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Resumo

Neste artigo, consideramos sistemas semidinamicos definidos em um espago métrico
X com efeitos impulsivos em tempo variavel. Varios tipos de conceitos de estabilidade
para subconjuntos de X sao estudados. Os resultados principais tratam-se sobre a esta-
bilidade de certos subconjuntos fechados de X. Eles apresentam condi¢oes necessarias ¢
suficientes para varios tipos de estabilidades de conjuntos fechados de X. Teoremas do
tipo-inverso também sao incluidos em nossos resultados. Estes resultados sao realizados
por meio de funcionais que tem o mesmo papel de um funcional de Lyapunov indicando
o comportamento das solugdes quando estas entram em um conjunto “estavel”.



Abstract

In this paper, we consider impulsive semidynamical systems defined in a metric space
X with impulse effects at variable times. Several types of stability concepts for sets of
X are studied. The main results concern the stability of certain closed sets of X. They
give necessary and sufficient conditions for the various types of stability of closed sets of
X. Hence converse-type theorems are included in our results. These results are achieved
by means of functionals which play the role of a Lyapunov functional indicating how the
solutions behave when entering a “stable” set.



1 Introduction

Impulsive semidynamical systems present interesting and important phenomena. In the
recent years, the theory of such systems has been studied and developed intensively. See
for instance [2]-[8].

In [1], the author presents several results which give necessary and sufficient conditions
for the stability of closed sets in non-impulsive dynamical systems. In the present paper,
we extend these results for impulsive semidynamical systems. We consider semidynamical
systems defined in a metric space X and subject to impulse action which varies in time
and we give necessary and sufficient conditions for various types of stability of closed sets
of X. In other words, we establish necessary and sufficient conditions so that the solutions
of the impulsive system become “stable” in some sense after entering a closed set of X.
In this manner, converse-type theorems are included in our results.

In the first part of the paper, we present the basis of the theory of the impulsive
semidynamical systems. In Section 2.1, we give some basic definitions and notations
about impulsive semidynamical systems. In Section 2.2, we discuss the continuity of a
function which describes the time of reaching the impulsive set. In Section 2.3, we give
some additional useful definitions.

The second part of the paper concerns the main results. In Section 3.1, we introduce
two new concepts of stability of sets in impulsive semidynamical systems and we relate
these concepts of stability to other known concepts. In Section 3.2, we give necessary and
sufficient conditions for the various types of stability of closed sets of X. We prove that
there exits a functional which plays the role of a Lyapunov functional indicating how the
solutions behave when entering a “stable” closed set provided this set is “stable” and we
also state the reciprocal this fact. In addition, we show that this Lyapunov functional is
continuous when the impulsive set is contained in the closed set.

2 Preliminaries

In this section we present the basic definitions and notation of the theory of impulsive
semidynamical systems. We also include some fundamental results which are necessary
for understanding the basis of the theory.

2.1 Basic definitions and terminology

Let X be a metric space and R, be the set of non-negative real numbers. The triple
(X, m, Ry) is called a semidynamical system, if the function 7 : X x R — X is con-
tinuous with 7(z,0) = z and n(n(z,t),s) = w(x,t + s), for all z € X and ¢,s € R,.
We denote such system by (X, 7, R;) or simply (X, 7). When R, is replaced by R in
the definition above, the triple (X, 7, R) is a dynamical system. For every x € X, we
consider the continuous function 7w, : R, — X given by 7, (t) = m(z,t) and we call it
the trajectory of x.

Let (X, ) be a semidynamical system. Given z € X, the positive orbit of x is given
by C*(z) = {n(x,t) : t € Ry} which we also denote by 7% (z). For £ > 0 and z € X, we



define F(z,t) = {y : 7(y, t) = } and, for A C [0, +00) and D C X, we define
F(D, A) =| J{F(z, ) :2 € Dand t € A}.

Then a point z € X is called an initial point, if F(z, t) = for all ¢ > 0.

Now we define semidynamical systems with impulse action. An impulsive semidynam-
ical system (X, m; M, I) consists of a semidynamical system, (X, 7), a non-empty closed
subset M of X and a continuous function I : M — X such that for every x € M, there
exists g, > 0 such that

F(z, (0, e,)) "M = {) and  7(z, (0, e,)) N M = 0.

The points of M are isolated in every trajectory of the system (X, 7). The set M is called
the tmpulsive set, the function I is called impulse function and we write N = I(M). We

also define
M*(z) = (77 (z) N M) \ {z}.

Another property of the impulsive set M is that M is a meager set in X as shown by
the next lemma.

