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On the suspension isomorphism for index braids in a singular perturbation problem

M. C. Carbinatto e K. P. Rybakowski

Resumo

Consideramos o sistema de equagoes diferenciais ordinarias singularmente
perturbado

ey = f(y,x,¢),

(Ee) .
z = h(y,z,¢)

em Y x M, onde Y é um espago normado de dimensao finita e M é uma variedade
suave. Assumimos que hd uma variedade reduzida de (E.) dada pelo grafico de
uma fungao ¢: M — Y e satisfazendo uma hipétise de hiperbolicidade com
a dimensao da variedade instavel sendo k € Nyp. Mostramos que para toda
decomposi¢do de Morse (Mp)pep de um conjunto invariante isolado compacto
So da equagao reduzida

z = h(¢(z),z,0)

obtemos, para € > 0 pequeno, uma decomposi¢ao de Morse (M) c)pep de um
conjunto invariante isolado S, de (E¢) tal que (S¢,(Mp,c)pep) estd préximo de
({0} x So, ({0} x My)pep) € a tranga indice (co)homolégica de (S, (Mp,c)pep) é
isomorfa & tranga indice (co)homoldgica de (So, (Mp)pep) translada a esquerda
por fator k.
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ABSTRACT. We consider the singularly perturbed system of ordinary dif-
ferential equations

(EE) E:.g=f('y,1:,5),
& = h(y,z,¢)

on Y X M, where Y is a finite dimensional normed space and M is a
smooth manifold. We assume that there is a reduced manifold of (E¢)
given by the graph of a function ¢: M — Y and satisfying an appropriate
hyperbolicity assumption with unstable dimension k € Ng. We prove that
every Morse decomposition (Mp)pe p of a compact isolated invariant set Sp

of the reduced equation
& = h(¢(z), z,0)

gives rises, for € > 0 small, to a Morse decomposition (Mp,)pep of an
isolated invariant set S¢ of (E¢) such that (Se, (Mp,e)pep) is close to ({0} x
So, ({0} x Mp)pep) and the (co)homology index braid of (Se, (Mp,e)pep)
is isomorphic to the (co)homology index braid of (So, (Mp)pep) shifted by
k to the left.
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1. Introduction

Consider the following singularly perturbed system of ordinary differential
equations

6@1 = f1((y1,y2,$),5),
(1.1) eY2 = f2((y1,v2,),€),
& = h((y1,¥2,7),€)

and assume the following

HyPOTHESIS 1.1.

(1) Y7, Y5 and X are finite dimensional normed linear spaces with k :=
dim Y3, U is open in X, € € ]0,00] is arbitrary, Zy is open in Yy x Yo xU
and Wy := Zy % [0, €].

(2) f1:Wo — Y1, fo: Wy — Y2 and h: Wy — X are maps such that, for each
e €0,2], f1(-,€), f2(-,€) and h(-,€) are locally Lipschitzian.

(3) ¢1:U — Y; and ¢2:U — Yo are C%-maps such that for all z € U,
(61(z), p2(z),z) € Zy and

fl(((bl (.’E),¢2(1}),$),0) = 07 f2((¢1($),¢2($),l’),0) =0.

(4) The maps f1(+,0), f2(-,0) are of class C* and the map h(-,0) is locally
Lipschitzian.

(5) For every (y1,Yy2,z) € Zo, the maps f1, fo are continuous at the point
((y1,y2,),0) and for every x € U the map h is continuous at the point
((¢1 (LL'), ¢2($), I)v 0)'

(6) For all x € U, rec(B11(z)) < 0, reo(Baz(z)) > 0, Biz(z) = 0 and
By (z) = 0, where

Bﬂ(m) = Djfl((¢1(m),¢2(m),a:),0), ],l € {1, 2}, zeU.

In singular perturbation theory the set

{(¢1(2), 62(z),2) |z € U}

is called the reduced manifold of (1.1). The corresponding reduced equation is
given by

(1.2) & = h((¢1(2), 2(x), z),0).

Part (6) of Hypothesis 1.1 is a hyperbolicity assumption on the reduced manifold
with respect to equation (1.1).

A natural question is whether the dynamics of the reduced equation (1.2)
‘survives’ in the dynamics of (1.1) for € > 0 small.
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In this paper, this question is considered in the context of Conley index
theory. In particular, we prove that every isolated invariant set Sy of the reduced
equation (1.2) gives rise to a family of isolated invariant sets S., € > 0 small,
of (1.1) whose Conley index h(S.) is equal to the wedge product of the pointed
k-sphere with the Conley index h(Sp) of Sp. Moreover every (partially) ordered
Morse decomposition (M,),ep of So gives rise to a family (M c)pep, € > 0
small, such that, for all such €, (M, .)pep is a Morse decomposition of S, and the
(co)homology index braid of (S;, (Mp,c)pep) is isomorphic to the (co)homology
index braid of (So, (Mp)pep) shifted by k to the left.

Let us now describe our results more precisely. By 7. denote the local
(semi)flow on Z, generated by the solutions of the differential equation (1.1)
and by my denote the local (semi)flow generated on U by the ordinary differen-
tial equation (1.2).

Our first result reads as follows.

THEOREM 1.2. Assume Hypothesis 1.1. Let So C U be a compact isolated
invariant set relative to mo and N C U be a compact isolating neighborhood of
So. Then there is an ng € |0, 00[ such that for every n € |0,m0], there exists an
g0 = €0(n) € ]0,Z] such that for every € € ]0, 0], the set

Ny :={(y1,¥2,2) € Zo |z €N, |y1 — d1()|ly; <71 and |y2 — d2(z)|y, <0},
s an isolating neighborhood relative to m. and
h(7e, Se) = =% A h(mo, So),
where Se = Se N 1= Invy, (Ny) and k is the dimension of Ys.

Now, for the rest of this paper, let P be a finite set and < be a strict partial
order on P.

Using the notation of the papers [5, 4, 17] we can state our second result as
follows.

THEOREM 1.3. Assume Hypothesis 1.1. Let Sy C U be a compact isolated
invariant set relative to mg and N C U be a compact isolating neighborhood of
So. Moreover, let (Mp)pecp be a <-ordered Morse decomposition of Sp relative
to mg. For each p € P, let V, C N be an isolating neighborhood of M, relative
to mo. For every n € ]0,00[, every € € |0, and every p € P, define

Se = Se, Ny i=Invg (Ny) and My e = Mp e v, 5 := Inva, ((Vp)y),
where,

(Vo)n = { W1, 92,%) € Zo | £ € Vp, |11 — $1(2)Ivy <71 and |y2 — ¢2(2)ly, <1}
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Then there exists an ny € ]0,00[ such that for every m € ]0,m0] there is an
g0 = €o(n) € ]0,2] such that for every e € ]0,¢€o), the family (Mpc)pep is a <-
ordered Morse decomposition for S, relative to me. Moreover, for every e € ]0, €],
for every K € I(<) and for every q € Z, there ezist isomorphisms

O5(K): Hy(me, Mc(K)) — Hg—k(mo, M(K))

and
OUK): H'*(mo, M(K)) — H(me, Me(K)
such that given (I,J) € I3(<) the diagrams

= Hq(ME(I)) " Hq(Ms(IJ)) —— Hq(Me(J)) — q—l(ME(I)) =
yesn EHEE) EHE) yoe-1(D
— Ho_k(M(I)) = Hy-(M(17)) = Hq—r(M(J)) = Hg—r-1(M(I)) =

~— HY(M(I)) <— HY(M(1J)) <— HI(M(J)) <— HIH(M(I)) <—
CHOL) e(1)} ez} e (n}

~ HIF(M(I)) = H*(M(1J)) < H*(M(J)) < HI*"H(M(I)) <
commute, where for every K € I(<), for every € € 10,&0] and for every q € Z,
Hy(M(K)) = Hq(mo, M(K)), HI(M(K)) i= H(ro, M(K)), Hy(M.(K)) =
Hy(me, Me(K)) and HI(M(K)) := H(me, M(K)).

Thus, the (co)homology index braid of (me,Se, (Mp,e)pep) is isomorphic to
the graded module braid obtained by shifting the (co)homology index braid of
(70, S0, (Mp)pep) to the left by k.

