01, - -- ,am e 7r1(Cg). Then, in the abelianized group H of 7r1(C'2), we
have

(4-2) (i2)*(t”) = ((i2)*(tr))e

for some integer e. Here we note that H is isomorphic to H1(C2) ’=" Z. Now it
is easy to show that H1(Cz) is generated by the class of (i2)*(t), using the same
argument as in the proof of Lemma 2.3. Then the equation (4.2) implies that
s -— re = 0, since ((i2),.(t))"re = 1 in H. This contradicts the assumption that
0 < s < 7‘. Hence fl must be injective.

Then by the well-known theorem on amalgamated free products and van
Kampen’s theorem, we see that w is injective. Then r must be equal to ztl,
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since the order of 7r1(f(SP >< Sl))/T is equal to 7' and that of 7r1(SP+2) is equal
to 1. Then by van Kampen’s theorem again, we see that 7r1(SP+2) is isomorphic
to the free product of 7r1(C1) and 7r1(C2)/N. This implies that 7r1(C'1) is trivial.
This completes the proof of Lemma 4.1. H

Note that the above proof also shows that 7r1(C2) is normally generated by
(i2)*(t)-

By Lemma 4.1, 01 is a simply connected smooth (p+ 2)—dimensional man-
ifold whose homology is the same as SP and whose boundary is diffeomorphic to
SP x 51. Thus, for the proof of Theorem 1.1 for the case p > q = 1, it suffices

to show the following.

PROPOSITION 4.3. Let M be a compact simply connected (1) + ‘2)«limvnfinmil
manifold (p 2 2) with the following properties:
(1) (9M is difieomorphic to Sp x 51, and
(2) HAM) E‘ H*(SP).
Then M is difieomorphic to SP x D2 ifp > 2 and M is homeomorphic to 52 x D2

ifp = 2.

Proof. First consider the case p = 2. Then the proposition follows from

[Bo, Remark (5.3) (i)]. Note that, since H1(6M) has no torsion, the intersection
form of M is trivial and is even. Furthermore, it is known that H+(S1 x 52)
([Bo]) acts transitively on Spin(.S'1 x 52) (see also [St]).

Now suppose that p 2 3. Let w : SP x S1 —> 8M be a diffeomorphism. We

see easily that the inclusion ¢(SP x {*}) —> M induces a homotopy equivalence
by the same argument as in the proof of Lemma 2.3. Denote by X the union of
M and SP x D2 attached by the difieomorphism 1/1 along their boundaries. Note
that X is a simply connected closed (p + 2)-dimensional manifold.

LEMMA 4.4.
H*(X) E HAS” x 52).

The above lemma follows easily from the fact that the inclusion ¢(SP x
{*}) —+ M is a homotopy equivalence and the Mayer-Vietoris exact sequence as
follows:

'—> HASP X51) —* Hi(M)@Hi(SpX D2) —* HAX) —* Hi_1(Sp X51) —> W.
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Now we continue the proof of Proposition 4.3. Set 51 = 21 = SP x {*}

and S’ = 22 = {ak’} x 51, where 51,5’ C SP x 51 = 6(SP >< D2). Note that
S’ bounds a smoothly embedded 2-disk D1 = {*’} x D2 in SP x D2. On the
other hand, since M is simply connected, w(S’)(C 8M) bounds an immersed
2-disk in M. Since M is of dimension greater than or equal to 5, we can change
the immersed 2—disk so that it is actually an embedded 2-disk by transversality
(for example, see [H1]). Denote by D2 such an embedded 2-disk in M bounded
by ¢(S’). We may assume that D2 0 6M = BDQ and that D2 is transverse to
8M. Then we see that 52 = D2 U D1 forms an embedded 2-sphere in X, which
intersects SI transversely in one point *’ x * e 8(SP >< D2).

LEMMA 4.5. The induced map

j... 2 Hi(51U52) —’ Hi(X)

is an isomorphism for i 96 p + 2, where j : 51 U 52 —> X is the inclusion.

The above lemma follows from the proof of Lemma 4.4.

Let uk be the normal bundle of Sk in X (k = 1, 2). We see easily that 1/1 is

trivial (see the proof of Lemma 2.2). On the other hand, 1/2 may not be trivial.
If it is not trivial, we consider the difi‘eomorphism T : SP x 51 —v Sp x S1 which

corresponds to the generator of 7r1(SO(p + 1)) E Zz such that T({*/} x 51) =
{*’} x 51, and put W = 1,11 0 7'. Then w’ satisfies the same hypothesis as 1/1 and
if we use "W when constructing X, then the normal bundle 1/2 of 52 is trivial.
Hence, we may assume that 1/2 is trivial.

Let Nk be a small tubular neighborhood of Sk in X (k: = 1,2). By the
argument in the previous paragraph, we see that N1 2 SP x D2 and N2 2
Dp x 52. Hence we see that N1 U N2 5 SP x 52 — IntDP+2.

LEMMA 4.6. Set A = X —Int(N1UN2). Then A is difi'eomorphic to the (194-2);

dimensional disk.