Lemma 2.1 Let (X, m; M, I) be an impulsive semidynamical system. The impulsive set
M is a meager set in X.

Proof. The proof is immediate because the points of M are isolated in every trajectory

of the system (X, 7). Therefore int(M) = () in X and the result follows. d

Given an impulsive semidynamical systems (X, m; M, I) and z € X with M*(z) # 0, it
is always possible to find a smallest number s such that the trajectory m,(t) for 0 <t < s
does not intercept the set M. This result is stated next and a proof of it can be found in

[2].

Lemma 2.2 Let (X, m; M, I) be an impulsive semidynamical system. Then for every
x € X, there is a positive number s, 0 < s < 400, such that w(x, t) ¢ M, whenever
0<t<s, and w(z, s) € M if M*(z) # 0.

Let (X, m; M, I) be an impulsive semidynamical system and » € X. By means of
Lemma 2.2, it is possible to define a function ¢ : X — (0, +0o0] in the following manner

T if 7(z,s) €M and w(z, )¢ M for 0 < <s,
8(®) =1 Yoo, if M*(z)=0.

This means that ¢(z) is the least positive time for which the trajectory of z meets M.
Thus for each z € X, we call 7(z, ¢(z)) the impulsive point of z.

The impulsive trajectory of z in (X, m; M, I) is an X—valued function 7, defined on the
subset [0, s) of R (s may be +00). The description of such trajectory follows inductively
as described in the following lines.



If M*(z) = 0, then 7,(t) = m(z.t), for all t € Ry, and ¢(z) = 4oo0. However if
M*(z) # 0, it follows from Lemma 2.2 that there is a smallest positive number s, such
that 7(z, so) =21 € M and 7(z, t) ¢ M, for 0 < ¢ < sp. Then we define 7, on [0, s9] by

mo(t) = +

~ m(z, t), 0<t<sp
'2:1) tzSOv

where " =1(2;) and ¢(z) = 5.

Since sy < 400, the process now continues from z7 onward. If M*(z) = 0, then we
define 7, (t) = m(z,t — s0), for so < ¢ < 400, and ¢(z]) = +00. When M*(z) # 0,
it follows again from Lemma 2.2 that there is a smallest positive number s; such that
m(z}, s1) = x5 € M and 7(xf, t — s0) € M, for sy < t < 59 + s51. Then we define 7, on
[So, So + 81] by

Fa(t) = m(zl, t —sg), so <t < sg+ s
s .’L';, t:SO+817

where 7§ = I[(73) and ¢(z]) = s;.
Now we suppose 7, is defined on the interval [t,_1, ¢,] and 7,(¢,) = 7, where ¢, =

n—1

ZS"' If M*(x}) = 0, then 7, (t) = m(z},t — t,), t, <t < 400, and ¢(z}) = +oo. If
i=0

however M*(x}) # 0, then there exists s, € R, such that m(z}, s,) = 2,41 € M and
m(zh, t —t,) € M, for t,, <t < t,+1. Besides
%z(t) _ { ’/T(‘T;t» b= tn)a tn S L < tn—i—l

-+ —
:E1L+1’ t - tn+1’

where 2, | = I(z,41) and ¢(z;}) = s,,. Notice that 7, is defined on each interval [t,,, tnt1],

where t,,1 = Z s;. Hence 7, is defined on [0, ¢,,41].
=0
The process above ends after a finite number of steps, whenever M* (zF) = () for some
n. Or it continues infinitely, if M*(z) # 0, n = 1, 2, 3, ..., and if 7, is defined on the
o0

interval [0, T'(x)), where T'(z) = Z Si.
i=0
Also given x € X, one of the three properties hold:

i) M*(z) = 0 and hence the trajectory of z has no discontinuities.

ii) For some n > 1, each z{, k = 1, 2, ..., n, is defined and M*(z;') = 0. In this case,
the trajectory of x has a finite number of discontinuities.

iii) For all k¥ > 1, z; is defined and M*(z) # 0. In this case, the trajectory of = has
infinitely many discontinuities.

Let (X, m; M, I) be an impulsive semidynamical system. Given z € X, the impulsive
positive orbit of = is defined by the set

C (z) ={7(z, 1) : t € Ry},
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which we also denote by 7 (2). We denote the closure of 6+(r) in X by I~(+(T)

Analogously to the non-impulsive case, an impulsive semidynamical system satisfies
standard properties which follow straightforwardly from the definition. See the next
proposition and [3] for a proof of it.

Proposition 2.1 Let (X, m; M, I) be an impulsive semidynamical system and x € X. The
following properties hold:

i) #(z, 0) = z.

i) 7(7(z, t), s) =7(x, t+5), for allt,s € [0, T'(x)) such thatt+ s € [0, T(x)).