In addition, we show that the sets S. = S¢ v, are asymptotically indepen-
dent of N and 7 and the family 8. 8E [0, &0, where §0 = {0y, } x {0y, } X Sp and
§€ = S., € > 0, is upper-semicontinuous at € = 0 in the topology of Y7 x Y5 x X.
In this sense, the sets S, are close to {0y, } X {0y, } X Sp for € > 0 small. Analo-
gously, the sets M, . = M, . N, are asymptotically independent of N and n and
close to {Oy, } x {0y, } x M, for € > 0 small.

In particular, the above results show that the Conley index of Sy com-
pletely determines the Conley index of S. and the (co)homology index braid
of (mo, S0, (Mp)pep) completely determines the (co)homology index braid of
(e, Se, (Mp,e)pep). This answers the question posed above from the point of
view of Conley index theory.

Theorems 1.2 and 1.3 are special cases of the main result of this paper,
Theorem 4.3. A crucial step in the proof of that theorem is an application of the
suspension isomorphism results for (co)homology index braids established in [4,
17).
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This paper is organized as follows. In Section 2 we establish an isomorphism
result for (co)homology index braids in the case of the product of an arbitrary
local semiflow with an asymptotically stable linear flow. This result is required in
the proof of Theorem 4.3. In Section 3 we recall some useful facts about ordinary
differential equations on manifolds. In Section 4 we introduce a generalization
of problems (1.1) and (1.2) (see (4.1) and (4.2)) in which the open set U C X is
replaced by a finite dimensional differentiable manifold M and Hypothesis 1.1
is replaced by more general assumptions (see Hypotheses 4.1 and 4.2). We also
state our main result, Theorem 4.3. We then prove this theorem and the upper-
semicontinuity results alluded to before. We then discuss two cases in which
Hypothesis 4.2 is satisfied. We end the paper with an example showing that
Hypothesis 4.1 alone is not sufficient for the validity of Theorem 4.3.

We refer the reader to the papers [1, 2, 4, 5, 17] for various notations and
results used implicitly throughout this paper. The interested reader is also re-
ferred to the recent paper [6] for a continuation result of (co)homology index
braids in singularly perturbed hyperbolic equations.

2. A special product case

In this section let E be a Banach space and II be the global semiflow generated
by a Co-semigroup (T'(t))¢cjo,00[ Satisfying, for some constants M, B € ]0, 0],
the estimate

(2.1) IT(t)ulp < Me=Pulp, t€[0,00[, u€ E.

Moreover, let X be a metric space and m be a local semiflow on X. Let n’ =
m X Il be the product of 7 with II. Unless specified otherwise, whenever M
is a subset of X, we write M’ = M x {0g} C X x E. We will prove in this
section that, under the usual admissibility assumptions, whenever, relative to
m, S is an isolated invariant set and (Mp),cp is a (partially) ordered Morse
decomposition of S, then, relative to 7/, S’ is an isolated invariant set, (M;/;)pe p is
a Morse decomposition of S’ and the (co)homology index braid of (w, S, (Mp)pep)
is isomorphic to the (co)homology index braid of (n',S’, (M,),ep). Together
with the suspension isomorphism results established in [4, 17] this will be a
crucial step in the proof of Theorem 4.3.
We will first prove the following result.

THEOREM 2.1. Let B be a closed ball in E centered at 0 = 0.

(1) Let S be an isolated T-invariant set and (Y, Z) be an FM-index pair for
(m,8) such that Clx(Y \ Z) is strongly m-admissible. Then S’ is an
isolated 7'-invariant set and (Y x B,Z x B) is an FM-index pair for
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(7', S") such that Clxxp((Y x B)\ (Z x B)) is strongly ©'-admissible.
Let fy,z:Y/Z — (Y x B)/(Z x B) be the (base point preserving) map
induced by f:Y - Y x B, x — (z,0), and, for ¢ € Z, let

= Hy(fv.2): H(Y/2,{|2}) — H,((Y x B)/(Z x B),{[Z x BI}),
Tesp.
= H'(fy,2): HY(Y x B)/(Z x B),{[Z x Bl}) - H(Y/2,{[2]})

be the induced homology, resp. cohomology, map. The map fy,z is a
homotopy equivalence of pointed spaces so Fy, resp. F'9, is an I'-module
isomorphism for all q € Z.

For all q € Z, the map

(Fp) = (Fo)e .00 0 B(C) = 2'(C"),
resp. the map

(F) = (F9) 4 0o 5: ' (C') = B(C),

is independent of the choice of (Y, Z). Here, C (resp. C') is the categorial
Conley-Morse indez of (m,S) (resp. (n',S’)) as defined in [5] and @
(resp. ®') is the restriction of Hy, resp. H9, to C (resp. C'). For all

q € Z, define the morphism kq(m, S): Hy(m,S) — Hq(n', S") by
ka(m, §) = (Fy)

and the morphism k% (mw,S): HI(n',S") — HY(w, S) by
K¥(m, 8) = (F7),

kq(m,S) and k¥(w,S), q € Z, are I'-module isomorphisms.

Given an isolated m-invariant set S having a strongly m-admissible iso-
lating neighborhood and an attractor-repeller pair (A, A*) of S relative to
m, then S’ is an isolated 7' -invariant set having a strongly m'-admissible
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isolating neighborhood, (A, (A*)") is an attractor-repeller pair of S' rel-
ative to ' and the diagrams

(2.2)
— Hy(m, A) — Hy(m,S) — Hy(m,A*) —— Hy_1(m, A) —
\an(w,A) ‘an(w,S) lnq(w,A*) lnq_l(w,A)
—> Hy(n', A') — H,y(7', §') — Hq(n', (A%)) — Hg—1 (7', A') —
(2.3)
<~— HY(m,A) <— H%(7w,S) <—— HY(m, A*) <—— HI }(7, A) =—
n"(w,A)T n"(ﬂ',S)T T}cq(ﬂ',A') Tn"‘l(w,A)
<~— HY(n',A') <— HY(n',S") <— HI(n', (A*)") =<— HI (7', A") <——

commaute.

PROOF. Let S be an isolated 7-invariant set and (Y, Z) be an FM-index pair
for (m, S) such that Clx (Y '\ Z) is strongly m-admissible. Since, by (2.1), (B, 0) is
an FM-index pair for (II, {0}) with B strongly II-admissible, an application of [4,
Proposition 2.2] shows that (Y x B, Z x B) is an FM-index pair for (7, S’) such
that Clxxg((Y x B) \ (Z x B)) is strongly n’-admissible. Now, working with
the homotopy ((z,b),8) — (z,0b) from (Y x B) x [0,1] to Y x B we easily show
that fy z is a homotopy equivalence of pointed spaces. This proves part (1).

To prove the independence of (F,) of the choice of (Y, Z), let (Y,Z) be
another FM-index pair for (7, S) with Clx (17 \ Z ) strongly m-admissible. By [5,
Proposition 4.6, Lemma 4.8 and Proposition 2.5] we obtain sets Ly, Lo, W and
W such that (L1, L) C (Y NY,WnW), Zc W, Z c W and (L1, Ls), (Y, W)
and ()7, W) are FM-index pairs for (m, S) such that Clx(L; \ Lz2), Clx (Y \ 2)
and Clx (Y \ W) are strongly m-admissible. We thus obtain the commutative
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diagram
Hy(Y/Z,{(2]) — =L H (Y x B)/(Z x B),{[Z x B]})

H(Y/W,{W]}) —=") g (v x B)J(W x B), {{W x B]})
Ho(fL,,Ly)

Hy(L1/La, {[L2]}) H,((Ly x B)/(L2 x B),{[L2 x B]})

PR e Ho(f3 &) = s .
H,(Y/W,{[W]}) Hy((Y x B)/(W x B),{[W x B]})
4

Ho(f3 3)

Hy((Y x B)/(Z x B),{[Z x B]})

Hy(Y/Z,{1Z}})

whose vertical maps are inclusion induced. Hence, by [5, Proposition 4.5], these
maps are induced by the unique morphisms in C (resp. in C’) between the
corresponding objects of these connected simple systems. In particular, the
vertical maps are all bijective, and so we may invert the upward pointing arrows
and then compose the columns to obtain the commutative diagram

(24)  Hy(Y/Z,{(2]}) —=2 . H,(Y x B)/(Z x B),{|Z x B]})

|, |

olfp 3

Hy(Y/Z,{[Z]}) ———— H,((Y x B)/(Z x B),{[Z x B]})

where the vertical maps are induced by the corresponding morphism in C (resp.
in C’). Now an application of [4, Proposition 2.4] to diagram (2.4) completes the
proof of part (2) of the theorem in the homology case. The proof of the cohomol-
ogy case is analogous (reversing the arrows). To prove part (3) let (N1, N3, N3)
be an FM-index triple for (, S, A, A*) with Clx (/N7 \ N3) strongly m-admissible.
It follows that (N1, N3, N3) := (N1 X B, Na x B, N3 X B) is an FM-index triple for
(7', 8", A’, (A*)") such that Clx xg((N1 x B)\ (N3 x B)) is strongly n’-admissible.
In the notation of [4] we thus have the following commutative diagram
(2.5)
A(N/N3)/ A{INs]}) ~ AN /Na)/AN[Na]}) — AN /Na) [AN{INa]})
A(fNg.Ng)Y VAN N3) VAN Ny)
A(N3/N3)/A({[N3]}) > A(N{/N3)/ A({[N3]}) = A(N{/N3)/A({[N3]})
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with inclusion induced weakly exact rows (in view of [4, Proposition 2.8]). Apply-
ing [4, Proposition 2.7] to diagram (2.5) we obtain the induced long commutative
ladder with exact rows. An application of the (-,-)-operation to that ladder and
using part (2) we obtain diagram (2.2). This proves part (3) in the homology
case.