Proof. First note that SP x D2 —- 51 and M — 51 are simply connected,
since 51 lies on the boundaries of SP x D2 and M, which are simply connected.
Consequently, SP x D2 — (51 UD1) and M — (51 U D2) are simply connected, since
D1 and D2 have codimension greater than or equal to 3. Hence M—Int(N1 UN2)
and Sp x D2 — Int(N1 U N2) are simply connected. This implies that A is also

‘
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simply connected, since (M 057’ x D2)—lnt(1V1UN2) is connected. Furthermore,
by Poincaré—Lefschetz duality and excision, we have

H,(A) g HP+2-i(A, 8A) 2 HP+’~’-i(x, N1 u N2) 2 HP+2—i(X, 51 u 52).

Then by Lemma 4.5, we see that A is acyclic. Since A is simply connected, this

implies that A is contractible. Furthermore, 8A is diffeomorphic to the (p +1)-
dimensional sphere. Hence by the generalized Poincaré conjecture proved by
Smale ([Sm1, Mi]), we see that A is diffeomorphic to the (p + 2)-dimensional
disk. This completes the proof of Lemma 4.6. II

Recall that N1 U N2 2 SP x 52 — IntDP+2. Lemma 4.6 shows that X is

diffeomorphic to the connected sum 5” x SzfiZ for some homotopy (p 4 ‘2 l-Sphere
2]. Then changing 1b slightly on a (p+ 1)-disk in 8(SP >< D2), we may assume
that X is diffeomorphic to SP x 52.

Then X bounds a compact (p + 3)-dimensional manifold W difi'eomorphic
toSPxD3ESPxD2xI.

LEMMA 4.7. The inclusions M —-> W and SP x D2 —> PV are homotopy equiva-
lences.

The above lemma can be proved using homological arguments as in the
proof of Lemma 3.9.

By Lemma 4.7, we see that W is a simply connected h—cobordism relative
to the boundary between M and SP x D2 — Y, where Y is a small open collar

neighborhood. Hence, by the h-cobordism theorem, we see that M is diffeomor—

phic to SP x D2. This completes the proof of Proposition 4.3 and hence Theorem
1.1 for the case p > q = 1. ||

Finally we note that when p = q = 1, Theorem 1.1 has been solved by
Alexander [A]. This completes the proof of Theorem 1.1.

REMARK 4.8. In fact, examining the proof of Alexander’s torus theorem in [R],
we obtain the following. Let M be a compact connected orientable irreducible 3-
dimensional manifold such that GM is difieomorphic to S1 x S1 and mu”) 2 Z.
Then N1 is difieomorphic to S1 x D2.

REMARK 4.9. When q = 1, C2 is difl'eo'morphic (homeomorphic if p = 2) to a
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knot exterior. Consequently, the conclusion of Theorem 1.2 does not hold when

q = 1.

REMARK 4.10. When q = 1, there are some inessential gaps in Wall’s argument
[Wa2]. For example, in the last paragraph of page 660, one cannot use a result
of Smale if q = 1, since in this case 7r1(66’1) E 7r1(SP x 51) # 1. However his

results remain valid.

Examining our proof of Theorem 1.1 carefully, we see that the same argu-
ment works for the proof of the following more general result.

THEOREM 4.11. Let f : SP x Sq —> ZPWH be a smooth embedding. where
EP+9+1 is a homotopy (p + q + 1)-sphere. We suppose that p 2 q 2 l and

p+q+1 2 5. Then the closure of one of the components onPJr'Y'H —— “S” :< 57)
is difl'eomorphic to SP x Dq“. Furthermore, when p + q + 1 = 4 (i.e., when

p = 9 and q = 1), it is homeomorphic to 52 x D2.

5. Proofs of Theorems 1.2 and 1.3

Proof of Theorem 1.2. We have only to show the theorem in the case
where fz is the standard embedding of SP x Sq. In other words, f2(SP x Sq)
is the boundary of the tubular neighborhood of the standardly embedded q~

sphere in 5PM“. By the proof of Theorem 1.1 together with our dimension

assumptions, f1(SP x S?) bounds an embedded manifold A diffeomorphic to
D1"+1 x Sq. Note that A is a tubular neighborhood of S, where S is the embedded
q—sphere corresponding to {0} x Sq C Dp+1 x Sq. Then by [H1], there exists
a diffeomorphism h of SW“hLl such that h(S) is the standardly embedded q-

sphere. Then the result follows from the uniqueness of tubular neighborhoods.
This completes the proof. [I

Proof of Theorem 1.3. By our assumption, the tubular neighborhood N,-

of fi(SP) is diffeomorphic to S19 x Dn‘P. Hence, when p 2 2, by Theorem
1.2, S" — N1 and S" — N2 are diffeomorphic to each other. Since 5” — N,- is

diffeomorphic to S" — fi(SP), we have the desired conclusion. When p = 1, the
result is obvious, since the isotopy class of an embedded circle in S" (n 2 4) is

unique ([H1]). This completes the proof. ||

Proof of Theorem 1.4. By the results of $34, one of the closures of the
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complements of the image is diffeomorphic (homeomorphic if p = 2) to a tubu-
lar neighborhood of an embedded codimension-‘Z sphere. Then the conclusion
follows from the results of Levine [L2], Shaneson [Sh], and Freedman [F]. |]

Theorem 1.5 follows from Theorems 1.2 and 1.4.

There have been a lot of results concerning embedded spheres in spheres
and their normal bundles. For example, see [H1, [H2, L1, Kel, Ke2, Ke3,
Ke4, Ma, HLS].
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