2.2 Semicontinuity and continuity of ¢

The result of this section is borrowed from [5]. It concerns the function ¢ defined
previously which indicates the moments of impulse action of a trajectory in an impulsive
system. Such result is applied sometimes intrinsically in the proofs of the main theorems
of the next section.

Let (X, m) be a semidynamical system. Any closed set S C X containing z (z € X) is
called a section or a A—section through z, with A > 0, if there exists a closed set L € X
such that

a) F(L, \) =S;
b) F(L, [0, 2)]) is a neighborhood of z;
c) F(L,u) NF(L,v)=0,for 0 < p <v <2\

The set F(L, [0, 2)]) is called a tube or a A-tube and the set L is called a bar. Let (X, )
be a semidynamical system. We now present the conditions TC and STC for a tube.

Any tube F(L, [0, 2\]) given by a section S through z € X such that S € M N
F(L, [0, 2)]) is called TC-tube on z. We say that a point z € M fulfills the Tube Condition
and we write (TC), if there exists a TC-tube F(L, [0, 2)]) through z. In particular, if
S =MnNF(L, [0, 2A]) we have a STC-tube on x and we say that a point x € M fulfills the
Strong Tube Condition (we write (STC)), if there exists a STC-tube F(L, [0, 2A]) through
.

The following theorem concerns the continuity of ¢ which is accomplished outside M
for M satisfying the condition TC. See [5], Theorem 3.8.

Theorem 2.1 Consider an impulsive semidynamical system (X, m; M, I). Assume that
no initial point in (X, m) belongs to the impulsive set M and that each element of M
satisfies the condition (TC). Then ¢ is continuous at z if and only if x ¢ M.



2.3 Additional definitions

Let us consider a metric space X with metric p. By B(z, §) we mean the open ball
with center at € X and ratio d. Let B(A, §) = {x € X : pa(z) < d} and B[A, §] = {z €
X : pa(z) <6}, where pa(x) = inf{p(z, y) : y € A}. Throughout this paper, we use the
notation A, int(A) and A to denote respectively the boundary, interior and closure of A
in X.

In what follows, (X, m; M, I) is an impulsive semidynamical system and z € X.

We define the prolongation set of x in (X, m; M, I) by

[~)+(w) ={y € X: 7(an, t,) — y, for some z, — x and t, € [0, +00)}.

For a set A C X we consider 15+(A) = U{f)+(3:) : & € A}

If 7 (A) C A, we say that A is T—invariant.

A point z € X is called stationary or rest point with respect to 7, if 7(z, {) = « for
all t > 0, it is a periodic point with respect to 7, if 7(z, t) = x for some ¢ > 0 and x is
not stationary, and it is a regular point if it is neither a rest point nor a periodic point.

Let A C X. If for every € > 0 and every z € A, there is § = d(x, €) > 0 such
that 7(B(z, d), [0, +00)) C B(A, ¢), then A is called T—stable. The set A is orbitally
m—stable if for every neighborhood U of A, there is a positively m—invariant neighborhood
Vof A V cU. If forall z € A and all y ¢ A, there exist a neighborhood V of z and
a neighborhood W of y such that W N 7(V. [0, +00)) = (), we say that A is 7-stable
according to Bhatia-Hajek. We define the set

IBQ(A) = {z € X: for every neighborhood U of A, there is a sequence
{t.} C Ry, t, — +oo such that 7(z, t,) € U}.

The set IB\TV(A) is called region of weak attraction of A with respect to 7. If = €
lg\jv(A), then we say that x is T—weakly attracted to A. A subset A C X is called a weak
T—attractor, if 13$V(A) is a neighborhood of A. A set A C X is called asymptotically
m—stable, if it is both a weak T—attractor and orbitally 7m—stable.

For results concerning the stability and invariancy of sets in an impulsive system, the
reader may want to consult [2], [3], [6] and [7].

3 The Main Results

We divide this section into two parts. The first part concerns the relations among some
concepts of stability. In the second part, we discuss Lyapunov stability of closed sets in
impulsive semidynamical systems. These results give necessary and sufficient conditions
for various types of stability of closed sets.

Let (X, m; M,I) be an impulsive semidynamical system where X is a metric space. We
assume the following additional hypotheses:

e no initial point in (X, 7) belongs to the impulsive set M, that is, given z € M there
are y € X and t € R, such that n(y, t) = 2.



e ¢ is continuous in X \ M.

e MNIM) =0.

o for all k > 1, zf is defined and M*(z]) # 0, that is, the trajectory of # € X has
infinitely many discontinuities. Consequently, ¢(z) < +oo for all z € X.