Now, in the notation of [17] and using [17, Proposition 3.4] we obtain the
following commutative diagram of cochain maps with weakly coexact rows

(2.6) 6*(1\/1/1\;2, {[N2]}) = C" (N1 /N3, {[N3]}) = C" (N2 /N3, {[Ns]})
fﬁ"lsz f;VIvNST fﬁ"%”s'f
C"(N{ /N3, {[N3]}) = C" (N /N, {[N3]}) = C" (Ns/N5, {[N3]}).

Applying [17, Proposition 2.2| to diagram (2.6) we obtain the induced long com-
mutative ladder with exact rows. An application of the (-,-)-operation to that
ladder and using part (2) we obtain diagram (2.3). This proves part (3) in the
cohomology case. O

Let (Mp)pep be a <-ordered Morse decomposition of S relative to . It fol-
lows that (M,)pep is a <-ordered Morse decomposition of S’ relative to 7’. Given
(I,J) € Iy(=<), (M(I),M(J)) is an attractor-repeller pair in M (IJ) (where
IJ = I'UJ) relative to m, so (M'(I),M’'(J)) is an attractor-repeller pair in
M'(1J) relative to 7.

Setting, for each K € Z(<) and for each ¢ € Z, Hy(M(K)) := Hq(m, M(K)),
HY(M(K)) := Hm,M(K)), Hy(M'(K)) := Hy(n', M'(K)), HI(M'(K)) :=
Hi(n', M'(K)), kq(K) := kq(m, M(K)) and k9(K) := s9(m, M(K)) and using
Theorem 2.1 we thus arrive at the commutative diagrams

—> Hy(M(I)) —> Ho(M(1J)) — Ho(M(J)) —> Hy—1(M(I)) —

lnq(l) lnq(l.]) lnq(J) lnq_l(])
— Hy(M'(I)) — Ho(M'(1J)) — Hq(M'(J)) — Hq—1(M'(I)) —

and

~— HI(M(I)) =— HY(M(1J)) =— HI(M(J)) ~— H""Y(M(I)) ~—
x(n} w1} o) Fwe=rany
~— HY(M'(I)) =— HY(M'(1J)) <— HY(M'(J)) =— HI"'(M'(I)) <—

Here, the lower horizontal sequence of the first (resp. second) diagram is the
homology (resp. cohomology) index sequence of (7', M'(1J),M'(I), M'(J)) and
the upper horizontal sequence of the first (resp. second) diagram is the homology
(resp. cohomology) index sequence of (mw, M (IJ), M(I), M(J)). We thus obtain
the following result.
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THEOREM 2.2. The family (kq(J))qez , J € (=), s an isomorphism from
the homology index braid of (m,S,(My,)pecp) to the homology index braid of
(', S", (Mp)pep)-

The family (k9(J))qez, J € Z(<), is an isomorphism from the cohomology
index braid of (7', S', (M},)pep) to the cohomology indez braid of (m, S, (Mp)pep).

3. Ordinary differential equations on manifolds

In this section we will recall a few facts about ordinary differential equations

on manifolds.

3.1. Let M be a differentiable manifold of class C? (p > 1) modeled on
some Banach space E. The set of all charts of M is denoted by Chart(M). Let
z € M be arbitrary. A chart a:U — E of M is called a chart at z if z € U.
The set of all charts at z is denoted by Chart,(M). A tangent vector at z is a
map u: Chart, (M) — E such that for every a, a € Chart,(M)

w(@) = D(@o o™ ')(a(z))-u(a).

The set of all tangent vectors at z is called the tangent space to M at z and is
denoted by T (M).

Let I be an arbitrary subset of R and ¢y € I be such that ¢ty € Clg(Z \ {t0}).
A map v:I — M is called differentiable at to if 7 is continuous at ty and for
some, hence (by the chain rule) every, chart o of M at z = ~(ty) the map a0~
is differentiable at to into E. In this case the chain rule implies that the map
u: Chartz(M) — E, a— (aov)(t), is a tangent vector to M at z. We denote
u by 4 (to) or simply by #(to).

Let Y be a Banach space. A map f:V — Y, where V is a neighborhood of
x in M (resp. V is open in M), is called differentiable at = (resp. of class CP) if
for some, and hence every, chart a of M at z, the map f oa™! is differentiable
at a(x) (resp. of class CP), as a map from the Banach space E to the Banach
space Y. We then define the map Df(z) = DM f(z): To(M) — Y by

Df(z)u= D(foa ') a(z)).ula), u€ Ty(M).

It follows from the chain rule and the definition of a tangent vector that this
definition is independent of the choice of a € Chart,(M).

Let M be differentiable manifold of class CP modeled on a Banach space
E. A map f: M — M is called differentiable at x (resp. of class CP) if f is
continuous at z (resp. f is continuous) and for every 8 € Chart f(x)(ﬂ ) the map
o f (defined, by continuity of f at z resp. by continuity of f, on a neighborhood
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of z, resp. on an open subset of M) is differentiable at z, resp. is of class CP.

—

We define the map Ty f: T;;(M) — Ty(5)(M) by

Ta:f(y'.) =Y

where

v(B) = DM(Bo f)(w)(u), B € Charty(z)(M).

3.2. If I, ty and Y are as in subsection 3.1, v: I — M is differentiable at tq,
v(I) € V, V is a neighborhood of z = v(ty) in M and f:V — Y is differentiable
at z, then an application of the chain-rule shows that 7 := f o v is differentiable
at to as a map from R to Y and

Y (to) = DM f(2).A(to).

3.3. The set
TM) = [ ({2} x To(M))

TEM
is called the tangent bundle of M. If a: U — E'is a chart of M at z, then define

the map
Xa: | ({2} X Te(M)) = a(U) X E,  (z,u) — (a(z), u(e)).
zeU
The set of all the maps xq, a € Chart(M), is a CP~-atlas of T'(M), making
T(M) into a differentiable manifold of class CP~! if p > 2 and a topological

manifold if p = 1, modeled on the Banach space F x E.
If f: M — M is of class CP then we define the map T'f: T(M) — T (M) by

Tf(z,u) = (f(z),Tef(w), (z,u)€ TM).
It follows that T'f is of class CP~1.

3.4. Amap ffM — M is called locally Lipschitzian if f is continuous and
for some and hence every choice of charts a € Chart(M) and 8 € Chart(M) the
map B o foa™! is locally Lipschitzian, as a map from the Banach space E to
the Banach space E.

3.5. Suppose M is Hausdorff, let p > 2 and F be a locally Lipschitzian
vector field on M, i.e. a locally Lipschitzian map F: M — T(M) such that
for every x € M, F(z) = (z, F1(z)) where Fi(z) € T(M). Fi(z) is called the
principal part of F. By slightly modifying the proofs of [12, IV. 2, Theorems 2,
3 and 5] we can show that under these assumptions the initial value problem for

the ordinary differential equation
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generated by F on M is well-posed. This means that for every o € M there
are uniquely determined numbers a,, € [—00,0[ and wy, € |0, 00| and a unique,
maximally defined differentiable function zz,(-):|az,,wz,[ = M, t = z4,(t)
such that

j’ro(t) = Fl(mxo(t))’ te ]axo’wzo[

with z,,(0) = zo. Moreover, the set

Qn = U ]azo’wxo[ X {IL‘()}
ToEM
is open in R x M and the map II: Q — M, (¢, zo) — Z4,(t) is continuous. II is
a local flow on M and 7 := ITj(q;n([0,00[ x M)) IS & local semiflow on M. II, resp.
7 is called the local flow, resp. the local semiflow, generated by (3.1). We write
zollt (resp. xo7t) instead of II(t, zg) (resp. (7 (t,zo))).

3.6. Let Y be a Banach space and Z; be an open set in the product manifold
Y x M. Then Zj has a canonical structure of differentiable manifold of class C?.
Suppose f: Zg — Y and h: Zyg — T(M) are locally Lipschitzian maps such that
for all (y,z) € Zy, h(y,z) = (y, h1(y,z)), where hy(y,z) € T(M). Then there
is a unique locally Lipschitzian vector field F' on the manifold Zy such that for
every (y,z) € Zp and every chart 3 of Zj at (y, z) of the form g = Idy xa, with
UopeninY, y € U and a € Chart, (M), the principle part Fi(y,z) of F(y,z)
has the form

Fl(y’x)(ﬁ) = (f(y’ x)7hl(y’x)(a))'

Thus subsection 3.5 implies that the ordinary differential equation
y=f(y,z)
T = hl(ya "D)

regarded, by definition, as the ordinary differential equation generated by F' on
Zy, generates a local (semi)flow on Zj.

4. A singular perturbation result
Consider the following hypotheses:

HYPOTHESIS 4.1.

(1) Y is a finite dimensional normed linear space, M is a finite dimensional
(boundaryless) second countable paracompact differentiable manifold of
class C?, € € 10,00[ is arbitrary, Zy is open in Y x M and Wy :=
Zo x [0,€].

(2) f:Wo =Y and h: Wy — T(M) are maps such that, for each € € ]0,g],
f(-,€) and h(-,€) are locally Lipschitzian.
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(3) For ((y,x),e) € W, h((y,x),e) = (x7h1((y7 fL‘),E)) with hl((y,a:),e) =
Ty (M) .

(4) ¢: M — Y is a C*-map such that for all x € M, (¢(z),z) € Zo and
f((¢(z), z),0) = 0.

(5) The map f(-,0) is of class C? and the map h(-,0) is locally Lipschitzian.

(6) For every (y,z) € Zy the map f is continuous at ((y,z),0) and for every
x € M, the map h is continuous at ((¢(z),z),0).

HYPOTHESIS 4.2. ag, bg € R are such that ag < 0 < 1 < by and B: M x
Jao,bo[ — L(Y,Y) is a locally Lipschitzian map such that B(z, \) is hyperbolic
for every (z,\) € M x [0,1], B(z,0) = Df((¢(z),z),0) and B(z,1) = B for
every x € M, where B € L(Y,Y) has Morse-index k € Ny.

Here, for normed spaces Z; and Zy, L£(Z1,Z5) is the normed space of all
bounded linear maps from Z; to Z,.
By subsection 3.6, for every e € ]0,Z], the ordinary differential equation
ey = f((y,z),¢€),
& = h1((y,),€).

generates a local (semi)flow 7, on Zj.

(4.1)

In the same way the ordinary differential equation

generates a local (semi)flow my on M.
Given M C M and 7 € |0, 00 define

[M]} = {(y,2) € Zo| z€ M and |y — ¢(z)ly <n}.
We can now state the main result of this paper.

THEOREM 4.3. Assume Hypotheses 4.1 and 4.2. Let Sy C M be a compact
isolated invariant set relative to mo and N C M be a compact isolating neigh-
borhood of So. Then there is an 1o € ]0,00[ such that for every n € |0,m0], there
exists an 9 = €o(n) € ]0,2] such that for every e € |0,€o], the set [N]$ is an
i1solating neighborhood relative to m. and

h(me,Se) = Z* A h(mo, So),

where Se = Se N, = Invy ([N]2).

In addition, let (Mp)pep be a <-ordered Morse decomposition for Sy relative
to mo. For each p € P, let V, C N be an isolating neighborhood of M, relative
to my. For every n € ]0,00(, every € € |0,2] and every p € P, define

Mo = My o b = Inv,rE([Vp]g).



14 M. C. CARBINATTO — K. P. RYBAKOWSKI

Then for every n € ]0,m0] there is an €y = €o(n) € ]0,Z] such that for every
e € |0,8], the family (Mpe)pep is a <-ordered Morse decomposition for Se
relative to m.. For every € € 10,80 and for every K € (=), set

M(K):== |) OSn(Mpe, M)
(P9)EKXK
Then for every € € ]0,%o], for every K € Z(<) and for every q € Z, there exist
isomorphisms

O3 (K): Hy(me, Me(K)) — Hq—k(mo, M(K))

and
OYK): H'™*(mo, M(K)) — H(me, Mc(K))
such that given (I,J) € Zy(<) the following diagrams

— Hy(Mc(I)) — Hq(M.(1J)) —> Hq(Mc(J)) —> Hq—1(M:(I)) —
yesn IR 1950 yo5-1(D
— Hy—i(M(I)) > Hq—r(M(1J)) = Hq—r(M(J)) > Hq—k-1(M(I)) -

— HI(M.(I)) ~— HY(M,(1J)) ~— HI(M(J)) ~— HI"}(M,(I)) ~
CHOL o1} oz(N} oz~ '(n}

~ HI™¥(M(I)) < H"™¥(M(17)) < HI*(M(J)) < H** 1 (M(I)) <
commute, where for every K € I(<), for every € € |0,&o] and for every q € Z,
Hy(M(K)) := Hgy(mo, M(K)), HI(M(K)) := H(m, M(K)), Hy(M:(K)) :=
Hy(me, Mo (K)) and HI(M.(K)) := H(m., Mc(K)). Thus, the (co)homology in-
dex braid of (7, Se, (Mp,c)pep) is isomorphic to the graded module braid obtained
by shifting the (co)homology index braid of (mg,So, (Mp)pep) to the left by k.

The proof of Theorem 4.3 requires various auxiliary results.

PROPOSITION 4.4. Let Zg be the set of all (u,z) € Y x M such that (u +
o(x),x) € Zyg. Then Zo is open in'Y x M. The map ®:Zy — 25 defined by
B(y,z) = (u,z) := (y — #(z),z) is a C2-diffeomorphism with inverse ®=1: Zy —
Zy given by @~ Y(u,z) = (y,z) := (u+ @(x),z). For e € )0,2], let 7. be the
conjugate of . via P i.e.

(u, 2)Tet := (@~ (u, z))7.t),
where (u,z) € Zo and t € [0,00[ is such that (®~!(u,z))mt is defined. Then T

is the local (semi)flow generated on Zy by the equation

EU = f((u» 113),6)

4.3 X
( ) T = h,l((u, (L‘),E),



ON THE SUSPENSION ISOMORPHISM IN A SINGULAR PERTURBATION PROBLEM 15
where, for ((u,z),e) € Wy := Zy x [0,],

j((u,:c),s) = f((u+ ¢(z), z),€) — eDM()h((u + $(z), z),€)
h'l((u’ .’L‘), 5) = h’((u + d)(:l:), :E),E).

Proor. This is a simple calculation using subsections 3.2 and 3.6. O

REMARK 4.5. Since semiflow conjugation leads to the same Conley-index
and isomorphic (co)homology index braids (cf. [15, Proposition II.3.2], [4, The-
orem 3.2] and [17, Theorem 4.2]), it follows from Proposition 4.4 that we may
and will assume without loss of generality that ¢ = 0 in Hypothesis 4.1. We will
also write [M],, for [M]?, i.e.

My :={(y,z) € Zp| z€ M and |yly <7n}.

Our hypotheses on M and Whitney Imbedding Theorem imply that there is
a finite dimensional normed space E and an imbedding e: M — E of class C?.
We define the metric daq on M such that e is an isometry.

Let 8 = Idg and x: T(E) — E X E be as in subsection 3.3. It follows that x
is of class C* and so xgoTe: T(M) — ExE is of class C'. In particular, ygoTe
is continuous. Moreover, subsections 3.1 and 3.3 imply that, for (z,u) € T'(M)

xsTe(z,u) = xp(e(z), Tre(w)) = (Be(z), DM(B o e)(z)(w))
= (e(z), DMe(z)(w)).
It follows that the map I': T(M) — E, (z,u) — DMe(z)(w), is continuous.