3.1 Stability

We introduce two new concepts of stability for impulsive semidynamical systems. Then,
we relate these new concepts to known ones.

Definition 3.1 Let (X, m; M, I) be an impulsive semidynamical system. A set A C X is
said to be

a) equi T-stable, if for each x ¢ A, there is a § = d(z) > 0 such that

x ¢ T(B(A, 9), [0, +00)).

b) uniformly T-stable, if for each € > 0, there is a § = §(c) > 0 such that

F(B(A4, 6), [0, +00)) C B(4, ¢).

The next result deals with the equivalence between equi 7-stability and uniform 7-
stability of a compact subset A C X. This result is also valid when we replace the
condition of equi 7-stability by 7-stability. The proof is similar to the continuous case.

Theorem 3.1 Let (X, m; M, I) be an impulsive semidynamical system, X is locally com-
pact and A C X is compact. Then, A is equi 7-stable if and only if A is uniformly 7-stable.
Replacing the hypotheses equi m™—stability by ™— stability, the result remains true.

Remark 3.1 If we consider in Theorem 3.1 flows instead of semiflows the result also s
true. But if the set A C X is closed but not compact, then the sufficiency of the theorem
does not necessarily hold. Indeed, consider the discontinuous flow shown in Figure 1,
where M = {(=1, z9) : zy € R}, N = {(2, z2) : 2o € R} and the impulsive function
I:M — N is given by I(—1, z5) = (2, x;) such that x; < ’c;’ < xq, where rg s such that
for some unique X > 0, ©((2, x,), A) = (p, x,). Note that the trajectories for x, > p are
straight lines parallel to the azis 0xy. This discontinuous flow has the property that for all
r € R?, tlim 7(x, 1) =0. Let A= {(z1, o) € R?: 29 = 0}. Clearly A is T—stable, but

it is not uniformly 7™—stable.

The next result shows the equivalence between the orbital stability and the uniform
stability in impulsive semidynamical systems.

Theorem 3.2 Let (X, m; M, I) be an impulsive semidynamical system and A C X be
closed. Then A is orbitally T—stable if and only if A is uniformly ™—stable.
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Figure 1: The set A = {(21, ;) € R* : 2, = 0} is 7-stable, but it is not uniformly
m-stable.

Proof. Suppose that A is orbitally 7—stable, then given ¢ > 0, there is a positively
m—invariant neighborhood V' of A, V' C B(4, ). Taking 6 > 0 such that B(A, §) C V,
we have 7(B(A, ¢), [0, +00)) C B(A, €) and A is uniformly T—stable.

Suppose now that A is uniformly 7—stable. Given ¢ > 0, there is a § = d(¢) > 0
such that 7(B(4, 9), [0, +00)) C B(A, €). Taking V = 7(B(4, 9), [0, +00)), note that
B(A, 6) C w(B(A, 0), [0, +00)). Thus, V is a positively #—invariant neighborhood of A
and V C B(A, ). Hence, A is orbitally 7#—stable. O

By Theorem 4.1 from [6] and Theorems 3.1 and 3.2 above, we have the following result
which relates various concepts of stability.

Theorem 3.3 Let (X, m; M, I) be an impulsive semidynamical system. Assume that X
is locally compact and A is a compact subset of X. Then the following conditions are
equivalent:

a) A is T—stable.

b) A is orbitally m— stable.

c) A is T—stable in the sense of Bhatia and Hajek.
d) A is uniformly 7™—stable.

e) A is equi T—stable.

7) BH(A) = A,

The 7-stability of a closed subset A of X implies that I(M) C A, for M C A, as shown
by the next lemma.

Lemma 3.1 Let (X, m; M, I) be an impulsive semidynamical system and A C X be closed.
If A is m—stable and M C A, then I(M) C A.

Proof. Givenz € Aande > 0, thereisa d = 0(z, €) > 0such that 7(B(z, d), [0, +00)) C
B(A, €). Since € is arbitrary, we have 7% (2) C A = A. Therefore, (M) C A provided
McC A O

10



3.2 Lyapunov Stability

In this section, we shall present the results that concern the Lyapunov stability of certain
closed sets of X. These results are achieved by means of functionals which play the role
of a Lyapunov functional indicating how the solutions behave when entering a “stable”
set. The results give necessary and sufficient conditions for the various types of stability
of closed sets of X. We start by presenting a result on 7-stability. We need the following
lemma, from [3, Lemma 3.2].