PROPOSITION 4.6. Let g: Wy — T(M) be a map such that
(1) for each € €]0,€], g(-,€) is continuous,

(2) g is continuous at ((0,2),0) for every z € M,
(3) for each ((u,z),e) € Wy,

g((ua 113),6) == (xsgl((uv :E),E)) with gl((us .’E),E) € Tx(M)

Let M be compact in M. Then there is an 1} € ]0,00[ and an €' € ]0,€] such
that [M],, C Zo and

sup{ [T(g((u,2),€))le | luly <m, z€ M, e€]0,]} <oo.

For each n € N, let €, € |0,€'], an, by € [0,1], un:R - Y and z,:R — M
be such that e, — 0, sup,cnSuPer [Un(t)ly < 1) and for every n € N, z, is
differentiable into M and ((un(t),zn(t)),en) € Wo. Moreover, assume that one
of the following alternatives holds:

(1) limy_ o0 Un(t) = 0 for all t € R and &, (t) = g1((anun(t), Tn(t)), bnen) for
allneN and t € R;
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(71) Zn(t) = eng1((anun(t), zn(t)), bnen) for alln € N and t € R.

Under these assumptions there is a subsequence of (z,)n which converges in
(M, d ), uniformly on compact subsets of R, to a function z: R — M which is
differentiable into M and such that, in case (i),

E(t) = gl((O,.’E(t)),O), teR

and, in case (i),
z(t)=0, teR.

PROOF. Assumption (2) and compactness of M imply the existence of 7]
and ¢’ with the desired properties. Set y, = eo z, for n € N. By subsection 3.2
we have that, for each n € N, y,, is differentiable into E and, in case (),

y;(t) = DMe(mn(t))-gl((anun(t)’mn(t))a bnEn)
=T'(9((anun(t), zn(t)), bnen)), tER,

while in case (i)

Yn(t) = DMe(zn(t))-eng1((antn(t), Zn(t)), bnen)
= e, (9((anun(t), zn(t)), bnen)), tER.

By our assumptions,
(4.4) sup sup |T'(g((anun(t), zn(t)), bnen))|lE < 00.
neN teR

This together with the fact that all functions y, lie in the compact set e(M)
implies, by Arzela-Ascoli Theorem, that there is a subsequence (y,), again de-
noted by (y»)» and a continuous function y: R — E such that (y,), converges
to vy in E, uniformly on compact subsets of R. For every t € R a subsequence of
(zn(t))n (depending on t) converges to some point 2(t) € M (as M is compact
in the metric space (M, daq)). Continuity of e implies that e(z(t)) = y(t). Since
e is a homeomorphism of M onto the topological subspace e(M) of E, it follows
that 2: R — M is defined and continuous and e oz = y. Moreover, z,(t) — z(t)
in (M, da), uniformly for ¢ lying in compact subsets of R. Thus, for each t € R,
L(g((anun(t), zn(t)), bnen)) — IT'(g((0,2(t)),0)). Together with (4.4) this implies
that for all ¢, tp € R

yn(t) — Y (o) = / T(g((antin(5), 2 (5)), bnen)) ds — [ T(g((0,2(s)),0)) ds

to

in case (7) and

Yn(t) — yYn(to) = /; enl(9((@nun(s), n(s)), bn€n))ds — 0
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in case (i7). Thus

y(t) — y(to) = / I(9((0,2(s)), 0)) s, t, fo € R

in case () and
y(t) - y(tO) = Oa ta to € R
in case (it).
It follows that y is differentiable into E and

(4.5) y'(t) = T(g((0,2(t)),0)) = DMe(x(t))(91((0,2(1)),0)), tE€R
in case (i) and
(4.6) y'(t)=0, teR

in case (¢).

Since e(M) is a C?-submanifold of E, it follows that y is differentiable into
e(M) and since e is a C?-diffeomorphism from M to e(M) it follows that z is
differentiable into M. By subsection 3.2

(4.7) y'(t) = DMe(z(t))(£(t)), te M.

Since e is an imbedding, it follows that, for every z € M, the map T,e: T,,(M) —
Te(z)(E) is injective. Since DMe(z)(u) = (Twe(u))(B) for all u € Ty(M) (where,
as before, § = Idg) it follows that the map DMe(z): T,(M) — E is injective.
Thus (4.5), (4.7) and (4.6) imply that

&(t) = 91((0,2(¢)),0), teR
in case (¢) and
z(t)=0, teR

in case (i7). The proof is complete. O
For each ¢ € ]0,g] and A € [0,1], by Subsection 3.6, the solutions of the

differential equation

eu = (1= A)(f((u,z),e) — Df((0,z),0)u) + B(z, A)u,

(4.8) & = hi(((1 = N, z), (1 — N)e)

generate a local (semi)flow 7 , on Zo.
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PROPOSITION 4.7. Let € € |0,2] be arbitrary and (An)n be an arbitrary se-
quence in [0, 1] converging to some A € [0,1]. Then m_ , — m_, asn — oo.
ProoOF. Consider the differential equation
ew = (1—-A)(f((u,z),e) — Df((0,z),0)u) + B(z, \)u,
(4.9) z=h1(((1 = A)u,z),(1 - Ae)

A=0

Since the right hand side of (4.9) defines a locally Lipschitzian vector field on

Zo X |ag, bo|, it follows that the solutions of (4.9) generate a local (semi)flow IT =

II. on Zg X Jag, bo[. The definition of II, shows that, for all ((u,z), ) € Zo %[0, 1]

and all t € [0, co[, ((u,z), A)IIt is defined if and only if (u,z)7, ,t is defined and

then ((u,z), \)IIt = ((u,z)m; zt,A). Now continuity of II and openness of the

domain of definition of IT in Z x R imply the assertion of the proposition. O
Define the maps T1: Wy — Y and T5: Zyg — Y by

Ti((u, x),€) = f((u,2),€) — f((v,2),0), ((u,z),€) € Wo
and
Ty (u,z) = f((u,2),0) — £((0,2),0) — Df((0,2),0)(u), (u,z) € Zo.
Since £((0,),0) = 0 for all z € M it follows that
F((u, ), €) = T1((u, ), €) + Ta(u, z) + DF((0,z),0)(u), ((u,z),€) € Wo.

LEMMA 4.8. Let M be compact in M. Then there is an 15 € ]0,00[ such
that [M],, C Zo and whenever z € M, X € [0,1] and u:R — Y is a solution of
the equation

= (1—-ANTs(u,z) + B(z, \)u
lying in [M]y,, then u = 0.
PROOF. Since M be compact in M and Zj is open in Y x M, there exists
an 7 = 7j(M) € )0, oo[ such that [M]5 C Zy. For each n € ]0,7] define

Cn)= sup [Tp(u,z)ly.
(u,z)€[M],

Using the mean-value theorem implies that
(4.10) lim C(n)/n=0.
n—0+

If the lemma does not hold, then there are sequences (1,)n, (Zn)n and (M), in
10,7], M and [0, 1], respectively, with n, — 0, and there is a sequence (u,), such
that for each n € N, u,,: R — Y is differentiable,

Un(t) = (1 = An)T2(un(t), Tn) + B(Tq, An)un(t), teER
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and |un(0)]y = 7,. We may assume that z, — z € M and )\, — X\ € [0,1] as
n — 00. Set Uy 1= Up/Np, n € N. Then

(4.11) sup [Un (t)|y < C(1n)/1n + sup | B(zn, An)lc(v,v)-
teR neN

Since, for each t € R, {vn(t) | n € N} lies in a compact subset of Y, us-
ing (4.10), (4.11) and Arzela-Ascoli theorem we see that a subsequence of (vy,)x,
again denoted by (vy)n, converges, uniformly on compact subsets of R, to a
function v: R — Y which is differentiable and such that

o(t) = B(z, \u(t), teR.

Since B(z, A) is hyperbolic, it follows that v = 0. However, |v(0)| = 1, a contra-
diction which proves the lemma. g

Let M C M be compact and 77 = (M) € ]0,c0[ be such that [M]5; C Z.
Let 7o(M) be the set of functions o:R — Y x M such that o(t) = (0, z(t)),
t € R where z is a full solution of 7 lying in Inv,,(M). Moreover, for n € ]0,7),
€ € ]0,g] and X € [0,1], let 7'(M,n,e, ) be the set of all full solutions of T A
lying in Invy  ([M]y). Since Invgy, (M) and Invy  ([M],) are compact in M
and Y x M respectively, it follows from [2, Proposition 2.7] that

LEMMA 4.9. The set To(M) is compact in C(R — Y x M) and translation
and cut-and-glue invariant. Moreover, for n € 10,7, € € ]0,g] and X € [0, 1], the
set T'(M,n, e, \) is compact in C(R — Y X M) and translation and cut-and-glue
wmvariant.

PROPOSITION 4.10. Let M be compact in M. Then thereis ann’ =n'(M) €
10,7(M)] such that whenever n € ]0,7'], (ex)x is a sequence in |0,2] converging
to 0 and (A)« s an arbitrary sequence in (0, 1] then 7, — Ty = To(M), where

T =T'(M,n,6x,M); & €N.

PROOF. Let ' = max(n},n5), where n] and ¢’ are as in Proposition 4.6 with
g = h and 7}, is as in Lemma 4.8. Let n € ]0,7n'] be arbitrary. It is enough to prove
that whenever (&, ), is a sequence in |0, €'] converging to 0, (A, )n is a sequence in
[0,1] converging to A € [0,1] and (on)n is a sequence such that, for each n € N,
on is a full solution of 7, , lying in [M], and on(t) =: (un(t),zn(t)), t € R
then (i) (un)n converges to u = 0 in Y, uniformly on R and (i) (zn)n has a
subsequence converging in (M, dq), uniformly on compact subsets of R, to a
full solution of 7y lying in M.

Suppose (i) is not true. Then by translation invariance and passing to a
subsequence if necessary, we may assume that there is a § € ]0, 00[ such that
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|un(0)]y > 6 for all n € N. Define functions v,:R — Y and {:R — M, n €N,
by

vnlt) =unlext), &lt) =oulent), tER.
It follows that

En(t) = enh1((1 = Ap)un(t), €n(t)), (1 — An)en), n €N, t € R.

An application of Proposition 4.6 (with g = h) shows that, by passing to subse-
quences if necessary, we may assume that (&), converges (M, da), uniformly
on compact subsets of R, to a constant £ € M. We also have that

Un(t) = (1 = An)T1((vn(t),€n(t)), €n)
+ (1 = An) T2 (vn(t), &n(t)) + B(&n(t), An)un(t), t € R.

By our assumptions

(4.12)

(4.13) lim sup |T71((u,2),€)ly =0.

e=0% (u,z)e(M],
Since, for each t € R, {v,(t) | n € N} lies in a compact subset of Y, it follows
from (4.13), (4.12) and Arzela-Ascoli Theorem, passing to subsequences if neces-
sary, that (v,), converges in Y, uniformly on compact subsets of R to a function
v:R — Y which is is differentiable into Y and

0(t) = (1 = NTa(v(t), €) + B(€, M)v(t), teR.

It follows from Lemma 4.8 that v = 0, a contradiction as |v(0)]y > §. This
shows that (%) is satisfied.

Now (z) and an application of Proposition 4.6 with g = h shows that there
is a subsequence of (z,), which converges in (M, dx,), uniformly on compact
subsets of R, to a function z: R — M which is differentiable into M and such
that

z(t) = h1((0,2(¢)),0), teR.
Thus z is a full solution of g lying in M. This proves (it). O

Proposition 4.10 has several important corollaries.

COROLLARY 4.11. Let M be compact in M, n'(M) be as in Proposition 4.10
and ny, n2 € ]0,n'(M)] be arbitrary. Then there is an € € ]0,] such that for all
e €]0,¢] and all A € [0,1]

T/(M3 m,é&, ’\) = T/(Ma 72, 51)\)-
PROOF. Suppose e.g. that n; < 7,. If the corollary is not true then we

may assume that there is a sequence (e,), in 0, Z] converging to zero, there is a
sequence (A, ), in [0, 1] and there is a sequence (0,), wWith o, € 7/ (M, 2, €k, Ax)
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and 0, (0) & [M],, for all K € N. If (ux(t), zx(t)) := 0x(t) for k € Nand t € R
then it follows that |u,(0)| > m; for all K € N. However, Proposition 4.10 implies
that a subsequence of (u,), converges to zero in Y. This contradiction proves
the corollary. O

COROLLARY 4.12. Let My, My be compact in M, n'(M,), n'(Ms) be as in
Proposition 4.10 and n1, 92 € |0, min(n’ (M), n'(Mz))] be arbitrary. Suppose that
both My, and M, are isolating neighborhoods of the same isolated invariant set
S relative to mg. Then there is an € € ]0,€] such that for all € € ]0,€] and all
A€ [0,1]

T'(My,m,e,\) = T'(Mz,m2,¢€, ).

PROOF. If the corollary is not true then there is a sequence (g4), in ]0,]
converging to zero, there is a sequence (), in [0,1] and there is a sequence
(0k)x with o, € T'(Ma2,m2,65,Ax) and o.(0) € [Mi],, for all kK € N. Set
(ur(t), zx(t)) := 0k(t) for K € N and ¢t € R. Using Proposition 4.10 and taking
subsequences if necessary, we may assume that (u,), converges to zero in Y and
(zx)x converges in M, uniformly on compact subsets of R, to a full solution z
of mg lying in S. In particular, z(0) € Intaq(M;) so z,(0) € Intprq(M;) and
|uk(0)]y < m for k € N large enough. It follows that o, (0) € [M;],, for all such
k, a contradiction which proves the corollary. (]

COROLLARY 4.13. Let Sy and N be as in Theorem 4.3. Let n' = n'(N)
be as in Proposition 4.10 with M = N. Then for every n € |0,n'] there is an
e1(n) € ]0,€|] such that for every € € ]0,e1(n)] and for every A € (0,1] the set
[N], is a m; y-isolating neighborhood of Se,x = Se,Nn = Invy  ([N]y).

PRrROOF. If the corollary is not true, then there is an n € ]0,7n’] and sequences
(ex)x and (A.)x in ]0,€] and [0, 1] respectively such that (e,), converges to zero
and [N], is not a 7,_, -neighborhood for all Kk € N. For k € N set m,, = m__,
and 7, = 7'(N,n, ex, Ax). Moreover, set 7o = 7o(IN). Then

Invy, (N) = Invg, (N) ¢ Inty x a([N]y)

for all k € N.

Now, by Proposition 4.10, 7,, — Zp. Since Invy, ([N],) = {0} X Inv,,(N) C
Inty x m([N]), it follows from [1, Proposition 2.4] that, for all x € N large
enough, Invz, ([N],) C Intyxa([N]y), a contradiction which proves the corol-
lary. O

COROLLARY 4.14. Let So, N, (Mp)pep and (Vy,)pep be as in Theorem 4.3.
Let ' =n'(N) be as in Proposition 4.10 with M = N .
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For all n € 0,00, € € ]0,2], A € [0,1] and every p € P, define S;» =
SeaNp = Inve ([N]y) and

Mp,e,,\ = MPyEyA,Vp,TI = Invﬂ;',\([VP]n)'

Then for every n € ]0,n'] there is an e2(n) € 0,€] such that for all € €]0,e2(n)]
and X € [0,1] the family (Mp.e \)pep is a <-ordered Morse decomposition of S¢ x
relative to 7r;’ » and for every p € P the set [Vp], is a 7r;, -tisolating neighborhood
Of Mp_e_,\.

PROOF. If the corollary is not true, then there is an 7 € ]0,7'] and sequences
(ex)x and (Ax)x in ]0,2] and [0, 1] respectively such that (e). converges to zero

and, for every k € N, either the family (Mp ., A, )pep is not a <-ordered Morse

/

decomposition of S, . relative to

., or else, for some p € P, the set [V;],
is not a m, , -isolating neighborhood of My, ...

For k € N set m, = ﬂ‘éml\n and 7, = T'(N,n,&x, Ax). Moreover, set 7o =
To(N).

Our hypotheses imply that ({0} x Mp)pep is a <-ordered Zo-Morse decom-
position. Moreover, for every p € P,

Invz, ([Vpln) = {0} x M} C Inty xm([Vp]n)

and
Invr, ([Vpln) = Inve, ([Vplg) = Mpe, 2., KEN.