Lemma 3.2 Given an impulsive semidynamical system (X, m; M, I), where X is a metric
space. Suppose w € X \ M and {w,},>1 is a sequence convergent to the point w. Then

for any t € [0, T(w)), there exists a sequence of real numbers {e,}n>1, &n "—° 0, such

n—-+40o0 ~

that L + €, < T'(w,) and T(wy, L +¢e,) — 7(w, L).

Theorem 3.4 Let (X, m; M, I) be an impulsive semidynamical system and A C X be
closed.

1. If there exists a functional ¢ : X — Ry with the following properties:

a) ¢ is continuous in X\ (M \ A).

b) For everye >0, there is a 0 > 0 such that ¢ (z) > 0 whenever p(z, A) > € and
x & M, and for any sequence {z,},>1 C X such that x, "R e A implies
U(z,) "=E50 0.

c) ¥(r(z, t)) < yY(z) ife € X\ M and 0 < t < ¢(z), and, v(I(z)) < ¥(z) if
x € M.

Then A is w-stable.

2. Reciprocally, if A is w-stable, then there is a functional ¥ : X — R, satisfying
conditions a), b) and c) above.

Proof. Let us prove the necessary condition. Given ¢ > 0 and z € A, set u =
inf {w(w) s w ¢ M and p(w, A) > g} Note that ;o > 0, because by item b), there is

a 0 > 0 such that ¥(xz) > § whenever p(z, A) > % and z ¢ M. We have two cases to

&

consider: when z € int(A) and when = € dA.
Firstly, suppose « € int(A). Then, by the second part of item b) and by the continuity

of ¢ in A, there is a d; > 0 such that
¥(y) <p forall ye B(z, §;) C A. (1)

We suppose by contradiction that 7(B(z, d;), [0, +00)) is not contained in B(A, €). Thus,
there are z € B(z, ;) and t; € (0, +00) such that

m(z, t1) € B(4, ). (2)

11



Note that 7(z, t;) ¢ M because M NI(M) = (. By equation (2), p(7(z, t1), A) > ¢ and
this implies

'M%@JQ)Zhﬁ{wMO:w¢h4mﬁmeA)zg}:u. (3)

We have two cases to consider: when z € M and when z ¢ M. First suppose that
z ¢ M. Note that as z € B(z, ¢,), then ¢(z) < p by (1). Hence for 0 < ¢t < ¢(z), we have

~ <)
P(@(z, 1) = (7(z 1) < (z) <
If t = ¢(2) and remembering from the definition of 7 that z; = 7 (2, ¢(z)), then

U(@(z, 1) = »(T(z, 6(2))) = ¥(I(21)) 2 () = U(m(z, $(2) < ¥(2) <p. (4)
Now if ¢(2) < t < ¢(2) + ¢(z;), then

()

Y(@(z, £) = p(m(2], t — &(2))) 2 U(a) = ¥(7(2, ¢(2)) < p.

Repeating this argument, we get ¥ (7(z, t)) < p for all t > 0. In particular for ¢ = ¢,
(7 (2, t1)) < p which is a contradiction by (3). Hence, 7(B(x, d;), [0, +00)) C B(A, ¢).
Now, suppose z € M. Taking v > 0, v < t, such that 7r( z,v) =m(z, v) € B(z, d;) \ M.
By the same argument used above for z ¢ M, we get ¥(7(7(z, v), t)) < pforall ¢t > 0. In
particular for t = ¢, — v, Y(7(z, t1)) = 1/;(%(77( v), t1 —v)) < p which is a contradiction
by (3). Therefore, we get again 7(B(z. ¢,), [0, +oo)) B(A, )

Now we assume that € 9A. As 1) is continuous in X'\ (M \ A), M is a meager set in
X and by the second part of item b), there is a d, > 0, d> < =, such that 1(y) < p for all
y € B(x, d5) \ M. Supposing that 7(B(z, d2), [0, +00)) is not contained in B(A, ¢), there
are z € B(x, §3) and 5 € (0, +00) such that 7(z, t2) & B(A, €). Thus p(7(z, t2), A) > ¢,
7(z, L) ¢ M because M NI(M) = @) and therefore

(7 (z, l2)) > inf {'t/)(w) cw ¢ M and p(w, A) > %} = it (5)

If 2 € B(z, §2) \ M, then it can be shown that (7 (z, t)) < p for all t > 0 as we did
before. Hence, ¢(7(z, t2)) < p which is a contradiction by (5). Also, if z € B(z, d2) N M,
then z is an initial point for the impulsive system and there is a time 7 > 0 such that
7(z, (0, 7)) = n(z, (0, 7)) C B(z, d2) \ M. Taking ¢*, 0 < t* < 7. By the previous case,
(7 (m(z, t*), 1)) < pfor all ¢ > 0. As result, Y(7(z, t2)) = (7(n(z, t*), ta — t*)) < u
and this is a contradiction by (5). Therefore, 7(B(z, d3), [0, +00)) C B(A, €).