Now, by Proposition 4.10, 7, — 75. Therefore, it follows from [2, Theo-
rem 3.3] that, for all £ € N large enough, the family (M. x.)pep is a <-ordered
Morse decomposition of S, _ ). relative to W;N’)‘N and, for all p € P, the set [V}],
is am,_, -isolating neighborhood of M, ., 1., a contradiction which proves the

corollary. 0

We can now give a

PrROOF OF THEOREM 4.3. Let N be as in Theorem 4.3. Let n'(N) and
for every n € ]0,7'(NV)] let 91(n) be as in Corollary 4.13. Set 1o = n’(IN) and
eo(n) = €1(n), n €]0,7m0). Let n €]0,m0] and € € ]0, 9(n)] be arbitrary.

By Corollary 4.13 for every A € [0,1] the set [V], is a 7 ,-isolating neigh-
borhood of S¢ . Being compact, the set [N], is strongly 7ré, y-admissible for
all A € [0,1] and (7 , )x-admissible for every sequence (A:)x in [0,1]. Thus
Proposition 4.7 and the Conley-index continuation principle, see e.g. [15, Theo-
rem 1.12.2], imply that

h(me, Se) = h("ré,o’ Se0) = h(ﬂ';,l» Se,1)-
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Now 7r;,1 = T X o, where 7. is the (semi)flow generated by the linear differential
equation

ey = By.
Since B is hyperbolic with Morse-index k, it follows that S.; = {0} x Sy and
h(7e,{0}) = £*. Thus h(n ,,Se1) = ZF A h(mo, So) so

h(me, Se) = ¥ A h(mo, So).

This proves the first part of Theorem 4.3. Now let M, and V), p € P be as
in Theorem 4.3. For n € ]0,70] let €2(n) be as in Corollary 4.14. Set Zy(n) =
min(eo(n), €2(n)), n € 10, o).

Let n € ]0,m0] and € € ]0,20(n)] be arbitrary. By Corollary 4.14 for every A €
[0, 1] the family (M, x)pep is a <-ordered Morse decomposition of S ) relative
to m y and, for every p € P, [V,], is a m_ ,-isolating neighborhood of M, . x.
Together with what we have established so far it follows that all assumptions
of the continuation principle for (co)homology index braids ([3, Theorem 3.7]
with A = [0,1]) are satisfied. Now that continuation principle implies that
the (co)homology index braid of (e, Se,(Mpc)pep) = (7L o, Se0, (Mp.e0)pep)
is isomorphic to the (co)homology index braid of (7 ;,S:1,(Mpe,1)per). The
(semi)flow 7. is clearly conjugate to the product semiflow 77 x 7} where 77
resp. 77 is the (semi)flow on a finite-dimensional Y~ resp. Y* generated by
the linear differential equation

ey =B~y resp. ey = BTy

where B~ € L(Y~,Y ) resp. BY € L(Y,Y™) is a linear operator with all
eigenvalues having negative resp. positive real parts. Thus 7 ; is conjugate to
the (semi)flow (mg x 7#F) x 7. Now Theorem 2.2 implies that the (co)homology
index braid of (7. ;,Sc1,(Mp,e,1)pep) is isomorphic to the (co)homology index
braid of (mg x ©F,So X {Oy+}, (Mp x {Oy+})pep)-

Since k = dim Y *, an application of [4, Theorem 3.1] and [17, Theorem 4.1]
now completes the proof of Theorem 4.3. O

The sets Se,n,n and Mp . N, in Theorem 4.3 are asymptotically independent
of N and n. More precisely, the following result holds.

PROPOSITION 4.15. Let So and (Mp)pecp be as in Theorem 4.3. Let Ny C M
and Ny C M be two compact isolating neighborhoods of So, n'(N1), n'(N2) be as
in Proposition 4.10 and 1, 12 € |0, min(n’(N1),n'(Nz2))] be arbitrary. Moreover,
forp € P let Vi, C N1 and Vo, C Na be two compact isolating neighborhoods
of My, relative to mg. Then there is an € € |0, ] such that for all € € ]0, ]

Se,Nvym = Se, Ny and Mp e vy, my = My e vy, P E P.
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ProoOF. This is an immediate consequence of Corollary 4.12. O

Moreover, the following upper-semicontinuity result obtains.

PROPOSITION 4.16. In the notation of Theorem 4.3

lim su inf +dm(z,2)) =0
Jm s (lly + du(@,2)

and for every p € P,

lim  sup inf (lyly +dm(z,2)) =0.
e—0+ (y,m)GMp,e ZGMP(I |

Proor. This follows easily from Proposition 4.10. O

Let us discuss two special cases of Theorem 4.3. In the first result we use the
following common notation: if, for i € {1,2}, C; and E; are sets and a;: C; — E;
is a map, then a; X as:Cy x Co — E; X Ej is the product map defined by

(a1 X az)(c1,c2) = (a1(c1), az(ez)), (c1,¢2) € Cy x Cs.

COROLLARY 4.17. Assume Hypothesis 4.1. In addition, assume that Y =

Y1 X Yy where Y7 and Y, are finite-dimensional normed linear spaces. Suppose
that, for allx € M

Df((¢(z),),0) = Bi(z) x Bz(x)

where Bi(z) € L(Y;,Y;), 1 € {1,2}, red(B;1(z)) < 0 and reo(By(x)) > 0.
Let k be the dimension of Ys.

Then Hypothesis 4.2 is satisfied and so, in particular, the assertions of The-
orem 4.3 hold.

PRroor. Let ag = —1 and by = 2. Define B: M X ]ag, bo[ — L(Y,Y) by
B($7 )‘) = (1 - A)Df((d)(x),m),O) o )‘§$ (.’B, /\) € M x ]a()a bO[

where B = (—Idy,) x Idy,. Then, clearly, B: M x Jag, bo[ — L(Y,Y) is a locally
Lipschitzian map. An easy calculation shows that B(z, ) is hyperbolic for every
(z,A) € M x|0,1], B(z,0) = Df((¢(z), z),0) and B(z,1) = B for every x € M,
where B € L(Y,Y) has Morse-index k € Ng. Thus, indeed, Hypothesis 4.2 is
satisfied. O

In particular, Corollary 4.17 implies Theorems 1.2 and 1.3 stated in the
Introduction.
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COROLLARY 4.18. Assume Hypothesis 4.1. In addition, assume M is con-
tractible to a point xg € M. Moreover, let A(z) := Df((é¢(z),z),0) be hyperbolic
for every x € M. Then Hypothesis 4.2 is satisfied with k being the Morse index
of B := Df((¢(x0),70),0). In particular, the assertions of Theorem 4.3 hold.

PROOF. Our hypothesis implies that there is a continuous map G: M x
[0,1] - M such that G(z,0) = z and G(z,1) = x¢ for all z € M. By well-
known results from the theory of differentiable manifolds we may assume that
G is of class C? and that, for some ag, by € R with agp < 0 < 1 < by, G has
an extension to a C?-map from M X |ag, bp[ to M again denoted by G. Define
B: M x ]ag,bo[ = L(Y,Y) by

B(z,\) = A(G(z, ), (z,A) € M x]ag,bo

It is clear that B: M X Jag, bo| — L(Y,Y) is a locally Lipschitzian map such that
B(z,\) is hyperbolic for every (z,A) € M x [0,1], B(z,0) = Df((¢(z),z),0)
and B(z,1) = B for every x € M, where B € L(Y,Y) has Morse-index k € Np.
Thus, indeed, Hypothesis 4.2 is satisfied. O

We will now show that, in general, Hypothesis 4.1 alone does not suffice for
the assertions of Theorem 4.3 to hold.

Let Y = R? and (-,-) be the canonical scalar product on Y. Let M =
S! C R? be the one-dimensional sphere endowed with the canonical differentiable
structure of a submanifold of R%2. For § € R and i € {1,2} let e;(f) € Y be
defined by

e1(0) = (cos(0/2),sin(8/2)), e2(8) = (—sin(8/2),cos(6/2)).

Notice that, for 8 € R, (e1(6), e2(8)) is an orthonormal basis of Y and e;(0+27) =
—ei(e), 1€ {1,2}.
Let € ]0, co[ be arbitrary and define the map g: (Y x R) x [0,] —» Y by

9((y,0),€) = (y,e1(0))ex(0) — (y, e2(0))e2(0), ((y,6),€) € (Y x R) x [0,2].