Consequently, A is m—stable.

Let us prove the sufficient condition. Define the function ¥ : X — Ry by

o PE@ 8. A)
w(w)—{ p € X\ M,

>0 1+ p(7(z, i), A)’
Y(I(z)), if zeM.

We shall verify that v satisfies conditions a), b) and c).
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a) Taking € X \ M. Since {z} is compact and M is closed, there is a n > 0, such

that B(z, n) "M = . Given a sequence {z,},>1 C X such that z, s x, there is a

integer ng > 0 such that x,, € B(z, n) for n > ny. By Lemma 3.2, there exists a sequence

n—-+oo
of real numbers {e, },>1, €, — 0, such that

T (T, b+ €0) "5 T, t),
for all ¢ > 0. Then, for n > ng

l(/)(-/l; ) = Sup p(%(l}“ L)’ A) = SLIp p(%(‘/l’.n’ E’n + [/)7 A)
n t20 1+ p(%(-’lz'n, t), A) t>—en 1+ p(%(xn’ e, + t), A)

Therefore, 1(z,) "=25° ¥(x) and ¥ is continuous in X \ M. Since ¢(z) = 0 for all z € A
(because A is closed and m—stable and hence 7+(A) C A = A), M is a meager set in X,
it follows that ¢ is continuous in X'\ (M \ A).

b) Consider z € X\ M. Given ¢ > 0, let § = =

1+¢

Thus, if p(xz, A) > ¢ then

% > 0. Therefore, ¢(z) > 4.
For the second part of item b), let us assume that z € A. If 2 ¢ M, as M is closed

and {z} is compact, there is a 0 > 0 such that B(z, §) "M = 0. Thus, if {z,},>1 is

any sequence in X such that z,, fmasy x, there exists a positive integer N > 0 such that
x, € B(z, 0) for n > N, by continuity of ¢ in X \ (M \ A),

V() e Y(z).

Now, suppose z € M. First of all, we should note that if {z,},>1 € X\ M and

zp "=25° z, then the continuity of ¢ in X\ (M \ A) implies
U(z) " ()

4 n—-+00 z g 5 : 5
Also, if {z,}n>1 C M and 2z, —— =z, since the impulsive operator I is continuous, we

have

I(z,) "=5° I(x).
Thus, since I(z,) ¢ M for all n € N, I(z) ¢ M and % is continuous in X \ (M \ A), it
follows that .

Pp(I(zn)) " — ¥(I(2)),

then by the definition of v,

W(zn) "5 ().
Consequently, if {z,}ns1 C X is any sequence such that z, "=°5° x, then ¥(z,) "5

n—-+o0o

¥(z). Since = € A, we have ¥(z) = 0 and therefore, ¢(z,) — 0.
c) Let z € X\ M and 0 < s < ¢(x). Note that 7(7(z, s), t) = 7(x, t +s) forall £ > 0.
Then,
p(7(r(z, s), 1), A) p(a(z, t+5), A)

Y o) = R T oz, ), 0, D) 3 T (@ T ), A)

13



p(a(z, 1), A) p(7(z, 1), A)
= <s =ylx).
= Ty o, 0, ) ~ R T+ e, ), A) P A
Now, we shall prove that ¢(m(z, ¢(z))) < #(z). Consider a positive increasing se-

quence {t,}.>1 C Ry, such that ¢, "=5° ¢(z), and take z, = m(x, ). Thus, 2, "—5°

w(z, p(x)) = z, and @(z,) "=5° 0. Note that ¥(z,) < 1(x) by (6). Then,
bz = /)(77(2n //)., A) p(7~r(z,,,, [')w A) _
Vo) = T o o 0. ) = S50 T PR 0, A)
P (T (20, @(2n))s L = P(2n)), A) _
t>@(zn) 1 + p(%(ﬂ ¢(Z’IL)) ¢<Zn))7 A)
z1) t=o(a)) A)  _
t>¢(z" 1+ (ﬂ-( ( ) (Z")) A)
p(ﬂ(I(.’L’l), )7 ) s
B8 T o), 0, 4) V)
Hence, ¥(x1) = ¢(I(x1)) < ¥(z,) < ¢(x), and consequently o (m(z, t)) < (x) for
0 <t < ¢(x). Now we prove the second part of ¢). Let z € M. Then by the definition of
¥, Y(I(z)) = ¢(x) and the theorem is proved. O

The next result is a corollary of Theorem 3.4. It says that if M C A, then we get the
continuity of the function 1.

Corollary 3.1 Let (X, m; M, I) be an impulsive semidynamical system. A closed subset
A C X such that M C A is 7-stable if and only if there exists a functional ¥ : X — R,
with the following properties:

a) ¢ is continuous.

b) For every e > 0, there is a 0 > 0 such that Y(x) > & whenever p(xz, A) > ¢, and for

any sequence {x, }n>1 C X such that z, "2 1 e A implies Y(z,) =250 0.

c) Y(m(z, t)) <Y(x) ifr € X\ M and t >0, and, Y(I(z)) < ¥(z) if z € M.

Proof. The necessary condition is obvious. Consider ¢ : X — R, given by

L e, 1), A)
Vo) = T e 6, A)

Then the sufficient condition follows. O

Lemma 3.3, will be necessary to prove Theorem 3.5.

Lemma 3.3 Let (X, m; M, I) be an impulsive semidynamical system and A C X be closed.
Let ¢ : X — Ry be continuous on X \ (M \ A) such that ¥(z) > 0 for v ¢ AUM
and ¥(z) = 0 for all x € A. Suppose there is a § > 0 such that Y(F(w, t)) < (w)
for allt > 0 and w € B(A, 5) \ M. Then, there is a 6 > 0, 0 < § < 5, such that
7(B(A, 8), [0, +00)) C B(4, d).

14



1 5
Proof. We shall suppose that for each 9, = — > 0, n € N, there are x,, € B (/1, i)
n

and tf € (0, +00) such that

F(2n. 8) ¢ B (A, 5) .
Taking p = inf {1/1(1) cx ¢ Mand p(z, A) > S} Note that p > 0 by the properties
of 1. If there are countably many elements of ({z,}n>1 \ M), say {z,, h>1 C X\ M,

. )
ny < ng < ng < ..., since — converges to zero as n — +o00, ¥(z) = 0 for all x € A and v is

n
continuous on X\ (M\ A), then there is a positive integer ny, such that P(Zn,,) < p. Note

that z,, € B(A, §) \ M. Thus, ¢(7(zy, Ty = ¥(n,,) < p1, which is a contradiction
because p(7(zn, , lg?), A) > § and T(2n,, > lp™®) ¢ M inasmuch as M N I(M) = (. But,

0 0
if there are countably many elements of ({z,},>1 N M), say {2, }r>1 C M, then for each

k € N there is a 0 < ¢ < ty* such that

(T, €k) = 7(Tp,, €x) € B (A, i) \ M.

ng

By the continuity of 1) on X\ (M \ A) and by a similar argument used in the end of
the previous paragraph, there exists a ny, such that

’(ﬁ(%("cnkla Ekl)) < Uu.
Thus,
7/}(%(-777%1, tgkl)) - w(%(%(ﬂ:"‘cl’ Ek’l)’ tgkl - 6161)) < d}(%(znkly Ck1)) < K,

and this is a contradiction. Hence, thereisad > 0,0 < ¢ < g, such that 7(B(A, d), [0, +00)) C

B(A, 9). O
Theorem 3.5 deals with the equi 7-stability of a closed set of X.

Theorem 3.5 Let (X, m; M, I) be an impulsive semidynamical system and A C X be
closed.
1. If there exists a functional v : X — Ry with the following properties:
a) ¥ is continuous in X\ (M \ A).
b) ¥(z) =0 forz € A, Y(z) >0 forz ¢ AUM.

¢) v(r(z, 1)) < Y(x) forx € X\ M and 0 < t < ¢(z), and, Y(I(z)) < ¥(x) for
x € M.

Then A is equi w-stable.

2. Reciprocally, if A is equi w-stable, then there is a functional ¢ : X — Ry satisfying
conditions a), b) and c¢) above.

15



Proof. 1. Let z ¢ A. Set p(z, A) =¢. Let & > 0 such that § < . Given w € B(A, §)\M
we have ¢(m(w, t)) < Pp(w) for 0 < ¢t < ¢(w) and Y(wy) = Y(I(wy)) < P(w;) =
Y(m(w, d(w))) < h(w). Now if p(w) < < ¢p(w) + ¢(wi), it follows that

(@ (w, 1)) = p(r(wf, t — p(w))) < Y(wf) = bF(w, p(w))) < P(w).
For t = ¢(w) + ¢(wy),
Y(7(x, ) = P(wy) = P(L(ws)) < h(wa) = Y(r(wf, ¢(w]))) < w(w]) < (w).