Then g is of class C* and 27-periodic in §. Thus there is a unique map f: (Y x
M) x [0,g] — Y such that

f((y, (cos8,sind)),e) = g((y,0),e), ((y,0),e) € (Y x M) x [0,¢].
The map f is of class C*°. Define the map h: (Y x M) x [0,€] — T M by
h((y,z),€) = (z,05), ((y,2),€) € (Y x M) x [0,¢],

where, for z € M, 0, is the zero tangent vector to M at z. Finally, let p: M — Y
be defined by ¢(z) = 0 for all z € M.
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With these definitions we see that Hypothesis 4.1 is satisfied with Z, =
Y x M. Let my and 7, € € ]0, ], be the local semiflows defined by the differential
equations (4.2) and (4.1) respectively.

The N = M is a compact mp-isolating neighborhood of the isolated -
invariant set Sy = V. Since (IV, () is an index pair in N, it follows that for ¢ € Z
the homology Conley index H,(mo, Sp) is represented by H,(NU{p}, {p}), where
p ¢ N, {p} is endowed the discrete topology N U {p} is endowed with the sum
topology. By the excision property it follows that Hy(mo, Sp) is represented by
Hy(N).

Now suppose that the assertions of Theorem 4.3 hold for some k € Ny and
let 7o = 10(IN) be as in that theorem. Choose 7 € ]0,70/+/2] arbitrarily. Then
by Theorem 4.3 and Corollary 4.11 there is a € € ]0,Z| such that for every
e € ]0,€], the sets [N], and [N] s, are isolating neighborhoods of the same
isolated invariant set S, relative to 7. and for each ¢ € Z there is an isomorphism
from Hy(me, Se) to Hq—k(mo, So).

Let € € |0,€] be arbitrary.

Define the following sets:

Ly ={(y,z) €Y x M |30 € R with z = (cos,sin8), |(y,e1(6))| < n and
{y,e2(0))| < n}

Ly ={(y,z) €Y x M |36 € R with z = (cosb,sin8), |(y,e1(0))| = n and
[{y, e2(ON1 <n}

L ={(y,z) €Y x M |36 € R with z = (cos 0, sin ), [(y,e1(8))| <n and
(y,e2(0)) =0}

Ly={(y,z) €Y x M |30 € R with z = (cosb,sinb), |(y,e1(0))| = n and

(y,e2(0)) =0}
Any solution t — (y(t),z(t)) of the (semi)flow 7. satisfies z(t) = constant.
Therefore we easily see that L; is an isolating block relative to the (semi)flow
me with exit set Lp. Since [N], C L; C [N]\/i-n’ the set L, is an isolating
neighborhood of S, relative to 7. It follows that Hy(m,,S) is represented by
Hg(L1/L2,{[L2]}) so

Hy(Ly/ Lo, {[La]}) = Hyi(N) = H_i(SY), q€Z.
The map G: (Y x R) x [0,1] — (Y x M) given by

G((y,0),t) = (y — t(y, e2(0))e2(0), (cos 0,sin )  ((y,0),1) € (Y xR) x [0,1]
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is continuous and 2m-periodic in #. Therefore there is a unique map F: (Y x
M) x [0,1] = Y x M such that

F((y, (cos0,sin0)),t) = G((y,0),t), ((y,0),t) € (Y xR) x [0,1].
The map F is continuous and F(L; x [0,1]) C L; and F(L; x [0,1]) C L; for
i€ {1,2}.
Using the map F' we easily see that (L; /Lo, [Ls]) is homotopy equivalent to
(L1/La,[Ls]). Hence, using integer coefficients, we obtain, for all ¢ € Z,

Z, if ¢ — k € {0,1},

(4.14) Ho(L1/ Ly, {[La]}) = Hy-x(S") = .
0 otherwise,

Since El is a M6bius strip and Ez is its geometric boundary, it follows that fll / f,g
is homeomorphic to the projective plane. In particular,

Hi(Ly/L2,{[L2)}) = Hy(L1/Ls) = 2/22,

a contradiction to (4.14). Thus, indeed, the assertions of Theorem 4.3 do not

hold in this case.

REFERENCES

[1] M.C. CARBINATTO AND K.P. RYBAKOWSKI, Morse decompositions in the absence of
uniqueness, Topological Methods in Nonl. Analysis 18 (2001), 205-242.

2] , Morse decompositions in the absence of uniqueness, II, Topological Methods
in Nonl. Analysis 22 (2003), 17-53.

(3] , Nested sequences of index filtrations and continuation of the connection matriz,
J. Differential Equations 207 (2004), 458-488.

[4] , The suspension isomorphism for homology indez braids, Topological Methods
in Nonl. Analysis 28 (2006), 199-233.

(5] , Homology index braids in infinite-dimensional Conley index theory, Topological
Methods in Nonl. Analysis 26 (2005), 35-74.

(6] , Continuation of the connection matriz for singularly perturbed hyperbolic equa-

tions, Fund. Math. (to appear).

[7] C. C. CoNLEY, Isolated Invariant Sets and the Morse Indez, CBMS 38, Amer. Math.
Soc., Providence, 1978.

[8] R.D. FRANZOSA, Indez filtrations and the homology index braid for partially ordered
Morse decompositions, Trans. Amer. Math. Soc. 298 (1986), 193-213.

, The continuation theory for Morse decompositions and connection matrices,
Trans. Amer. Math. Soc. 310 (1988), 781-803.

, The connection matriz theory for Morse decompositions, Trans. Amer. Math.
Soc. 311 (1989), 561-592.

[11] R.D. FrANzOSA AND K. MISCHAIKOW, The connection matriz theory for semiflows on
(not necessarily locally compact) metric spaces, J. Diff. Equations 71 (1988), 270-287.

[12] S. LANG, Differential Manifolds, Springer-Verlag, Berlin, 1988.

(9]

(10]




28

[13)
[14]
[15]
[16]
17)

(18]

M. C. CARBINATTO — K. P. RYBAKOWSKI

K.P. RYBAKOWSKI, On the homotopy index for infinite-dimensional semiflows, Trans.
Amer. Math. Soc. 269 (1982), 351-382.

, The Morse indez, repeller-attractor pairs and the connection index for semi-
flows on noncompact spaces, J. Diff. Equations 47 (1983), 66-98.

, The Homotopy Index and Partial Differential Equations, Springer-Verlag, Ber-
lin, 1987.

, Conley index continuation for singularly perturbed hyperbolic equations, Topo-
logical Methods in Nonl. Analysis 22 (2003), 203-244.

, The suspension isomorphism for cohomology index braids, Topological Methods
in Nonl. Analysis 29 (2007), 1-28.

E.H. SPANIER, Algebraic Topology, McGraw-Hill, New York, 1966.

Maria C. Carbinatto, Departamento de Matemética, ICMC-USP, Caixa Postal 668, 13.560-970
Sao Carlos SP, BRAZIL

E-mail address: mdccarbi@icmc.usp.br

Krzysztof P. Rybakowski, Universitat Rostock, Institut fiir Mathematik, Universitatsplatz 1,
18055 Rostock, GERMANY

E-mail address: krzysztof.rybakowski@mathematik.uni-rostock.de



279/2007

278/2007

277/2007

276/2007

275/2007

274/2007

273/2007

272/2007

271/2006

270/2006

NOTAS DO ICMC

SERIE MATEMATICA

CARVALHO, ANN.; LANGA, J.A. — An extension of the concept of gradient
systems which is stable under perturbation.

CARVALHO, AN.; CHOLEWA, J W. — Local well posedness, asymptotic
behavior and asymptotic bootstrapping for a class of semilinear evolution
equations of the second order in time.

MATTOS, D.; SANTOS, E.L. — A parametrized Borsuk-Ulam theorem for a
product of spheres with free Z, — action and free S'- action.

ROMERO-FUSTER, M.C.; RUAS, M.A.S.; TARI, F. — Asymptotic curves
on surface in IR’.

CARVALHO, ANN.; NASCIMENTO, M. J. D. — Singularly non-autonomous
semilinear parabolic problems with critical exponents and applications.

BAPTISTELLI, P. H.; MANOEL, M. G. — The classification of reversible-
equivariant steady-state bifurcations on self-dual spaces.

BONOTTO, EM.; FEDERSON, M. — Limit sets and the Poincaré-
Bendixson theorem in impulsive semidynamical systems.

CARVALHO, AN.; CHOLEWA, JW.; DLOTKO, T. — Damped wave
equations with fast growing dissipative nonlinearities.

CARVALHO, AN.; LANGA, JA; ROBINSON, JC.,; - Lower
semicontinuity of attractors for non-gradient dynamical systems.

CARVALHO, AN.; CHOLEWA, J. W. — Regularity of the solutions on the
global attractor for a semilinear hyperbolic damped wave equations.