Thus, (7 (w, t)) < ¥ (w) for all t > 0 and w € B(A, §) \ M. By Lemma 3.3, there is a 6,

0 < § <4, such that

#(B(A, 0), [0, +00)) C B(A, 3).

Therefore, z ¢ 7(B(A, §), [0, +00)) and the result follows.
2. Consider the function 9 (x) defined in Theorem 3.4. The result follows similarly as
in Theorem 3.4 . O

We have the following corollary where we obtain the continuity of the function 1,
provided M C A.

Corollary 3.2 Let (X, m; M, I) be an impulsive semidynamical system. A closed subset
A C X such that M C A is equi w-stable if and only if there ezists a functional v : X — R,
with the following properties:

a) 1 is continuous.

b) Y(z) =0 forz € A, Y(z) >0 forz ¢ A.

c) Pp(n(x, 1)) <(x) forx € X\ M and t >0, and, ¥(I(z)) < (z) for x € M.
For the case of uniformly 7-stability, we have the following result.

Theorem 3.6 Let (X, m; M, I) be an impulsive semidynamical system and A C X be
closed.

1. If there exists a functional ¢ : X — R, with the following properties:

a) 1 is continuous in X\ (M \ A).

b) for every e > 0, there is a 6 > 0 such that ¥ (x) > § whenever p(z, A) > ¢ and

c) for every e > 0, there is a § > 0 such that (x) < & wherever p(x, A) <.

d) Y(r(z, t)) < Pz) if e € X\ M and 0 < t < ¢(z), and, v(I(z)) < ¥(zx) if
z € M.

Then A is uniformly mw-stable.

2. Reciprocally, if A is uniformly T-stable, then there is a functional ¥ : X — R,
satisfying conditions a), b), ¢) and d) above.
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Proof. To prove 2., note since A is uniformly 7—stable, then A is T—stable. Thus, the
proof follows as in Theorem 3.4. The proof of the item 1. follows by an argument similar
to that used in the proof of item 1. of the Theorem 3.5. (|

Corollary 3.3 Let (X, m; M, I) be an impulsive semidynamical system. A closed subset
A C X such that M C A is uniformly w-stable if and only if there exists a functional
1 X — Ry, with the following properties:

a) 1 is continuous.

b) for every e >0, there is a 6 > 0 such that ¥ (z) > & whenever p(z, A) > €.
c) for every e > 0, there is a § > 0 such that ¥ (z) < e wherever p(z, A) < 4.
d) Y(m(z, t)) <Y(z) if e € X\ M and t >0, and, ¥(I(z)) < ¥(z) if x € M.

Now, we present the result concerning asymptotically m-stability to closed sets.

Theorem 3.7 Let (X, m; M, I) be an impulsive semidynamical system and A C X be
closed.

1. If there exists a functional v : X — Ry with the following properties:

a) ¥ is continuous in X'\ (M \ A).
b) Y(x) =0 for x € A, and ¥(x) >0 forz ¢ AUM.

c) w(ﬁ(ﬁ’ t)) < Y(z) ife € X\ M and 0 < t < ¢(z), and, Y(I(z)) < ¢Y(z) if
T € M.

d) there is a 6 > 0 such that if v € B(A, §)\ A, then y(n(z, t)) — 0 as t — +o0.
Then A is asymptotically T-stable.

2. Reciprocally, if A is asymptotically 7-stable, then there is a functional ¥ : X — Ry
satisfying conditions a), b), ¢) and d) above.

Proof. 1. Item b) of this theorem implies items b) and c) of Theorem 3.6. Thus, by
Theorem 3.6, A is uniformly 7T—stable, and by Theorem 3.2 A is orbitally 7—stable. The
condition d) says that B(A, d) C ﬁ\fv(A), then A is a weak m—attractor. Hence, A is
asymptotically m—stable.

7(z, t), A
2. Clearly the functional ¢ given by ¢ (z) = stgg 1 :)_(Z((;im’) ’t), )A)’ for 2 € X\ M and
¥(x) = ¢¥(I(z)), satisfies the conditions of the theorem. O

Corollary 3.4 Let (X, m; M, I) be an impulsive semidynamical system. A closed subset
A C X is asymptotically 7-stable if and only if there exists a functional ¢ : X — R, with
the following properties:
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a) v is continuous.
b) Y(z) =0 forz € A, and ¢p(x) >0 for z ¢ A.
¢) Y(r(z, t)) <v(z) ifr € X\Mandt 20, and, Y(I(z)) < Y(z) if v € M.

d) there is a & > 0 such that if * € B(A, 6) \ A, then Y(n(z, t)) — 0 as t — +oo.
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